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Abstract

In this paper, we consider the critical problem involving local and nonlocal operator
with critical exponent under the zero mass case. First, we establish the continuous
and compactness Sobolev embedding results. Second, we establish the non-existence
result by PohoZaev identity. Finally, we prove the existence results for upper-crtical
and lower-crtical cases via Sobolev embedding theorem, Mountain-pass theorem and
Nehari manifold.
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1 Introduction

In this study, we are specifically focusing on analyzing Schrodinger equation that
incorporates both local and nonlocal operator under the zero mass case, as follows

—AAu + u(—=A)’u = f(x,u), x € Q. (S 0)

Here 0 < s < 1 and Q is a domain in RY with N > 3. The operator (—A)* is the
fractional Laplacian, which is defined by the Fourier transform as follows

F(=A)u)E) = EP Fu) (), & eRY,
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the details of this definition can be found in references such as [9, 30]. Equation (Sy, )
with A = u = 1 and  c R" being a bounded open set with C' boundary arises
in population dynamics models incorporating both classical and nonlocal diffusion,
as discussed by Dipierro-Lippi-Valdinocci [18]. Biagi-Dipierro-Valdinoci-Vecchi [4]
have highlighted the applicability of equation (S;, ;) in studying different types of
“regional” or “global" restrictions that may mitigate the spread of a pandemic disease.
Furthermore, Dipierro-Valdinocci [17] introduced equation (S;, ) as a description of
an ecological niche for mixed local and nonlocal dispersal.
Equation (S;_,) with A = 1, ¢ = 0 and f(x,u) = 2%

F corresponds to the
nonlinear Schrédinger equation

p—2
—Au = '“|'x|a “oxea (8)
where @ € (—00,2), p € (2, 2*1"(1) and Z’fﬂ = % This equation has a rich

history in quantum mechanics and quantum field theory [8, 10]. We point out that

2’1*7 o 1s the Hardy Sobolev critical exponent for a € (0, 2),
2’1"0[ is the Sobolev critical exponent for o = 0,
2’1“0{ is the Henon Sobolev critical exponent for o € (—o0, 0).

For « = 0 and Q = R", Anbin [1] and Talenti [33] established the existence of
solutions for equation (§) with the Sobolev critical exponent. For o € (0, 2) and Q =
RY, Lieb [25] and Ghoussoub-Yuan [22] explored the existence resutls for equation
(S) with Hardy Sobolev critical exponent. For « € (—o0, 0), Ni [31] considered the
existence results for equation (§) with p € (1, 2’1"0() and €2 is a ball, and investigated
the existence of radial solution for equation (5) with Henon Sobolev critical exponent
and Q = RV, s

Equation (Sy ) with A = 0, 1 = 0, @ = RN and f(x,u) = ‘“‘lgl_a “ transforms
into the fractional Schrodinger equation

(—A)’u = jul?

, x eRN, (F'S)

|x[*

For @ = 0, Lieb [25] and Cotsiolis-Tavoularis [16] investigated the existence results
for equation (FS) with Sobolev critical exponent. For ¢ € (0, 2s), Ghoussoub-
Shakerian [21] studied the existence ground state for equation (FS) with Hardy
Sobolev critical exponent. Moreover, Chen [12] considered the existence ground state
for fractional Schrodinger equation with two kinds of Hardy-Sobolev critical expo-
nents, Ghoussoub-Shakerian [21] and Yang-Yu [34] established existence results of
fractional Schrodinger equation with Sobolev and Hardy Soboleyv critical cases.

For the following more generalized operator cases: fractional 7-Laplacian equation
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(—A)ju = = , xe€Q. (EPS)

where (—A)j is a fractional z-Laplacian, see [11, 24]. For « = 0 and Q = RN,
Brasco-Mosconi-Squassina [6] obtained the existence and sharp asymptotic behavior
of solution for equation (FPS) with Sobolev critical exponent. Fora € (0, ps) and Q =
RN, Marano-Mosconi [27] established the existence and sharp asymptotic behavior of
solution for equation (FPS) with Hardy Sobolev exponent. Assuncao-Silva-Miyagaki
[2] studied the existence of weak solution to fractional p-Laplacian equation involving
the Hardy potential and multiple critical Sobolev nonlinearities with singularities.
Fiscella-Mirzaee [19] established the existence of innitely many solutions involving
a Hardy potential and Hardy Sobolev terms. Mirzaee [28] proved the existence of
infinitely many solutions by using variational methods.

For the case where A = u = 1, significant research efforts have been dedicated to
exploring various aspects of equation (S}, ;). Chergui-Gou-Hajaiej [15] delved into
the existence and multiplicity of solutions, shedding light on the behavior of the equa-
tion in this setting. Luo-Hajaiej [26] focused on the existence of normalized solutions,
providing valuable insights into the nature of solutions under these conditions. Mean-
while, Chergui’s work [14] centered on the exploration of normalized solutions for
equation (S, ,) with Hartree type nonlinearity, contributing to a deeper understanding
of the equation’s properties. For a comprehensive overview of related research, we
also recommend [13, 23].

The prior research naturally leads to an important inquiry: What are the existence
results for equation (S; ,) with critical exponents? This paper aims to address this
fundamental question and provide a comprehensive understanding of the equation’s
behavior under critical exponents.

