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Abstract

In this paper we introduce and study a new graph-theoretic invariant called the bi-
Wiener index. The bi-Wiener index W, (G) of a bipartite graph G is defined as the
sum of all (shortest-path) distances between two vertices from different parts of the
bipartition of the vertex set of G. We start with providing a motivation connected with
the potential uses of the new invariant in the QSAR/QSPR studies. Then we study its
behavior for trees. We prove that, among all trees of order n > 4, the minimum value
of W, is attained for the star S,,, and the maximum W), is attained at path P, for even
n, or at path P, and B, (2) for odd n where B, (2) is a broom with maximum degree
3. We also determine the extremal values of the ratio W, (T,,)/W (T},,) over all trees
of order n. At the end, we indicate some open problems and discuss some possible
directions of further research.
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1 Introduction

All graphs considered in this paper are finite, undirected, simple and connected. If
G = (V(G), E(G)) is a graph, we will use n(G) = |V (G)| for its order and m(G) =
|E(G)| for its size. The degree dg(v) of v € V(G) is the number of vertices in G
adjacent to v. We denote by Ng(v) the open neighborhood of vertex v in G. For
two vertices u, v € V(G), we use dg(u, v) to denote the (shortest-path) distance
between u# and v in G. If the graph G is clear from the context, dg (v) and dg(u, v)
will be simplified into d(v) and d(u, v), respectively. The eccentricity eg(v) of a
vertex v € V(G) is the maximum distance from v to any other vertex of G. The
complement of G is denoted with G¢. A vertex v € V(G) with maximum eccentricity
is adiametral vertex in G. Moreover, the vertex with the second maximum eccentricity
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is a semi-diametral vertex. For a connected graph G, its distance matrix D(G) is a
square matrix whose rows and columns are indexed by the vertices of G and whose
entry (i, j) is equal to the shortest-path distance between the vertices i and j. Clearly,
the distance matrix of an undirected simple graph is symmetric and has zeros on its
main diagonal. Once computed, the distance matrix encodes all information about
distances, eccentricities, and all other distance-related concepts such as the diameter,
the radius, the center, the periphery, etc. We refer the readers to [4] and also to [9] for
more on distances in graphs.

We denote by S, and P, the star and the path on n vertices, respectively. Other
undefined notations and terminologies on graph theory can be found in [3].

A graphical invariant is a function from the set of graphs to the reals which
is invariant under graph isomorphisms. In the chemical literature, graphical invari-
ants are also known as topological indices and as molecular descriptors. The oldest
topological index in chemical graph theory is the Wiener index [16]. Despite being
introduced in 1947 and studied ever since, it still generates a lot of interest [5-7,
10, 11, 13, 15, 17-19]. For a connected graph G, its Wiener index is defined as
W(G) = > (. vjcv(c) 4G (u, v). It is the sum of all entries in the upper (or in the
lower) triangle of D(G).

Let G be a bipartite graph with the bipartition V(G) = A U B. By considering
only the distances between the vertices belonging to different classes of bipartition,
one arrives at the following modification of the Wiener index:

Wp(G)= Y dou,v).

(u,v)EAXB

We call the new invariant the bi-Wiener index of G and denote it by W;,(G). Clearly,
the bi-Wiener index of a bipartite graph G cannot exceed its full Wiener index, an
observation which we will formalize shortly.

Before presenting in more detail the properties of the new invariant, we make a short
digression to provide some motivation. It is reasonable to expect that the bi-Wiener
index, like the full Wiener index, but often easier to calculate, correlates well with
various properties of molecules, including "boiling point, molar volume, refractive
index, heat of isomerization, heat of vaporization, density, critical pressure, surface
tension, viscosity, chromatographic retention time and sound velocity, - - - - - - "[12].

Although the Wiener index is closely correlated with the boiling points of lin-
ear and branched hydrocarbons, it does not work well for some cyclic molecules
and their corresponding isomers. In Table 1 below, we compare the Wiener and the
bi-Wiener indices for cyclohexane and methylcyclohexane with some of their cor-
responding substituted cyclobutyl counterparts. The Wiener index of cyclohexane is
27 and its bi-Wiener index is 15. Compared to the Wiener index of cyclohexane,
only the isomeric 1,1-dimethylcyclobutane has a smaller Wiener index, while for
1,3-dimethylcyclobutane is larger. On the other hand, the bi-Wiener indices for both
isomers (the 1,3-dimethylcyclobutane and 1,1-dimethylcyclobutane) are smaller than
the bi-Wiener of cyclohexane. Thus bi-Wiener index appears to be a better indicator to
predict the physical properties of the isomers, consistent with the lower boiling points
and densities of the cyclobutyl isomers compared to that of cyclohexane.
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Table 1 Comparison of the Wiener and the bi-Wiener indices of Cyclohexane, Methylcyclohexane and
some of their corresponding substituted cyclobutyl counterparts

Compound Wiener(W) Bi-Wiener(W,) B.P°C Density g/mL
G 27 15 80.75 0.779
Go 28 12 Cis 61 0.711
Trans 58 0.702
G3 26 12 56 0.713
Gy 42 22 101 0.770
Gs 42 16 81.7 Predicted
0.758

Another example involves comparison of the Wiener and bi-Wiener indices of
methylcyclohexane and its corresponding trisubstituted cyclobutyl counterparts. The
Wiener index of methylcyclohexane is 42, while its bi-Wiener index is 22. Of
all the three possible isomeric trisubstituted cyclobutyl counterparts, namely 1,1,2-
trimethylcyclobutane, 1,2,3-trimethylcyclobutane, and the 1,1,3-trimethylcyclobutane,
only the latter has been successfully synthesized (Table 1). While the Wiener index
for this isomer is the same as that of methylcyclohexane, its bi-Wiener index is
much smaller than that of methylcyclohexane. The smaller bi-Wiener index for 1,1,3-
trimethylcyclobutane is consistent with its lower boiling point compared to that of
methylcyclohexane. Moreover, the values of the densities also fall in the expected
range as predicted by the lower bi-Wiener indices (Table 1).

