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Abstract

This paper addresses the adaptive wavelet estimations for density derivatives by using
data-driven methods. Based on the classical linear wavelet estimator of density deriva-
tives, we provide a point-wise estimation under the local Holder condition firstly.
Moreover, we introduce a data-driven wavelet estimator for adaptivity and prove a
point-wise oracle inequality, which does not require any assumption on the underlying
function. Finally, by using the point-wise oracle inequality, the point-wise estimation
under the local Holder condition and L?-risk (1 < p < o0) estimation on Besov
spaces are investigated respectively.

Keywords Wavelet - Density derivative - Data-driven - Local Holder condition -
Besov space

Mathematics Subject Classification 42C40 - 62G07 - 62G20

1 Introduction

The estimations of density derivatives play important roles in the exploration of struc-
tures in curves, comparison of regression curves, analysis of human growth data, mean
shift clustering and hypothesis testing [16]. More precisely, let (2, %, P) be a prob-
ability measurable space and X1, ..., X,, be independent and identically distributed
(i.i.d.) random samples with an unknown density function f. The purpose is to estimate
the density derivative f @) with d € N from the observed data X1, ..., X,.

In particular, the density derivative estimation model can be reduced to the density
one, when the order d = 0. For density estimations, the classical kernel methods give
nice estimations [9, 19, 21]. Compared with kernel estimators, the wavelet ones have
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better performances because of they can provide more local information and have
fast wavelet algorithm [5, 15]. For instance, Donoho et al. [6] have made almost per-
fect achievements in wavelet estimations, which established an adaptive and optimal
estimation (up to a logarithmic factor) for a univariate density function over L”-risk
(1 < p < o0) on Besov spaces.

In contrast to the traditional adaptive estimations, Goldenshluger and Lepski [7]
constructed a kernel estimator for density functions by using data-driven methods,
and provided L?-risk (1 < p < 00) estimations over anisotropic Nikol’skii classes
in 2014. Five years later, Liu and Wu [13] introduced a data-driven wavelet esti-
mator and considered point-wise density estimations under the local anisotropic
Holder condition. Recently, Cao and Zeng [1] investigated the adaptive L?-risk
(1 < p < o0) estimations under the independence hypothesis on Besov spaces by
using the data-driven wavelet estimator.

Along with the density estimations, it is often necessary to estimate the derivatives
of density function. Miiller and Gasser [18] discussed kernel estimations for density
derivatives over L>-risk on Sobolev spaces. Then in 1996, Rao [20] explored wavelet
density derivative estimations over L2-risk on Sobolev spaces. Moreover, Rao’s esti-
mates were generalized to unmatched Besov spaces B, q and LP-risk (1 < p < 00)
in Ref. [3]. In 2013, Liu and Wang [12] defined the new linear and nonlinear wavelet
estimators for density derivatives, and provided L7 -risk estimations on Besov spaces,
respectively.

This paper investigates the adaptive wavelet estimations for density derivatives.
Based on the classical linear wavelet estimator for density derivatives, we show the
point-wise estimations under the local Holder condition firstly. Furthermore, motivated
by the works of Goldenshluger and Lepski [7] and Cao and Zeng [1], we introduce a
data-driven wavelet estimator for adaptivity and prove a point-wise oracle inequality,
which does not require any assumption on the underlying function f or @ (except for
the restrictions ensuring the existence of the model and of the risk). Finally, by using
the point-wise oracle inequality, we give the point-wise estimations under the local
Holder condition and L?-risk (1 < p < 00) estimations on Besov spaces respectively.

1.1 Wavelets and Function Spaces

We begin with an important concept in wavelet analysis in this subsection. A Mul-
tiresolution Analysis (MRA, [8, 17]) is a sequence of closed subspaces {V;} jcz of the
square integrable function space L?(R) satisfying the following properties:

. ViCVju,je
(i1). UjeZ V= L%(R) (the space UjeZ V; is dense in L2(R));
(iii). f(2:) € Vjyrifandonlyif f(-) € V; foreach j € Z;
(iv). There exists ¢ € L%(R) (scaling function) such that {¢ (- — k), k € Z} forms an
orthonormal basis of Vy = span{p(- — k), k € Z}.