We consider . = pu = 1 and Q = R¥. Moreover, if f(x,u) = |"||;7|;2”, then
equation (S, ;) is

ul?u

—Au+ (—A)’u = , x e RV, (P)
x|
Iu\va“_zu lu|P~2u . .
If f(u) = Ha + 8 E , then equation (Sy ;) is
2% 2 )
ul ey ulP=*u
—Au+ (=AN)’u = | ||x|“ +,3| ||x|°‘ , x e RV, U)
|u‘2§,o¢_2u [ulP~2u . .
If f(u) = =77 + Bz7» then equation (S ) is
25,2 p—2
u|“se "y u u
—u (ayu = g e R, (L)
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_ 2(N-a) _ 2(N—a)
where 27 N3 and2* = N

Inma]ly, we will demonstrate the non-existence of solutions for equation (P) with
critical exponents via the PohoZaev identity.

Theorem 1.1 Let N > 3,0 <s < land0 < o < 2s. If p =27, or p =27, then

equation ( P) has no non-trivial solution.

1o’

Remark 1.1 From Theorem 1.1, we know that p € (2%
for the existence result.

s.0+ 21 &) 1s the potential case

Furthermore, in this paper, we will establish the existence of solutions for equation
(S5.,,) with critical exponents. Our approach will involve novel techniques that extend
beyond the existing methods used to study the equation with critical exponents.

Theorem 1.2 Let N > 3,0 <s < 1,0< @ <2sand p € (2}
the following results:

s 21.4)- Then we have

(i) equation (P) has a radial ground state solution;
(ii) there exists B1 € (0, +00) such that for any > B1, equation (U) has a radial
ground state solution;
(iii) there exists B € (0, +00) such that for any B > o, equation (L) has a radial
ground state solution.

We also study the case —oo < « < 0, which is called Henon Sobolev case.

Theorem 1.3 LetN>3,%<s <1l,—co<a<O0andp e (2*

have the following results:

S 21.q)- Then we
(i) equation (P) has a radial solution;
(ii) there exists B3 € (0, +00) such that for any > B3, equation (U) has a radial
solution;
(iii) there exists By € (0, +00)such that for any B > Ba, equation (L) has a radial
ground state solution.

Motivated by all of the quoted papers above, it is quite natural to present some
essential difficulties. For example

Question 1. For the zero mass case, we loss the term of L2(RV) in equation (S ).
Hence, the working space is not H'(R"). We set the working space as

E:=D"“?@RY) N D**®RY).

But, we do not have the continuous and compact embedding from E to
L'(RY|x|%) at hand.

Answer 1. For 0 < o < 2s, we establish the following embedding results, see
Lemmas 2.3 and 2.6 foroe = 0, and Lemmas 3.1 and 3.2 for0 < o < 2s,

E < L'RY, |x|*), 1 € [2} 4.2} ,].
Erqqa <> L'(RY, |x|%), 1 € (2F

s,000 10()
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Question 2. Particularly, for —oco < « < 0, we can not establish the continuous
embedding from E to L' (RY, |x|%).

Answer 2. Fors € (%, 1), by using the radial inequalities in Lemmas 2.4 and 4.1,
we establish the following embedding results, see Lemmas 4.2 and 4.5
for —oc0o <o < 0,

Eraa = L'(RY, x|%), 1 € [2F . 2} ],

s, “1al>

Erag =< L'RY, [x%), 1 € (2% 4.2} ).

Remark 1.2 In Answer 2, we just consider the case s € (%, 1). Due to the absense of
radial inequality for D%2(RN) for s € (0, %], this remainder case is open.

2 Sobolev Embedding fora =0
Define the following space
D" ®RY) = {u € L* ®V)||Vu| € L*RV)),

its norm is taken as

2 2
u = Vul|“dx.
el 3512 ey fR vl

Let C° (R™) be the collection of smooth functions with compact support. For N >
3 and s € (0, 1), let the homogeneous fractional Sobolev space D* Z(RN ) be the
completion of C§° (RN) with the semi-norm

Jux) —u(y)®
||u||DSZ(]RN) f /I‘RN |x _y|N+2S dxdy

The mixed Sobolev space E defined by the completion of C§° (RN) under the semi-

norm
2. 2 lu(x) —u(y)?
i [ vabac+ [ [ MO sy,

Lemma2.1 E < D'“2(RM) and E — D*2(RN).

Proof 1t is easy to see that

”u”DIZ(RN) “u”Er

and
2
ey < Nl
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These show E < DV2(RVN) and E < D%2(RN). i

Lemma2.2 [2]]Lets € (0,1), « € (0, 2s) and N > 2s. Then there exists a constant
Ss > 0 such that for any u € D*>(RV),

2
2% 2%,
|u] s e 1y o2
<~/RN |x|a d'x < SS ”u”Ds,Z(RN)s
—2W—0a)

where 27 ,:==y—5 is the so-called the critical fractional Hardy-Sobolev exponent.
In particular [8], when s = 1 and N > 3, then there is a constant S > 0 such that

2
2% e
u la 1«
/ | 'a dx <S*‘/ |Vu|?dx,
RV [x] RN

where 27 a::% is the so-called the critical Hardy-Sobolev exponent.