The two examples illustrated in this article, namely the cyclohexane and methyl-
cyclohexane and their corresponding cyclobutyl isomeric counterparts, show that the
bi-Wiener index is a better predictor for physical properties compared to that of the
Wiener index. To test the generality of our approach, we will investigate the di-and
trisubstituted cyclohexanes in order to compare their Wiener and bi-Wiener indices
with their isomeric substituted cylobutyl counterparts.

In general, for many of the cyclic molecules that are bipartite, the value of the
bi-Wiener index conforms with the Wiener index in predicting the physical properties
of the various isomers as noted above.

5 6
7
> > 6 8 8 8 9
Gy G G3 Gy Gs

In chemical graph theory, trees are frequently used as models for studying chemical
and physical properties of acyclic molecules, in particular the alkanes [16]. A vertex
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of degree at least 3 is a branching vertex in a tree. A vertex adjacent to a leaf of a tree is
a support vertex. Clearly, any diametral vertex in a tree 7 must be a leaf, and any semi-
diametral vertex must be a support vertex to a diametral leaf. A tree T of order n with a
unique branching vertex v with T —v = P, UP,,U.. .UP,, ,withn; <np <--- <y
satisfying Zle n; =n — 1, will be denoted by T = T,,(n1, na, ..., ng). (Such trees
are known as starlike trees and also as spiders; see [1] for some recent applications in
chemical context.) If n; appears £; > 2 times in 7,,(n1, n2, ..., ny), then we write nf’
in it. For example, T11(1, 2, 2, 2, 3) will be denoted with 77 (1, 23 3). In particular,
T,(1%, n —k —1) with k > 2 is a broom and denoted by By, (k) in the following. Denote
by H(n — a — b, a, b) the bi-broom obtained by attaching a and b pendant vertices,
respectively, to the two leaves of a path P,_,_j, where a > b > 2. Moreover, for
convenience, P, can be viewed as the special case of B, (k) with k = 1 and B, (a) is
the special case of H(n —a — b, a, b) with b € {0, 1}. Throughout this paper, we use
the notation [k] = {1, 2, ..., k} for any positive integer k.

For any positive integer n < 3, there is a unique tree of order n. Therefore, in what
follows, we only consider the trees of order n > 4.

2 Preliminary Results

In this section, we prove some preliminary results. Most of them are concerned with
trees, but we start with some valid for all bipartite graphs. The following results are
direct consequences of the definition of bipartite graphs and hold at a glance.

Proposition 2.1 If G is a bipartite graph with a vertex bipartition AU B, then dg (u, v)
is odd for any vertex u € A and any vertex v € B.

Corollary 2.2 The bi-Wiener index of a graph G is the sum of all odd entries in the
upper triangle of the distance matrix D(G) of G.

Corollary 2.3 For a bipartite graph G, Wy(G) < W(G) with equality if and only if
G = K».

Proof If a bipartite graph G has at least 3 vertices, then its diameter is at least 2, and
there is at least a pair of vertices at distance 2 in G. Hence, at least one element of
D(G) is even, and the difference W (G) — Wy (G) is positive. ]

Corollary 2.4 Let G be a bipartite graph with the bipartition V(G) = A U B. Then
Wy (G) is odd if and only if both |A| and | B| are odd.

Proof It has been known for a long time [2] that the Wiener index of a bipartite graph
G is odd if and only if both classes of the bipartition of V (G) have odd cardinalities.
The claim now follows from the fact that the difference W (G) — W;,(G) is always an
even number, being the sum of even entries in the upper triangle of D(G). O

Corollary 2.5 Let G be a bipartite graph of odd order. Then Wy, (G) is even.
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Fig. 1 Graphs T and T’ associated with Transformation I

Since trees are bipartite, all of the above results are valid for trees. In the rest of
this section, we restrict our attention to trees and study a number of transformations
which affect their bi-Wiener numbers.

Denote by y (G, k) the number of vertex pairs with distance k in a graph G. For a
bipartite graph G with vertex bipartition A U B with |A| = p > g = | B|, we say that
A U B is a (p, q)-bipartition of G. Below we provide a new formula for computing
the value of Wj,.

Proposition 2.6 For a bipartite graph G with a vertex bipartition A U B and Vy
V(G), Vi = V(G)\ Vo, Wy, (G) = > dgu,v), Wp(G) = 3 dg(u,v),

ue ANVy ue ANV,
veBNVy veBNV]
Wp(G) = > do,v)+ > dg(u,v). Then
ue ANVy ue BNV
veBNV] veANV]

Wi(G) = Wp, (G) + Wp, (G) + Wi, (G).