Moreover, a wavelet function ¥ can be derived from the scaling function ¢ in a
simple way such that for fixed jo € N, both {¢ok, ¥k} j>jo.kez and {¥ i} xez are
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orthonormal bases (wavelet bases) of L2(R), where & k() = Z%h(Zj -—k)forh = ¢
or . Hence, for each f € LZ(R),

F=) sipwjor + Y D djvjk

keZ j>jo keZ

holds in L?-sense, where sik = (f, k) and dji := (f, ¥jr). When ¢ is ¢ regular,
the above identity holds in L”-sense (p > 1). Here and after, a scaling function ¢
is called ¢ regular [4] (r € N), if ¢ € C!(R) and | (x)] < C(1 + |x|%)~! for any
leZ(r=0,1,...,t). For instance, Daubechies’s scaling function D,y is ¢ regular
for large N and Meyer’s function possesses any order of regularity. Furthermore, it is
easy to verify that the regularity of ¢ implies the regularity of .

As usual, the notation P; stands for the orthogonal projection operator from L*(R)
ogto the scaling space V; with the orthonormal basis {¢ i }kez. Thus, for each f €
L*(R),

Pif =Y sipjk

keZ

with sji := (f, k). If ¢ satisfies condition (9), i.e.,

Oy () = Y _lp(- — k)| € L¥(R),

keZ

then P; f is well-defined for f € L”(R) (1 < p < 00). Furthermore, Condition (6)
can be followed by the regularity of ¢.

Asin Refs. [13, 14], we shall investigate the point-wise estimations under the local
Holder condition. For a univariate function f, the local Holder condition of order
s > 0 at the point xp € R means that for a fixed constant L > 0 and each x, y € Q,,
(a neighbourhood of the point xg),

1FEP ) = PP @)1 = Lly — 27,

where [s] stands for the largest integer strictly small than s. Here, all those functions
are denoted by H*(S2y,). Obviously, f € H*+4(Q,,) if and only if f D e H"(Qy,)
withd € N.

The following lemma is necessary for the point-wise estimations.

Lemma 1.1 [14, 22, 23] Let ¢ € L*(R) be t regular scaling function and \ be the
corresponding wavelet. If f € H*(Sy,) N L>(R) with s > 0 and t > [s], then for
x € Qy, and sufficiently large j,

o0
(i). f(xX)= D Sjok@jok(x) + > > djiyjk(x) holds pointwisely;
keZ j=jokeZ

(ii). sup sup |f(x) = Pif(x)] S277°.
X€8xq fEH (Qy))NL2(R)
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Here and throughout, A < B stands for A < ¢B with some constant ¢ > 0; A = B
means B < A; A ~ B denotes both A < Band A 2 B.
In this paper, the notation H S+d(§2xo, M) with d € N means that

H Y (Qy, M) = {f € H*TQ), 17 P v I Do < M),

where M is a positive constant and a V b := max{a, b}.

On the other hand, the Besov spaces are needed in order to establish L?-risk
estimations. Let W' (R) be the Sobolev space with a non-negative integer exponent
n,

W'R) :={f € L"(R), ™ e L"(R)},

and || fllwz == | fllr+11£f™Il,. Then L" (R) can be seen as W (R).For 1 < r, g < 00
and s = n + « with @ € (0, 1], a Besov space B‘rqu(]R) is defined by

B ,(R) == {f € W'R), [lt o} (f ™. D)} < oo}

with the norm || fllgs, = Ilfllwy + I " FF™M. 0% Here, of(f.1) =
supjp <, 1 ¢+ 2h) — 2f( 4+ h) + f()|l denotes the smoothness modulus of f
and

1
(Jo = 1h®)|949h)7 | if] < g < oo
ess sup |h(1)], ifg = 0o
teR

IRl =

Then for f € L"(R), f € W*(R) if and only if f@ € W"(R), since f"+d ¢
L™ (R)implies £ € L"(R) (j = 1,2, ..., n+d) (seeRef.[8]). Hence, f € BT (R)
if and only if > € B} ,(R).

