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Abstract

In this article we study the solution u (¢, x) of the Cauchy problem of linear damped
wave equation. We obtain the sufficient and necessary condition of the boundedness
of the solution u(¢, x) on the Triebel-Lizorkin space at a fixed time 7.

Keywords Damped wave equation - Triebel-Lizorkin space - Sharp estimate -
Multiplier theorem - Wave operator

Mathematics Subject Classification 42B15 - 35105 - 42B35 - 42B37

1 Introduction

The damped wave equation is the equation describing the fluctuation phenomenon with
the damping effect. It is usually used to describe the loss of energy due to friction, air
resistance and other factors when waves propagate in the medium. We focus on the
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Cauchy problem of linear damped wave equation

O +2uy — Au =0,

(OWE {“(0’ x) = f(x0), u(0,x) = g(x),

where (¢, x) € (0, 00) x R" (n > 2) and A is the Laplacian defined by
8 1) =F (1677 ©) .

where F~! denotes the inverse Fourier transform and f denotes the Fourier transform
of f. The solution to the Cauchy problem is formally given by

sinh (t «/Z)

u(t,x) = e "cosh (l‘\/Z) fx)+ e"T

(f (x) + g (x)),

where L is the Fourier multiplier with symbol 1 — |& 1.

The damped wave equation is a common physical equation used to describe fluctu-
ating phenomena with dissipation, such as the propagation of electromagnetic waves
in transmission lines. The study of the solutions to the damped wave equations can pro-
vide useful information about fluctuating behavior, which has important implications
for many applications in science and engineering. A large number of researchers have
studied the behaviors of solutions of u(z, x), such as the decaying nature of solutions,
the propagation speed of solutions and the stability of solutions. The property of solu-
tions is an important study. By analyzing the solution of an equation, the researcher can
obtain the decay rate of the solution by parameter adjustment. The results of the decay
rate have important implications for applications such as electrical signal transmission
and energy transmission (see [1-6]). In communication systems, the decay properties
and propagation speed of solutions can be used to optimize the reliability and speed
of signal transmission. In materials science, the study of the stability of solutions can
help predicting the reliability and lifetime of materials. In addition, the study of these
properties can also be applied to medical imaging, acoustics and earthquakes. There-
fore, there are still many properties worthy of our study of the solution for damped
wave equation. In the study of harmonic analysis, the boundedness of u (¢, x) on dif-
ferent function spaces is a hot topic in the research on the damped wave equation.
See [7-16] and references therein to find researchers on the space—time estimates
and asymptotic estimates, the local and global well-posedness of the Cauchy problem
of the damped wave equation. Expressly, the result in [17] involves the estimates of
damped wave equation in Lebesgue space L” and the Hardy space H”. Particularly,
the authors in [18] prove the following result. (The case of « = 1 denotes the damped
wave equation).
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TheoremA [18] Leta > 0,1 <r < p < ocoand B > na‘%—%‘fora #* 1 or

B>m—1) ‘% - %’forot = 1. Then we have, for t > 1, that

be (14 r)ﬂ(nfnL;; ANy, + sl )

where L Z and L” _g are homogeneous Sobolev spaces.

More elegant and general estimates involving Lebesgue spaces L? and Hardy spaces
H?,0 < p < 1 are further studied by D’Abbicco. Ebert and Picon in [17]. The
long time decay estimates of the inequality in Theorem A describes the diffusion
phenomenon of the solution. We notice that if we choose the same space L” then the
inequality is reduced to

et e = 1fNeo +Ugller +e7 A+DPAL Iz + £ +lglzp -

Since the Trieble—Lizorkin space F’ ,J,/ ¢(R™) is a space with wider frame, which unites
many well-known spaces such as Lg L?, HP, BM O, among many others, it naturally
inspires us to study the inequality in Theorem A on the Trieble-Lizorkin spaces. In
this paper we mainly examine the boundedness of u(z, x) on the Triebel-Lizorkin
space F (R”) Specifically, for a fixed 7, we want to find the sharp range of p for
which the solutlon u(t, x) is bounded on F ,},' ¢(R™). The study for the long time decay
estimates involved two spaces F Y ».q(R™) will appear in [19].

By focusing on the two fundamental operators 7 (t) and S(¢), we can effectively
analyze the solution u(t, x), where

s sinh(t\/Z)

To this end, we need to decompose these operators in their frequency domains, since
their performances are quite different in these domains. Let W (&) be a C*° radial
function that takes values in the interval [0, 1] and has supportinthe set {£ : |£| > 100}.
Additionaly, this function satisfies the condition W(£) = 1 in the set {£ : |£] > 150}.
Consider ® (&) to be a smooth radial function, which takes values in the interval [0, 1].
This function has a supportin the set {¢ : |§| < 3/4} and satisfies the condition ® (§) =
lintheset {£ : |&| < 1/2}. We further modify the function ®(§) = 1 — W (§) — P (§).
Suppose that 2 (£) is a smooth radial function that is valued on the interval [0, 1] and
has support in the set {§ : 1/2 < |§| < 2}. Additionally, €2(§) is equal to 1 in the
range {§ : 3/4 < |&| < 4/3} and write

T(t) = e 'cosh(tvVL), St)=e

AE) =0(@) —Q(@).
For all £ € R", it is clear that

I =W(E) + AG) +QE) + (@),
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which allows that we can write

T(t)=VY(D)T )+ PD)T(t)+AD)T@)+ QDT (1),
S(t) = W(D)S(t) + ®(D)S(t) + A(D)S(t) + Q(D)S(1).