Lemma23 E < L'(RV), t € [2%,2%].
Proof Using Holder’s inequality, we have

(tN—=2N—21)(N—2s) (tN—2N—2t5)(N—2)

; 2N 4N(s—1) 2N 4N (1—s)
lu|"dx < |u| V-2 dx |u|V-2dx
RN RN RN

From Lemma 2.1, we know

2
2N x 2 2
(/ |u|N—zxdx) < Nullyz oy < Nl
R

and

e

2N 2 2
P dr ) < i, < Il
R

Then we get

(tN—2N—21)(N—2s) (tN—=2N—=2t5)(N—2)

. 2N TANG-h N AN(T=5)
Ju|"dx < |u| V-2 dx |u| ¥-2dx
RN RN RN

<lully < oo.

The proof is completed. O

Lemma2.4 [3, 31] Foru € D“2(RN) and N > 3, we have
_N=2 3
(Ol < Cl ™2 Nl o
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where C > 0 is independent of u.

Lemma 2.5 [3, Theorem A.L.] Let P and Q : R — R be two continuous functions
satisfying

P(s)/Q(s) — 0, as |s| - +o0.

Let {u,} be a sequence of measurable functions: RN — R such that

Sup/ [0 (uy)|dx < 400,
n RN

and
P(u,) — v a.e.in RN, asn — oo.

Then for any bounded Borel set B one has fB |P(uy) —vldx — 0, asn — o<.
If one further assumes that

P(s)/Q(s) — 0, as |s| — 0,
and
u,(x) - 0, as |x| — oo, uniformly with respect to n,

Then P(u,) converges to v in LY®RNY asn — oo.

Lemma2.6 Eqq <> L'(RY), 1 € (27.2%), where 2* = 2% 27 = 2N and
Erqq is the set of radial functions of E.

Proof Let {u,} C E,uq be a sequence such that ||u, || g is bounded. From Lemma 2.4,
we have

lim  Jup(x)] =0,
[x|—>+00

with respect to n. We can extract a subsequence {u,, } which converges almost every-
where in RY, and weakly in E, 44 to a radial u. Appling Lemma 2.5 with P(s) = s’
and Q(s) = s5 + 52,1 € (2%, 2%), we know that {u,, } converges strongly to u in
LY (RM). o

3 Sobolev Embedding for a € (0, 2s)

In this section, we present the continuous and compact embedding results for o €
0, 2s).

Lemma3.1 E — LI(RNs |x|ot)’ re [2;0(’ ZT,a]'
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Proof 1t follows from Holder’s inequality that
t
/ lul”
RV |x|%
~ =2 3.1

2AN—a) W 0w 2AN-a) 72 EEIL
| LU ) | 55 W) 20
< il Ll .
RN [x|* RN [x|*

We recall the following Hardy-Sobolev inequality and fractional Hardy-Sobolev
inequality in Lemma 2.2

||2([C/—2a> 2(N—a)

u - N=-2

C / —dx g/ |Vu|?dx, (3.2)
RV |x[® RV

2(N—a)
“N=2_

and

2(N—a) 2(N —a)
C / |I/t| N—-2s N—2s / / |u(x) — M(y)| dxdy (33)
RV |x|* R’V JRV  |x — y|VF2s

Combining (3.1)-(3.3), we have

2(N—a) 2(N—a)
2(N-a) 2 Nt ~ 22N 2(N—a) 2= 2z Nt
wlt b VRS (v )R
s o X o X
RV |x] RV |x] RV x|
2(N—a) _2N=0)
N-2 . N-2s
5 2 2(N—a) 2(N—a)
gc(/ |Vl dx) NN
RN

—t

N,
/ / Ju@ — w4 T
RV JRY X — y[NF2
t
<C / |Vu|2dx+/ / Iu(x)_u(y)|2dxdy i
= Ury RV JrV X — y[NFE

=Cllul.

2AN—a) Z(N @)
25 “N—2_

The proof is completed. O

Lemma3.2 E,,q <> L'(RV, |x|%), 1 € (2*
functions of E.

5 00 T’a), where E,qq is the set of radial

Proof Let u, be a bounded sequence in E,,q. Up to a sequence, one has

up—u, in E,qq,

U, — u,a.e. in RV,

@ Springer
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We will show that there exists @ (¢) > 0 such that

By using Holder’s and Hardy’s inequalities [20, Theorem 1.1], we have

t o
Uy, —u Uy, — U
/ Ll — | dx:/ Jot — " a' lun — ul'"*dx
RV |x] RV |x]
aQ 2—
lu, — u|2 2 2i—a) =
< —zdx |u, —u| 2=« dx
ryY x| RN

2—a

2(t—a) 2
<C |y — u| 2= dx )
RN

where

2(N — sa) 2N — @) 2 < A=)
—_—< < — o
N —2s N -2 Y

It follows from E,,q << L'(RM) with ¢ € (2%,2*) and % <t < %

that
Y
/ lun —ul 0 e (3.4)
RN

By using Holder’s and fractional Hardy’s inequalities [20, Theorem 1.1], we obtain

o
un — ul’ [y — uls o
/Ndez NT|un—u| sdx
R R
) = 25—a
lup — u|s @ 2z 25(-%) g5
< o dx iy — u| o dx
RN |x|0£7 RN
25—«