Let T be a tree of order n with a (p,q)-bipartition A U B. Let P =
uiuy ... u;—1uy (t > 4) be a diametral path of 7. Let u; 3 < i <t —1)
be a branching vertex with dr(u2, ;) as small as possible. Let D; be the com-
ponent of T — {u;_ju;,u;u;11} containing u;, v, be a leaf of D; with a path
P' = ui(=vo)vy ... vpvpay ... vy (0 < h <m,m+ 1 < i) where vy, is the closest
branching vertex to vy, in D;. Let D, be the component of T — {u;_ju;} containing
u; and Wi = D;, \ P’. Without loss of generality, we assume that u; € A. Next we
introduce five transformations.

Transformation I Let T be the aforementioned tree with a (p, ¢)-bipartition with
d(us) = 2,d(uz, u;) and d(u;, v,) having the same parity. Clearly, d(u;, v,,) + 1 <
d(uy, u;). We construct a new tree T’ = T — {vpvpr1} + {vnu;} and say that T' is
obtained from 7 by running Transformation I for path P” = vjvjy] ... v,. Since
u; € A, we have v, € B and T' is also a tree with a (p, g)-bipartition (Fig. 1).

Lemma2.7 Let T, T’ be trees in Transformation I. Then Wy(T') > Wy, (T).

Proof Let T, T' be trees in Transformation I and Vo = {vpa1, vpao, ..., Uy} with
Wy = V(T) — Vo — W1. Then Vi = W; U W,. Based on the structures of 7, T’ and
Proposition 2.6, it suffices to prove Wy, (T") > Wp, (T).
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Fig.2 Graphs T and 7' associated with Transformation I

Foreveryu € VpNA,v e WinNB(oru € Vo N B,v € Wi N A), we have
dr(u,v) =dru,v;j) +dr(j,v), dr(u,v) = dr(u,v;) +dr (vj, v), where v; €
V(P")(0 < j < h)istheclosest vertex from v to P'. Note thatdr (u, v;) < dr(u, v;),
dr(vj,v) =dg/(vj, v). Then dr: (u, v) > dr(u, v). It follows that

Z dr(u,v) + Z dr(u, v) > Z dr(u,v) + Z dr(u,v),

ueVopNA ueVoNB ueVopnNA ueVoNB

veWiNB veWiNA veW|NB veWiNA

Yo dpwv+ Y dpv)y= ) drwv)+ Y dr(,v).

ueVpnA ueVpNB ueVpnA ueVpNB

veWrNB veWrNA veWrNB veWrNA
Therefore

W (T = Y dp@v)+ Y dp@ v+ Y. dru,v)

ueVpNA ueVpNB ueVpNA
veWiNB veWiNA veWrNB

+ Z dr(u, v)

ueVpoNB
veWrNA

> W, (T).
That is, we have Wy,(T’) > Wy(T), finishing the proof. m|

Transformation Il Let T be the aforementioned tree with a (p, g)-bipartition with
d(uz) > 3 such that d(u2, u;) and d(u;, v, ) have the same parity, d(vy,, v,) is even.
Clearly, d (u;, v;)+1 < d(uy, u;). Weconstructanew tree T’ = T —{vpvp+1, uous}+
{u3vm, upvps1) and say that T’ is obtained from T by running Transformation II for
path P = vpvpe1...vy. Foru; € A, we have vy, v, € B. Thus T is also a tree
with a (p, ¢g)-bipartition.

Lemma 2.8 Let T, T’ be trees in Transformation II. Then Wy(T") > Wy(T).

Proof Let T, T’ be trees in Transformation II with d(u2) = x + 1 where x > 2 and
Nr(ua) \ {us} = {u1,z1, ..., z2x—1}. Let Vo = {ur, uz, 21, .. ., Ze—1, V15 - -+ 5 Um}s
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Wy = V(T)—Vy—Wj.Then V| = W1UW,. By the structures of T, T’ and Proposition
2.6, we have

Wy (T) =Y dr(u,v)

ueVonNA
veVoNB
dr (v, v dr (v, v
= Y e+ O,y + T
ueVonNA
veVpNB

Wy (T7) + (x + Dy (a2, vy L0 20)

5
Wi, (T) = Y dr(u, v) = Wy, (T

ueVinNA
veViNB

Similarly as the proof in Lemma 2.7, we have

Z dr(u, v) + Z dr(u, v) > Z dr(u, v) + Z dr(u,v),

ueVpnNA ueVoNB ueVpNA ueVoNB
veW|NB veWiNA veWiNB veWiNA

dr (v, v
E dr(u, v)= E dr(u,v)+2¥leﬂBl+xdr(vm,vh)IWzﬂB|
ueVpNA ueVoNA
veWrNB veW,NB

= Y dr@u,v) + (x + Ddr (vp, vi)| W2 N B,
ueVopnNA
veWrNB

dr (v, vn)
Yo drwvy = Y dr(uv) = 2= Wa N Al +dr(um, v)[Wa 0 A
ueVoNB ueVoNB

veWrNA veWrNA

= Z dr(u, v).

ueVoNB
veWrNA

Therefore, we have
Wiy (T") > Wi, (T) + (x + 1)d7 (v, vi) W2 N B.

Since |[W, N B| = M, we have

Wy(T") > Wy, (T) — (x + D)dr (v, vi) W2 N Bl + W, (T) + Wi, (T)
+ (x + Ddr (m, vp)IW2 N B
= Wp(T).