The low frequency part of T (¢), denoted as ®(D)T (t), can be written as
SDITM f(x) =" / cosh(ry/T — £ )b () FiE)e <+ de.
Rl!

®(D)S(¢) is the low frequency part of S(¢) defined by
sinh(ry/1 — |£]%)
VI-lgP

and the other six operators are defined similarly.
The high frequency part of the wave operator (not damped) is defined by

CD(D)S(t)f(x) = e_t‘/l% CD(S) f(é)€i<x’$>d$,

Tof(x) = Ko * f(x),
where

et (g ])
HE

Cao and Jia [20] have proved the following result.

Ko (€) =

Theorem B [20] Suppose y € R. Then we have the following conclusions.

1. Letl<p§q520r2§q§p<oo.lfa2(n—1)’%—% , then Ty is
bounded on F;q(Rn).
2. Letl < p,g<o0or0<g<p=<1llIlfa> (n—l))%—% , then Ty is

bounded on F,);,q (R™).
3. Let0 < p <1 < g < 00. Ty is bounded on F};,q(R”) ifa>m—1) ’% - %‘ .
As we mentioned before, the aim of this paper is to investigate the boundedness of
damped wave operators on Triebel-Lizorkin spaces. To achieve our target, estimates
on the Triebel-Lizorkin spaces for 7' () and S(¢) will be established. We will invoke
partially the result from Theorem B in our research. However, Theorem B does not

provide any clue if the conditions in it are sharp.
Our intention is to prove the following theorems.

Theorem 1 Suppose (n — 1) |1/p —1/2] < Bandy € R. Let§ > 0 and
ot 5
c;=e¢ '(1+1)°.
We have the following conclusions.
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l. Letl < p<qg<20r2<qg<p<oo. Whenﬂz(n—l)’%—% , there exists
a positive number s for which
I D)YT (O gy, = e IIfIIFmﬁ
and
I DYSO gy, = e llf 1L gyoomr -
2. Let0<g<p<lorl <p,q<oo.When,3>(n—l)‘%—% , then

DT O gy, = el fll s
and
I DYSOWDN gy, = el fll gy
3. Let0<p<1<gq < oo. Whenﬁz(n—l)|%—%|,then
W DYTOD gy, = el fll e
and
I DYSOWDN gy, = el fll gy

Theorem2 Let y € R, 0 < p < c0oand 0 < q < oo. All operators Q(D)T (1),
AD)T(t), Q(D)T (1), ®(D)S(t), A(D)S(t), Q(D)S(t) are bounded on F},/,q (R™)
and their bounds are independent of t > 0.

Theorem 2 easily yields the following corollary.
Corollary 3 S(t) is bounded on F[);,q(R") if and only if W(D)S(t) is bounded on
Ij"},/,q(R"). T(t) is bounded on F[J,/,Q(R”) if and only if W(D)T(t) is bounded on
F)  RMY).

In this paper, we want to obtain the sufficient and necessary conditions on the
boundedness of W(D)S(¢) and W(D)T (¢) on Triebel-Lizorkin spaces. The sharpness
of the condition in Theorem 1 is demonstrated by the following result, except at the
endpoint for some indices p, g (see Corollary 5 below).

Theorem 4 Let g > 1, for a fix t, the inequality
19 DTOW g, =< 1F gy
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forall f € F} ,(R") fails if
B<m—DIl/p—1/2].
Also the inequality

W D)SO@ gy, = llglzrss

forall g € F) ,(R") fails if
p<@m—-1I[1/2-1/pl|.
From Theorems 1 and 4, we easily see the following corollary.

Corollary5 8 > (n — l)|% — %| is the sufficient and necessary condition of (1) and

(3) in Theorem 1 (for a fixed t).

From Corollary 5, we know that (2) of Theorem 1 remains open at endpoint § =
(n =Dl =5l

Theorem 4p easily yields the following sharp result.

Corollary 6 Supposey e R,n>4and1 < p <qg<2,0or2<q <p < o0.Then

A

IS@)gl iy, < gl

r.q
if and only if

2(n—1)<p<2(n—1)'
n+1 —° = n-3

Ifn = 2,3, then

A

IS@)gl iy, < gl

p.q
foralll < p < oo.

We let f(x) = 0in (DWE), Corollary 6 says that whenn > 4,for2 < g < p <00
orl < p<g <2, wehave

ult, )lgr =< ;
e, gy, = Ngllgy,

if and only if

2(n —1) 2(n—1)
n+1

IA
S|
IA
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for a fixed r. Also, whenn = 2,3, for2 <g <p <ooorl < p <g <2, we have
e, gy, = gl

for all p € (1, 00).

We obtain the sufficient condition of the F' },’4 (R™) boundedness for the fundamen-
tal operators 7' (t) and S(¢) in Theorems 1 and 2. The proof of this part is relatively
easy by invoking the known results in Theorem B and the multiplier theorem in
Lemma 9. Specifically, we carefully decompose operators 7'(¢) and S(¢) on their
frequency domains into several operators according to their low, middle and high fre-
quencies. Then, we either write an operator as a sum of several operators, or write an
operator as a composition of simpler operators. We then further use the multiplier the-
orem (Lemma 9) to verify that each operator is an F ,’,/,q (R™) multiplier. This execution
process is routine and only some easy computations involved.

