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Abstract

In this paper, with the help of potential function, we extend the classical Brezis-Lieb
lemma on Euclidean space to graphs, which can be applied to the following Kirchhoff
equation

—(1+0b [y IVulPdp) Au+ AWV (&) + Du = |ulP"2u inV,
ue Wha(v),

on a connected locally finite graph G = (V, E), where b, A > 0, p > 2 and V (x) is
a potential function defined on V. The purpose of this paper is four-fold. First of all,
using the idea of the filtration Nehari manifold technique and a compactness result
based on generalized Brezis-Lieb lemma on graphs, we prove that there admits a
positive solution u; j € E; with positive energy for b € (0, b*) when 2 < p < 4.1In
the sequel, when p > 4, a positive ground state solution w;_; € E; is also obtained
by using standard variational methods. What’s more, we explore various asymptotic
behaviors of uy ,, wy p € Ej by separately controlling the parameters A — oo and
b — 07, as well as jointly controlling both parameters. Finally, we utilize iteration to
obtain the L°°-norm estimates of the solution.
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1 Introduction

Consider the following Kirchhoff type equation
Uy — <a +b/ |Vu|2dx) Au= f(x,u) (1.1
Q

with a bounded domain  C RY, which received much attention on mathematical
studies, was originally introduced by Kirchhoff [18] to describe the transversal oscil-
lations of a stretched string. Above equation is a general version of the Kirchhoff
equation
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with a strong physical background, where L is the length of the string, # is the area of
cross section, p is the mass density, E is the Young’s modulus of the material, and Py is
the initial tension. Equation (1.2) can be also seen as a generalization of the classical
D’ Alembert’s wave equation for free vibrations of elastic strings. For more details
in the physical and mathematical background of Kirchhoff type equations, one can
refer to [23]. In addition, some early classical studies of Kirchhoff equations can be
seen in Bernstein [4]. Afterwards, Lions [20] proposed an abstract functional analysis
framework for the Kirchhoff type equation (1.1) in 1978, which attracted the attention
of several researchers. Subsequently, based on variational methods, the solvability
of (1.1) has been thoroughly investigated when nonlinear f satisfies various growth
conditions, see [9, 24]. Moreover, there are numerous interesting results were built on
the corresponding elliptic version, like

—(a+b [gn IVulPdx) Au+ V(x)u = f(x,u) inRY, 13
ueH' (RN, (13

where N > 1,a,b > 0,V € C(RV,R) and f € C (R x RV, R). To deal with
(1.3) in the case where f(x,u) := f(u) with N = 3, via using the mountain pass
theorem and Nehari manifold, He and Zou [17] established the existence of positive
ground state solutions. Later, Li and Ye [19] obtained the existence of positive ground
state solutions when f(x, u) := |u|P~%u with 3 < p < 6 in (1.3). For more results
about Kirchhoff type problems, we refer the readers to [7, 8, 21, 22, 27-30] and the
references therein.

In recent years, analysis on graphs has begun to attract attention and has had several
applications in different fields, data analysis, optimal transport, machine learning, etc
[1, 10, 12]. Particularly, there are many interesting directions about graph in mathe-
matics. It’s remarkable that, Grigor’yan et al. [13, 15, 16] established the variational
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framework on graphs for some nonlinear equations, and the existence of solution was
considered, where mountain pass theorem and a method of upper and lower solutions
have been uesd. Furthermore, they pointed out that the Sobolev space W7 (V) on a
finite graph G = (V, E) is pre-compact. Soon after, Zhang and Zhao [33] introduced
two Sobolev embedding theorems on graphs and investigated the equation

—Au+AVE) 4+ Du=|ul”u inV, (1.4)

where V (x) > 0 satisfies following conditions:

(V1) V(x) = 0onV, and the potential well 2 = {x € V: V(x) = 0} is a non-
empty, connected and bounded domain in V.

(V) There exists a vertex xg € V such that V(x) — +oo asd (x, xg) — +00.
Specifically, they proved that there exists a ground state solution u; of (1.4) and it
converges in W12(V) to a ground state solution of the Dirichlet problem

—Au+u=uPu inQ,
u=20 on 0€2,

as . — oo along a subsequence. For more interesting resuts on graphs, we refer the
readers to [2, 3, 6, 26].