2 %5 ‘
Uy —u 2(ts—a) 2s
=(/ —| 4 2v| dx> (/ lu, — u| -« dx)
RV X[ RN
2s—a
2(ts—a) 2s
<C |uy, —u| - dx ,
RN

where
2N-0)  _2N-F 2 < )
N —2s N-2 As—a) o
S —o
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) 2AN-2
It follows from E,uy <><> L'(RN) with ¢ € (2%,2%) and 2(N 0‘) <t < (Niz“)
that
t
Uy — U
/ n —ul gy e (35)
RN [x[*
Clearly,
2IN=5) _ 2(N—sa) N
:2(11\\/[—2&) S TN 0 X2 NoT
— 2(N—sa) N
N2 < N-25 © <N
« _ 2N-2
Fora > N 7> to check 2 2) <t < 2(% 59) | we set 21(\,N_2?) <1fn < (N_ZS) and
2(N—sa)

Vs <h < % By using Holder’s inequality, (3.4) and (3.5), one has

n
- _ gl h—1
u u u u 211
/ vy |dx< / iy — ul dx
RV |x] RV [x]¥

n—t  1—1
<& n—1 £ 1 —t]

=¢£.

The proof is completed. O

4 Sobolev Embedding for a € (—oc, 0)

In this section, we present the continuous and compact embedding results for o €
(—00, 0).
Lemma4.1 [29] Let N > 2 and s € (%, 1). For u € D*2(RY), we have

lu(x)| < CIXI*illullez(RN)»
where C > 0 is independent of u.

Lemma4.2 Let o« € (—00,0) and s € (3, 1). Then Erqq < L'(RY,|x|*), t €
(25,25,

s,

Proof From Lemma 2.4, we have

2*
ul| L k% 1
/ s dx:f i e
RV |X] RN | x|
2% 2
<C/ ! ! |u|2*dx
= N-2 o
RV \ |x|" 2 x|

=c/ lul¥ dx.
]RN
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It follows from Lemma 4.1 that

2*
u|se 1
/ ] —dx =/ |u|2;a72j—a|u|2s*dx
RV | RN |x]

*

2% 2
1 | *
<o\ ul¥dx @D
RN \ |x| 2 |x|*

=c/ |u|% dx.
RN

O

Lemma4.3 [3]]Leta € (—00,0) and N > 3. Then for any u € Drlt’ii(]RN), we have

2
2% 7%
|M| Lo Lo 1 9
<4N|ﬂadx < H M ullfagy)-

Lemma4.4 Leto € (—00,0) and s € (%, 1). Thenu € Dﬁfd(RN), we know

2
2% 2
|ue| 7@ e L2
(Awma“ < H 2 v

Proof By using (4.1) and the Sobolev inequality, we have

2
2% ¥
ul=s.o s,0
/ Jul dx QC/ |u|2zfdx
RN |X]¥ RN

2
<C||I/l ||st2(RN)'

]

Lemma4.5 Let o € (—00,0) and s € (3,1). Then Eyqq <> L'(RY, |x|%), t €
(20 2 0.

Proof Step 1. By using Lemma 2.4, we have

|M|t 2% ok 1 (2% 0%
—dx = |u|"le™ " ——|u| Ledx
RV [x|* RN x|

0k
1 be 1 -
<C / — —|u| T Hadx (42)
RV \ |x|" 2 |x|*

—C | |ut¥Pedx.
RN
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Lets € (2§ — 2" + 27 ,, 27 ;). Then we have
28 <t 427 =27, <2
By using Lemma 2.6 and (4.2), we know
Eraa > L'R", |x|%), t € 2f = 2% +2],.2] ). (4.3)
Step 2. By using Lemma 4.1, we know
t
/ lul’ :/ % |u|’+2 2 dx
RN |x]¥ RN x|
1 2.:01_2.* 1
gc/ — — Ju|"*E " Zadx (4.4)
RN [x| 2 - x|«
=c/ u| 5 Hadx.
RN
Lett € (27, 2% — 27 + 2§ ), we have
25 <t 427 -27, <2"
By using Lemma 2.6 and (4.4), we know
Erqa > L'RY, |x|%), t € (2F,.2" =27 +2F,). (4.5)

Step 3. For @ € [N, 0), we have
28 —2"+ 2’1‘"“ <2F =21+ 2";0{.
Then from (4.3) and (4.5), we get

Erqa <> L'RY, |x|%), te(zw )

=(2F — 27427 )V -

S0 2
Step 4. For ¢ € (—oo, —N), we have

20 =25 27, > 2" =20 +20,.
Then from (4.3) and (4.5), we get

Ergqa > L'[RY, |x|%), t e@2f — 2525 U -

SD[’

@ Springer
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Fort € [2§7 — 2% +27 ., 2% =20 + 27 I, letry € (27,,2" =27 +27,) and 1, €

1l s,

QF—2"+2% 21"0(), ’applying Holder’s inequality, one has

1,

-t 11—t
jul ul  NAE ([l i 47
Jormeor < (L) (L o) -
RN |X R R

Combining (4.6) and (4.7), we have

Erag =< L'R", [x|%), t € [2F — 2% +2} ,. 2" — 25 + 2} 1.

1,

The proof is completed. O

5 The Proof of Theorem 1.1

Lemma5.1 Let u € E be a weak solution of equation (P). Then u satisfies the fol-
lowing PohoZaev identity

N2 o 4 X 2, = N [ sy
2 u DI«Z(RN) 2 u Ds,Z(RN) - p RN |x|a X. .

