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Abstract
In this paper, we provide several new characterizations of the maximal right ring of
quotients of a ring by using the relatively dense property. As a ring is embedded in
its maximal right ring of quotients, we show that the endomorphism ring of a module
is embedded into that of the rational hull of the module. In particular, we obtain new
characterizations of rationally complete modules. The equivalent condition for the
rational hull of the direct sum of modules to be the direct sum of the rational hulls of
those modules under certain assumption is presented. For a right H -module M where
H is a right ring of quotients of a ring R, we provide a sufficient condition under
which EndR(M) = EndH (M). Also, we give a condition for the maximal right ring
of quotients of the endomorphism ring of a module to be the endomorphism ring of
the rational hull of the module.
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1 Introduction

The theory of rings of quotients has its origin in the work of Ø. Ore [11] and K. Asano
[2] on the construction of the total ring of fractions, in the 1930’s and 40’s. But the
subject did not really develop until the end of the 1950’s, when a number of important
papers appeared (by R.E. Johnson [6], Y. Utumi [15], A.W. Goldie [5], J. Lambek [8]
et al). In particular, Johnson(1951), Utumi(1956), and Findlay & Lambek(1958) have
studied the maximal right ring of quotients of a ring which is an extended ring of the
base ring. For example, the maximal right ring of quotients ofZ isQ, which is also the
injective hull of Z. Here, Z stands for the ring of integers and Q is the field of rational
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numbers. For a commutative ring R, its classical right ring of quotients coincides with
its total quotient ring as the maximal right ring of quotients of R coincides with the
complete ring of quotients of R.

As we know, the study of the rational hull of a module is the same as that of the
maximal right ring of quotients in a different way. Also, like every module has the
injective hull, it is known that every module has the rational hull in [4, Theorem 2.6].
Now,we recall the definition of the rational hull of amodule and present itswell-known
results, briefly. Let M be a right R-module and T = EndR(E(M)). Put ˜E(M) = {x ∈
E(M)| ϑ(M) = 0 with ϑ ∈ T ⇒ ϑ(x) = 0} =

⋂

M⊆Kerϑϑ∈T
Kerϑ = rE(M) (lT (M)) .

Then ˜E(M) is the unique maximal rational extension of M . We call it the rational
hull of M . Also, it is known that rE(M)(J (T )) ≤ rE(M) (lT (M)) = ˜E(M) because
lT (M) ⊆ J (T ) where J (T ) = {α ∈ T |Kerα ≤ess E(M)} is the Jacobson radical of
the ring T . Note that themaximal right ring of quotients of R is Q(R) = rE(R)(lH (R))

where H = EndR(E(R)) (see [8, Proposition 2]).
After the necessary background history, notations, and results in this section and

the next section, we provide several characterizations of the rational hull of a module
in Sect. 3 (see Theorem 3.3 and Corollary 3.10). In addition, characterizations of
rationally complete modules are presented. As a corollary, we obtain several new
characterizations of the maximal right ring of quotients of a ring. In particular, we
show that the endomorphism ring of a module is embedded into that of the rational
hull of the module as the inherited property of its maximal right ring of quotients (see
Theorem 3.15). Our focus, in Sect. 4, is on the question of when is the rational hull
of the direct sum of modules the direct sum of the rational hulls of those modules.
For M = ⊕

k∈� Mk , we prove that ˜E(M) = ⊕

k∈�
˜E(Mk) if and only if Mi is Mj -

dense in ˜E(Mi ) for all i, j ∈ � when either R is right noetherian or |�| is finite (see
Theorem 4.6). In the last section, we obtain a condition under which EndR(M) =
EndH (M) where H is a right ring of quotients of a ring R (Theorem 5.1). This
condition is called the relatively dense property for a module. Also, we provide a
sufficient condition for the maximal right ring of quotients of the endomorphism ring
of a module to be the endomorphism ring of the rational hull of the module (see
Theorem 5.5).

Throughout this paper, R is a ring with unity and M is a unital right R-module. For
a right R-module M , S = EndR(M) denotes the endomorphism ring of M ; thus M
can be viewed as a left S- right R-bimodule. For ϕ ∈ S, Kerϕ and Imϕ stand for the
kernel and the image of ϕ, respectively. The notations N ≤ M , N ≤ess M , N ≤den M
or N ≤⊕ M mean that N is a submodule, an essential submodule, a dense submodule,
or a direct summand of M , respectively. By E(M), ̂M , and ˜E(M) we denote the
injective hull, the quasi-injective hull, and the rational hull of M , respectively, and
T = EndR(E(M)). Q(R) denotes the maximal right ring of quotients of R. The
direct sum of � copies of M is denoted by M (�) where � is an arbitrary index set.
CFMN(F) denotes the N × N column finite matrix ring over a field F . By Q, Z, and
N we denote the set of rational, integer, and natural numbers, respectively. Zn denotes
the Z-module Z/nZ. For x ∈ M , x−1K = {r ∈ R | xr ∈ K } ≤ RR with a right
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R-submodule K of M . We also denote rM (I ) = {m ∈ M | Im = 0} for I ≤ S and
lS(N ) = {ϕ ∈ S | ϕN = 0} for N ≤ M where ϕN is the image of N under ϕ.

2 SomeWell-Known Results

We give some properties of dense submodules. Recall that a submodule N of M is
said to be dense in M if for any x, 0 �= y ∈ M, there exists r ∈ R such that xr ∈ N
and 0 �= yr .

Proposition 2.1 ([3, Proposition 1.3.6]) Let N ≤ M be right R-modules. Then the
following conditions are equivalent:

(a) N is dense in M;
(b) HomR(M/N , E(M)) = 0;
(c) for any submodule P such that N ≤ P ≤ M, HomR(P/N , M) = 0.

Proposition 2.2 ([7, Proposition 8.7]) Let L, N be submodules of a right R-module
M:

(i) If L ≤den M and N ≤den M then L ∩ N ≤den M.
(ii) Let L ≤ V ≤ M. Then L ≤den M if and only if L ≤den V and V ≤den M.