Now, We turn our attention to the Kirchhoff equation. Pan and Ji [25] used the
constrained variational method to study

- (a + b/ |Vu|2du> Au+c)u = fu) (1.5)
A%

on a locally finite graph, where f(u) satisfies super cubic growth condition and the
other suitable assumptions. More precisely, the authors showed that (1.5) has a least
energy sign-changing solution uy, and its energy is strictly larger than twice that of
least energy solutions firstly. Then, they proved that u;, converges to a least energy
sign-changing solution of the problem

—alAu+cxX)u= f(m), xeV,

as b — 07 along a subsequence.

Based on the above works, for the Kirchhoff equation on graphs, there is a lack of
relevant results when the nonlinear terms are associated with subcubic growth. Thus,
in the following article, we attempt to investigate the existence of positive solutions
to the Kirchhoff type problem

—(a+b [y |VulPdu) Au+ AV () + Du = |ulP~2u inV, L6
ue Wl’z(V), ( . )

on a connected locally finite graph G = (V, [E), where a > 0 is a constant, b and A
are positive parameters, p > 2 and the potential V (x) satisfies conditions (V7), (V2).
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We shall consider (1.6) for 2 < p < 4 and p > 4 separately. For the former,
in order to overcome the barrier of lacking compactness on graphs, we introduce
two embedding theorems based on steep potential. Moreover, to obtain compactness
results for 2 < p < 4, we extend Brezis—Lieb lemma on graphs. For the latter, we use
standard Nehari manifold to seek the positive ground state solution for the equation
(1.6). What’s more, various asymptotic behaviors and the L°°-norm estimates of the
solution are considered.

1.1 Notations

Let G = (V,E) be a graph which is locally finite and connected, where V and E
denote the vertex set and the edge set, respectively. Here, a graph G is said to be
locally finite if for any x € V, there are only finite y € V such that xy € E. And
a graph is connected if any two vertices x and y can be connected via finite edges.
For any x, y € V with xy € E, we assume it has a positive symmetric weight on G,
namlely wyy = wy, > 0.

Then we define the measure p : V — R™ on the graph, which is a finite positive
function on V. And we call it a uniformly positive measure if there exists a constant
no > 0 such that u(x) > po for all x € V. For any function u : V — R, the
wu-Laplacian (or Laplacian for short) of u is defined as

Au(x) = T D ey (u(y) — u(x)), (1.7)

y~x

where y ~ x means xy € [E or y is adjacent to x. We denote the gradient form of two
functions u# and v on the graph by

L, 0)(x) = —— ( ) D iy w(y) — u(@)) () — v(x).

y~x

Denote I'(u) = I'(u,u) and VuVv = I'(u, v), then the length of gradient u is
represented by

1/2
[Vul|(x) == T (u)(x) = (2 ™ way(u(y) —u(x)) ) .
y~x

The integral of a function f over V is given as

/Vfdu =D nf ).

xeV

We denote the space of functions on V by C(V). For u € C(V), its support set is
defined as supt(u) = {x € V : u(x) # 0}. Let C.(V) be the set of all functions with
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finite support and WL2(V) be the completion of C.(V) under the norm

12
il = (K/ (IVMIZ-i-uZ)d/L) .

Obviously, W!2(V) is a Hilbert space with the inner product
(u, v) = / (T'(u, v) +uv)du, Yu,v e WI’Q(V).
Y

What’s more, the space L” (V) is defined as
LP(V) ={u e CV): ullrrev) < oo},

where

1
(Z u(x)|u<x)|P)” if 1< p < oo,
lullLrvy = § \xev

sup |u(x)] if p=o0.
xeV

Consider adomain Q C V. The distance d(x, y) of two vertices x, y € Q2 is defined
by the minimal length of a path which connect x and y. €2 is said a bounded domain in
V, if the distance d(x, y) is bounded for any x, y € Q. The boundary of €2 is defined
as

0 :={y ¢ Q:3x € Qsuchthat xy € E}

and the interior of €2 is denoted by Q2°. Obviously, we can see that Q° = 2, which
is different from the Euclidean case. Furthermore, the Hilbert space WOl ’Z(Q) is the
completion of C,.(£2) under the norm

3
leell 12,000 = (/ |Vu|2d,u+f uzdu) .
Wo ™ () QUI Q

Because of the formula for integral by parts which will be introduced in Sect. 2, there
is an extral integral on 9<2 for the gradient form of u.