This completes the proof. O
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_________________
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Fig.3 Graphs T and T’ associated with Transformation IIT

Transformation Il Let T be the aforementioned tree with a (p, ¢)-bipartition and
d(uz) > 3 such that d(u>, u;) and d(u;, v,) have a same parity, d(vy,, vy) is odd.
Clearly,d (u;, vy,)+1 < d(u1, u;). We constructanew tree T' = T —{vpvp+1, upus}+
{u3vy, uivp+1} and say that T’ is obtained from 7' by running Transformation IIT for
path P” = vjvp41...vy. Foru; € A, we have v,, € B, v, € A. Thus T’ is also a
tree with a (p, g)-bipartition (Fig. 3).

Lemma2.9 Let T, T’ be trees in Transformation III. Then Wy,(T") > Wy,(T).

Proof Let T, T’ be trees in Transformation III with d(u7) = x + 1 where x > 2 and

Nr(ua) \ {us} = {ur,z1,...,z2x—1}. Let Vo = {uy, uz, 21, ..., Zx—1, Uit 15+ - o5 Um}s
Wy = V(T)—Vy—Wj.Then V; = W{UW,. By the structures of T, T’ and Proposition
2.6, we have

W (T) = dr(u,v)

ueVpNA
veVpNB

d , —1
= Y dp(v)+ Mdﬂu& )

2
ueVopNA
veVoNB

dr (W, Vi) + 1 dr (O, vp) + 1
n %dﬂu& u)(x — 1) + %dﬂ“b Un).
W, (T) = Z dr (u, v) = Wy, (T").

ueViNA
veViNB

Similarly as the proof in Lemma 2.7, we have

Y dp@ov+ Y dp@v)> Y drwv)+ Y dr(,v),

ueVpnA ueVoNB ueVpnA ueVpNB

veW|NB veWiNA veW|NB veWiNA
> dp@.v)= Y dr@u,v)+ (dr (v, vi) — D|W2 N B
ueVpNA ueVonNA
veWrNB veWoNB

+ (x — D(dr (vm, vp) + DIW2 N B|,
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Fig.4 Graphs T and T’ associated with Transformation IV

Y dr@,v)= Y dr(u,v) + dr(vm, v) + DIW2N A

ueVoNB ueVoNB
veWNA veWrNA

[WoNA| =|WrNB|+ 1.
Then it follows that

Wiy (T") > Wy, (T) + (d7 (m, vi) — 1)|Wo N B| + x(d7 (v, vi) + 1)|W2 N B|
+dr (v, vp) + 1.

Since |W> N B| = w, we have

Wi(T") > Wi, (T) = (dr (v, v3) = DIW2 0 B| = [dr (o, ) +1]
— [dr o vn) + 1]1W2 0 Bl = = D[ dr (v, vi) + 1] W2 01 B
- Wiy (T) + Wor (T) + (dr (v, v4) — DIW2 0 B|
o+ x[dr (v, v0) + 1]1W2 0 BI + dr (v, vn) + 1
= Wy(T).

This completes the proof. O

Transformation IV Let T be the tree defined above with a (p, ¢)-bipartition with
d(up) > 2 such that d(u3, u;) and d(u;, v,;,) have different parity, d(v,,, v;,) is even.
Clearly, d(u;, v;) < d(uy, u;). We construct anew tree T’ = T — {upus, vyvpr1} +
{uavy,, vy+1u3} and say that 77 is obtained from T by running Transformation IV for
path P” = vpvp4q ... vy, Since uy € A, we have vy, v, € A. Then T’ is also a tree
with a (p, g)-bipartition (Fig. 4).

Lemma2.10 Let T, T’ be trees in Transformation IV. Then Wy(T') > Wy (T).

Proof Let T, T’ be trees in Transformation IV with d(u2) = x + 1 where x > 1. If
x = 1, we have N7 (u3) \ {#3} = {u1} and assume that Vo = {u1, u2, vp+1, ..., Un}-
For x > 2, we have Nr(u») \ {u#3} = {u1,z1,...,2x—1} and assume that Vo =
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{ul’u29zl9"'1Z_x—17vh+19"

s Um}).Let Wo = V(T)—Vp—W,.Then V| = W UW,.

By the structures of T, T’ and Proposition 2.6, we have

Wi, (T) =

Wy, (T) =

Z dr(u, v)

ueVopNA
veVoNB

> dpv)+

ueVpNA
veVoNB

> dr(u,v) = Wiy (T).

ueVinNA
veViNB

dr (v, vp)

> [dT(Mz, vpt1) +dr (u3, Uh)x]a

Similarly as the proof in Lemma 2.7, we have

Z dr(u, v) + Z dr(u, v) > Z dr(u,v) + Z dr(u,v),

ueVopNA
veWiNB

Therefore

ueVoNB ueVopnA ueVoNB

veWiNA veW|NB veWiNA

> dp,v)y= Y dr(u,v)+xdr(um, vp)|WaN B,
ueVpnA ueVpnA

veWrNB veWoNB

> dpvy= Y dru,v) +dra, va)|Wa N Al
ueVoNB ueVoNB

veWhNA veWhNA

Wiy (T') > Wi, (T) + xdr (v, va)|Wa N Bl + dr (v, vi)|W2 N Al

Note that |W> N A| = 4z [y, 0 gl = 4r04.5) We have

Wi(T") > Wy, (T) — dy (v, va)|Wa N A| — xdr (vy, vp)[Wa N Bl + Wy, (T)
+ Wiy (T) + xdr (v, vi) [W2 N B| + d7 (U, vp)|W2 N A = Wi(T).