Proposition 2.3 ([3, Proposition 1.3.7]) Let M be a right R-module and M ≤ V ≤
E(M). Then M ≤den V if and only if V ≤ ˜E(M).

We remind the reader of some important characterizations of the rational hull of a
module.

Proposition 2.4 The following statements hold true for a right R-module M and T =
EndR(E(M)):

(i) ([9, Exercises 5]) ˜E(M) = {x ∈ E(M) | ϑ |M = 1M with ϑ ∈ T ⇒ ϑ(x) = x}.
(ii) ([7, Proposition 8.16]) ˜E(M) = {x ∈ E(M) | ∀y ∈ E(M)\{0}, y · x−1M �= 0}.

3 The Rational Hull of a Module

As the injective hull of a module M is the minimal injective module including M ,
the next result shows that the rational hull of a module M is the minimal rationally
complete module including M . Recall that a right R-module M is said to be rationally
complete if it has no proper rational (or dense) extensions, or equivalently ˜E(M) = M .
Thus, the rational hull ˜E(M) of a module M is rationally complete.

Theorem 3.1 The following conditions are equivalent for right R-modules M and F:

(a) F is maximal dense over M;
(b) F is rationally complete, and is dense over M;
(c) F is minimal rationally complete, and is essential over M.

Note that a right R-module F is exactly the rational hull of a module M if F satisfies
any one of the above equivalent conditions.
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Proof (a)⇒(b) From Proposition 2.3, it is easy to see that F has no proper dense
extension. So, F is a rationally complete module.

(b)⇒(c) Let F ′ be rationally complete such that M ≤ F ′ ≤ F . Since M ≤den F ,
from Proposition 2.2(ii) M ≤den F ′ ≤den F . Thus, from Proposition 2.3 F ≤den

˜E(F ′) = F ′ because F ′ is rationally complete. Therefore F = F ′.
(c)⇒(a) Let F be minimal rationally complete over M . Since F is essential over

M , M ≤ F ≤ E(M). Since M ≤den
˜E(M), HomR(˜E(M)/M, E(M)) = 0. Also,

since E(F) = E(M), HomR(˜E(M)/M, E(F)) = 0. From [7, Theorem 8.24], an
inclusion map ι : M → F extends to ρ : ˜E(M) → F as F is rationally complete
(see also Proposition 3.13). Note that ρ is a monomorphism. Since ˜E(M) is rationally
complete and F is minimal, ˜E(M) = F . �

The next example shows that the condition “essential over M” in Theorem 3.1(c)
is not superfluous.

Example 3.2 Let M = Z and F = Z(p) ⊕ Zp be right Z-modules where Z(p) is the
localization of Z at the prime ideal (p) where p is prime. It is easy to see that M is
not essential in F , so F is not a rational hull of M . In fact, F is minimal rationally
complete over M . From [7, Example 8.21], F is rationally complete because F is the
rational hull of L = Z ⊕ Zp. It is enough to show that F is minimal over M . Let K
be a rationally complete module such that M ≤ K ≤ F . Hence 1 = u.dim(M) ≤
u.dim(K ) ≤ u.dim(F) = 2. Assume that u.dim(K ) = 1. Then M ≤ess K , and hence
K is nonsingular since M is nonsingular. Thus M ≤den K , which implies that K ∼= Q

since K is rationally complete and ˜E(M) = Q. It follows that Q can be embedded
into F = Z(p) ⊕ Zp, a contradiction. Therefore, u.dim(K ) = 2. Then K ≤ess F , and
hence K ∩ Zp �= 0. Thus Zp ≤ K , which implies that L = Z ⊕ Zp ≤ K . Note that
L ≤den F since F = ˜E(L). Hence K ≤den F , so that K = F due to the fact that K
is rationally complete.

We provide another characterization for the rational hull of a module using the
relatively dense property. A right ideal I of a ring R is called relatively dense to a
right R-module M (or M-dense) in R if for any r ∈ R and 0 �= m ∈ M ,m ·r−1 I �= 0.
It is denoted by I ≤den

M R.

Theorem 3.3 For a right R-module M, ˜E(M) = {x ∈ E(M) | x−1M ≤den
M R}.

Proof Let x ∈ ˜E(M) be arbitrary. Consider a right ideal x−1M ≤ R. Let 0 �= m ∈ M
and r ∈ R. Since M ≤den

˜E(M), there exists s ∈ R such that ms �= 0 and (xr)s =
x(rs) ∈ M , that is, rs ∈ x−1M . Hence x−1M ≤den

M R.
For the reverse inclusion, let x ∈ E(M) such that x−1M ≤den

M R. For an arbitrary
nonzero element y ∈ E(M), it suffices to show that y · x−1M �= 0. As M ≤ess E(M),
0 �= yr ∈ M for some r ∈ R. Since x−1M ≤den

M R, there exists s ∈ R such that
yrs �= 0 and rs ∈ x−1M . Hence 0 �= yrs ∈ y · x−1M . Therefore x ∈ ˜E(M). �

The next definition was shown in [4, pp 79] as N ≤ M(K ), so we call a submodule
N relatively dense to a module K in a module M . (For details, see [17].)

Definition 3.4 A submodule N of a right R-module M is said to be relatively dense
to a right R-module K (or K -dense) in M if for any m ∈ M and 0 �= x ∈ K ,
x · m−1N �= 0, denoted by N ≤den

K M .
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Note that N is M-dense in M if and only if N is dense in M .
We provide some characterizations of the relative density property. One can com-

pare the following characterizations to Proposition 2.1. The equivalence (a)⇔(c) in
the following proposition is provided by [4, pp79].

Proposition 3.5 The following are equivalent for right R-modules M, K and N ≤ M:

(a) N is K -dense in M;
(b) HomR(M/N , E(K )) = 0;
(c) for any submodule P such that N ≤ P ≤ M, HomR(P/N , K ) = 0.