The main difficulty comes from the proof for the necessary conditions of the
F ;,/,q(R”) boundedness for 7'(¢) and S(¢). This process is executed in Theorem 4.
In the proof, in order to give a unified proof on 7'(¢) and S(¢), we consider two more
general convolution operators QE , * fand QE 13 * f, whose kernels are given by

Q) / e VIEr! W (g]) e =T EdE
X) = _— e ’
o R [f (15 — 1)

and

— eiil |§|271 j<x,E>
$25, (x =/R W (|]) €' V57 dE,

" glf (g2 — 1)

separately, and we estimate them in a similar way. After using the Taylor expansion
and a careful calculation, we may conclude that the F ,},/,q (R™) boundedness of Qfg ax f

is equivalent to the F ,1,/ ¢(R"") boundedness of the wave operator

—it|§|

i Wy (€]) F(§) e =E>dE,

Wg(f)(x)=/Rne

with some cutoff function W off the origin. Then, in Proposition 13 we prove the
necessary condition for the F },’,q(R") boundedness of Wz, which is also optimal by
comparing to the sufficient condition. It should be noted that the proof of Proposition 13
is tricky. We need to carefully study the kernel Kz of Wg. To this end, we separate
the leading term of Kz by striping away all non-essential items, and we further invoke
the Gel’fand—Shilov Lemma (Lemma 11) to obtain the precise asymptotic estimate of
the leading term. With this estimate we are able to construct a family of test functions
{ fe} to achieve the necessary condition when 1 < p, g < 2, which also implies the
necessary condition for 2 < p, g < oo by an easy duality argument. Finally, we use a
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contradiction argument with the help of the Stein analytic interpolation to obtain the
necessary condition for whole range of p, g via a boosting procedure.

The paper is organized as following. In the second section we will review some
known results of the Triebel-Lizorkin spaces. We give the proof of Theorem 2 in the
third section. The proof of Theorem 1 is finished in Sect. 4 and we prove Theorem 4
in the fifth section. Potential applications are indicated in Sect. 6.

Throughout the article, we use the notation A < B to mean that there is a positive
constant C independent of all essential variables such that A < C B. The notation
A ~ B denotes A < B and A > B, and the notation A &~ B means that there exists a
constant C such that A = CB.

2 Preliminary Knowledge

Let ¢ € C*°(R") be a fixed function and satisfy supp(¢) C {£ : 3 < |§| < 5},
0 < @) <1. Also, () > c > 0when7/2 < |&] < 9/2. Let ¢;(§) be defined
as ¢(27/&). We may also impose a simple normalization condition on ¢, for all
& € R"\{0},

o0

Y e =1

j=—00

For j € Z, we can represent the functions ¢ ; (x) as ¢ (&) = ¢;(&). The homogeneous
Triebel-Lizorkin space F;,' @M, for y € R, 0 < p,g < oo, is defined as the
collection of all distributions f that satisfy the following condition:

1/q

10y e = | | 2[5 1) < oo, (1)
JEZL
LP(RM)
Choose a suitable Schwartz function 1. To define the norm of the inhomogeneous
Triebel-Lizorkin space F ,’,',q, we can modify Eq. (1) by including an additional term
¥ * fll,» in the sum and replacing ) jez With 3 j=0- It is commonly understood
thatFy2 = L ifl < p< ooandFIJ;2 = H)f’lfO <p <1, whereLf:lsthe
classmal LP— Sobolev space and the space of Hardy—Sobolev functions denoted by
H, ” has been extensively studied by Strichartz (refer to [21]). In particular, we use
the notation H? = H P which refers to the real Hardy space. The space Fgo o 18
equivalent to the L1psh1tz space Lip, if y > 0. The space F Vq(]R") is important in
the study of harmonic analysis, so that it has attracted many attentions [22-24].
We recall two important properties on the space F 1)7/,!1 R™).

Lemma 7 (Imbedding) [25] The imbedding relationship on the space F ,);,q (R™):

1. For any real number y and positive number p less than co. If g1 < q», then

Y Y
Fpag CFpg-
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2. Given reals —00 < yp <y} <ooand0 < p; < 00,0 < q1,q2 < 00, let
0 < py < 00 be determined by y| — % =y — % Then

4! V2
Fprar C Fpyg-

Lemma 8 (Lifting) (see [20, p. 2073]) There is the lifting property on the space
FY ,(R™):

1£1gy, = IR, Fllo.
where R,, represents the Riesz potential, which is defined as

R, [ (&) = €1 F(&).
According to the lifting property mentioned in [20], to establish the boundedness of a

convolution operator on the F ,q Space, it is enough to demonstrate its boundedness
on F 0 . Define the convolution operator C, as

Cath ) = [ @) Fered e,

and define m to be an F 4 [ multlpller if C,, is bounded on F yq (R™). We denote the
operator norm of C,, on the space F’ },’ ¢@®R") as

lm (')||Flf,q(R")—>F};,q(R”) .
Using a scaling argument, it can be easily demonstrated that for every positive ,
lm gy iy, = Im Elgy Ly

This article will frequently make use of the following multiplier theorem for
FY R,

Lemma 9 [26, Theorem 5.1, pp. 851] If s and y are real numbers, 0 < g < oo and
0 < p < 00. Moreover, £ € N and n € CER"\{0}). If the following condition is
satisfied:

2
su% (R—n+23+2|0|/ - d%‘) <Ay, lo] <t 2)
R> R<|&|<2R

with £ > max{n/p,n/q} +n/2, then

1T (O sty < ClLF Nz, -
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When s = 0, this condition can be replaced by a simple condition

87m(©)| < 1§17, 3)
which is called the Mihlin condition.
The asymptotic expansion of the Bessel function J, (r) as r — oo is widely used

throughout the paper.