Proof Multiply the equation (P) by x - Vu on both sides and integrate by parts, we
get

|ulP~2u

(—Au, X - V”>L2(RN) + ((—A)Su, X - Vu)LZ(RN) = <—, X - Vu> .
|X|a L2(RN)

From [3], we have

<—AM,X . VM>L2(RN) = _THMHZDS.Z(RN)'

From [5, Proposition B.1], we have

N—-2s
2 ”u”Ds,Z(RN)'

((—A)Su, X - VM)LZ(RN) = —

From [22, Theorem 2.1], we get

lu|P~2u N —« |u|P
,x-Vu = — —dx
x| L2(RN) )4 RN x|

Then we get the PohoZaev identity. O

By applying the PohoZaev identity, we can prove Theorem 1.1.
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The proof of Theorem 1.1 If u € E is a weak solution of equation (P), then u satisfies
the following Nehari identity

Jul?
nwamﬁﬂw;mw=/——m. (5.2)

RN [X]¥
Combining (5.1) and (5.2), one has

N -2 2 2s N —« 2 N —« 2
T”M“DLZ(RN) + THMHDS Z(RN) p ||u||D1~2(RN) + T”M“D&Z(RN)’

which gives

N2 N 1 mn + (M2 - MY g2 =0
_— u —_ u .
2 p Dl,Z(RN) 2 p D5 Z(RN)

(5.3)

pr 2(]{;’ 205), then 22 _ N;Ol — 0 and N—ZZS _ N;a
have

N—-2s N-«
< 2 - T) ||u||2Ds,2(RN) = 0

This shows u = 0, which is a contradiction.
If p= 2](\,1\’__2?), then NT_z — % < 0Oand N_Tzs — % = 0, from (5.3) again, we
deduce

N—-2 N-«
( 5 p )uwéuﬁﬁ=o.

This implies u = 0, which is a contradiction. |

6 Mountain-Pass Geometric Structure and Nehari Manifold

The energy functionals corresponding to the equations (P), (U) and (L) are

1 |u(x) — u(y)|? 1 |u|?
Ip(u)=§</R |VM|dx+AN‘/RN |x_ |N+2s dxdy _;ANde

and
1 5 |u(x) — u(y)|?
by, () =3 (/RN [Vl dx—l—/ fRN ppevIEEn =2 dxdy

2*
__J_:/ ul™e B[l
27 o Jry [x]® p Jry lxle
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and

| lu(x) —u(y)?
)2y = Vul*d — " dxd
2 ) 2(/R Vur x+/uw/uw |x — y|N+2s e
1 2 P
— / Jul dx—E Jul dx
2F o Jry |x]@ p Jry |x|®

It is worth noting that the mountain-pass geometric structure and Nehari manifold of
the three energy functionals mentioned above exhibit remarkable similarities. As a
result, we will focus on presenting the case of I+ , which captures the essence of the
analysis. In particular, we will consider the Fréchet derivative Ié§ , (u) corresponding

to Izzfa(u), where ¢ € E,

0= [ uvpars [ [ O ZH0NO0 000,
5,0 RN RN JRN _ | +2s

2% 1 p—1
- WPl g [ e
RN

|x]* RN x|

We set

c=inf sup Iy (y(@)>0and I'={y € C([0,1], E)|y(0) =0, I (y(1)) < 0}.
vel ef0,1]

Lemma6.1 Let N > 3,0 < s < land 0 < o < 2s. Then the functional I, has
mountain pass geometric structure.

Proof Using Lemma 2.3, one has

2 25
Ly () = lulz — CBllully — Cllullg®

We should keep in mind that the exponent p lies within the range 27 , < p < 27,
Under this condition, then there exists a sufficiently small positive number p such that

¢:= inf 12* (u) > 0=1(0).

lulle=

Foru € E \ {0}, we have

2*
B () = Sl — B / LN ““/ ™ g
2% u —I,{ X
£ v e RV |l

From 27 , < p < 27 . it follows that I>: (tu) < O for ¢ large enough.

S,
From above, we can choose 1, > 0 corresponding to u such that I+ (1,u) < 0 for
t > t,and |tuullg > p. ]
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We now set the Nehari manifold as follows
N = {u € E\{0}(I3; (), u) =0},

Lemma6.2 Let N > 3,0 <s < 1and0 < o < 2s. Then for any u € E \ {0}, there
exists a unique t, > 0 such that t,u € N and by (tyu) = maéi by (tu).
o 1> o

Proof For any u € E\{0} and t € (0, co0), we define

N@) = Iy (tu) = || I ﬂ / LR ;a/‘ |u|2§ad
= % u — U X
: Ha £ le"‘ 2%, Jrv

Let’s perform the computation

2*
_ up _ ul|=s.a

fl(0) =t||ul|3 — pr? 1/ ul® dx — % 1/ luf?e dx
RN x| RN [x|¢

We know that f{(-) = 0 iff

2*
u p u s,

]| =,3ﬂ’—2f Ldx+t2?-a—2/ ™ g
RN |x]|* RNV |x|*

Let

2*
ulP uls.«

fr(t) = BtP~2 / LIPS / ™ gy
RN |x[¥ RN |x[¥

Clearly, tlg% fa(t) — O’zihfoo f2(t) = +o0. Therefore, according to the intermediate

value theorem, there must exist a value 0 < #, < oo such that

Hty) = lull%.

