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Abstract

We study the monic orthogonal polynomials with respect to a singularly perturbed
Airy weight. By using Chen and Ismail’s ladder operator approach, we derive a dis-
crete system satisfied by the recurrence coefficients for the orthogonal polynomials. We
find that the orthogonal polynomials satisfy a second-order linear ordinary differential
equation, whose coefficients are all expressed in terms of the recurrence coefficients.
By considering the time evolution, we obtain a system of differential-difference equa-
tions satisfied by the recurrence coefficients. Finally, we study the asymptotics of
the recurrence coefficients when the degrees of the orthogonal polynomials tend to
infinity.
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1 Introduction
As is well-known, classical orthogonal polynomials (e.g., Hermite, Laguerre and

Jacobi polynomials) are orthogonal with respect to a weight function w(x) on the
real line which satisfies the Pearson equation

d
7 C@wE) = Twx), (1.1)
x

Communicated by Shamani Supramaniam.

B Chao Min
chaomin@hqu.edu.cn

1 School of Mathematical Sciences, Huagiao University, Quanzhou 362021, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40840-024-01753-w&domain=pdf
http://orcid.org/0000-0002-6682-3830

158 Page2of16 C.Min and Y. Cheng

where o (x) is a polynomial of degree < 2 and t(x) is a polynomial of degree 1.
Semi-classical orthogonal polynomials have a weight function w(x) that satisfies the
Pearson equation (1.1) where o (x) and t(x) are polynomials with deg o > 2 or deg
T # 1. See, e.g., [33, Section 1.1.1].

Various semi-classical orthogonal polynomials have been studied during the past
few years. For example, very recently, Clarkson and Jordaan [13] considered the
orthogonal polynomials with respect to the so-called generalized Airy weight

1.3
wx) =x*e 3V x e RT

with parameters A > —1 and ¢+ € R. They derived the differential and difference
equations satisfied by the orthogonal polynomials and also by the recurrence coeffi-
cients, and investigated various asymptotic properties of the recurrence coefficients.
Orthogonal polynomials associated with the exponential cubic weight have also been
studied in e.g. [22, 23, 34], and have important applications in numerical analysis [15]
and random matrix theory [3-5].

In the present paper, we are concerned with the monic orthogonal polynomials with
respect to the singularly perturbed Airy weight

he=¥'=1  x eRT (1.2)

w(x;t) =x
with parameters A > —1 and ¢ > 0. The weight (1.2) is a semi-classical weight since
it satisfies the Pearson equation (1.1) with

o(x) = x2, T(x) = =3x* + (A +2)x + 1.

Note that the factor e+ induces an infinitely strong zero at the origin for the weight
(1.2).

Semi-classical orthogonal polynomials with singularly perturbed Gaussian,
Laguerre, Jacobi and Freud weights have been studied in [6, 8, 11, 27-29, 35]. The
weights with an essential singularity at the origin play an important role in many
mathematical and physical problems, such as the study of statistics for zeros of the
Riemann zeta function [2], the calculation of finite temperature expectation values in
integrable quantum field theory [21], the study of the Wigner time-delay distribution
[7,25,32], etc.

Let P,(x;t), n = 0,1, 2, ..., be the monic polynomials of degree n orthogonal
with respect to the weight (1.2), such that

o0
/ Por(e: 1) Po s DW(x: 0dx = by (DSmns mon =0,1,2, ...,
0

where h,(¢) > 0 and §,,, denotes the Kronecker delta. Here P, (x; ¢) has the following
expansion

Pu(x;t) =x" +pn, X"+ 4 P(0;1), n=0,1,2,...,
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where p(n, t) denotes the sub-leading coefficient of P, (x;¢) with the initial value
p(0, 1) =0.

One of the most important characteristics of orthogonal polynomials is the fact that
they obey the three-term recurrence relation of the form [12, 31]

XPy(x;t) = Popi(x; 1) + o () Py(x; 1) + ﬂn(t)Pn—l(X; 1), (1.3)
with the initial conditions
Po(x; 1) =1,  Bo(H)P-1(x;1) =0.