One advantage of wavelet bases is that they can characterize Besov spaces.

Lemma 1.2 [17] Let ¢ bet regularwitht > s > 0andy be the corresponding wavelet.
Then for f € L"(R) and r, q € [1, 00], the following conditions are equivalent:

(i). f € B ,(R);
(i) 27IPif = fll}jez € 19(2);
(iii). {27677 TD|{d; i} jez € 19(Z).

The Besov norm of f can be given by

115, = |5}

et H{zj(s—}ﬂ) H

o
JZJo |l 1q

Furthermore, Lemma 1.2 (i) and (ii) show that |P; f — f|, < 2775 holds for
f € B} ,(R).Whenr < p,Lemma 1.2 (i) and (iii) imply thatwiths/—% =s—1>0,

B} ,(R) — B} (R),
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where A — B stands for a Banach space A continuously embedded in another Banach
space B. All these claims can be found in Refs. [11, 24].
In this paper, the notation B‘+d (M) with M > 0 stands for

B (M) = {f € B R)., NS llggta v 1P lloo < M)
and
BY(M.T) = (f € BJ}(M), supp f € [—T.T]withsome T > 0}. (L.1)

Moreover, L*°(M) is defined by the way. On the other hand, it follows form f €
B} (M) that f© € B} (R) and || /@5y, < M.

1.2 Our Results

As in [3, 20], the linear wavelet estimator for density derivatives is introduced by

AP0 =Y @), (1.2)

keZ

where @ j; 1= (:pd Z;’:][gojk](d)(X,-) and ¢ is ¢ regular with r > d. Clearly, Eaj; =

aji = (f D, gp) and Ef\? = P O

Next, we are in a position to introduce our results in this paper. The first theorem
gives a linear wavelet point-wise estimation for density derivatives under the local
Holder condition.

—

Theorem 1.1 Let ¢ be t regular with t > d > 0 and fj(f) be the linear wavelet

. 1
estimator in (1.2). Then for 0 < s < t and 27" ~ T

| —— p s
sup sup E f/.(f)(x) — fD)| <
XE€Quyy feHS (R, MINL® (M)

Remark 1.1 When the order d = 0, the density derivative estimation model can be
reduced to the classical density one, and Theorem 1.1 coincides with the conclusion
of Theorem 3 in one dimension in Ref. [13].

Remark 1.2 Note that the parameter j of the linear wavelet estimator depends on the
smoothness index s of unknown density function f in Theorem 1.1, and the estimator
in (1.2) is non-adaptive[6, 10, 11].

Motivated by the works in Refs. [1, 2, 7, 14], we provide a selection rule of parameter

Jj in (1.2) only depending on the observed data X1, ..., X,, which is so called data-
driven version and totally adaptive estimator.
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Let H = {0, I..., Lﬁ log, ﬁj} with |a] denoting the integer part of a.
Thus, the selection rule of j = jy in (1.2) is given by
= @ @ o ,
Rj(x): = sup [ 100 = £ 0| =l A )~ (/)} .13
j'eH +
jo = jo) = arginf [R; (x) + 27, ()] (1.4)
JEH

Here and throughout, a A b := min{a, b}, ay := max{a, 0} and

1

) 22/Qd+D 1n 5\ 2
() =—"""] . (1.5)

n
where A > 0 is a constant determined later on. Clearly, it only depends on the observed
data X1, ..., X,;. Thus, the data-driven wavelet estimator is obtained by
) ) .
V00 = 000 =D @jokpjok (1) (1.6)
keZ

with jo € H being given in (1.4).
To introduce Theorem 1.2, let

Bj(x, f) =P f D) = fP)| and S,(x, j) = £{7@) — EFP () (17)

—

be the bias and the stochastic error of f j(d), respectively. Furthermore, we define

BiG f)i= s By f) and %)= sup [140 )l = w()] (18)
J'eH. j'=j jeH +

where 1, (j) is given by (1.5).