Proof (a)⇒(b) Assume that there exists 0 �= α ∈ HomR(M, E(K )) with αN = 0.
Since αM ∩ K �= 0 because K ≤ess E(K ), there exist x ∈ M and 0 �= y ∈ K
such that α(x) = y. Since N is K -dense in M , there exists r ∈ R such that xr ∈ N
and 0 �= yr . However, 0 = α(xr) = α(x)r = yr �= 0, a contradiction. Hence
HomR(M/N , E(K )) = 0.

(b)⇒(c) Assume that for any submodule P such that N ≤ P ≤ M , there exists 0 �=
η ∈ HomR(P/N , K ). Then by the injectivity of E(K ), we can extend η to a nonzero
homomorphism from M/N to E(K ), a contradiction. Hence HomR(P/N , K ) = 0.

(c)⇒(a) Assume that y · x−1N = 0 for some x ∈ M and 0 �= y ∈ K . We define
γ : N + x R → K given by γ (n + xr) = yr for n ∈ N and r ∈ R. It is easy to see
that γ is a well-defined R-homomorphism vanishing on N . Since N ≤ N + x R ≤ M ,
by hypothesis 0 = γ (x) = y �= 0, a contradiction. Thus N is K -dense in M . �

We obtain another characterization of the relative density property related to
homomorphisms.

Proposition 3.6 Let M, K be right R-modules. Then a submodule N is K -dense in M
if and only if lH (N ) = 0 where H = HomR(M, E(K )).

Proof Suppose N is K -dense in M . Assume that 0 �= ϕ ∈ H such that ϕN = 0. Then
there existsm ∈ M \N such that ϕ(m) �= 0. Since ϕ(m) ∈ E(K ), 0 �= ϕ(m)r ∈ K for
some r ∈ R. Hence there exists s ∈ R such that mrs ∈ N and ϕ(m)rs �= 0 because
N ≤den

K M . That yields a contradiction that 0 �= ϕ(m)rs = ϕ(mrs) ∈ ϕN = 0.
Therefore lH (N ) = 0. Conversely, assume that x · m−1N = 0 for some 0 �= x ∈ K
and m ∈ M . We define γ : N + mR → E(K ) by γ (n + mt) = xt for n ∈ N
and t ∈ R. Clearly, γ is a nonzero R-homomorphism vanishing on N . Also, there
exists γ : M → E(K ) such that γ |N+mR = γ . Since 0 = γ N , 0 �= γ ∈ lH (N ), a
contradiction. Therefore x · m−1N �= 0. �

If M = R, the following result is directly provided.

Corollary 3.7 ([14, Proposition 1.1]) Let K be a right R-module and I be a right ideal
of a ring R. Then I is K -dense in R if and only if lE(K )(I ) = 0.

Proposition 3.8 Let K be a right R-module and I be an ideal of a ring R. Then
lK (I ) = 0 if and only if lE(K )(I ) = 0.

Proof Since one direction is trivial, we need to show the other direction. Suppose
lK (I ) = 0. Assume that lE(K )(I ) �= 0. Then there exists 0 �= x ∈ E(K ) such
that x I = 0. Also, 0 �= xr ∈ K for some r ∈ R because K ≤ess E(K ). Since
xr I ⊆ x I = 0, 0 �= xr ∈ lK (I ), a contradiction. Therefore lE(K )(I ) = 0. �
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Corollary 3.9 ([3, Proposition 1.3.11(iv)]) Let I be an ideal of a ring R. Then I ≤den

RR if and only if lR(I ) = 0.

Proof The proof also follows from Corollary 3.7 and Proposition 3.8. �
Using Theorem 3.3 and Corollary 3.7, we obtain another characterization for the

rational hull of a module. Also, using the characterization of the relatively dense
property, a new characterization for the rational hull of a module is provided.

Corollary 3.10 Let M be a right R-module. Then the following statements hold true:

(i) ( [14, Proposition 1.4(b)]) ˜E(M) = {x ∈ E(M) | lE(M)(x−1M) = 0}.
(ii) ˜E(M) = {x ∈ E(M) |HomR(R/x−1M, E(M)) = 0}.
Proof It directly follows from Theorem 3.3, Proposition 3.5, and Corollary 3.7. �

Several new characterizations for the maximal right ring of quotients of a ring are
provided as the following.

Theorem 3.11 Let R be a ring. Then the following statements hold true:

(i) A right ideal I is dense in R if and only if lE(R)(I ) = 0.
(ii) Q(R) = {x ∈ E(R) | x−1R ≤den R}.
(iii) Q(R) = {x ∈ E(R) | lE(R)(x−1R) = 0}.
(iv) Q(R) = {x ∈ E(R) |HomR(R/x−1R, E(R)) = 0}.

We give characterizations for a rationally complete module.

Theorem 3.12 The following conditions are equivalent for a right R-module M:

(a) M is a rationally complete module;
(b) {x ∈ E(M)/M | lE(M)(rR(x)) = 0} = 0;
(c) For any I ≤den

M R, ϕ ∈ HomR(I , M) can be uniquely extended to ϕ̃ ∈
HomR(R, M).

Proof Take A := {x ∈ E(M)/M | lE(M)(rR(x)) = 0}.
(a)⇒(b) Assume that x ∈ E(M) \ M such that x ∈ A. From Corollary 3.7,

rR(x) ≤den
M R. Since rR(x) = x−1M , x−1M ≤den

M R. Hence from Theorem 3.3
x ∈ ˜E(M). As M is rationally complete, M = ˜E(M). Thus x ∈ M , a contradiction.
Therefore A = 0.

(b)⇒(c) Assume to the contrary of the condition (c). For I ≤den
M R, since M ⊆

E(M), there exists ϕ ∈ HomR(I , M) such that ϕ̃ ∈ HomR(R, E(M)), ϕ̃|I = ϕ, and
ϕ̃(1) /∈ M . Since 0 �= ϕ̃(1) + M ∈ E(M)/M and I ⊆ rR(ϕ̃(1) + M) ≤den

M R,
lE(M)(rR(ϕ̃(1) + M)) = 0 from Corollary 3.7, a contradiction that A = 0. Therefore
ϕ ∈ HomR(I , M) is extended to ϕ̃ ∈ HomR(R, M). For the uniqueness, the proof is
similar to that of Proposition 3.13.