It can be seen that the recurrence coefficients «, (¢) and B, (¢) have the following
integral representations:

o, (t) = h,,l(t) /OooxPlf(x; Hw(x; Hdx > 0,
Bu(t) = hn,ll(t) /OooxPn(x;t)Pn_l(x;t)w(x;t)dX- (1.4)

Obviously, the expression (1.4) is equivalent to

hy (1)
hnfl (t)

Bn(t) = > 0. (1.5)

Moreover, we have by comparing the coefficients of x” on both sides of (1.3) that
a,(t) =pn,t) —pn+1,1). (1.6)

Taking a telescopic sum of (1.6), we find

n—1

> i) = —pn,1). (1.7)

j=0

As an easy consequence of the three-term recurrence relation (1.3), we have the
Christoffel-Darboux formula

"i Pi)P;(y) _ Pa)Pact(y) = Pa(y) Pact ()
s hj(t) hp—1(@)(x —y) ’

which plays an important role in the derivation of the ladder operators introduced in
the next section.
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It is well known that the orthogonal polynomials can be expressed as the determi-
nants [20, (2.1.6)],

o) (@) -+ up(®)
wi(t) p2(t) -+ ppr1(t)
P,(x;t) = D : : ,

b1 (1) () -+ an1 (0)
1 x oo x"

where D, (t) is the Hankel determinant for the weight (1.2) defined by

po(t) i) -+ pp—1(1)
el @) pa(t) - pa ()
Dy (1) := det(uiy(1)); ;=g = : : .

b1 (1) () -+ pan2(2)

and (. (¢) is the jth moment given by

wi(t) == /ooxjw(x; t)dx.
0

An evaluation of the above integral shows that the moment 1 ;(¢) can be expressed in
terms of the generalized hypergeometric functions.

Furthermore, the Hankel determinant D,,(#) can be expressed as a product of 4 (t)
[20, (2.1.6)],

n—1
Dy(t) = [ @ (1.8)
j=0
From (1.5) and (1.8), it is easy to see that the recurrence coefficient 8,(¢) and the
Hankel determinant D, (¢) have the following relation:

,Bn(t) _ Dn+1 (tan—l )] .
Dy (1)

The remainder of this paper is organized as follows. In Sect.2, we apply the lad-
der operators and associated compatibility conditions to orthogonal polynomials with
the singularly perturbed Airy weight. Based on the identities for the recurrence coeffi-
cients and auxiliary quantities, we derive the discrete system satisfied by the recurrence
coefficients. We also obtain the second-order differential equation for the orthogonal
polynomials. In Sect. 3, we study the time evolution and find that the recurrence coef-
ficients satisfy the coupled differential-difference equations. The relation between the
logarithmic derivative of the Hankel determinant and the recurrence coefficients has
also been discussed. In Sect. 4, we consider the large n asymptotics of the recurrence
coefficients by using Dyson’s Coulomb fluid approach. Finally, the conclusions are
outlined in Sect.5.
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2 Ladder Operators and the Associated Compatibility Conditions

Ladder operators for orthogonal polynomials were known to many authors before (one
can even go back to Laguerre), but mostly these were obtained case by case. Chen
and Ismail [10] found a general setting for ladder operators which contains all the
earlier known cases; see also Ismail [20, Chapter 3] and Van Assche [33, Chapter
4]. The ladder operator approach has been demonstrated to be very useful to analyze
the recurrence coefficients of various orthogonal polynomials; see, e.g., [1, 8, 11, 13,
14, 18, 26, 28]. The lowering and raising ladder operators for our monic orthogonal
polynomials are given by

d
(ﬁ + Bn(x)) Py(x) = BuAn(x)Py_1(x), 2.1
d
(E — B, (x) — V/(X)> Py1(x) =—A,—1(x)Py(x), (2.2)
where v(x) := — In w(x) is the potential and
An(x) = hi / T VD) p2 iy, 2.3)
n Jo X -y
1 00 / o/
By(x) = - / YO =V p () Py ()w(y)dy. 2.4)
n—1 J0 X =y

Note that we often suppress the ¢-dependence for brevity, and we have w(0) =
w(oo) = 0.