Then the following point-wise oracle inequality is established, which plays the key
roles in the proofs of Theorems 1.3-1.4.

Theorem 1.2 For any x € R, the estimator fn(d) (x) in (1.6) satisfies that
D ) : " .
A0 = £ @) < inf {SB7Gr, )+ 510 | + 5800,
j

where t,(j) is given by (1.5) and B;‘(x, f), R, (x) are determined by (1.8).

Moreover, by using Theorem 1.2, we obtain the adaptive point-wise estimation and
LP-risk (1 < p < 00) estimation based on the data-driven estimator in (1.6).
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Theorem 1.3 Let ¢ be t regular witht > d > 0. Then for 0 < s < t, the data-driven

—

estimator f,,(d) in (1.6) satisfies

/EB (d) P < Inn %
sup sup L) = fO@r g (S2) T
X€Qyxy feHSH (Qyy, M)NL® (M) n

Remark 1.3 The same as Remark 1.1, when d = 0, Theorem 1.3 can be reduced to
the conclusion of Theorem 4 in one dimension in Ref. [13].

Theorem 1.4 Let ¢ be t regular witht > d > 0. Then for0 < s < t,r,q € [1, 00]

)

and p € [1, 00), the data-driven estimator f," in (1.6) satisfies

. )
(d) )P Inn P
sup Elf -t = f 5 < (— ,
FeBr (M, THNLE () "
where
s ] < < 2sr 4
2512d+1° = P2 2d+1 .
Sr Sr .
0= earnpr  PEZ ot s =
s—yty 2sr 1
> r > -,
2(s—Dy+2d+1° PZ gy t7 85>

Remark 1.4 According to Theorem 3.3 and Theorem 4.3 in Ref. [12], the convergence

rates in Theorem 1.4 are optimal (up to a logarithmic factor) for the case of s > %

However, the situation is unclear for s < } Therefore, one of our future work is to

determine the optimality of this statistical model for the case s < }

2s—1)+1
coincides with the works of Donoho et al. in Ref. [6]. In addition, the estimation for

the case s < } is considered in Theorem 1.4.

. sl
Remark 1.5 Whend = Oands > %, the convergence rate & = min {hsﬁ —

2 Some Lemmas and Propositions

In this section, we provide some lemmas and propositions which are necessary in the
proofs of main results. Rosenthal’s inequality is introduced first.

Rosenthal’s inequality [8]. Let p > 0 and X1, X», ..., X,, be the independent ran-
domvariables satisfying EX; = 0 and E|X;|P < oo (i = 1,2,...,n). Subsequently,
there exists C(p) > 0 such that

P

p n n 2
<C(p) Y EIXilP Ipso + (Z EX?)
i=1

i=1

E

n
S
i=1
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Next, the following lemma is established, which is important for the proof of
Theorem 1.1.

Lemma 2.1 Let ¢ be t regular with t > d and & be defined in (1.2). Then for
feL®M)withM > 0and?2’) <n,

N Y
Elaj — ajr|? Sn=22/%,
where the constant in “ <" only depends on ¢ and M.