Lemma 10 (see [27, Proposition 5.1, p. 93]) For any positive integer L and r > 0,
v > —1/2. The following inequality holds on the interval [1, 00),

L L
2 vIr T S 1
Ju(r)=,/;cos(r—7—Z)%—jg_laje’rr 2 ]+]§_1bje TrTrT - EL(r),

where aj and b are constants for j € N. For every nonnegative integer k and the
function Ep (r) satisfies

E(Lk)(r) =0 (r_%_L_l), as r — oo.

Lemma 11 (Gel fand-Shilov, see page 171 in [28]) Leto > Oand y # —1, -2, ....
Then

o
/ e e dr = iV PT(y + (s +io) VL,
0
where T" (y + 1) is the Gamma function.

3 Proof of Theorem 2

We will use Lemma 9 to verify the boundedness of all operators stated in Theo-
rem 2 on the Triebel-Lizorkin space F 4 (R™). The estimates are similar between
d(D)S(t), Q(D)S(t), A(D)S(t) and (D)T (1), Q(D)T(t), A(D)T (t). We will
verify the frontal estimates only. Note that the multiplier of ®(D)S(¢) is

e~ @ (£) sinh(1y/1 — |£])
V11— g7

and the multipliers of Q2(D)S(¢) and A(D)S(t) are

e'Q (&) sinh(ty/1 — [£]%)
V11— g

mo (§) =

my(§) =

@ Springer



Solution of Linear Damped Wave Equation... Page 110f29 153

and

eI A(E) sinh(t/1 — €%
J1— g

respectively. It suffices to check that all mq (§),m (§) and m, () satisfy condition (3).

We first work on mgq (£). Recall that @ (£) is supported in the set {£ : |§]| < 3/4} and
® (&) equals 1 when |£| < 1/2. We choose a different radial Schwartz function @ (€)
that is supported in the set {£ : |&] < 13/16} and ®(£) equals 1 when |§| < 3/4. By
this choice we can write

my (§) =

Q&) = D1 (5)P(E).

Now, we can write mg (§) as the product of two multipliers

mo (§) = 1 (&) u2 (§),

where

@1 (€) = e 1 (§) sinh(ty/ 1 — [£]?)
and

*E)
V1—Jg)?

This means that ® (D) S(¢) is the composition of two operators with multipliers u; (§)
and uo (§) respectlvely By the support condition on ® (&), it shows that uj (§) is a
multiplier on F ;,/ 4R™) space trivially. On the other hand, we have

e't®(£) cosh(ty/1 — |E[7)E;
V1—g)?

w2 (§) =

9 , >
@Ml 6~ (ECM(E)) sinh(zy/ 1 — [§]7) +

It is easy to check that in the support of ®; we have

NI _ gt/ 1161 e
3 < P1(§)e 2

e @y (&) sinh(ty/1 — [E[)| = |~ ®1(§)

and

e~ ® (&) cosh(ry/1 — [EP)] < <I>1(S)~‘37”25‘2
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By noting that 5z <I>1 (&) has the same property as that of ®(£) and

—lg?
e 2 tlEP <1,

we easily obtain that

‘ g (S)‘ ‘—®1(€)e’+¢1(§)6 g < lE!
0&;

uniformly on ¢t > 0, for all j = 1,2, - -, n. Similarly, we can show that for any
multi-index o

|07 1 (8)| < €171

Thus, 1 (§) is an F| ,’,’ ¢ (R") multiplier, and consequently mg (§) = 1 (§) u2 (§) is
alsoan F 1)7/ ¢ (R™") multiplier.
We next study the multiplier

e~ 'Q (&) sinh(ty/1 — |£%)

my(§) = N

By the Taylor expansion,

sinh(ty/T— [6]7) & 12 (1 - [g]?)"
/1— g2 _k=() 2k + 1)!

)

we have that

o (sinhe/TIED) ) $5 2 (- 6
05\ Vi—lgP 2k + D)

’

k=1
and fori # j,

2 (sihay1—EP)\ 4iz2"+‘k(k—1)(1—|s|2)"‘25,-$,-
€ 9E; NI B 2k + 1)! '

Using an induction, we easily see that in the support of €2, for any multi-index o,

- sinh(ry/1 — |€]%) . 2, 12k glol (1/2)k
S\ Vi Er 2k + !

k=2

Hids

k=lo|

@ Springer



Solution of Linear Damped Wave Equation... Page 130f29 153

Since
t2k+le—t

- <1
Qk+ 1! =

we obtain that

< g7l

oo (e_t52(€)sinh(t\/1-—Iélz))
¢ NISTE

This shows that m (£) is an F} ,(R") multiplier.
Finally, we estimate m» (&) . Write

A@mmMWﬂ—@F>=A@mma¢m2—n
V1—[&P VIE? =1

andnotesupp A (£) C {4/3 < [€] < 150} . Clearly A(¢) (&2 — 1) "* sin(ty/|€]7 — 1)

is a C*° function and

BU(A@mma¢m2—n>

< (1+nl.