(c)⇒(a) Assume thatM is not rationally complete. Then there exists x ∈ ˜E(M)\M
such that x−1M ≤den

M R from Theorem 3.3. Define ϕ : x−1M → M given by
ϕ(r) = xr . By hypothesis, ϕ̃(1) = x1 = x ∈ M , a contradiction. Therefore M is
rationally complete. �
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Next, as a ring is embedding into its maximal right ring of quotients, we provide
the relationship between the endomorphism rings of a module and its rational hull.

Proposition 3.13 Let M and K be right R-modules. For any N ≤den
K M, ϕ ∈

HomR(N , K ) is uniquely extended to ϕ̃ ∈ HomR(M, ˜E(K )) and ϕ̃|N = ϕ. In
addition, ϕN ≤den ϕ̃M.

Proof (Existence) Let ϕ ∈ HomR(N , K ) be arbitrary. Then there exists ϕ̃ ∈
HomR(M, E(K )) such that ϕ̃|N = ϕ. Since ϕ̃ induces a surjection from M/N
to (ϕ̃M + ˜E(K ))/˜E(K ) and HomR(M/N , E(K )) = 0 (see Proposition 3.5),

HomR

(

ϕ̃M+˜E(K )
˜E(K )

, E(K )
)

= 0. Hence ˜E(K ) ≤den ϕ̃M + ˜E(K ) by Proposition 2.1.

As ˜E(K ) is rationally complete, ϕ̃M ⊆ ˜E(K ).
(Uniqueness) Suppose ϕ̃ and ˜ψ are in HomR(M, ˜E(K )) such that ϕ̃|N = ˜ψ |N . It

is enough to show that ϕ̃ = ˜ψ . Assume that ϕ̃(x) �= ˜ψ(x) for some x ∈ M . Take
0 �= y := (ϕ̃ − ˜ψ)(x) ∈ ˜E(K ). Thus, there exists r ∈ R such that 0 �= yr ∈ K .
Since N ≤den

K M , there exists s ∈ R such that xrs ∈ N and yrs �= 0. This yields a
contradiction that 0 �= yrs = (ϕ̃ − ˜ψ)(xrs) = (ϕ̃|N − ˜ψ |N )(xrs) = 0. Therefore
ϕ̃ = ˜ψ .

In addition, let x1 ∈ ϕ̃M and 0 �= x2 ∈ ϕ̃M . Then ϕ̃(m1) = x1, ϕ̃(m2) = x2
for some m1,m2 ∈ M . As ϕ̃M ⊆ ˜E(K ), 0 �= x2r ∈ K for some r ∈ R. Since
N ≤den

K M and m1r ∈ M , there exists s ∈ R such that m1rs ∈ N and 0 �= x2rs. Thus
x1rs = ϕ̃(m1rs) ∈ ϕN and 0 �= x2rs. Therefore ϕN ≤den ϕ̃M . �
Noting that the dense property implies the essential property, however the relatively
dense property does not imply the essential property in general. See Zp ≤den

Z
Zp ⊕Zp

but Zp �
ess

Zp ⊕ Zp as a Z-module. However, Proposition 3.13 shows that ϕN ≤den

ϕ̃M when N ≤den
K M for any ϕ ∈ HomR(N , K ). As a corollary, we have a generalized

result of Theorem 3.12((a)⇒(c)).

Corollary 3.14 Let M be a right R-module. If K is rationally complete, then for any
N ≤den

K M, ϕ ∈ HomR(N , K ) is uniquely extended to ϕ̃ ∈ HomR(M, K ) and
ϕ̃|N = ϕ.

Theorem 3.15 Let M be a right R-module. Then EndR(M) is considered as a subring
of EndR(˜E(M)).

Proof Since M ≤den
˜E(M), from Proposition 3.13 ϕ ∈ EndR(M) can be uniquely

extended to ϕ̃ ∈ EndR(˜E(M)) because EndR(M) ⊆ HomR(M, ˜E(M)). Thuswe have
a one-to-one correspondence between EndR(M) and {ϕ̃ ∈ EndR(˜E(M)) | ϕ̃|M = ϕ ∈
EndR(M)} given by �(ϕ) = ϕ̃. We need to check that � is a ring homomorphism.

(i) Since �(ϕ + ψ)|M = (ϕ̃ + ψ)|M = ϕ + ψ = �(ϕ)|M + �(ψ)|M = (�(ϕ) +
�(ψ))|M , from the uniqueness of Proposition 3.13 we have �(ϕ + ψ) = �(ϕ) +
�(ψ).

(ii) Since �(ϕ ◦ ψ)|M = (ϕ̃ ◦ ψ)|M = ϕ ◦ ψ = �(ϕ)|M ◦ �(ψ)|M = (�(ϕ) ◦
�(ψ))|M because �(ϕ)|M ≤ M , from the uniqueness of Proposition 3.13 we have
�(ϕ ◦ ψ) = �(ϕ) ◦ �(ψ).

Thus EndR(M) is isomorphic to a subring of EndR(˜E(M)). Therefore we consider
EndR(M) as a subring of EndR(˜E(M)). �
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Weconclude this sectionwith results for the rational hulls of quasi-continuousmod-
ules and quasi-injective modules. Recall that a module M is called quasi-continuous
if every submodule of M is essential in a direct summand of M , and for any direct
summands M1 and M2 of M such that M1 ∩ M2 = 0, M1 ⊕ M2 is a direct summand
of M . Also, a ring R is called right quasi-continuous if RR is quasi-continuous.

Theorem 3.16 The following statements hold true for a module M:

(i) If M is a quasi-continuous module then ˜E(M) is a quasi-continuous module.
(ii) If M is a quasi-injective module then ˜E(M) is a quasi-injective module.