Additionally, we can observe that the function f; (-) is strictly increasing on the interval
(0, 00). This property leads to the conclusion that the value 7, is unique. And then

2*
ul? 2 =2 u|“s

||M||E ,BIP 2/ | | X ts,ot / | | dx,
RN |x[* RV |x|*

which gives

|ty u | [t | %5
leaul% =ﬁ/ - dx+/ e ——dx
RN [x]|¥ RN [x|*

This implies that t,u € N. O
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Lemmaé6.3 LetN > 3,0 <s < 1and0 < o < 2s. Thenwe havec = inf DI (u) >
0.

Proof By applying (1. (u),u) =0, we know

%
0= (13 ().u) > Jul} — CHlully — Cllull;*,

which implies

) 2% 2
CBIully ™+ Cllullz* "> 1,

and

lull% > C.
Then, for u € N, we get

1
s (u) =Dy (u) — 2—(15* (), u)

(I MR
=wwm ﬂ dx

RN |x|°‘ RN [x|%

! Jul? Jul e
- = |w&—ﬁ/ - —f —dx
2% RY || Y |x]

1 1 1 1 |u|?
=15~ lully + - f —gdx
2 2?,0{ 2;(1 p RN [x|*

11 )
>(5- lullz > C.
2023,

Therefore, we can conclude that the functional I+
And then ¢ > 0.

, is bounded from below on N

O
Set

c:= inf sup b+ (tu).
ueE\{O}t>IS s

Lemma 6.4 Let N >

=c=c.

3,0<s <1land0 < a < 2s. Then we have
Proof By using Lemma 6.2, We can directly obtain the following result

c=

<'1||
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For any u € E \ {0}, there exists some 7 > O that is sufficiently large such that
12* (fu) < 0. We can construct a path y : [0, 1] — E by setting y(t) = tiu. It is
clear that y € I" and that

Sn

¢ <

Alternatively, for every path y € I', we can define g(t) = (Ié* (y (@), y(@)). Itis

evident that g(0) = 0 and g(¢) > O for small values of 7. By performlng a direct
calculation, we obtain the following expression:

Dy, (v () = 5— (5. (y(1)). y (1)

%
Lo A WO
>3- 5 Jrwizas (5 ) [ P2 a0

2 2s,a 2s,a p RN x|

which shows

(L (D), y(1) <25 - Dz, (y (1))
=27, - b (tu) < 0.

Thus, there ex1stst € (0, 1) such thatg(t) =0,1.e. y(t) € N and ¢ > ¢. This deduces
c=c=c.
O

Lemma6.5 Let N >3,0<s <1land0 < o < 2s. Foru € N, we have ®' (u) # 0,
where

D) = (Ih (), u) = |ul? ﬂ/ et ‘/ LIEp 6.1)
e E |x]e RV |xle
and
(@' (u), u) =2||ull% — pB / Jul” g 9 / e (6.2)
’ ETPE oy e S oy e

Moreover, if u € N and by () = c, then u is a ground state solution for equation

(L).
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Proof For u € N, it follows from (6.1) and (6.2) that

(@' (u), u) =(®' (), u) — 27 , P (u)

= (21 - ﬁ/ l” g — o f e
ETPE Jon xpe 5 fon
2*
) ) Jul? e
_2&0( <||u||E—,B/RN x"‘dx_/RN [ dx

p
=2 =25 ) ulf + B2, — >f e

IXI“

<0.
Thus, ®'(u) # 0 foru e V.
Suppose u € N and I () = ¢, where ¢ is the minimum of I+ on N. By

applying the Lagrange multlpher theorem, we can conclude that there exists a scalar
A € Rsuch that I}, (u) = A®'(u).So

(A" (u), u) = <Iﬁ§fa(”)’ u) =eu) =0.
This shows A = 0 and I}. (u) = 0. Thus, u is a ground state solution for equation
(L). ’ O
7 The Proof of Theorem 1.2

We recall the (P S). sequence as follows.

Definition 7.1 If sequence {u,} C E satisfies the condition
Iy (up) — cand Ipx (u,) — Oin E~', asn — oo.

Then {u,} is called the Palais-Smale sequence of Ipx ~with respect to ¢, short for
(PS). sequence, where E —1 is the dual space of E.

Lemma7.1 Let N > 3,0 <s < 1land 0 < o < 2s. Then there exists a bounded
(PS). sequence {u,} C N such that

Iy (up) — c and 115« (un)llg-1 — 0, asn — oo.
’ S,

Proof Based on Lemmas 6.2 and 6.4, we know that A # ¢ and mJ{/ DIy, (u) =c=c.