Proof According to the definition of & jx, one has Ed jx = o and

p

1 p
=—F
npP

n

> {ten @ = Elgn@ x|

i=1

E|a |? 1E
ajr —ajrl’ = —
Jjk jk Y

3

n
D
i=1

2.1)

where ;= [ ] (X;) — Elpjx]9)(X;). Clearly, {n;}7_, are i.i.d. samples and
Eni =0, i = 1,...,71.
On the other hand, fori =1, ..., n,

Enil < £ (o) = 27227 [0 @ix 0P feoax £ 20
R

and [ oo < @ikl lloo S zf<%+d) by the regularity of ¢ and || f|lco < 1. These
with Rosenthal’s inequality and 2/ < n show that

E

n p n n g
Sl S e + (2 En%)
i=l1 i=1 i=1

< TP 12 5 gy + 1] S n B2, 2.2)

Finally, the desired conclusion is concluded by (2.1) and (2.2). The proof is
done. O

We give the next lemma in order to prove Proposition 2.1.

Lemma2.2 Let K;(v,x) := (=14 Zkez[(pjk](d)(v)(pjk(x) and ¢ be t regular with
t >d > 0. Then for f € L (M),

IK (v, x)| < M2/ and  E|K (X1, x)[> < M2/4FD]

where My > 1 is some constant.
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Proof By the definition of K ; (v, x), one finds easily that

Kj@, 0] = 274D ) 1o @ @I — bp@/x = k)| < 10lloollg @ lleo2” D
keZ
(2.3)
because of the regularity of ¢. On the other hand,
[ Ky nia <2040 [ 31007~ bllp@ix - bldy
R R keZ
=2/ DN g2 x — k)| / lo@ 27 v — k)|dv
keZ R
< 10pllolle @ 11277
Furthermore,
EIK; (X1, 0 < 18g o0l llos ll £ lloc2/@FH f 1K j (v, x)|dv
R
< 1961219 loo llg @ || M2724+D. 2.4)
Choosing M; = max{||Oyllcclle@llcc. 104112110 P locllg@ 1M, 1}, then it
follows from (2.3)—(2.4) that the final conclusions. O

To show Proposition 2.1, we need another well-known inequality.
Bernstein’s inequality [8]. Let 11, ..., n, be i.i.d. random variables with En; = 0,
Eni2 <o?2and nil <M G =1,2,...,n). Then for any € > 0,

1 n
i
i=1
Now, we introduce the first proposition which plays important roles in the proofs

of Theorems 1.3-1.4.

Proposition 2.1 Let f € L°°(M) and ¢ be t regular witht > d > 0. Then for each
x € Rand p € [1, 00), there exists ). > 6M12p2 such that

E[R,(0)]" < <1n—n>2 )
n

where 8, (x) is given by (1.8) and M1 > 1 is the constant in Lemma 2.2.

I’l€2 }
2002+ Me/3) )

ze} SZexp{—

Proof For each j € H, one denotes

1
: 6M2p2j(2d+1))\' 2
T (j) = <¥ , (2.5)

n
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where A; := max{(2d + 1)pjIn2, 1}. Note that the inequality AInn > 6M12pkj
holds for large #, since A > 6M12p2 and j € H. Hence, t,(j) < 1,,(j) thanks to (1.5)
and (2.5). Moreover,

[15:r. D1 = )], = [19w(e )1 = 7D | 2.6)

R
Forany ¢ > 0,
PAIS e Dl =m( ], > o) = P{ISute Dl = @) = 1}

Therefore,

E[is. 0l =50 = p [P {isu 1 = 5 = i}

This with variable substitution t = wt,(j) shows that

E[is: =m0 < p [ 0w P {18,000 > 0+ D) 5o
+ 0

[ 00 [
= plea (DI /0 PP 18106, )l > T + D} do. 2.7)

—

On the other hand, it is easy to see that the estimator f ;d) (x) in (1.6) can be rewritten
as

— 1 n
00 =~ le Kj(Xi, x),
1=

because K (v, x) = (=D ¥, ;[¢k]P ()¢ (x) in Lemma 2.2. This with (1.7)
and Lemma 2.2 implies that Sy, (x, j) = 1 Z?Z] [K;(X;,x) — EK;(X;,x)] and

n
Kj(Xi, x)| < M2/ EIK (X, 0) 17 < M2/@4HD,
J J
Furthermore,

PS> % + )

nlt ()1 (w + 1)? 2.8)
2[M 2 Cd+D) 4 2 M, 25 @+ DT, () (w + 1) /3] '