Proof (i) Let T = EndR(E(˜E(M))) = EndR(E(M)). From [10, Theorem 2.8], we
need to show that f ˜E(M) ≤ ˜E(M) for all idempotents f 2 = f ∈ T . Assume that
f ˜E(M) � ˜E(M) for some idempotent f 2 = f ∈ T . Then there exists x ∈ ˜E(M)

such that f (x) /∈ ˜E(M). Thus, there exists g ∈ T such that gM = 0 and g f (x) �= 0.
Since g f (x) ∈ E(M), there exists r ∈ R such that 0 �= g f (xr) ∈ ˜E(M). Thus,
as M ≤den

˜E(M) and xr ∈ ˜E(M), there exists s ∈ R such that 0 �= g f (xrs) and
xrs ∈ M . Note that f M ≤ M for all idempotents f 2 = f ∈ T because M is quasi-
continuous. However, 0 �= g f (xrs) ∈ g f M ≤ gM = 0, a contradiction. Therefore
˜E(M) is a quasi-continuous module.

(ii) The proof is similar to that of part (i) by using [10, Corollary 1.14]. �
Remark 3.17 ([1, Theorem 5.3]) The rational hull of every extending module is an
extending module.

Note that if M is an injective module then M = ˜E(M) (see [7, Examples 8.18(1)]).
The next examples exhibit that the converses of Theorem 3.16 and Remark 3.17 do
not hold true, in general.

Example 3.18 (i) Consider Z as a Z-module. Then ˜E(Z) = Q is (quasi-)injective,
while Z is not quasi-injective.

(ii)( [10, Example 2.9]) Consider a ring R = (

F F
0 F

)

where F is a field. Then
˜E(RR) = (

F F
F F

)

is injective (hence, quasi-continuous), while RR is not right quasi-
continuous.

(iii) Consider Z
(N) as a Z-module. Then ˜E(Z(N)) = Q

(N) is injective (hence,
extending), while Z

(N) is not extending.

Corollary 3.19 The maximal right ring of quotients of a right quasi-continuous ring
is also a right quasi-continuous ring.

Remark 3.20 ([7, Exercises 13.8]) The maximal right ring of quotients of a simple
(resp., prime, semiprime) ring is also a simple (resp., prime, semiprime) ring.

Open Question 1 Is the rational hull of a continuous module always a continuous
module?

4 Direct Sum of Rational Hulls of Modules

Aswe know, the injective hull of the direct sum of twomodules is the direct sum of the
injective hulls of each module without any condition. However, the rational hull case
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is different from the injective hull case. In this section, we discuss the condition for
the rational hull of the direct sum of two modules to be the direct sum of the rational
hulls of those modules. The next example shows that the rational hull of the direct sum
of two modules is not the direct sum of the rational hulls of each module, in general.

Example 4.1 Consider M = Z⊕Zp as aZ-module where p is prime. Then ˜E(Z) = Q

and ˜E(Zp) = Zp. However, by [7, Example 8.21] ˜E(M) = Z(p) ⊕ Zp �= Q ⊕ Zp

where Z(p) = {mn ∈ Q |m, n ∈ Z, (n, p) = 1}. Hence M is not a dense submodule
of Q ⊕ Zp. For ( 1p , 0) and 0 �= (0, 1) ∈ Q ⊕ Zp, there is no n ∈ Z such that

n( 1p , 0) ∈ Z ⊕ Zp and n(0, 1) �= 0.

Proposition 4.2 Let M = ⊕

k∈� Mk where Mk be a right R-module and � is any
index set. If either R is right noetherian or |�| is finite, then ˜E(M) ≤ ⊕

k∈�
˜E(Mk).

Proof Suppose 0 �= m ∈ ˜E(M). Since ˜E(M) ⊆ E(M) = ⊕k∈�E(Mk) because R is
right noetherian or |�| is finite, there exists � ∈ N such that m ∈ ⊕�

i=1E(Mi ). Thus,
m = (m1, . . . ,m�) where mi ∈ E(Mi ). Since (0, . . . , 0, yi , 0, . . . , 0) · m−1M �= 0
for all 0 �= yi ∈ E(Mi ) and m−1M = m−1

1 M1 ∩ · · · ∩ m−1
� M�, yi · m−1

i Mi �= 0 for
all 0 �= yi ∈ E(Mi ). Thus, mi ∈ ˜E(Mi ) for all 1 ≤ i ≤ � from Proposition 2.4. So,
m = (m1, . . . ,m�) ∈ ⊕�

i=1
˜E(Mi ) ⊆ ⊕k∈�

˜E(Mk). Therefore ˜E(M) ≤ ⊕k∈�
˜E(Mk).

�
Remark 4.3 Example 4.1 illustrates Proposition 4.2 because R = Z is a noetherian
ring, that is, ˜E(Z ⊕ Zp) = Z(p) ⊕ Zp � Q ⊕ Zp = ˜E(Z) ⊕ ˜E(Zp). However,
Example 4.7 shows that the condition “either R is right noetherian or |�| is finite” is
not superfluous because ˜E(⊕k∈�Z2) = ∏

k∈� Z2 � ⊕k∈�Z2 = ⊕k∈�
˜E(Z2) with a

non-noetherian ring R = 〈⊕k∈�Z2, 1〉.
To get the reverse inclusion of Proposition 4.2, first we provide the properties of

the relatively dense property.

Lemma 4.4 Let N ≤ M and Ki be right R-modules for all i ∈ �. Then the following
conditions are equivalent:

(a) N is Ki -dense in M for all i ∈ �;
(b) N is

⊕

i∈� Ki -dense in M;
(c) N is

⊕

i∈�
˜E(Ki )-dense in M.