By applying Ekeland’s variational principle, there exist {u,} C A and A, € R such
that

b (up) — cand L. (up) — 2y ® (up) — O'in E7' asn — oo.
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So

c= 12}"& (un) =12}"a (un) — 2*_( é:a(un)v Up)
s, '

< 1 1 I ”2 ny 1 1 / |un|l7d
z2|lz- u - = ——dx,
2 2, ) E 2, p)Jey Ixl®

which implies that {u,} is bounded in E.
Taking n — oo, we have

(D, un) n) = (n @ (un), un)| < gy () = 2n @ wn)ll =1 llun |l 2 — O,
we have
(I3s (1), tun) = An (), 1) = 0, as n — 0. (7.1)
Note that {u,} C N. From Lemma 6.5, we obtain
(I, (un). un) =0, (7.2)
and
(@' (n), up) # 0. (7.3)

Combining (7.1)—(7.3), we conclude A, — O.
It follows from Holder’s and Sobolev’s inequalities that

I -
Il 2, (un)”E 1

= sup |(<D/(ul‘l)v(p)|

veE llpllg=1
X
wn |P~2u u 25-05_2u
= sup 2/ VMV(/de—ISP/ Jenl” “une P n(pdx—Z;“a/ lunl™e “une = "% 4
peE llplg=1| JRY RV x| “JrN |x]

(1 () — un () (@) — 9(3)
2 /RN /RN = y| N2 drdy ‘
< C.

Then we obtain
15, @n)llgt < 1 Be Gan) = 2 ®' G -1 + a9 @) | 51 = o(1).

That is, Iz’;fa (un) — 0in E~!. Hence, {u,} isa (PS), sequence of Dy . O
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Lemma7.2 Let N >3, 0 <s < 1land 0 < o < 2s. Then there exists a bounded
nonnegative radial sequence {u,} C N such that

Ly, (un) — ¢ and (Iy: (up), u) = 0.

Proof According to Lemma 7.1, we can deduce that there exists a bounded (PS),
sequence {u,} C N.Itis easy to see that

n (X)) = lua ()| n (X)) = lua ()|
/ /' [un ()] INL?’ I ddy + [|un ()] lzvj—z?) I dxdy
1 (1) 20 J ity (x) <0 lx — ¥l 1n () <0 Juy (x) =0 lx — ¥l

2 2
Uy (X u Uy (Xx u
gf / lun (x) — Nn{»(éy)l dxdy +/ / [y (x) — Nn+(2y)| dxdy.
(N 20 Jup(x)<0 X =y un (<0 Jupy=0 X — y|N T

which implies

Il 1wy ||DS»Z(RN) < ”un”Ds,Z(RN).
Then,

Dy (tlunl) < bz, (tuy), > 0.

Note that {u,} C N. Then |u,| # 0. And there exists a sequence #; ,, > 0 such that
1, ln| € N and

2 _ 2§02 |Mn| o |un|
” |un| ||D12(RN) + ” |un| ||DS,2(RN) tl JUp RN |x| d +t1 JUy ﬂ lea

It follows from {u,,} C N that

|un|sz « /
/RN e TP

x _”un”Dl 2(RN) + ”un”Ds Z(RN)

2 2
2” |”n| ”DI,Z(RN) + ” |Ml1| ||DS,2(RN)

2*
_tzj,‘_a—z |ty |75 ﬂ |un|
b g xe WP Jo a4

tou, € O,1].

which gives

Furthermore, we have

12* (1 Uy lun]) < 12* (1 u,,un) m>a())§ 12;0( (tup) = 12;0( (up) =c

Then we know Ipx (71,4, |us]) = ¢ =c.
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Let us define v as the symmetric decreasing rearrangement of v, :=t1 ,,, |1, |. Then

||U ||DIZ(RN) ”Un”Dl?(RN)s

and
||U ||D32(]RN) ||Un||Ds2(RN)»
and
2% 2*
v* 5. v S,
/ [vy 1 dx}/ [Vn | dx,
RN |x]¥ RN |x]¥
and
f [vy] dx;/ [Un dx
RN |x[* RN |x]¥
These deduce

s, (tlog]) < Dz (tun),

Notice that {v,} C N. Then v, # 0 and there exists fvx >0 such that 1 vx VMS N.

And

2*
2% 2 v, |« lval” |p
V12 eny + 1052 ry = 11 /‘ e 1u*ﬂ v
P Jr I T

It follows from v,,:=t ,, |u,| € N that

2F *
lvp]%se v, |? |0 |5 |vn|?
x + dx > x + dx
RN X RN |X - RN x|* X
/ a B a ’3 a

2
:”Un ”DI.Z(RN) + ”Un ||D5~2(RN)

2 2
ZHU:;HDI,Z(RN) + ”U*”Ds.Z(RN)

2%
22 [ [vi]Pe il”
=t ————dx +¢
Lon A;N x| lv*ﬂ |xw

f0: € (0, 11.

which gives

and

c < Dy, (tvxlvp ) < Dor (11,07 00) < max oy, (tva) = Iy, (vn) = .
=
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Then we know Ipx (f1yx|v;]) = ¢ =c. 0

Lemma 7.3 Assume that the assumptions of Theorem 1.2 hold. There exist B €
(0, +00) such that for any B > B1, we have

c e (0,c),

%o
1 1 W o2
*__ | — _ S,
chi= (2 > ) \ ,
s,o

where Sy is the best constant of Sobolev inequality, see Lemma 2.2.

where

Proof Let us select w € E in the following way:
lwllg =1 and / lw|”dx > 0.
RN
From the Mountain Pass geometric structure, one can deduce
lim I+ (tw) = —o0,
t—+4o00 5«
and 1) g > 0 such that #,, gw € N

sup Ipx (tw) = D (tw,pw).
>0

Thus, 1, g satisfies

2*
2 2 _ e |w]">a p lw|?
2 lwly = 1 /RN e p, | (7.4)

Furthermore,

2*
2 2 2% |w]"se
ts sllwly >t ——dx
w,B E = "w,p RN |x]¥

This gives {t,, g} is bounded.