¢ ViER -1

Thus, it is trivial to see that for any multi-index o,

o [ ¢ AE)sinh(ty/1—[E]) ol
1— &

uniformly on ¢ > 0.
We have shown that multipliers mq, m1, my satisfy condition (3) for all multi-
indices o. This completes the proof of Theorem 2.

4 Proof of Theorem 1

Again we will use the known result combining Lemma 9. Let ®g be a C°° radial
function supported on the ball B(0, 5) and ®¢ (§) = 1 ontheball B(0, 4).Set Wy (§) =
1 — ®¢ (§) . We consider more general multipliers

sin(rv/]£17 — 1)

£1F (1€ — 1)
e teos(tv/|E)7 = 1)

£) o
18 (1612 — 1)

m3(§,1) = e W) and myq (§,1)

@ Springer



153 Page 14 0f 29 M. Wang et al.

Proposition 12 m3 (&, t) and m4 (&, t) are F},/,q (R™) multipliers if

el (g e (gD
&P+ [l
are F},/,q (R™) multipliers for a fixed t.

Proof We will focus our attention to m3 (&, t), since the calculation of my4 (&, t) is
essentially similar. We write that

sin(ty/[€]> = 1)
€16 (1512 — 1)

. / 2
M\If@ (t €],
€16 (&2 — 1)

m3(E,1) = e "W(E)
= (5, 1) +e W)

where

sin(ty/[€]> — 1)

iy (&.1) = e~ Dy (¢ [£]) £).
€16 (&2 — 1)

Note that the support of ®¢ (7 |&]) W (&) is contained in the set

[eg1 =5 nig g1z 2,

For any p,q > 0 and y € R, itis easy to verify that 71, (&, r) satisfies the condition
in Lemma 9 so that it is an F’ },’ 4R multiplier. Next we write that

. 2
U(E) sin(t+/ €] 1)

P UVIEP=1) _ ,=itv/IEP=1)
=e W (E) Yo (¢ 1&])

*/2

20142 (1 - 1£172)
=ms(t,§) +me(t, ).

The estimates of ms(¢, &) and me(t, &) are similar. For the first multiplier we write

ms(t,€) = e "W(E) VD Yo 1§ =m3 (5, 1) xma €, 1),
2i|§1PHH (1 — 1§]72)
where
ilg] itg(g)
%(S’t)=e_twv ﬂ’l\é(évt)=e—)\\y (|$|),

2 (V&)
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and

_ _ ~3d
g(|s|) 2|s|f( |§|2) "

Recalling the support condition, for any p,q > Oand y € R, we easily use Lemma 9
to verify that m3 (&, 1) is a multiplier of Fyq (R™) space. If m4(&,1) is a multlpher of
F },’ ¢(R™) space, then we can conclude that m3 (&, t) is also a multiplier of F ,’,’ ¢
space. Recall that Cao and Jia in Theorem B obtained the F Y7 boundedness of the
wave operator with multiplier 74 (&, t), which means that 7124 (5 t)yisan F ;,/ ¢ multiplier.
Combing Proposition 12 and Theorem B, we obtain Theorem 1. O

5 Proof of Theorem 4
The sufficiency of the F},”q(R”) boundedness of W (D)T (¢t) f and W(D)S(¢) f have
been proved in Theorem 1. Here we mainly discuss the necessity of the boundedness

of these operators on F ,},' 4
The kernel of W (D)S(¢) is

sin(t/ €7 = 1)
VIEP =1

Q(x) =e" /R (gD e =N g,

and the kernel of W (D)T (t) is

K(t)(x) — 67[/ \I’(|%—|)COS([ |s|2 o 1)€i<x’§>d€,
R~?

We study more general kernels

sin(v/IEF =1 e

Q = Y
g (x) /Rn (|E|)|§|ﬂ (67 = )x/z 3

and

costVIER =1 e,

K = W
o= [ D e

We will focus our attention to the kernel €2 ; (x), where 8 + A > 0. The calculation
of the kernel Kg ; is essentially similar. Because of

sinx = (¥ — e ) /2,
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we will study kernels

ot _ ei[m i<x,E>
pax) = /Rn W‘P(lfl)e dé§
and
e—it/IEP=1 :
Qy,(x) = /R ngl)elqué.
Let

V()
/1= 72

we notice that W € C* and suppW¥; C suppW. We write

v () =

Tho ) = Q% f(x)
/ VI8P -1

R [EIPTA(/T = 517

eitlEln/1-1€172 .
o e e A O

W(lE]) F(&)e =57 de

and

Slgﬁ-)»f(x) = QE,)L * f(X)
/ e—itVIEP-1
e [E1BG/T = B[
it/ 2
B /R |&|F+*

W(lE]) F(E)e =57 de

Wy (|E]) F(E)e' =5 de.

We will only estimate ‘Ig 13 (x), the study of ‘Ig 13 J (x) is similar. Using the Taylor
expansion, we have that

1
VI—[g[2=1~ et i A(3))

where E(|€]) is a C* function whose any derivative is bounded on the support of
Wi (&]). We further write

GHEIWIIEI itk it~ g HEITEAED) _ il 1~ g +IEIEQED) _ qy 4 girlé],
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The multiplier 1g4, now is decomposed as a sum of two multipliers:

e = <V gD
Hp+2(5) = £

. . . 1 3
eI (g)) | eFIge AR — gy g
E1PF E1P T ’

Hp+a,1(8) + pp4a2(5).

Corresponding to the multiplier j1g,, its convolution operator can be written as

G0 = [ e FOe e
= /R ) a1 () F(E)e S de + /R ) [pr2(E) F(E)e ¥ EdE.