And for more details about graphs, we refer the reader to [14].

Furthermore, if conditions (V1), (V) are satisfied, we denote mg, the ground state
energy of the equation

(1.8)

—Au+4u=ulPu inQ,
u=20 on 02,

where p >2and Q = {x e V: V(x) = 0}.
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1.2 Main Results

After explaining the notations, we introduce the main results achieved. In this paper,
we always assume that G = (V, ) is a locally finite and connected graph with pos-
itive symmetric weight and uniformly positive measure. We consider Kirchhoff type
problem (1.6) satisfying the conditions (V1) and (V3). To state our main results, with-

out loss of generality, we may assume that a = 1. Consequently, we shall investigate
the Kirchhoff type problem

(Kx,p)

— (140 [y [VulPdp) Au+ LV (x) + Du = [ulPu inV,
ue Wha(v),

with the associated energy functional

1 b 2
oy = 5 [ [P + GV + Da)du+ ] (/ |Vu|2du) = [ e
2 )y 4 \Jy rJv
Then it is natural to consider a function space
E, = {u e wh2 () : / AV x) + Duldp < oo}
Y

with the norm

1/2
lull, = {/ [IVMI2+()»V(X)+1)u2]du} .
\%

The space Ej is also a Hilbert space and its inner product is
(1, ) =/ ('@, v) + AV (x)+ Duvldu, Vu,v € E,.
A\

We now summarize our main results as follows. The first main result is concerned
with the existence of positive solutions.

Theorem 1.1 (i) Suppose that 2 < p < 4, uog = %mg and conditions (V1), (V2)
hold. Then there exists b* > 0 such that for every b € (0, b*) and » > 0, Eq. (KC) »)
has one positive solution uy_p € E) satisfying

1
1 2pmgo 2 2
0<pg < ||”A,be< p—2 <m)

and

p—2 mg 2 \r2
0< " po < Lup () < —= (—) :

@ Springer



A Generalized Brezis-Lieb Lemma on Graphs... Page70f36 141

Fig. 1 The graph G¢ Io Ty
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(ii) Suppose that p = 4 and conditions (V1) , (V2) hold. Then there exists h>0
such that for every b € (0, I;), A > 0, Eq. (KC). p) has a positive ground state solution
wy.p € Ey satisfying I (wk,b) =Ly >0

(iii) Suppose that p > 4 and conditions (V1) , (V2) hold. Then for every A >
0, b > 0, Eq. (KK)») has a positive ground state solution w;_, € E, satisfying
Loy (wip) =Ly > 0.

Remark 1.1 To illustrate that the condition g > %mg can be achieved, we consider
a finite connected graph G¢ = (V, E) as shown in the Fig. 1. The vertex set V is

{x1,x2, -+, x¢} and the edge set IE is {x12, x13, X23, X24, X25, X34, X35, X45, X46, X56},
where x;; represents the edge connecting vertices x; and x;. For simplicity, we take
the measure p satisfying p (x;) = 1 fori = 1,2, --- , 6 and take the weight Wy;x; =

Wyx; = 1 for all x;; € EE. Hence, Gg is a finite and connected graph with positive
symmetric weight and uniformly positive measure.
Next, let V(x) be

0 ifi=1,

Viix:) =
(xi) {1 if i =2.3.4.5,6.

We consider the equation (1.8) in a Hilbert space Wol’z(Q), with corresponding func-

tional
1 5 2 1
Io(u) = = IVul"dp + [ w™dp ) —— [ |ulPdp.
2 \Jauwsa Q pJa

Clearly, the potential well is 2 = {x} with boundary a2 = {x7, x3}. Note that

1 if x = xq,
0 if x = xp, x3,

Ml(x):{
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satisfying u1 (x) € Ng, and so

1 1
0<mg:= inf Igu) < - ——,
o= inf Q(u) 27
where
— 1,2 . 2 _ p
Ng = {u € Wy (S)\{0} : IIMIIW(},z(Q) = ”u”LP(Q)}'
Thus, we can take o = 1 satisfying po > %mg.