This finishes the proof. O

Transformation V Let T be the tree defined above with a (p, ¢)-bipartition with
d(upy) > 2 such that d(up,u;) and d(u;, v,) have different parity, d(vy,, vp)
is odd. Clearly, d(u;, vy;) < d(uy,u;). We construct a new tree T/ = T —
{uous, vvps1, VimVm—1} + {U2Vm, Vh41U2, Vypy—1u3} form > h+1and T' =
T — {vpvpy1} + {vpriuz} for m = h + 1 and say that T’ is obtained from T by
running Transformation V for path P” = vjvp41...v,. Since u; € A, we have
vm € A, v, € B. Then T’ is also a tree with a (p, g)-bipartition (Fig. 5).

Lemma2.11 Let T, T’ be the trees in Transformation V. Then Wy(T') > W, (T) with
equality if and only if T is a bi-broom with even diameter.
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Fig.5 Graphs T and 7’ associated with Transformation V

Proof Let T, T’ be trees in Transformation V with d(u2) = x + 1 where x > 1. If
x =1, we have N7 (u3) \ {u3} = {u1} and assume that Vo = {u1, u2, vo+1, ..., Um}-
For x > 2, we have N7 (uz) \ {u3} = {u1,z1,...,2x—1} and assume that Vo =
{ur,uz, z1, .-y Zx=1, Vagly - - - » Um}. Let Wo = V(T)—Vy—W,. Thus V| = W1UW;.
By the structures of T, T’ and Proposition 2.6, we have

> dr(,v)

ueVpNA
veVoNB

Wy, (T)

d , + 1
> dprtu, )+ L L s )

2
ueVpNA
veVpNB

dr (v, vp) — 1
+ T+dT(M2» Vp2)x — x(d7 (U, vp) — 1)
dr (Vp, vp) + 1

= Z dyi(u, v) + —————dr (u2, vp)

2
ueVpNA
veVpNB

dr (Um, vp) — 1
2

Wir(T) = Y dr(u,v) = Wi (T').

ueViNA
veViNB

dr (u2, vyp)x,

Similarly as the proof in Lemma 2.7, we have

Yo odpwvy+ Y dpv) = Y drw,v)+ Y dr(u,v),

ueVpnA ueVoNB ueVpnA ueVpNB

veW|NB veWiNA veW|NB veWiNA
dr (v, vp) + 1

Y. drw) = Y dr@,v) + 2| Wa N Bl

ueVopnA ueVopNA

veWrNB veWoNB

+ x(dr (v, vp) — DIW2 N BY,
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Z dr(u,v) = Z dr(u, v).

ueVoNB ueVoNB
veWhNA veWrNA
Therefore

Wiy (T") = Wpy(T) + (d1 (v, v) + 1)|W2 0 Bl + x(dr (U, vr) — D|W2 N B.
Since |[W, N B| = M,We have

Wiy(T") = Wy, (T) — (dr (Vm, vi) + D|W2 N B| — x(dr (V. vi) — 1)|W2 N B|
+ Wiy (T) + Wiy (T) + (dr (v, v) + 1)|W2 N B|
+ x(dr (Vm, vi) — D|W2 N B
= Wp(T)

with equality holding if and only if d (u3, u;) iseven and d (u;, v;,) = 1,i =t — 1, that
is, T is a bi-broom of order n with a (p, ¢)-bipartition with even diameter, completing
the proof. O

3 Main Result

In this section we focus on the determination of extremal trees with respect to bi-
Wiener index among all trees of order n > 4. Let 7,, be the set of all trees of order
n = p-+q > 4 with a (p, g)-bipartition with d(u2) = 2 where P = ujuy...u; is a
diametral path. We first give a characterization of minimum trees with respect to Wj,.

Theorem 3.1 Let T be a tree of order n > 4. Then Wy(T) > n — 1 with equality if
andonly if T = S,,.

Proof Assumethat AUB isan (a, b)-bipartitionof T with |A| = a < b = n—a = |B|.
By Proposition 2.1, we have y (T, 1) + y(T,3)+ ...+ y(T, k) = a(n — a) where k
is the maximum odd distance between two vertices from A and B, respectively. Note
that y (T, 1) = n — 1. From the definition of bi-Wiener index, we have

Wi(T)

y(T, D) +3y(T,3)+...+ky(T,k)
>n—143a(n —a)— (n—1)]

>n—1.

The above equalities holds simultaneously if and only if a = 1, thatis, T = §,,. This
completes the proof. O

Next we turn to determine the maximum trees with respect to Wj.

Lemma 3.2 Let G € T, with maximum bi-Wiener index. Then G must be a broom.
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Proof Let G € 7, with a (p, g)-bipartition and maximum bi-Wiener index. If ¢ =
1, then G = §,,. Therefore, suppose in the following that p > g > 2. Let P =
uiuy ... u;—1u; be a diametral path of G, clearly t > 4. Using d(u;) = 2, to prove
that G is a broom, it suffices to show d(u;) =2 (3 <i <t —2). Assuming that there
existsd(u;) > 3where3 < j <t—2,letu; (3 <i <t—2)besucha vertex such that
d(uz, u;) is as small as possible and D; be the component of G — {u;_1u;, uju;11}
containing u;. Then, let m be a leaf in Dy with h € V(D) being a closest branching
vertex to it.