We further write

1N, (€ ))
Mﬂ+k,2(§) = wﬁ,

where
Wy (lg) = fe! CRTEITEED _ g gy

is C®°(R™) and supp(¥;) C supp(W1). We fix t = 1 for simplicity. We can easily
observe that T;i( f) is bounded on F} ,(R") if and only if

il§] — .
W5(f)@) = / “wi(6) () Eds = K+ f(x)

R €]

is bounded on F },’,q(R”), where the Fourier transform of K 1 is ﬁ‘;\yl (|€]) and E =
B+ A

Proposition 13 Let ¢ > 1. When E < (n— l)|% — %|, Wg(f) is not bounded on
FY (R,

Proof Without loss of generality, it suffices to discuss the regularity index ,E lies in
the interval

max 10, ( 1)|1 | ! B < ( l)l1 1|
x30, m = D|—— =] — = <B<m—=D|——=I|
p 2 2 p 2

Let 51 and &52 be radial and C*° and satisfy
() ®1(s) = Lifs € [0, }]and ®1(s) = 0if s € [2/3,00), and 0 < Py (s) < I,
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(b) ®2(s) = lifs € [2,00) and By(s) = 0if s € [0, 3), and 0 < Py (s) < 1, and
B(s) =1 - ®y(s) — Pa(s),

We then write

Kz(x) = Kz(0)®1(x) + Kz(x)O(x) + Kz(x) P2 (x)
= Kioc(x) + Kipia (x) + Koo (x).

By this definition we have that

Wﬁ(f) = Wioe(f) + Whia (f) + Woo (f),

and Kjpc(x), Kpia(x), Ko(x) are kernels of Wi,e, Wiia, Weo respectively.

In order to complete the proof of Proposition 13, we also need to invoke the fol-
lowing lemma.

Lemma 14 For p, q > 1 and E > 0, the boundedness of Wg on F},/,q(R") holds if
and only if Wy,iq is bounded on FZ,/,,{ (R™).

Proof of Lemma 14 1t suffiecs to show that for p, g > 1,

”Wloc(f)”FV JRY = ||f||FV SR
IWoo Oy < 1 F iy -

We consider the case of + = 1 for simplicity. We first estimate the kernel and use
the polar coordinate (see [29, Theorem 3.3 in pp. 155]) to obtain

Kioc(x) = ®1(x) / ~w1<|s|>e”‘fds

Juz2 (r|x])

~ e
~ ®(x - U (r)—2 dr,
o [T e

where J,—2 is the Bessel function of order % Now we let ¢ be a C*® radial function
2

satisfying ¢ = 1 — W. We further write, since E > 0,

Juoa (Flx))
Kioe () ~ &1 (x) / D () dr
rlx) T
Jua (FIx])
+ 310 / DY ()~ dr
rlx)'T

= Kioc,1 (x) + Kloc,Z(x)~
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Invoke the fact

<1

‘ Juz2 (r|x|)
2

(rlx)"T

on the support of ¢ (r|x|), within the support of ¥; we know that

2

~ IEil ~ ~

[Kioe,1(X)] = <I>1(x)f Wy (r)dr < @1 (x) max{l, |x|f~"}.
1

1
r B—n+1
Also, by the asymptotic expansion of the Bessel function (Lemma 10), the main term
of Kjpc,2(x) is dominated by

Basl(x) 00 Lir(l+]x])

x|z Jo FB—n+1

Aasl(x) 00 eir(l—|x|)
|x|% 0 rgfn+l

Y (rlx Wy (r)dr

)

Wl(rlxl)‘lﬁ(r)dr‘ +

where A, B > 0 are constants. Hence, by performing integration by parts with respect
to the variable r, it is straightforward to derive

®(x)

n—1
x|z (1= |xpN

®y(x)
|" T (1 + [xV

Kluc,2(x) =

)

for any positive integer N . Noting the support condition of @, we obtain the estimate

x| 2

! 0 2
| Kioc(x)] < max 7 Xl if Ixl< 3

|Kioc () =0 if |x| =

W

’

Thus we show that the kernel Kj,.(x) is a Lebesgue integrable function. For the kernel
K~ (x), again, its main term is

AEISZ(x) 0o Lir(l=|x|) BEISZ(X) 0o Lir(l+x])
— = W (r)dr + — =
x|z Jo rBrl x|z Jo rBrtl

W (r)dr.

Similar to the estimate for Kj,., for any positive value L, an integration by parts
reveals that

1 . 3
[Koo(X)| < x if x| > 5
and

3
[KooX)| =0 if |x| < >
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Thus, we know
IKsoll,1 <00 and  [[Kigell 1 < oo,
By the generalized Young inequality on F ;,/,q space,
IWaoe (D), = Ko % Fllig, = IKioell £y,

Similarly, we have

IWoo (Dl iy, < 11z,
Lemma 14 is proved. -

As a consequence of Lemma 14, Wz f (x) is bounded on F },’, ¢ space if and only if

Winia f (x) is bounded on F 1),/,(1 provided p, g > 1. In order to proceed with proving
Proposition 13, we will focus on the convolution operator W,,;; with the kernel K,,,;4.
Using the polar coordinates, we obtain that

Pl
Kmia(x) = O(x) f ~w1(|s|>e”‘fds

dr

- W ir Jo—2 (r|x|)

~ ®(x)/ L(r)e : n—2
o Tl (rix) T
B [ W (e

X" Joo AR

Jan(r|x|)dr.