Note that Zhang and Du [32] applied the truncation technique to handle the similar
Kirchhoff equation in R? space successfully, however, this technique is not applicable
to graphs. Therefore, we need to identify an alternative approach. Inspired by Sun and
Wu [29], we apply a novel constraint method, which will be introduced in Sect. 3, to
obtain the boundedness of the Palais-Smale sequences. Furthermore, to overcome the
compactness, we extend the classical Brezis—Lieb lemma [5] on Euclidean space to a
connected locally finite graph in Sect. 2.2.

To study the asymptotic behavior of u; 5, w; , € E; as A — 00, it is advisable to
consider the Dirichlet problem

u=20 on 9%2. (Koo.b)

{ —(1+0b o Vul?dp) Au+u = [ulP2u inQ,
Similar to Eq. (K, p), the Dirichlet problem (ICOO, b) also has a positive solution under
some assumptions.

Theorem 1.2 (i) Suppose that2 < p < 4, uog > %mg and conditions (V1), (V»)
hold. Then there exists b* > 0 such that for every b € (0, b*), Eq. (ICOO,;,) has one
positive solution us p € WOI’2 (2).

(ii) Suppose that p = 4 and cqnditions V1), (V3) hold. Then there exists b >0
such that for every b € (0,b), Eq. (Kso,p) has a positive ground state solution
Weo,p € Wy'? ().

(iii) Suppose that p > 4 and conditions (V1), (V2) hold. Then for every b > 0, Eq.
(Ko,») has a positive ground state solution wx j, € W, 2 (2).

Remark 1.2 For convenience, we use the same notations b*, b here as in Theorem 1.1.

Next, we have the following result:

Theorem 1.3 (i) Suppose that2 < p <4, uo > %mg and conditions (V1), (V;)

hold. Then there exists b, € (0, b*), for any sequence X\, — 00, pass to a
subsequence, uy, , € E;, converges in WL2(V) 10 a positive solution of Eg.
(lCoo,b) with b € (0, by) fixed, where u,, , € E;,, is the positive solution of Eq.
(Kx,.») obtained by Theorem 1.1(i).
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(ii) Suppose that p = 4, and conditions (V1), (V2) hold. Then, for any sequence
An —> 00, pass to a subsequence, w;,, € E,, converges in WI’Z(V) to a
positive solution of Eq. (ICoo,b) with b € (0, I;) fixed, where wy, j, € Ej, is the
positive ground state solution of Eq. (Ky, p) obtained by Theorem 1.1(ii).

(iii) Suppose that p > 4, and conditions (V1), (V2) hold. Then, for any sequence
An — 00, pass to a subsequence, wy, € E,, converges in WL2(V) 10 a
positive solution of Eq. (ICOO,;,) with b € (0, +00) fixed, where wy, p € E;,, is
the positive ground state solution of Eq. (Ky, p) obtained by Theorem 1.1(iii).

After exploring the asymptotic behavior of u) 5, wy, € Ex as A — 00, we turn
our attention to study asymptotic behavior of uy j, wyp € Ej as b — 01, thus

—Au+AVE) + Du=ul”2u inV, Kao)

ue Wh2w), 20
is considered naturally. According to [33], if conditions (Vi) , (V») are satisfied, Eq.
(K1 0) has a positive solution for p > 2.

Theorem 1.4 (i) Suppose that2 < p <4, uo > %mg and conditions (V1), (V3)

hold. Let u; p € E; be the positive solution of Eq. (ICM,) obtained by theorem
1.1(i). Then for each A € (0, 00) fixed, up to a subsequence, uj , — uy o in Ej
as b — 0T, where uy.0 € Ey is a positive solution of Eq. (I 0).

(ii) Suppose that p = 4 and conditions (V1), (V2) hold. Let w), j, € E) be the positive
ground state solution of Eq. (IC;\,;,) obtained by Theorem 1.1(ii). Then for each
A € (0, 00) fixed, up to a subsequence, wy , — wy o in Ey as b — 0t, where
wy. 0 € E, is a positive solution of Eq. (IC). o).

(iii) Supposethat p > 4 and conditions (V1), (V2) hold. Let w;, , € E; be the positive
ground state solution of Eq. (IC;\,;,) obtained by Theorem 1.1(iii). Then for each
A € (0, 00) fixed, up to a subsequence, wy p — w;y o in E; as b — 0t, where
wy.0 € E; is a positive solution of Eq. (ICy. o).