Suppose that d (17, u;) and d (u;, m) are all even (or odd), then G can be obtained
from G by running Transformation I. By Lemma 2.7, we have W) (G|) > W;(G), a
contradiction.

Suppose that d(u2, u;) is odd (even) and d(u;, m) is even (odd), d(m, h) is even.
Then by running Transformation IV for G, we can obtain G, and by Lemma 2.10,
we have W, (G3) > W,(G), a contradiction.

Suppose that d(u2, u;) is odd (even) and d(u;, m) is even (odd), d(m, h) is odd,
then G3 can be obtained from G by running Transformation V. By Lemma 2.11, we
have W;(G3) > W,(G), a contradiction.

This completes the proof of the lemma. O

Lemma 3.3 Let T* be a tree of order n > 4 with maximum bi-Wiener index. Then T*
must be a bi-broom with even diameter or a broom.

Proof Let T be a tree of order n with a (p, ¢)-bipartition A U B. If ¢ = 1, then
T = S,,. Therefore suppose in the following that p > ¢ > 2 and k is the number of
branching vertices in 7. Now we prove the result by induction on k.

For k = 0, the result holds trivially since 7 = P, with P, = B, (1) from the
assumption.

If k = 1, then T is a starlike tree. Let u be the branching vertex of T with {u} =

¢

N P,, where 2 < nj < np <--- < ng and there exist x odd paths and £ — x even
i=1
paths. If ny_1 = 2, then T is a broom and there is nothing to prove. So we assume
that ng_1 > 2 in the following. Then P,, U P,,_, is a diametral path of 7. Next we
will run transformations for paths other than P,, and P,, ,.

Assume that P,,, P,, , are both even paths. When x = 0, there exist £ even
paths, and we can obtain P, by repeating Transformation IV on £ — 2 even paths. By
Lemma 2.10, we have Wy(T) < Wy(P,). If x > 1, we can obtain G by running
Transformation IV on ¢ — 2 — x even paths with W,(G1) > W,(T) by Lemma
2.10; and then by running Transformation I on an odd path of G, we get G, with
Wy(G2) > Wp(G1) by Lemma 2.7. At last we get B, (x) by repeating Transformation
V on x — 1 odd paths of G». Moreover, we have W (B, (x)) > W,(G2) by Lemma
2.11.

Assume that P,,, P,,_, are both odd paths. We can firstly obtain G3 by running
successively Transformation I on £ — x even paths with W,(G3) > Wy(T) from
Lemma 2.7. Next by repeating Transformation V on x — 2 odd paths of G3, in view
of Lemma 2.11, we get B, (x — 1) with Wy (B, (x — 1)) > Wp(G3).

Assume that P,, is an odd (or even) path and P,, , is an even (or odd) path. Firstly,
we can obtain G4 by repeating Transformation [ on £ —x — 1 even paths with Wy, (T') <
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Wy (G4) by Lemma 2.7. Then we can obtain B, (x) by running Transformation V on
x — 1 odd paths in G4 with W, (B, (x)) > W,(G4) by Lemma 2.11.

Therefore, for k = 1, the broom maximizes the bi-Wiener index among all trees
with a (p, g)-bipartition where p + g = n.

For k = 2, we assume that P = wuuy...u;_1u, is a diametral path of 7. If
d(u>) = 2, we have proven the desired result in Lemma 3.2. Thus it suffices to deal
with the case when d(u) > 3. Let uy be a branching vertex with d(u;) = r 4+ 1 and
u; (3 <i <t — 1) be another branching vertex at which s pendant paths, that are x
odd paths and s — x even paths, are attached except P’ = u; ... u;. Then we will run
transformations for the above s paths.

Assume that d(u>, u;) is even. We can obtain B, (r 4+ x) by performing Transfor-
mation II on s — x even paths and Transformation V on x odd paths in sequence. By
Lemmas 2.8 and 2.11, we have W, (B, (r + x)) = W;(T). The equation holds if T is
a bi-broom with even diameter.

Assume thatd (u7, u;) is odd. By running Transformation IV on s —x even paths and
Transformation III on x odd paths successively, we can get G satisfying dg, (u;) = 2
or dgs(v2) = 2 where v; is a semi-diametral vertex of Gs. By Lemmas 2.10 and 2.9,
we have W, (Gs) > Wy(T). If dg(u;) = 2, then Gs is a broom; if dg< (v2) = 2, by
Lemma 3.2, the result follows. Thus the result holds for k = 2.

We assume henceforth thatk > 3.Let T be a (p, ¢)-bipartition tree with k branching
vertices and a diametral path P = wuuy...u,_u; in it. By Lemma 3.2, it suffices
to show the case of d(u;—1) > d(uz) > 3. Letu; 3 <i <t — 1) be a vertex of
degree at least 3 with d7 (u3, u;) as small as possible and D; be the component of
T — {uj—1u;, uju;y1} containing u;. Let dr(u;) = r 4+ 2. Next we divide into the
following two cases based on the existence of branching vertices in D; — u;.

Case 1. There is no branching vertex in D; — u;.