The functions A, (x) and B, (x) are not independent but must satisfy the following
compatibility conditions:

Buy1(x) + By(x) = (x — ay) Ap(x) — V' (x), (S1)

I+ (x — o) (Byy1(x) — By(x) = Buy1Ant1(x) — BpAu—_1(x), (52)
n—1

B2(0) +V () By () + 3 Aj(x) = BuAn(¥) A1 (). (85)
=0

The conditions (S1) and ($>) are essentially a consequence of the three-term recurrence
relation (1.3). Equation (S5) is obtained from the suitable combination of (S) and (S>)
and usually gives a better insight into the recurrence coefficients compared with (S>)
in practice.

For our weight (1.2), we have

v(x):-lnw(x)=x3—x1nx+5. (2.5)
X
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It follows that

At
Vix)=3x>- = — = (2.6)
X X
and - , N
ViXx)—V t t
—(y)=3(x—|—y)+—+—2 —. 2.7)
x—y Xy = xys  x°y

Substituting (2.7) into the definition of A, (x) in (2.3), we find

I A t t 5
mm=;£ 30+ S | POy
n

L(h [®1, Corel o,
:ﬁ+wﬁ_-—/—ﬁwmww+—/ — P2 w(y)dy
x \hy, Jo y hnJo vy

t
x2h,

Sl |
/ —P2(y)w(y)dy. (2.8)
o Yy

The formula in the brackets can be simplified through integration by parts. In fact, we
have

L B T B P T L B P e )
— —Py(w(y)dy = — Pr(y)y" e Ydy = — Py (y)e vdy
hn Jo hn Jo hn Jo

R 2, !
= Py(Mw(y) (=3y"+ — | dy
n JO y

3 [ 5 5 t (1 ,
= Y P Ww(y)dy — — — P Mwy)dy
hn Jo hn Jo

t (1
:3(“rzz+13n +,3n+1) - h*/() yanz(}’)w(y)d%
n

where use has been made of the three-term recurrence relation (1.3) in the last step. It
follows that

VS Bl N t 1, 2
— —PrMwy)dy + — — P, Mw(y)dy =3 (an + Bn + ,BrH—l) :
hnJo y hn Jo

Hence, we obtain from (2.8) that

3 (Ol,% + Bn + ﬁn+l) + t

A =3 3
n(x) =3x + 3, + T 2

f —P;(Mw(y)dy.
0o
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Similarly, plugging (2.7) into the definition of B, (x) in (2.4) gives

1 o0 A
Bu(x) = - / [3(96 +y+—+ —tz + —; ] Pu(y) Pr1(y)w(y)dy
n—1Jo Xy Xy x°y
1 A |
3+ ( | roramuod
x \hp-1Jo ¥
R |
= / —an<y)Pn_1<y)w(y>dy)
n—1Jo Y
1
b [ S RoPaGRey. 2.9)
x“hp_q 0oy

Using integration by parts, we find

A
hnfl

t 1
- / =5 P ) Pt (W ().
n—-1Jo Y

S |
/0 S PuO) Pact (900 = 3t + )y =

That is,

A
hn—l

S |
/ = P(y) Pact () w(y)dy
0o Yy

t
hn—l

|
/0 32 PO Pt )w(dy = 3 + an-1)fn = .

Then we obtain the expression of B, (x) from (2.9) that

3(an +ap_1)By —n 4 t

B =3
5 (X) Bn + xzhn—l

1
/ C P ) Pact (D w(y)dy.
0o Y

We summarize the above results in the following lemma.