Hence, the asymptotic formula in Lemma 10 yields that

N .
O(x) / Wy (r)eir (b
K id (X i ~—dr
mid (X) XE) B A=
N .
® SSV/) ir(1—|x|)
+Z—(x) dj/ —l(f)ifl —dr
=0 |x|T 0 rﬁfT‘H
@ 0 ir
“ 10 oy rlxDydr,
x|z Jo P2

where all ¢; and d; are constants. Write

Ow) [ W (re
RN(x) = —= ~—ENn(r|x|)dr.
|x|T 0 rﬂ_z
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Let jo be the integer for which

~ n—1

ﬂ_

+j>1

when j > jo, and

1
— 1 <1
B S ti=

if j < jo. We now write

(:j 00\ ir(1—|x|)
G(x) = L,)dj/ e
=+ B—="5+)
j=jo+1 1X12 0
N ~ .
® 00 \y ir(1+x])
H(x) = Z n(_)f) .Cj/ l(i)e”_l - d}",
=0 x|z +/ 0 rb=" i
Jo ~ ir(l—
® o ir(1—|x|)
R = 3 o) ‘d,-f et g
ST o A

Since the support of W;(r) is off the origin, we choose a large N for which Ry (x)
is a Lebesgue integrable function. Similarly by the choice of jy, G(x) is a Lebesgue
integrable function. For H (x), we take integration by parts N times for a sufficiently
large N to obtain

N ~ .
o) Wy (r)e! D
S| T
O(x)

— n—1 . :
x| 77 (1 + XN

Clearly, H (x) is also a Lebesgue integrable function by noting the support of O(x).
According to the Minkowski inequality, we have that, for p, g > 1,

VH 5 £y + 1G % Ly oy + IRN % Ly oy < 1F Ny -

By this inequality and Lemma 14, we know that W is bounded on F ,},’,q(R") for

p,q > 1if and only if the convolution operator R % f is bounded on F g, g@R™").
Finally, we focus on the kernel

Jjo X ir(1—
® 0\ ir(1—|x])
%(x) = Z (X) dj / 1(r)e dr,
0

i el T Pt
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in which we notice that each E - % + j < 1. We will use Lemma 11 to estimate

the kernel YR (x). To this end, we first estimate the case ,E — % + jo = 1 since this
case is not included in Lemma 11. We change variables to obtain

0y ir(l=Ix) 00 Wy (L)e’”
/' 1(r)e dr / RS
0 0

r r

By the choice of W it is easy to see that

r

0 ‘I'l(lfm)eir 100 00 4ir 1
———dr| < —dr + —dr| <log ——
0 r H—lx|| T 100 [T — |x]]
in the support of ©(x). Thus
@()C) 00 q_,l(r)eir(l—|x|)
—— dr
|7+ Jo 4
is an L! integrable function.
Now, we assume 8 — "—51 +j<lforj=1,2--, jo.ByLemma 11, we have
that
DB [ wineri-hD
ol |
j=0 x|z 0 P
Jo X _ ir(l—
® o0 or\y ir(1—|x|)
= lim+ g) _dj/ ¢ J_(’;);T - dr
oc—0 = x| 2 +Jj 0 FB=" ]
=R, (x) —R,(x),
where
Jo X —or ir(1—
® 00 or ir(1—|x|)
PRy = lim Y g, / £ —ar
o—0 01Xl 2 +Jj 0 pB=" i
and
Jo = _ i (1—
® 00 or ir(1—|x|)
R, (x) = 1im+z%dj/ c o,
o—0 ; |2 +J 0 rﬂ —+J
where

¢@r) =1—=Vi(r).
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Clearly by the support of ¢ (r),

O(x)

< O(x)
71 . —_— 9
Ix|“7 +

IR (0] =<

which yields that PR, is a Lebesgue integrable function. We see that

R,(x) = lim

Jo O(x) 00 =07 yir(1=|x|)
o—0F nlyj J dr
j=o 1x] 2 0

PP+
~ L4 (x) + Mx),

where

@) X 00 =07 Hir(1=|x])
£+(X) = lim (n7)1 0/ ~—Hdr,
o—0t x| = 0 rﬁ*T
Jo o — ir(l—
) O(x 00 =07 Hir( [x])
M(x) = lim Z n(_]) - j/ =———dr.
o—0t 4 |x|T+J 0 P e

Jj=1

Now by Lemma 11, we further have that the distribution kernel

@ X 00 =0T Hir(1=|x|)
Li(x)~ (n7)1 / dr
x| 2 Jo

2 n—1
b=

-5 el A\ x B g
e e () ()

x| 2

Similarly, we see that

Jo —or ir(l—
® 00 or ir(1—|x|)
M(x) = Z id/ effdr
0

j=I |x|%+j ’ PPt i
@(x) 1 n+1_ﬂ_1
T x|t 1= x| +io
Recall that we consider
1 1 1
maX{O,(n—l)‘——z‘—z} <B<@m-1 —_5‘

and E = B. Clearly, for p,q = 1, we obtain that Wz  f is bounded on F ,’,/,q(R”) if
and only if £ * f is bounded on F ,’;,q (R™). As a conclusion, we obtain that T/‘; 4y 8
bounded on F, ,(R") ifand only if £, * f is bounded on F}, ,(R") provided p, g > 1.
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A similar argument demonstrates that ‘ZE 4, 1s bounded on F g,q (R™) if and only if
£_ % f is bounded on F} ,(R"), where

@(X) —are—ir(l—m)
x|z Jo B

n—1 n 5B -
B0y (110 _5) (1) H ey

2 1—|x|—io

£_(x) ~

|x|2

It is easy to see that there is a ¢ > 0 such that

. £+( ) £ ( ) n+l @
lim = == S B S 4
lim | 5 |2 Ol — ||| )
~ n+1 s
lim [£_(x)| > cO(x)| 'z P, Q)
o—0 1 — |x|
and
lim |£4 ()] = c®(x))| ki
o—0 1 — |x|

By the above discussion, the F },’,q(R”) boundedness of Qg * f(x) is equivalent to
the £} ,(R") boundedness of % % f.