In this case there are r pendant paths attaching to u; including x odd paths, r — x
even paths. Assume that d(u2, u;) is even. We can obtain 77 with dr, (4;) = 2 by
performing Transformation II on » — x even paths and Transformation V on x odd
paths in sequence. Thus there are kK — 1 branching vertices in 77. And, by Lemmas 2.8
and 2.11, we have Wy, (T1) > W, (T). The equation holds if and only if 7 is a bi-broom
with even diameter. Then from the induction hypothesis, the result holds for £ > 3.

Assume that d(u2, u;) is odd. By running Transformation IV on r — x even paths
and Transformation IIT on x odd paths successively until we get 7> with dr, (u;) = 2
or dr, (v5) = 2 where v} is a semi-diametral vertex of 7>. Then there are at most k — 1
branching vertices in 7>. By Lemmas 2.10 and 2.9, we have Wy, (T>) > Wy (T). Then
our result for k > 3 follows from the induction hypothesis.

Case 2. There is at least one branching vertex in D; — u;.

Let i be the farthest branching vertex from u; with d7 (h) = s + 1. Then there exist
s pendant paths attaching to % including y odd paths, s — y even paths.

Assume that d(u3, u;) and d(u;, h) are all even (or odd). We can obtain 73 with
dr; (u;) = 1 by performing Transformation Il on s — y even paths and Transformation
V on y odd paths in sequence. Thus there exist k — 1 branching vertices in 753. And by
Lemmas 2.8 and 2.11, we have Wy, (T3) > Wy (T). Then by the induction hypothesis,
our result holds for k > 3.
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Assume that d(u2, u;) is odd (or even) and d(u;, h) is even (or odd). By running
Transformation IV on s — y even paths and Transformation III on y odd paths succes-
sively, we can get T4 with dr, (u;) = 2 or dr,(c2) = 2 where c; is a semi-diametral
vertex of 7. Then there are at most k — 1 branching vertices in 74. By Lemmas 2.10
and 2.9, we have Wy, (T4) > W;(T). Then by the induction hypothesis, our result holds
for k > 3.

Combining the above arguments, we complete the proof of the result. O

Lemma3.4 Letk > 3, n > 5 be two integers. Then Wy(B,(k — 2)) > Wy(B,(k)).

Proof Let Hy = B, (k) withk > 3 be abroom of order n witha (p, ¢)-bipartition AUB

and a branching vertex u; with p+¢g =n, p > q. Wehave p = ”'Hg_l ,q = "‘é“ if
n—kisoddor p = #,q: %ifn—kiseven.LetNHl(ul):{wl,...,wk,uz}

with dp, (w;) = 1fori € [k], P = wiuj ...u,—i be a diametral path of Hj. Next
we set Hy = Hy — {uywy, uiwa} + {un—rwi, wiwy}. Clearly, Hy = B,(k —2) is a
broom with (p — 1, g 4+ 1)-bipartition. Setting Vo = {w1, w;}, by the structures of
H, H, and Proposition 2.6, we have

q
Wi (H1) = 0+ Wy, (H1) + Wiy (H1) = Wi, (H1) + 2Z(Zi =D,
i=1

Wi (Hy) = 1 + Wy, (Hz) + Wy, (H3)

q q
=Wy(H)+1+Y Qi—-D+Y Qi-D+(p—g—DQ2q+1)
i=1 i=2

q
=Wy (H)+2) Qi — 1)+ (p—q—1DQq+1)if n—kis odd,
i=1
Wi (Hy) = 1 + Wy, (Hz) + Wy, (H3)

q q
=Wy (H)+1+Y Qi+D)+Y Qi—-D+(p-—qg-2)Q2q+1)
i=1 i=1

q
=Wy (H)+2) Qi — 1)+ (p—q—1DQq+1)if n—kis even.
i=1

Since k > 3, we have p — g — 1 > 0. Therefore, regardless of the parity of n — k, we
still have Wy (H2) — Wp(Hy) = (p —q — 1)(2qg 4+ 1) > 0, completing the proof. O

Lemma3.5 Leta > b > 2, n > 6 be three integers. If n —a — b + 2 is odd, then we
have Wy(H(n —a —b+2,a,b—2)) > Wpy(H(n —a — b, a, b)).

Proof Let H = H(n —a — b, a, b) be a bi-broom of order n obtained by attaching a
(b, respectively) pendant vertices to the end vertex w,_,—p (w1, respectively) of path
Po_g—p = wiwy ... wy—q—p with a (p, g)-bipartition A U B. Let N(wy) \ {wr} =
{z1,22...,2p}. Recall that |[A| = p > g = |B|. Thus w; € B, 71,22 € A. Let
H, = Hy — {wywy, ziw1} + {2122 + z1w2}. Now we have z; € B in H;. Therefore
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Hy=Hmn—a—b+2,a,b—2)is abi-broom with (p — 1,? + 1)-bipartition.
Setting Vo = {w1, 21 ..., 26}, Vi = V(H)) \ Vpand k = %, by the structures
of Hy, H> and Proposition 2.6, we have

Wy (H) =b—1+14+30b—-2)=4b—6> b= W, (Hy),
Wy, (H) = Wy, (H1),
Wi (HD) = Y duy,v)+ Y dpgy (u,v)

ueVopNA ueVoNB
veViNB veViNA

k
> dy(wiv)+bY 2+ 1),

veViNA i=1
Wis(Hp) = > dyyw.v)+ Y duy(u.,v)
ueVpNA ueVoNB
veViNB veViNA
= Y dmG@Lv)+ Y, dm(wi,v)
veViNA veViNA

k k
+Y Qi+ +B-2)) (2i+3);
i=1 i=1

k

Yo odmwiv) =Y dmGiv), Y dmwiv)> Y Qi+ 1)

veViNA veViNA veViNA i=1

Therefore we have
Wy (Hp) = Wy, (Ha) + Wy, (H2) + Wy, (H) > Wp(Hy),

completing the proof. O

Corollary 3.6 Leta > b > 2, n > 6 be three integers. If n — a — b + 2 is odd, then
Wy (By(a)) > Wp(H(n —a — b, a,b)).