Next, we present a theorem that describes the asymptotic behavior of uy ., wy p €
E; as A — oo and b — 07. According to [33], if conditions (V) , (V») are satisfied,
then

—Au+u=|ulP2u in Q,
{ u=>0 on 9%2, (Koc.0)

has a positive solution for p > 2.

Theorem 1.5 (i) Suppose that2 < p < 4, uy > %mg and conditions (V1), (V3)
hold. Let uy j, € E) be the positive solution of Eq. (ICM,) obtained by Theorem
1.1(i). Then up to a subsequence, u; p — Uoo,0 iN WL2(V) as b — 0% and
A — 00, where uso o € Wol’2 () is a positive solution of Eq. (ICOO,O).

(ii) Suppose that p = 4, and conditions (V1), (V2) hold. Let w;_j € E) be the positive
ground state solution of Eq. (ICM,) obtained by Theorem 1.1(ii). Then up to a

@ Springer
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subsequence, W) p — W 0 iN Wl’z(V) asb — 07 and . — oo, where Weo,0 €
Wol‘2 (R2) is a positive solution of Eq. (ICOO,O).

(iii) Suppose that p > 4, and conditions (V1), (V2) hold. Let w;_j; € E; be the positive
ground state solution of Eq. (IC;L,b) obtained by Theorem 1.1(iii). Then up to
a subsequence, Wy p — Woo,0 iN WL2(V) as b — 0T and A — oo, where
Woo,0 € Wol’2 (R2) is a positive solution of Eq. (ICOQ,O).

Finally in this subsection, we give the estimate of solutions.

Theorem 1.6 Let u) p, wy p, € Ej be obtained by Theorem 1.1. Then there exist
C1, C2 > 0 (independent of ) satisfying

||u)~»b||L°°(V) < Crand | w)hb”LOO(V) <G

forall . > 0.

The paper is organized as follows: in Sect. 1, we describe the development of
Kirchhoff type equation and some research results about it on Euclidean Space. Fol-
lowing that, the research results of discrete equation in recent years are presented.
What’s more, we provide an explanation of main notations and present the main results
achieved, including the existence of positive solution and its asymptotic behavior for
Eq. (K1 p). InSect. 2, in order to derive the main results, we undertake essential prepa-
rations. This includes introducing the formula for integral by parts and the Sobolev
embedding theorem on graphs. Subsequently, we introduce a generalized Brezis—Lieb
lemma on graphs. In Sect. 3, we filtrate the Nehari manifold N, ; associated with Eq.
(Kx.») laying the foundation of the proof in next section. In Sect. 4, we show that the
existence of the positive solution u; , € E) for Eq. (ICy ) when 2 < p < 4, where
we have employed calculus of variations. In Sect. 5, we prove the multiple results
regarding the asymptotic behavior of u, ; € E, by controlling parameters A and b. In
Sect. 6, by applying standard variational methods, we show that the existence of the
positive ground state solution w; ; € Ej for Eq. (), ) when p > 4. In Sect. 7, we
analyze the asymptotic behavior of the solution wy ;, € E; by controlling parameters
A and b. In Sect. 8, we give the estimate involving the L°°-norm of solutions by using
iteration.

2 Preliminaries

We will introduce some useful results on graphs.

2.1 Formula for Integral by Parts and Embedding Theorems

In this subsection, we shall present two lemmas about integral by parts on graphs first.
According to the work of Zhang and Zhao [33], we have the following lemmas.
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Lemma 2.1 Suppose that u € W'2(V) and its Laplacian Au is defined by (1.7). Then
forany v € C.(V), we have

/Vu~Vvdu=/F(u,v)du= —/ Auvdp.
A\ A\ A\

Lemma 2.2 Suppose that u € W'2(V) and its Laplacian Au is well-defined. Let v
be a function which belongs to C.(2), where Q C V is a bounded domain. Then we
have

/ Vu-Vvdu:/ l"(u,v)d,u:—/ Auvd.
QUIR QUIK Q

After that, since the graph has no concept of dimension, the Sobolev embedding
theorem becomes unusual. For this, we introduce two compactness results related to
E;.