Lemma 2.1 We have

_ Ru Ry
An(x) =3x 430 + — + 2, (2.10)
X X
_ o Tn
By(x) =3B + — + 3, (2.11)
X X

where R,, r, and R, r are the auxiliary quantities defined by

R, =3 (ag Y B, + ﬂ,,ﬂ) , (2.12)
ry i= 3oty + oy—1)Bn — 1, (2.13)
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and

* t <1 2
R, = . —Py(Mw(y)dy, (2.14)
nJo Y

=

Sl |
= ! /0 PP 0w (). (2.15)

S %

hn—l

Substituting the expressions of A, (x) and B, (x) in (2.10) and (2.11) into (S7) and
comparing the coefficients of é and )]? on both sides, we get

rnAri g =t—aR, (2.16)

and
Fn + gl :R;:—o[an + A, (2.17)

respectively.

Similarly, substituting (2.10) and (2.11) into (Sé) and comparing the coefficients of

ﬁ, %, %, }C and x© on both sides, we obtain

i (rw—1) = BuRIR:_,. (2.18)
Qra — A1y —try = By (RERu—1 + Ri_ | Ry) (2.19)
n—1
r,% — Aty — 3tBn + 6Bur) + Z R;‘f
Jj=0
= B (30[,,R:;_1 + 30(11—1R;: + Ran—l) s (2.20)
n—1
6Burn —30Bu+ D Rj =3By (Rs+ Ry + awRu 1 + otu_1Ry) .
j=0
n—1
* 2 _—
r 36y + ) = By Ganetnt + Ry + Ru-1). (221)
j=0

Proposition 2.2 The auxiliary quantities R and r); are expressed in terms of the
recurrence coefficients as follows:

RY=ry,+rpp1 + oy Ry — A, (2.22)
* (rp +rag1 +ou Ry — A) BuRy—1 + (rp1 +rp +ay_ 1 Ry—1 — X) By Ry, +try
= ,

21, — A
(2.23)

where R, and r,, are given by (2.12) and (2.13), respectively.
Proof From (2.17), we get (2.22). Substituting (2.22) into (2.19), we obtain (2.23). 0

With these preparations, we are now ready to derive the discrete system for the
recurrence coefficients.

@ Springer
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Theorem 2.3 The recurrence coefficients «, and B, satisfy the following system of
nonlinear third-order difference equations:

[(rn + rns1 + an Ry — ) BuRp—1 + (rp—1 + rn + @n—1 Ry — 1) BuRn + trn]

x [(rn 4 rns1 + anRn — 1) BuRp—1 + (rn—1 + rn + n—1Ry—1 — 1) BuRn — trn + At]
= Bu(@rn — )2 (rn + g1 + Ry — A) (ru—t + 1 + oty Ry — 1) . (2.24)
2(rn 4 rag1 +an Ry —A) BuRy—1 + 2 (rp—1 + rn + ay_1Ry—1 — A) Ba Ry + 211y

+ @i = 1) [@n (4 st +@nRe == 1) +367 =362, —1]

= Q2rn = 1) [Bn Benan—1 + Ry + Ry—1) = But1 Bant10n + Rug1 + Ra)],  (2.25)

where R, and r,, are given by (2.12) and (2.13), respectively.

Proof Substituting (2.22) and (2.23) into (2.18), we obtain (2.24). To proceed, replac-
ing n by n 4+ 1 in (2.21) and making a difference with (2.21) give rise to

Foet = In 4 3By — 3B +
= Bnt1 Gapy1ay + Ry + Ry) — By Gopoy—1 + Ry + Ry 1) . (2.26)

Eliminating r; 1 from the combination of (2.16) and (2.26), we have

2 4 an (R — 1) 4387 = 3Bayy — 1 = Bu Batnn—1 + Ry + Ry1)
_ﬂn-i-l (3an+105n + Rn+l + Ry).

Plugging (2.22) and (2.23) into the above, we arrive at (2.25). ]

Remark 1 1If one substitutes (2.22) and (2.23) into (2.16) directly, a fourth-order dif-
ference equation for the recurrence coefficients would be obtained.

Remark 2 Using (1.7), it is seen from (2.21) that the sub-leading coefficient p(n, t)
can be expressed in terms of the recurrence coefficients «,, and 3.

At the end of this section, we show that our orthogonal polynomials satisfy a second-
order linear ordinary differential equation with the coefficients expressed in terms of
oy and B,.