Proof (a)⇒(b) Let P be any submodule such that N ≤ P ≤ M . Since N
is Ki -dense in M , HomR(P/N , Ki ) = 0 for all i ∈ � from Proposition 3.5.
Consider the canonical embedding ⊕i∈�Ki → ∏

i∈� Ki . Then we have 0 →
HomR(P/N ,⊕i∈�Ki ) → HomR(P/N ,

∏

i∈� Ki ) ∼= ∏

i∈� HomR(P/N , Ki ) =
0. Thus HomR(P/N ,⊕i∈�Ki ) = 0. Therefore N is ⊕i∈�Ki -dense in M from
Proposition 3.5.

(b)⇒(a) Since HomR(P/N ,⊕i∈�Ki ) = 0, HomR(P/N , Ki ) = 0 for each i ∈ �.
Hence N is Ki -dense in M for all i ∈ �.

(a)⇔(c) Since E(˜E(Ki )) = E(Ki ), from Proposition 3.5 it is easy to see that N
is Ki -dense in M if and only if N is ˜E(Ki )-dense in M , for all i ∈ �. The proof is
similar to that of the equivalence (a)⇔(b). �
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Using Lemma 4.4, we obtain a characterization for ⊕k∈�Nk to be a dense
submodule of ⊕k∈�Mk where Ni is a submodule of Mi for each i ∈ �.

Proposition 4.5 Let Ni ≤ Mi be right R-modules for all i ∈ � where � is any index
set. Let N = ⊕

k∈� Nk and M = ⊕

k∈� Mk. Then N ≤den M if and only if Ni is
M j -dense in Mi for all i, j ∈ �.

Proof Suppose N ≤den M . Then N is M-dense in M by the definition. From
Lemma 4.4 N is Mj -dense in M for all j ∈ �. Let xi ∈ Mi and 0 �= y j ∈ Mj

be arbitrary for each i, j ∈ �. Consider the canonical embedding ι : Mi → M . Since
ι(xi ) = (0, . . . , 0, xi , 0, . . . ) ∈ M and 0 �= y j ∈ Mj , there exists r ∈ R such that
ι(xi )r = ι(xir) ∈ N and y jr �= 0. Since xir ∈ Ni and y jr �= 0, Ni is Mj -dense in
Mi for all i, j ∈ �.

Conversely, suppose Ni is Mj -dense in Mi for all i, j ∈ �. From Lemma 4.4, Ni

is ⊕k∈�Mk-dense in Mi for all i ∈ �. Let x ∈ M and 0 �= y ∈ M be arbitrary. Then
there exists � ∈ N such that x = (x1, . . . , x�) ∈ ⊕�

k=1Mk ≤ M . Since N1 is M-dense
in M1, there exists r1 ∈ R such that x1r1 ∈ N1 and 0 �= yr1 ∈ M . Also, since N2 is
M-dense in M2, there exists r2 ∈ R such that x2r1r2 ∈ N2 and 0 �= yr1r2 ∈ M . By
the similar processing, we have r = r1r2 · · · r� ∈ R such that xr ∈ ⊕�

k=1Nk ≤ N and
yr �= 0. Therefore N ≤den M . �

From Propositions 4.2 and 4.5, we have a characterization for the rational hull of
the direct sum of modules to be the direct sum of the rational hulls of each module.

Theorem 4.6 Let M = ⊕

k∈� Mk where Mk is a right R-module and � is any index
set. If either R is right noetherian or |�| is finite, then ˜E(M) = ⊕

k∈�
˜E(Mk) if and

only if Mi is M j -dense in ˜E(Mi ) for all i, j ∈ �.

Proof Suppose ˜E(M) = ⊕k∈�
˜E(Mk). Since M ≤den ⊕k∈�

˜E(Mk), from Proposi-
tion 4.5Mi is ˜E(Mj )-dense in ˜E(Mi ) for all i, j ∈ �. Thus,Mi isMj -dense in ˜E(Mi )

for all i, j ∈ � from Lemma 4.4.
Conversely, suppose Mi is Mj -dense in ˜E(Mi ) for all i, j ∈ �. Then Mi is

˜E(Mj )-dense in ˜E(Mi ) for all i, j ∈ � from Lemma 4.4. Thus, from Proposition 4.5
M ≤den ⊕k∈�

˜E(Mk). Hence⊕k∈�
˜E(Mk) ≤ ˜E(M) from Proposition 2.3. Also, from

Proposition 4.2 ˜E(M) ≤ ⊕k∈�
˜E(Mk). Therefore ˜E(M) = ⊕k∈�

˜E(Mk). �
The next examples show that the condition “R is right noetherian or |�| is finite”

in Theorem 4.6 is not superfluous.

Example 4.7 (i) Let R = 〈⊕k∈�Z2, 1〉 and M = ⊕k∈�Mk where Mk = Z2. Note that
R is not noetherian. Since Z2 is an injective R-module, ˜E(Z2) = Z2. Thus Mi is Mj -
dense in ˜E(Mi ) for all i, j ∈ �. However, ˜E(⊕k∈�Z2) = ∏

k∈� Z2 � ⊕k∈�Z2 =
⊕k∈�

˜E(Z2).
(ii) Let R = {(ak) ∈ ∏

k∈� Z | ak is eventually constant} and M = ⊕k∈�Z. Note
that R is not noetherian. Then ˜E(Z) = Q and Z is Z-dense in ˜E(Z). However,
˜E(⊕k∈�Z) = ∏

k∈� Q � ⊕k∈�Q = ⊕k∈�
˜E(Z).

The next example illustrates Theorem 4.6.
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Example 4.8 Consider M = Z ⊕ Zp as a Z-module where p is prime. Then Zp is
Z-dense in ˜E(Zp) = Zp, but Z is not Zp-dense in Q because for 1

p ∈ Q, 1 ∈ Zp,

there is no element t ∈ Z such that t 1p ∈ Z and t1 �= 0. Thus, from Theorem 4.6
˜E(M) = Z(p) ⊕ Zp � Q ⊕ Zp = ˜E(Z) ⊕ ˜E(Zp). (See Example 4.1 for details.)

Corollary 4.9 Let M be a right R-module. If either R is right noetherian or � is a
finite index set, then ˜E(M (�)) = (˜E(M))(�).