We assert that 1,, g — 0 as 8 — +00. Let us argue by contradiction and assume
that there exist #p > 0 and a sequence {B,} with 8, — oo such that t, g, — 1 as
n — +o00. Then, we have the following:

p
p |w]
,Bntw’ﬁ” /1;{1\/ NG dx — 400, as n — +oo.
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Putting this into (7.4), we know
3 llw]|% = 4oo0.

This is a contradiction with ||w| g = 1.
By applying t,, g — 0 as B — 400, we obtain

lim supl (fw)= lim I (t, gw) =0.
ﬁ—>+0°z>g 21, (tw) ghm_ 21, (tw pw)

Then there exists f1 € (0, +00) such that for any § > B; there holds

sup s (tw) < ¢*.
>0

For any 8 > f1, we construct a mountain pass path as: taking e = Tw and y(¢) = te
with T large enough to satisfies I+ (e) < 0, then

¢ < max Ipx ).
< max by, (v (1)

Hence, ¢ < sup br  (tw) < c*. O
>0

Lemma7.4 Let N > 3,0 <s < 1and0 < a < 2s. Let {u,} C N be a bounded
nonnegative radial sequence such that

12;10[(14”) — ¢ and Uéfa(un)’ uy) = 0.

Then uy, converges strongly to u # 0 in E. Moreover, we know that Ipx (u) = c.

Proof From Lemma 7.2, we know that bounded nonnegative radial sequence {u,} C
N with ¢ € (0, ). If lim [ 22 dx = 0, then
n—

o]

¥
1 1 Jutn |5
2 n
c= I2>;a(un) = _”u””E T x / o dx,
S, 2 2S,0{ RN |X|

and

(7.5)

3

2*
2 [ty |
0= {13 (). 0) = unl — |

RV [x|*

which gives

1 1
c=\z— | lunll%- (7.6)
2 2;“
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From (7.5) and Lemma 2.2

%
%5,

2% 2%
2 up |5 -5 25 - 5,
||un||E=/ eSS el <S5
which shows
2% o 0% B (7 7)
=2 2 -2 .
Se? < lualg® P lunll > S5

Combining (7.6) and (7.7),

1 1

This contradicts 0 < ¢ < ¢* = (7 — 5

)Sszéﬁ")‘f2 in Lemma 7.3. Then we get
dx > 0. By using Lemma 3.2, we know that {u,} converges strongly

Lunl?

lim
A fen R

tou # 0in LP(RY, |x|%).
Now, by virtue of the Brezis-Lieb Lemma [7], one deduces

&< by () =Dy () — 2—<15* (), 1)

1 Ju |

Jul? |
- ” iz = b /~|x|°f RV |
|u|P Ju[ e
- ||u||i-—ﬁ/ Cdx - o
2 R |x] v x|
1 1 1 1 u|?
=55 | lulz+8| 5~ f —gdx
2 23,05 2s,(x P RN |X|
1 1 lu|P
2
+ - = —d
)nunnE ﬁ(zia p)/R .

o
P nlizrolo(léja (tn), un)

. 1 1
< lim - —
n— 00 2 2;0(
= lim 12§‘a(un) —
n—oo %
= lim Dy (uy)
n—oo %
=c=c,

which gives b, (u) =c.

At this point, we are ready to prove Theorem 1.2
@ Springer
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Proof of Theorem 1.2 According to Lemma 7.4, we can conclude that there exists u #
0 such that by (u) =c. Utilizing Lemma 6.5, we can further deduce that u serves as
a ground state solutlon for equation (L). O

8 Proof of Theorem 1.3

Let

Ip,rad = IplEmds I2T_a,rad = IzT,alEmd’ and 12}*y,1,rad = I2j_a|Emd'
It is worth noting that the mountain-pass geometric structure and Nehari manifold of
the three energy functionals mentioned above exhibit remarkable similarities. As a

result, we will focus on presenting the case of 12* .rad> Which captures the essence of
the analysis. We set the Nehari manifold as follows

= {1t € Eraa \1O}(8: (@), u) =0},

We set
Crad = inf SUP 12* rad(y(t)) > 0 and
yell telo,
'={yecC ([0, 11, Evaa) ly (0) = 0, Iz raa (v (1)) < 0},
and
Crad = uien./{/[ I2§‘1a,rad(u) > 0,
and

Crag = Inf  sup D tu).
rad = uEErad\{}t>p 2% rad( )

The proof of Theorem 1.3 We have the similarly results for I+ 44 Without the proof
of Lemmas 6.1-6.5. Repeatting the proof of Lemma 7.1, we know that there exists a
bounded (PS),,, sequence {u,} C M such that

12;‘,1,rad(un) —> Crad and ”12/* rad(u”)”E’ld — 0, asn — oo.
’ s, ra
Arguement as Lemma 7.3, there exists 83 € (0, +00) such that for any 8 > B3, we

have
| 1 %
)
0<Crad<C;kad=<§—2*—)HS” .

s,
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According to Lemma 7.4, we can conclude that there exists u # 0 such that
s, rad () = Crad. Then we have I, rad@) = 0. From the Palais’ principle of

symmetric criticality [32], we know that the critical point of Dpx |, raa are also the
critical point of I . O

Data Availibility There is no data in this paper.
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