Theorem 2.4 The monic orthogonal polynomials P,(x), n =0, 1,2, ..., satisfy the
following second-order differential equation:

/" / A;;(x) / / 2 /
P, (x) — (V (x)+ )Pn(x) + (Bn(x) — B, (x) — v (x)B,(x)
Ap(x)
A} (x)Bp(x)
+ BuAp(x)Ap—1(x) — A—(x)) Py(x) =0, (2.27)
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where V' (x) is given by (2.6) and

Tn + T'ntl +anRy — A
x2 '

(2.28)

R
A, (x) =3x+3an+7n +

'n
By (x) = 3,Bn + ;

(rn +rnt1 +an Ry — A) BuRy—1 + (rn—1 + 1 +@n—1Ry—1 — X) Bu Ry + try

+ 2r, — M)x2

(2.29)

with R, and ry, given by (2.12) and (2.13).

Proof Eliminating P,_;(x) from the ladder operator equations (2.1) and (2.2), we
obtain (2.27). The expressions in (2.28) and (2.29) come from Lemma 2.1 and Propo-
sition 2.2. O

3 The t Evolution and Differential-Difference Equations

Recall that the recurrence coefficients, the sub-leading coefficient p(n, ¢) and the auxil-
iary quantities all depend on ¢. In this section, we study the evolution of these quantities
in t. We start from taking a derivative with respect to ¢ in the orthogonality condition

/ P,(x;t)Py_1(x; Hw(x; t)dx = 0.
0

It follows that

1
hp—1(2)

d > 1
“pn 1) = / L s ) Pa (63 s .
t 0o X

From (2.15) we have

d
tap(n, t)y=ry.
By making use of (1.6) and (2.26), we find
tog, (1) =ry — Iy
= 3,83+1 - 353 +op + By Bapan—1 + Ry + Ry—1)
— Bus1 Goppray + Ryy1 + Ry) .

Substituting (2.12) into the above and simplifying the result, we obtain the
differential-difference equation

ta) (1) = oy + 3B (@2 + ayoty_1 +a2_ | + By + Pu—1)

—3Bu+1 (Ol,%+1 + apt10m + 05,2, + But2 + But1).

@ Springer
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On the other hand, differentiating the equality

(1) = / P2(x: Dw(x: Ddx
0

with respect to ¢ gives rise to
1 1 2
h,(t) = —/0 ;Pn (x; Hw(x; t)dx.
Taking account of (2.14), we have
d *k
tElnhn(t)z—Rn. 3.1
Using (1.5) and (2.22), it follows that

1B, (1) = Bu(R;_| — R})
= Bn(rn—1 — g1 + o1 Ry — auRy).

Substituting (2.12) and (2.13) into the above produces another differential-difference
equation

1B (t) = Bul2 + 3an—2Bu—1 — 31 Bnt1 + 301 (@1 + Bu +2Bu—1)
30y (@2 + Bu + 2Bu+1)].

Hence, we obtain the following theorem.

Theorem 3.1 The recurrence coefficients oy, and B, satisfy the coupled differential-
difference equations

1o, (1) = ay + 3By + entn—1 +ap_y + Bu + Bu—1)
—3Bu+1 (05,2,+1 + Uy 10y + 02+ Bt + But)s

1B,(t) = Bul2 + 3n—2Bn—1 — 3tns1Bns1 + 301 (p_y + B + 2Bu—1)
—3atn (cty + Bu + 2Bns1)].

Finally, we discuss the relation between the logarithmic derivative of the Hankel
determinant and the recurrence coefficients. Let H,(¢) be a quantity related to the
logarithmic derivative of the Hankel determinant as follows,

d
H,(t) :=t— In D, (¢).
(?) 7 (1)

@ Springer
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Using (1.8) and (3.1), we have

n—1 n—1

H, (1) = th—tlnhj(t) =-Y R

Jj=0 Jj=0
In view of (2.20), we obtain
_ 2 * * %
Hy(t) = ry — Ay = 3By + 6Bur, — Bn (3anRy_ | 4+ 3y—1 R} + Ry Ry—1) -

Hence, H, (t) can be expressed in terms of the recurrence coefficients «,, and g, by
using (2.22), (2.23), (2.12) and (2.13). Since the expression is somewhat long, we will
not write it down.