Corollary 4.10 Let {Mk}k∈� be a class of rationally complete right R-module for any
index set �. If either R is right noetherian or |�| is finite, then M = ⊕

k∈� Mk is
rationally complete.

Proof Since ˜E(Mi ) = Mi , Mi is Mj -dense in ˜E(Mi ) for all i, j ∈ �. From Theo-
rem 4.6, ˜E(M) = ⊕k∈�

˜E(Mk) = ⊕k∈�Mk = M . Therefore ⊕k∈�Mk is rationally
complete. �
Proposition 4.11 ([14, Proposition 1.9]) Let {Si }i∈� be a set of nonisomorphic simple
modules, representing all singular simple modules. Then every module containing the
module P = ⊕

i∈� Si is rationally complete.

5 The Endomorphism Ring of a Module Over a Right Ring of
Quotients of a Ring

In this section, we obtain some condition under which EndR(M) = EndH (M) where
H is a right ring of quotients of a ring R. Recall that an extension ring H of a ring
R is called a right ring of quotients of R if for any two elements x �= 0 and y of H ,
there exists an element r ∈ R such that xr �= 0 and yr ∈ R.

Theorem 5.1 Let M be a right H-module where H is a right ring of quotients of a
ring R. If R is MR-dense in HR then EndR(M) = EndH (M).

Proof Since EndH (M) ⊆ EndR(M), it suffices to show that EndR(M) ⊆ EndH (M).
Let ϕ ∈ EndR(M) be arbitrary. Assume that ϕ /∈ EndH (M). Then there exist m ∈
M, t ∈ H such that ϕ(mt) − ϕ(m)t �= 0. Since R is MR-dense in HR , there exists
r ∈ R such that (ϕ(mt) − ϕ(m)t)r �= 0 and tr ∈ R. Hence 0 �= (ϕ(mt) − ϕ(m)t)r =
ϕ(mt)r −ϕ(m)(tr) = ϕ(mtr)−ϕ(mtr) = 0, a contradiction. Therefore EndR(M) =
EndH (M). �
Remark 5.2 (i) A ring R is always E(R)-dense in HR where H is a right ring of
quotients of R. Let x ∈ HR and 0 �= y ∈ E(R). Since H ≤ess E(R)R , there exists
s ∈ R such that 0 �= ys ∈ H . Also, xs ∈ H . Since R ≤den HR , there exists t ∈ R
such that xst ∈ R and 0 �= yst . Therefore R is E(R)-dense in HR .
(ii) If M is a nonsingular R-module, then R is MR-dense in HR . Let 0 �= m ∈ M
and t ∈ H be arbitrary. Take t−1R = {r ∈ R | tr ∈ R} a right ideal of R. Note that
t−1R ≤ess RR . Since t−1R � rR(m), there exists r ∈ t−1R and r /∈ rR(m). Thus,
tr ∈ R and mr �= 0. Therefore R is MR-dense in HR .
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(iii) If M is a submodule of a projective right H -module, then R is MR-dense in HR .
Let P be a projective right H -module including M , that is, M ≤ P where P ≤⊕ H (�)

with some index set �. Then there is a right R-module K ≤ E(P) such that E(P) =
E(M) ⊕ K . Since R ≤den HR , we get that R is H (�)-dense in HR from Lemma 4.4.
Hence R is P-dense in HR . Thus HomR(H/R, E(P)) = 0 from Proposition 3.5.
Since HomR(H/R, E(P)) ∼= HomR(H/R, E(M)) ⊕ HomR(H/R, K ), we obtain
HomR(H/R, E(M)) = 0. It follows that R is MR-dense in HR .

Corollary 5.3 Let M beaprojective right H-modulewhere H is a right ringof quotients
of R. Then EndR(M) = EndH (M).

The next example illustrates Corollary 5.3.

Example 5.4 Let H = ∏∞
n=1 Z2 and R = {(an) ∈ H | an is eventually constant}. Then

H is a maximal right ring of quotients of R. Hence from Theorem 5.1, EndR(H (�))=
EndH (H (�)) = CFM�(H).

Theorem 5.5 Let M be a finitely generated free R-module with S = EndR(M). If
either R is right noetherian or � is any finite index set, then EndR

(

˜E(M (�))
) =

CFM� (Q(S)).

Proof Let M = R(n) for some n ∈ N. From Corollary 4.9, ˜E(R(n)) =
˜E(R)(n) = Q(R)(n) as ˜E(R) = Q(R). Hence EndR

(

˜E(M (�))
) =

EndR
(

˜E(M)(�)
) = EndR

(

(Q(R)(n))(�)
) = EndQ(R)

(

(Q(R)(n))(�)
) =

CFM�

(

EndQ(R)(Q(R)(n))
) = CFM� (Matn(Q(R))) from Theorem 5.1. Therefore

EndR
(

˜E(M (�))
) = CFM� (Q(EndR(M))) because Matn(Q(R)) = Q(Matn(R)) by

[15, 2.3] and EndR(M) = Matn(R). �
The next result is generalized from [15, 2.3].

Corollary 5.6 Let M be a finitely generated free R-module. Then Q(EndR(M)) =
EndR(˜E(M)).

The following example shows that the above result can not be extended to flat
modules. This example also shows that a ring R is not M-dense in Q as a right
R-module where Q is a right ring of quotients of R.