< 2exp{—

thanks to Bernstein’s inequality.
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6M7 p2J 24+, ;
n

1
Forj e H, 1,(j) = ( )2 < 3M, p holds for large n. Thus,
20M 27D 1 2m 27D (0 + 1) /3] < 6M7 p2/ D (0 + 1)

due to My, p > 1 and w > 0. Substituting this above estimate into (2.8), one obtains
that

PlISuCr DI > T+ D < 2078,
Then it follows from A; = max{(2d + 1)pjIn2, 1} > 1 that

PLISicx, )1 = T + D = 2674507 < 2e7 e,

Combining this with (2.7) and 7, (j) :=

2 nj2d+1
<6M1p2]( +);Lj
n

2
) , one concludes that

P

2,9jRd+1)y .\ 2

6M3 p2J¢ )A]) uy
n

P P o0 1
E[ISn(x,j)l —tn(j)] Slea(HIPe™ f/ wP™ e dw <
+ 0

Hence, according to A; < Inn and e < 274+Dp/ one knows
Inn\Z Inn\Z
> e[ - w5 T () adrhmaain < (B1)7,
: + 7 n n
jeH JeEH
This with (1.8) and (2.6) leads to
—P —P 1 5
nn
E (01 S E sup (100 Dl = mD]| S 2 E[ISie DI =m()]. (—) ,
jEH + ]EH + n
which completes the proof. O

To introduce Proposition 2.2, we also need the following notations:

M(x, f): = inf (B7(x, f) + ()}, (2.9)
JjeH

Am = {x € [-T,T], 2"8, < M(x, f) <2"H15,}, (2.10)

where §, = (%) TS , C > 1 is some constant and 7 > 0 is defined by (1.1).
Note that M(x, f) < co := sup, M(x, f), if ¢ is ¢ regular and || f @ | < 1.
Then there exists

my = min{m € Z, 2"8, > co} @2.11)
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such that A,, = @ for each m > m,. Obviously, m, > 0 for large n.
Next, another useful proposition is provided which is one of the main ingredients
in the proof of Theorem 1.4.

Proposition 2.2 Let f € Bf,‘gd (M) and ¢ be t regular witht > d > 0. Then form € Z
satisfying 0 < m < my and each p € [1, 00),

O = / [(x, H)Pdx < 2" P §E,
Am

: 1 : fe_ o1 1
Moreover, if s > - andr < p, then withs' :=s5 —  + p,

s

O = / [(M(x, HIPdx <22 8,7,
Am

where M(x, f) and A, are defined in (2.9)—(2.10) respectively.

Proof The proof is similar to the second part of Proposition 3.2 in Ref. [2]. Here, one
provides only some important steps to prove this proposition.

2m _  —= . om 1
Take j, satisfying ¢1224+76, * < 2/2 < 222416, *, where two positive constants
i ; NP ki ,
c1, ¢y satisfy 2 M)s Ip=co) < €1 < €2 < Miny 15, 77 . Then j, € H and
0
7, (jo) <2715, for large n and 0 < m < m;.
Clearly, by A, = {x € [-T, T], 28, < M(x, f) < mHls

O = f e, H1Pdx < 257 | Anl, 2.12)
Am

where |A,,| stands for the Lebesgue measure of the set A,,. On the other hand,
|Am| < [{x € [=T. T1, B} (x, f) > 2" 18,}. (2.13)

When 1 < r < oo, according to Chebyshev’s inequality, (1.8), (2.13) and f €
ij}d (M), one has