To complete the proof of Proposition 13, we first consider 1 < g < 2. Denote the
sets

Bey={xeR":10e < |x| — 1 <27}
Agy=f{x e R":5¢ < |x| — 1 <271+,

where [ is sufficiently large and ¢ is sufficiently small. Since the lift property says that
£4 * f is bounded on F} 4 (R") if and only if £,  f is bounded on FJ  (R"), we
will allow that only the space F 2’ q(R") involves in the following argument. By the
definition of F) ,(R™), since 1 < ¢ < 2and F) ,(R") = LP(R"), we have that

N

2
|I2+*f||1}0 > E [pj * Ly fl
Pq ez
Lp

|£+*f||Lp—/ |€4 % f|Pdx.
Ba,l

We take a C™ function g satisfying g(x) > 0 and
supp(g) C {x e R" : |x| < 1}.
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Denote a family of test functions
X
ge(x) =g(2), >0

It is easy to check that

/ |ge (X)|Pdx ~ &"
Rn

and

lgell?y =~ &".
.

On the other hand, we have that for x € B, ,

L g ntl
f (|(£+)*<ga>(x)|q>quz||gs||i1f (x| = D=5 Py
Bs,/ As,l
~ g —Bpt1

We finally obtain that if

ICE1) * gelly =< llgell’, ~&"
F F
Pa P

holds, then we must have that

_M_N) +1
gnzsnpg (2 B)p

3

for any small €. This implies the inequality

n+1 ~
nfnp—(T—,B>p+l.

After a trivial computation, we obtain that, for 0 < E < % and2 > p,q > 1, if

Wg(f) is bounded on F;,/,q then we must have

E>(n_1)<l_l>
> > 2)

Next, We show that the above inequality on Bis also a necessary condition for any
q > 2. To this end, We use an argument of contradiction by assuming that there exist
po € (1,2), go > 2 and § > 0 satisfying

_ | 1 1 5
Bo = (n— )<%—§>—
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such that
[WeoH gy < lg -

Let z0, z1 € C satisfying Re(zg) = Bo and forany n > 0, 81 = (n — 1)(% — %) +n,

such that Re(z1) = B1. Also, we let ¢ € (1, %). By the known sufficient result, we
can show

[WaP)ll i, = 10z

P0-90

and

[Wei DUy, = 1f Ny

P0sa1
According to the analytical interpolation relaton

1 0 1-0

g« 4o q

we can obtain ¢, € (1,2), Re(zx) = Bx and By < (n — 1)(% — 1), for which we
have

[WeeH gy, =1y

POsax

This leads to a contradiction to the previous proved result.

Use the same way we may prove 8 > (n — 1)(% — %) is the necessary condition

of the F},/’q boundedness forall p > 1, g > 1.

For the case of ¢ > 1 and 0 < p < 1, again, we will use a contradiction argument
based on the obtained result in the previous case. Suppose that we find a pg and a
8 > 0 satisfying

O<po<l1

and Wg, (f) is bounded on F,’,’O,qo for some go > 1 at

(L),

Clearly we canreplace Wg, (f) by W, (f) forzg € Csatistying Re(zo) = Bo. We pick
ap| € (%, 2)and By = (n — 1)(% — %) + n, from the known sufficient condition we

know that W, (f) is bounded on F ,),/1_40 for arbitrarily small » > 0, where Rez; = .
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Using the analytical interpolation and letting n be sufficiently small, we should obtain
a py € (1,2) and a B, satisfying

1<i l)
B <(n—1) p*_z

such that Wg, (f) is bounded on F »..q0» Which leads to a contradiction.
Combining all discussions, we obtain the proof of Proposition 13.

Conclusion 1: Combining Theorem B and Proposition 13, we obtain that « > (n —
DL — %l is also a necessary condition in Theorem B.
(Ejonclusion 2: Similarly, we can obtain the same estimate (mainly see (5)) for the

boundedness of T/; T f(x)on F ,’,/,q. In terms of (4), by the same method, we obtain the

necessary condition 8+ X > (n —1)| 1_ %| of the boundedness on F;ﬁq for Qg s * f

p
and Kg 5 * f.
These clearly imply the proof of Theorem 4, the interested reader can make up the
conclusion easily.

6 Application

We are grateful to an anonymous referee for valuable suggestion on this manuscript.
For the Cauchy problem of the nonlinear damped wave equation

Ot + 2uy — Au = F(u) )
u0,x) =0, u;(0,x) = g(x),

where
F(u) = |u|2k u for some positive integer k.

We have studied the well posedness of the problem with intial data in some o modula-
tion spaces [30]. We will further study the well posedness of the problem by assuming
that the initial velocity g is in some Triebel-Lizorkin spaces.
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