Lemma 2.3 Assume that A > 0 and V (x) satisfies conditions (V1), (V2). Then E), is
weakly pre-compact and E;_compactly embedded into L4 (V) for any q € [2, co] and
the embedding is independent of .. Namely, there exists a constant C depending on
o and q such that for any u € E;,, |[ullpsvy < Cllulls. Particularly, there holds

92
lwlls = 1o Nullzaeyy for2 <q < +oo. 2.1

Moreover, for any bounded sequence {u,} C E,, there exists u € E) such that, going
if necessary to a subsequence,

Up—u in E;,
up(x) > u(x) Vx eV,
Uy, —> U in L1(V).

Proof We assume that u € E;, take any vertex x| € V and fix it, there holds

jul = [ [1vuP + v + 0] du
A%

> / wdp =Y pe () > po ().
A\

xeV

1
u(xp) <[ —lullx.
\ o

which implies
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Thus E, < L°°(V) continuously and the embedding is independent of A. When
2 < g < +o00, we have

[S1ES)

lully = {/ [IVMI2 +@AV(x)+ l)uz] du}
v

2
([
v
g

2
- [Z u(x)uz(x):| >yt el

xeV xeV

7_1 41
>ug Y n@u@| =g /v'”'qd“’

xeV

-2
so we get |lul|, = /LOZ" lull La(vy. Then we obtain the continuous embedding E; <
L9(V) forany 2 < g < oo.

The rest of the proof is similar to the lemma 2.6 in [33], so we omit it here. O
For the space Wol’2(£2), we have another embedding theorem as following.

Lemma 2.4 (See [33], Lemma 2.7) Assume that 2 is a bounded domain in V.
Then WOI’Z(Q) is continuously embedded into L1(2) for any q € [1, oo]. Namely,
there exists a constant C depending only on q and 2 such that for any u €
Wol)z(gz), lullra@ < C||u||W(:,z(Q). Moreover, for any bounded sequence {u,} C

W(}’z(Q), there exists u € WOI’Z(Q) such that, going if necessary to a subsequence,

Un—u in Wy (),
up(x) —> ulx) Vx e,
U, —> U in L1(2).

2.2 A Generalization of Brezis-Lieb Lemma

After introducing two embedding theorems, we establish a generalization of Brezis—
Lieb lemma on graphs as following.

Lemma 2.5 Suppose that conditions (V) and (V») hold. If {u,} C E,, is bounded and
there exists u € E; such that u,—u, then there holds

: q q _ q
i (Nl = lltn = ) = Nl
for2 < g < oo.
Proof We assume that {u,} has a upper bound M in E,, then

lully < Hmflug[l; < M.

n—o0
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Fix ¢ > 0, there exists C, > 0 such that, for all &, 8 € R,
llw 4+ B17 — |eel?| < ]l + Cc|BI.
If we let
= (lal? = g — el = Jul?| = elu, — u|?)”

and take « = u,, — u, B = u, then

(|l + Bl —lal? — 1819] — el )

(|l + Bl = Je|?| + 1817 — ela|D) T

(elarl? + CelBI7 + 1817 — elarl?) ™

[+ CIBI]T = (1 4+ CoIBIY = (1 + Colul?,

Ir

<
<

so there exists a constant C such that

fVV(x)|f,f\dM<(l+C8)/ V@)lulldu

cUFC)C (1+Ce)C
—s” ||)L —gqu_
2% A2

In view of (V2), let xg € V be fixed, there exists some R > 0 such that

1+ C,)CM1
Vx) > % when dist (x, xg) > R.
A2e

Hence, we obatin

q
A2g
foldp < —2f / Ve | £ du <6 22)
/dist(x,xo)>R & (1+Ce) CM? Jgist(x,x0)>R 1431

Since {u,} C Ej, is also bounded in L%(V) and we have the weak convergence in
L?(V), then

lim (un —u) pdp = hm ZM(X) [un(x) —u(x)]p(x) =0 (2.3)

n—0oQ
er

for any ¢ € L?(V). Take any x; € V and let

) 1 ifx =xq,
X) =
1 0 ifx #£x,
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which belongs to L2(V). By substituting ¢ into (2.3), we get lim wu (xq) [u,(x1) —
n—oo
u(x)] = 0. Thus, lim u,(x) = u(x) for any x € V, and so f,/(x) — 0 for any
n—o0

x € V. Moreover, because {x € V : dist (x, xg) < R} is a finite set, there holds

lim | 5| dn = 0. (2.4)