Anl < Y Hxel=T,TL Bj(x, ) >2""'8,}|

EUNES
Z 1B;C, O < ymrg—ro—jasr (2.14)
= @il ST o :
J€H, j=

Substituting (2.14) into (2.12), one obtains that

. _ . 2sr.
Qm 5 (2m+18n)p2—mr8;r2—ﬂsr 5 Zm(p—r)ag Vz—jzsr § Zm(p_r_2d+l)55
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, m 1
due to 272 ~ 2%%8” v,
For the case r = oo, it follows from f € Bjjzd(M) and m > 0 that B;’.‘Z x, f) =

. —S§ N 2ms_ :
supjj, Bjr(x, f) < M272 < Mc, 272415, < 2m=15, thanks to the choice of

. m —l
272 > c1223’T8n ¢ withep > (2M)%.Thus, |A| = 0because of (2.13). Furthermore,
it reduces to Q,, < (2+15,)P|A,,| = 0 by (2.12).

Finally, one discusses the case of s > 1 and r < p. Note that f@ ¢ B, = B},

7
with s’ =5 — % + % Similar to (2.14),

Bi(-, HOIb o
LENDY ”@fn—(_lg ))||p_,, S2e TR,
jeH.jzj "

This with (2.12) and 2/2 ~ 221%3,,‘ S implies that
O < @ 1,)P2 s oY < 0k < o EE Y

The proof is done. O

3 Proofs of Theorems 1.1-1.4

This section is devoted to give the proofs of Theorems 1.1-1.4.

—

Proof of Theorem 1.1 . By the definition of f;f) (x) and Ed j+ = o, it is clear to
see that

o . P
d d p
E fj(*)(x) - Efj(*)(x)‘ =E

Z(&j*k — )@ jer (x)
X

Moreover, it follows from the Holder inequality with % + # =1(p > 1) that

r
@ @ |7 .
E\f}J(x) - Ef,-(*)(X)‘ < EY 18 — ajl?lej ()] [Z |so,-*k(x>|}
k k

p

7

p
k

3.1

1+
<n~ho) [Z |¢j*k<x>|}
k

thanks to Lemma 2.1. When p = 1, the above estimate can be concluded directly
without using the Holder inequality.

@ Springer



169  Page 14 0f 18 K. Cao, X. Zeng

On the other hand, Lemma 1.1 leads to sup sup E f;f )(x) —
XE2y fEH T (Qyy, M)

P o IES __
F@)|" <2775 This with (3.1) and 27" ~ n 7275 shows

/-d\ p
sup sup E[1 ) - f D)
X€Qxy feH T Qg MINL>® (M)

]

EfiP )

p —_—
+ ’Ef}f)(x) SAC)

< sup sup [E
X€Qy feHs T4 (Qyy. M)NL® (M)
< 2j*p(d+%)n_% + 2—J"sp < n_2s+x2Pd+1.

The proof is completed. O
Proof of Theorem 1.2 . According to (1.3) and (1.5), one obtains that
) d
£, 00 = £ ><x)\ < Rj(0) + 1 A Jo) + (o) < Rj(x) +27,(jo). (3.2)

The same arguments as (3.2) implies

‘f/(odA)J( ) — f(d)(x)‘ < Rjy(x) + 25,(j). (3.3)

Moreover, combining (3.2) and (3.3), one concludes
£, = 100+ [£9, 00— £ P < 2By +4m () G

due to f ;{;j/i = f j(fi\)jo and the selection of jj in (1.4).
Clearly, by (1.8), [S,(x, DI < [ISa(x, DI — ta(DI4 + ta(j) = Rn(x) + 7 ())-
This with (1.7) and (1.8) shows that

£ ) - f(d)(x)‘ < Bj(x, )+ 1Su(x, DI < B (x, )+ R (x) + 7(j).(3.5)

On the other hand, by using (1.3) and (1.7),

Ri) = sup (170,00 = £ = A )~ ],

J'€

sup [|Ef<d’,< )= EfP )