Theorem 3.7 Let T be a tree of order n > 4. Then

n(nzfl) .
, nisodd
Wo(T) < fn) =1, 2
12

, niseven

with equality holding if and only if T = P, for evenn or T € {P,, B,(2)} for odd n.

Proof Let T* be the tree of order n > 4 with maximum W,. By Lemma 3.3, T*
must be a bi-broom with even diameter or a broom. By Corollary 3.6, T* cannot
a bi-broom with even diameter. If 7* is a broom, by Lemma 3.4, we find that P,
is the broom with maximum bi-Wiener index with W (B, (2)) = Wy(P,) if n is
odd. So T* = P, for even n or T* € {P,, B, (2)} for odd n. Moreover, we have
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Wy (Py) = Wy(By(2)) = AEDCED for = 2k 41, or Wy(P,) = X25+D for

n(nz—l) . dd
n = 2k. Thus W,(T) < f(n) with f(n) = {n(nlizf nee
2

with equality
, nis even

holding if and only if T = P, forevenn or T € {P,, B, (2)} for odd n. O
Combining Theorems 3.1 and 3.7, we arrive at the main result as follows.

Theorem 3.8 Let T be a tree of order n > 4. Then

n(nzfl) .

., nisodd
n—1<Wy(T) < 12

%, nis even

with left equality holding if and only if T = S, and right equality holding if and only
if T = P, forevennorT € {P,, B,(2)} for odd n.

4 Concluding Remarks

In this paper we have introduced and studied a new topological index, called the bi-
Wiener index. We have established some of its basic properties and determined its
extremal values over all trees on a given number of vertices. However, many other
interesting problems remain unresolved even for trees. We address here maybe the most
natural one, namely the one about the largest value of the ratio Wy, (T,,)/ W (T},) over all
W (S,) Wy(Poug1) _ 1

trees of order n. We have shown that ngn;o Wiy = 0 and that nhﬁn;o WiPna) = 20

but what can happen for general trees? It turns out, somewhat unexpectedly, that this
cannot be bounded away from one when 7 tends to infinity.

Theorem 4.1 Let T denote the set of all trees on n > 4 vertices. Then

Wi (T)
sup =1
rer W(T)

Proof Assumethat 7, = H(k+1,(n —k —1)/2, (n — k — 1)/2) with k being odd.
Let us denote m = (n — k — 1)/2 and consider trees H (k + 1, m, m). It follows by
a straightforward computation that their bi-Wiener and ordinary Wiener indices are
given by

(k + 1)?

Wy(H(k + 1, m, m)) = (k +2) m* + 3

1
m+§(k3+3k2+5k+3)
and

WHK+1,m,m) = k+Hm>+kk+3)m+ ék(k + Dk +2),
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respectively. Now, their ratio is given by

Wy (H(k+1,m,m))  (k+2)m?+ €50 4 L3 4302 1 5k 4 3)
W(H(k+1m.m) — (k+4)ym? +k(k+3)m + k(e + Dk +2)

For large enough m (and hence large enough n), this will behave as the ratio of leading
terms, %, and this, in turn, can be made arbitrarily close to 1 by choosing large
enough k.

The supremum value of 1 is never achieved, since, by Corollary 2.3, the ratio
remains strictly below one for the number of vertices greater than two. It is reached
for P,, though, if we consider all trees.

The above proof works for even n. It would require only a minor modification to
work also for n odd, but the conclusion would remain the same, settling the case for
all trees. O

The problem still remains, though, if we consider all trees on a given number of
vertices. Since those are finite sets, there we can ask about the maximum value of the
rat1o.

Problem 4.2 What is the maximum value of the ratio %’((TT:))

given order n > 47?

among all trees T, of a

The results of Theorem 4.1 could be refined in several ways. For example, it would
be interesting to investigate for which rational numbers p/q between 0 and 1 one
could construct a sequence of trees so that the considered ratio tends to p/q. Also,
one could ask are the stars the only trees with the ratio tending to zero.

It is natural to ask what happens for bipartite graph which are not trees, i.e., which
contain cycles.

Wo D Hyer all bipartite graphs which

W(G)
contain a cycle? What is the maximum value of the ratio % among all bipartite
n

graphs G, of a fixed order n > 4 containing at least one cycle?

Problem 4.3 What is the supremum of the ratio

In particular, what can be said about bipartite graphs with low cyclomatic numbers?

The bi-Wiener index could (and maybe should) be generalized in many (if not
all) of the ways the original index was generalized. For example, one could consider
its additively and multiplicatively weighted variants [14], then the terminal variant,
the polarity variant, etc. It might be also interesting to investigate the corresponding
polynomials [8]. Some work on those topics is under way and we hope to be able to
report on it soon.

More generally, it may be interesting to extend the definition of the bi-Wiener index
of a bipartite graph to the k-Wiener index for k-partite graphs with integer k > 3.
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