4 Large n Asymptotics of the Recurrence Coefficients

In this section, we would like to study the asymptotics of the recurrence coefficients
on and B, as n — oo by using Dyson’s Coulomb fluid approach introduced in the
work of Chen and Ismail [9].

It is well known that Hankel determinants play an important role in random matrix
theory (RMT) [16, 19, 24]. This is because Hankel determinants compute the most
fundamental objects studied in RMT. For example, the determinants may represent
the partition function for a particular random matrix ensemble or they may be related
to the largest and smallest eigenvalue distribution of the ensemble. For our Hankel
determinant D, (t), it can be viewed as the partition function for the unitary ensemble
with the singularly perturbed Airy weight

1 R R
Dn<r)=5/(0w)n [T @i xp? [t ™ Fau,
’ k=1

I<i<j<n

where x1, x2, ..., Xp, are the eigenvalues of n x n Hermitian matrices from the ensem-
ble with the joint probability density function

1 R
X1, X2,y ooy Xp) = ———— X; — X; xpe ko,
px1, x2 N0 [] ,)L[] p

I<i<j<n

Dyson’s Coulomb fluid approach [17] showed that the collection of eigenvalues can
be approximated by a continuous fluid with an equilibrium density o (x) for sufficiently
large n. It can be seen that our potential v(x) in (2.5) satisfies the condition that xv’(x)
increases on R™ when A > —1, ¢ > 0. In this case, the density o (x) is supported on
a single interval, say (0, b); see [30, p. 199].

@ Springer



Orthogonal Polynomials with a Singularly... Page 130f 16 158

Following [9], the equilibrium density o (x) is determined by the constrained min-

imization problem:

b
min Flo]  subject to / o(x)dx =n,
o 0
where F[o] is the free energy defined by
b b rb
Flo] := / o(x)v(x)dx — / f o(x)In|x — ylo(y)dxdy.
0 0 JO
It is then found that the density o (x) satisfies the integral equation
b
v(x) — 2/ In|x — ylo(y)dy = A, x € (0, b),

0

where A is the Lagrange multiplier for the constraint. Taking a derivative with respect
to x for the above equation gives the singular integral equation

P a(y)
vix) — ZP/ dy=0, xe(0,b), 4.1
0o X—Yy

where P denotes the Cauchy principal value. The solution of (4.1) is given by

1 [b— b
olx)=— xP/ vy 4 dy.
22 X o y—x\Vb—y

Substituting (2.6) into the above, we obtain

3(8x% + 4bx +3b%) [b—x
o(x) = .
167 X

It follows that the normalization condition fob o (x)dx = n becomes

1553

— =n.
32

Furthermore, it was shown in [9] that as n — o0,

b P b?
an 2’ n ]67

& — 1. Hence, we obtain the following

where the symbol ¢, ~ d,, means that lim 7
n—oo “n
results.
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158 Page 140f16 C.Minand Y. Cheng

Theorem 4.1 For fixed parameters A > —1, t > 0, the recurrence coefficients of the
monic orthogonal polynomials with the weight (1.2) have the large n asymptotics

5/4n p 3 n?
oy ~ ==, ~a .
" 15 " 900

Remark 3 1t is interesting to notice that the leading asymptotics of the recurrence
coefficients are independent of the parameters A and ¢.

5 Conclusions

In this paper, we have studied orthogonal polynomials with respect to the singularly
perturbed Airy weight. We derived a pair of difference equations and differential-
difference equations satisfied by the recurrence coefficients. We proved that the
orthogonal polynomials satisfy a linear second-order ordinary differential equation.
The relations between the sub-leading coefficient of the monic orthogonal polynomi-
als, the associated Hankel determinant and the recurrence coefficients have also been
discussed. Furthermore, we investigated the large n asymptotics of the recurrence
coefficients when the parameters A and ¢ are fixed.
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