Example 5.7 Let H = ∏∞
n=1 Z2, R = {(an) ∈ H | an is eventually constant}, and

I = {(an) ∈ H | an = 0 eventually}. Note that H = Q(R). Let M = H/I , which
is a flat H -module but not projective. We claim that EndH (M) � EndR(M). Indeed,
define f : M → M via

f [(a1, a2, . . . , an, an+1, . . . ) + I ] = (a1, 0, a2, 0, . . . , an, 0, an+1, 0, . . . ) + I ,

for any a = a+ I = (a1, a2, . . . , an, an+1, . . . )+ I ∈ M . It is easy to see that f (a+b)
= f (a) + f (b) for any a, b ∈ M . Meanwhile, for any r = (r1, r2, . . . , rn, rn+1, . . . ) ∈
R, we have

(a + I )r = ar + I =
{

(0, . . . , 0, an, an+1, . . . ) + I , if rn = rn+1 = · · · = 1;
(0, . . . , 0, 0, 0, . . . ) + I , if rn = rn+1 = · · · = 0.
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Note that a + I = (0, 0, . . . , 0, an, an+1, . . . ) + I for some n ∈ N. One can easily
see that f [(a + I )r ] = [ f (a + I )]r for all a ∈ H , r ∈ R. This shows f ∈ EndR(M).
However, for q = (0, 1, 0, 1, . . . ) = q2 ∈ H , we have [ f (q + I )]q = 0 + I while
f [(q + I )q] = f (q + I ) �= 0 + I . This means f /∈ EndH (M). Thus, EndH (M) �

EndR(M). Note that R is not MR-dense in H . Let h ∈ H \ R and m = 1 + I ∈ M .
Since (1 + I )r = 0 + I for all r ∈ I , it has to be r ∈ R \ I to get mr �= 0 + I .
However, hr /∈ R.

Recall that a module M is said to be polyform if every essential submodule of M
is a dense submodule.

Lemma 5.8 A module M is polyform if and only if ˜E(M) is a polyform quasi-injective
module.

Proof Let X be essential in ˜E(M). Then X ∩ M ≤ess M . Hence X ∩ M is a dense
submodule of M because M is polyform. Since X ∩ M ≤den M ≤den

˜E(M), X ∩
M ≤den

˜E(M). Thus X is a dense submodule of ˜E(M) from Proposition 2.2(ii).
Therefore ˜E(M) is a polyformmodule. In addition, ̂M is also a polyformmodule from
[16, 11.1]. Since M ≤ess

̂M , M ≤den
̂M . Thus ˜E(M) = ˜E( ̂M). Since the rational

hull of a quasi-injective module is also quasi-injective from Theorem 3.16(ii), ˜E(M)

is a quasi-injective module. Therefore ˜E(M) is a polyform quasi-injective module.
Conversely, let N be any essential submodule of M . Then N is also essential in

˜E(M). Hence N is a dense submodule of ˜E(M) as ˜E(M) is polyform. So N is a dense
submodule of M . Therefore M is polyform. �

We show from Theorem 3.15 that there is a monomorphism from the ring
EndR(M) into the ring EndR(˜E(M)). Next, we obtain a condition when EndR(M)

and EndR(˜E(M)) are isomorphic. It is a generalization of [7, Exercises 7.32].

Proposition 5.9 If M is a quasi-injective module then there is an isomorphism � :
EndR(M) → EndR(˜E(M)). In particular, if M is apolyformmodule, then the converse
holds true.

Proof In the proof of Theorem 3.15, we only need to show that � : EndR(M) →
EndR(˜E(M)) given by �(ϕ) = ϕ̃, is surjective. Let ψ ∈ EndR(˜E(M)) be arbitrary.
Then there exists ̂ψ ∈ EndR(E(M)) such that ̂ψ |

˜E(M) = ψ . Since ̂ψM ≤ M as M is
quasi-injective, ̂ψ |M = ψ |M ∈ EndR(M). Thus, �(ψ |M ) = ψ , which shows that �

is surjective.
In addition, suppose that M is a polyform module. Then from Lemma 5.8, ˜E(M) is

quasi-injective. Thus, for any ϑ ∈ EndR(E(M)), ϑ ˜E(M) ≤ ˜E(M). Since ϑ |
˜E(M) ∈

EndR(˜E(M)) and EndR(M) ∼= EndR(˜E(M)) via �, there exists ϕ ∈ EndR(M) such
that �(ϕ) = ϑ |

˜E(M). Also by Theorem 3.15, ϑ |M = ϕ. Thus, ϑM = ϕM ≤ M .
Therefore M is a quasi-injective module. �
Corollary 5.10 If M is a quasi-injective module, then Q(EndR(M)) ∼= EndR(˜E(M)).

Proof Since M is a quasi-injective module EndR(M) is a right self-injective ring. So,
Q(EndR(M)) = EndR(M). Thus, Q(EndR(M)) ∼= EndR(˜E(M)) by Proposition 5.9.

�
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Remark that ifM is a quasi-injectivemodule then ˜E(M) is a quasi-injectivemodule
fromTheorem3.16(ii) andEndR(M) ∼= EndR(˜E(M)) fromProposition 5.9.However,
the next example shows that there exists a quasi-injective module M such that M �=
˜E(M).

Example 5.11 Let R = (

F F
0 F

)

and M = (

0 0
0 F

)

where F is a field. Then M is a quasi-
injective R-module. However, ˜E(M) = E(M) = (

0 0
F F

)

because M is nonsingular.
ThusM is a quasi-injective R-module such thatM � ˜E(M) andEndR(M) ∼= (

0 0
0 F

) ∼=
EndR(˜E(M)).

Because ˜E(M) = E(M) for a right nonsingular module M , we have the following
well-known results as a consequence of Proposition 5.9.

Corollary 5.12 ([7, Exercises 7.32]) For any nonsingular module M, the following
statements hold true:

(i) there is a canonical embedding � : EndR(M) → EndR(E(M)).
(ii) M is a quasi-injective R-module if and only if � is an isomorphism.

Corollary 5.13 Let M be a right H-module where H is a right ring of quotients of a
ring R. Then the following statements hold true:

(i) If M is a nonsingular R-module then EndR(M) = EndH (M).
(ii) If M is a submodule of a projective H-module, then EndR(M) = EndH (M).
(iii) If M is a nonsingular quasi-injective R-module then EndR(M) ∼= EndR(E(M))

and EndH (M) ∼= EndH (E(M)).
(iv) If M is a quasi-injective R-module and is a submodule of a projective H-module

then EndR(M) ∼= EndR(˜E(M)) and EndH (M) ∼= EndH (˜E(M)).
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