] 'eH

HISn(x, jA TN = Ta(G A G+ 1Su(x, jO1 = tn(j/)]+

IA
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This with sup ey |Efi0, () — Ef"] < supjjrepy, oy iBjnj (x, ) +
Bj(x, f)} and (1.8) leads to

Rj(x) < 2Bj(x. ) +28,(x). (3.6)

Hence, it follows from (3.4)—(3.6) that

FDw = f D] = [£D 0= Do+ |12 0 — 1P|+ [£ D - 1@ o

JoAJ Jo/\J
= SB./ (x, )+ 58, (x) + St (j)

holds for each j € H. Furthermore,

700 = 10| = [ w - 1| < i [5B0x, )+ 550)] + 58,00

thanks to f,,(d) x)=f j(od) (x) in (1.6). Hence, Theorem 1.2 is proved. m|

Proof of Theorem 1.3 . Take jj satisfying 2/1 ~ (ﬁ)lwédﬂ . Then j; € 'H forlarge n
and s > 0. Moreover, Theorem 1.2 yields that

Elf D) - fOw|" S1B; (O +[mGDY + ER®) (37

holds for any x € €,,.
By (1.5) and the given choice 201 ~ (ﬁ) by , one finds easily

_sp
2st2d+1

1
(DY + ENo) S (=5) (3:8)

due to Proposition 2.1. On the other hand, (1.7)—(1.8) and Lemma 1.1 lead to

p p
B} (. )P :=[ sup Bj/(x,f)} =[ sup Iijf(d)(x)—f(d)(x)l} Somher

J'E€H, j'zn J'€H, j'= i
holds for any x € Q, and f € H*T4(Q,,, M). This with the choice 2/1 ~

1
(f35;) BF24+1 implies that

lnn SL
sup sup  [BE(x, )P S277 S ( )2 P (3.9)
XEQyy feH T (Qy). M) n

Finally, the desired conclusion can be concluded from (3.7)—(3.9). The proof is
finished. =
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Proof of Theorem 1.4 .Recallthat A, = {x € [T, T], 28, < M(x, f) < 2"*15,}

S

dueto (2.10). Define Ay := {x € [T, T], M(x, f) < 8} with§, = (%)%Hdﬂ.
Then for each p € [1, 00),

— T —
E I = 101 = £ [ [#50w - 10w ds
T T
S / [ (x, H1Pdx + / E[R,(x)]Pdx
-T T

< f M, H)IPdx +

Ag

> [ e pvax s (51)

ma
S Om+dh (3.10)

m=0

14
2

thanks to supp f C [T, T], Theorem 1.2, (2.9) and Proposition 2.1.
To complete the proof, one divides (3.10) into three regions. Recall that 22 ~ §.° !

s

and §,, ~ (1"7") 2+24+T by (2.10)—(2.11). By Proposition 2.2, the following estimations
are established.
(). Forl < p < 25 47,

2d+1
myp sp
Z Om+8F <8P < (m_n)23-+2d+1. G.11)
m=0 n
(ii). For p > 5275 +r,
2 2 Inn\ 257
3 QO+ 8] S 2P s 45l < (—)2‘”‘. (3.12)
m=0 n
(iii). For the case p > 25‘11 +rands > %, take m| € Z satisfying
spl-L
ML 6(%4—1)’)_%_’ (3 13)
n . .

Clearly, 0 < m; <mpduetor < p, p > 2[21“:1 +rands > % Therefore,

my m my
DO+ <Y Ont Y Ou+dy
m=0 m=0 m=mj1

2)

2sr mls/p L
S ompmr=azis) o~ m 5, " 4 8k
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This with (3.13), 8, ~ (!22) %77 and 5" = s — L 4 L tells that

o2 Inny—it—
Z Om + sP < ( n)Z(x—%H»ZdJrl.
~\n

m=0

Finally, the desired conclusion follows from (3.10)—(3.12), which completes the proof.

O
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