n—>+00 Jdist(x,x0) <R

We conclude from (2.2) and (2.4) that lim fV | f,f} du = 0, then
n——+00

. P
nETmA,fnd“ =0
Note that

[T = |t — ul? = Jul?| < fiy + elun —ul?,

we obtain

n—00

lim/||un|‘1—|un—u|q—|u|q|du< lim/f,fdu—i-e lim/|un—u|qdu

\% n—0o0 Jy n—>o0 Jy

<0+¢-27 Tim f (lunl? + 1)) dpa.
n—>oo V

Now let ¢ — 0, there exists

T [ [lunl?  lty = ul? | i =0,
\%

n—o0

which implies that

lim (|un|q — Jup —ul? — |u|q) du = 0.
n—o0

We finish the proof now. O

Remark 2.1 If |ju,,|| w'2(Q) is bounded and there exists u € Wol’z(Q) satisfying u,,—u,
0

then lim u,(x) = u(x) for all x € 2 is obviously, which implies that
n— o0

: q q _ q
ngngo (”MI’l”Lq(Q) — |lun — u”Lq(Q)) = ”u”Lq(Q)
forg > 1.
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3 The Construction of a Noval Constraint Manifold

To find the solutions of Eq. (ICy ), it is naturally to consider the critical points of the
functional I, ,(u). A direct calculation shows that

(1), ¢) = |:1 +b </ IVulzdu)}/ VuVedp
v A%

+/ (xv<x)+1>u<pdu—/ ulP2ugdu
A% A%

for all ¢ € E,, where | ){ » denotes the Fréchet derivative of Iy 5. Next, we can define
the Nehari manifold '

Nip = fu € Ex\{0} : (I} y(u), u) =0},

then u € N, if and only if [lu]|? + b ([, |Vu|2du)2 = [y lulPdp.

Motived by Sun and Wu [29], we filtrate the Nehari manifold N, , with2 < p < 4.
For each r € [2, +00), suppose that conditions (V) and (V>) hold, in view of (2.1),
we find

_r=2
)

/V|u|rdu <y llully for a > 0.

Hence, for u € N,_ 5, there holds

p—2

2
lull? < ||u||§+b(/ IVu|2dM> =f lulPdp < pg 2 lulll,
\% A%
which implies that
/ lulPdu > |lul|? > o forall u € Ny p. (3.1
\%

It’s noteworthy that the Nehari manifold Nj j is closely linked to the behavior of
fibrering map of the form Ay, : t — I p(tu) as

bt 5\ P )
hoa(t) = Sl + 2= (| \VuPdn) == | juidp fors > o.
v pJv

Foru € E,, it is easy to see

2
h, (1) = tlull? + b (/unﬁcm) —ﬂ’*‘/vw’du
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and

2
(1) = ull3 + 3b1* (/ |Vu|2du> —(p—l)t”_Z/ lu|Pd .
A% A%

Thus, foru € E;\{0}andt > 0, h;’u(t) = Oholdsifand only iffu € N, p. Especially,
we can see that h;w (1) = O holds if and only if u € N, ;. According to [31], we may
decompose N, j into three disjoint parts

Ny, = {ueNyp:hy (1) >0},
N, =={ueN,,:hj (1) =0},
N, , = {u eNwp:hy, (1) <0}

Then we have the following result.

Lemma 3.1 Suppose that ug is a local minimizer for I, , on N, p and ug ¢ Ng’h. Then
I, (o) =01in E; .

Proof 1fugisalocal minimizer for I, , on Ny p, then ug is a solution of the optimization
problem

minimize [ ;,(u) subject to y (1) =0,

where y (u) = [lu|? + b (fy |Vu|2d/JL)2 — [y lulPd . It follows from Lagrange mul-
tiplier rule that Iﬁ 5 (10) = 0y’ (ug) for some 6 € R. Hence, we have

(15 o), uo) = 6 (y" (uo) , uo).

For up € Ny p, there holds

0= (I)/\,b (uop) , uo)

2 (3.2)
=||uo||i+b<f IVuolsz) —/ m
A% A\

The condition ug ¢ Ng) , means that
2
luo 2 +3b (/V |wo|2du> =1 [ ol #o. (3.3)
So combining (3.2) and (3.3) gives

2
(p —2) luoll; — b4 — p) (/VIVuolzdu> # 0. (3.4)
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Thus, by (3.2) and (3.4), we have

2
(V/(Mo),uo>=2||uoll,2\+4b(K/IVuo|2dlt) —Pﬂ/luolpdu

2
— —(p—2) luol2 + b4 — p) (/V |Vuo|2du>
40,

which implies that & = 0, and so 1 )/\ » (o) = 0. The proof is completed. O

Lemma 3.2 Suppose that 2 < p < 4 and conditions (V1), (V2) hold. Then I, j, is
coercive and bounded below on N, . Furthermore, for all u € N;_,, there holds

p
Lop(u) = HO-
P

Proof Note that

2
hy (1) = ull} + 3b </VIVu|2du) —(p—l)/vww

3.5
= <20ul} + @~ p) [ uld
A%
for all u € N;, 5. So combining (3.1) and (3.5) implies that
1., b o\ 1
(@) = 5 el + Z (f 1Vl du) - ;/Vlul”du
1
= g} -2 / ulPdp (36)
pP—
= =
1 IIMII,\ 1 Mo
forallu € N; ;. This completes the proof. O

Next, we attempt to do more analysis with N, ", . Suppose that conditions (V1), (V2)
2
hold. For any u € N, , with I, ,(u) < m—Q (é) P , it is easy to obtain

2

2 = 1
%(m) > Lp() = Sl + (/ |Vu|2du) ——f ul” dp

_p—2 b4 - p) 2
=2, llull — T </V|VM| dM)

> 2 2 - 2 ”)n ull.
2p
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L
Hence, if 0 < b < (=22 (4=p) P72 , one has two positive numbers D; and D;
2pma@—p) \ 2 p

satisfying

1
2 = 2 2\
pmg (_) <Dy < |2Pme <_) <D
p—2\4-p

such that
llullx < Dy or |lullx > Da.

Clearly, one can see that D — co as p — 2% or p — 47 . Therefore, one has

2 2
meq 2 =2 me 2 =2
N — | — = Nop:1 — | —
A,b( > <4_p) ) {ue bt hopu) < = <4_p> }

_ N 2)
=N; , UN; 3.

2
a1 . mq 2 P2\
N )= {u €N (-2 (—4_ p) ) Slulla < Dl}
2 =
@ ._ me .
N, = [ueN,\,b< ) <4_p) >.|IMIIA>D2}-

2
_ (=% [(4-p\r2
Moreover, for0 < b < T =p) ( 5 ) , there holds

where

and

1
2me 72

lull, < Dy < forall u € N (3.7)
)

If o > p mgq, combining (3.5) and (3.7) gives
2

YD) = 2l + G- p)/vwcm
2l 4 G = pyug T ul?
<0

forallu € N/(\ Z, and this shows that N/(\1 » CN; ;- Therefore, the following statement
is true.
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2
4—p

2 =2
Lemma 3.3 Suppose that2 < p < 4,0 < b < ﬂ( 5 )’ z,uo>%mg

2pmgq(4—p)
and conditions (V), (V) hold, then N;{)b C N):b is sub-manifold. Moreover, each

local minimizer of the functional I j in the sub-manifold Ng\ll is a critical point of
I)L b in E)\.

For u € E;\{0}, we define
2\ 72
flelly; "
To() = |
(fw lulPdu

Lemma 3.4 Suppose that2 < p < 4, uo = %mg and conditions (V1), (V») hold.
For every b > 0 and u € E;\{0} satisfying

for convenience.

p—2

p [pA&—-p 7
flul”du>—[— lJull?,
v 4—p| p-2

there exist two constants t;j' and t,, which satisfy

1

_ 2 = 4
T <1, < m T(u) <1,

+ +
such that t;;u € Nx,b'

Proof For each u € E;\{0} and ¢t > 0, we define
m(t) =t 2|u|? —tp—4/ lu|Pdp fort > 0,
\Y

then

2
b () = tlullf + bt (/ |Vu|2du) —tl’—‘/ lulPdu
\% A%

2
= |:m(t) +b (/ |w|2du) } .
A%

This implies that ru € N;_p if and only if m(r) + b ([, |Vu|2du)2 = 0. Based on a
calculation, there hold

m (T (u)) =0, lim m(t) = +oo, lim m(t) =0
t—0t t——+00
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and

m'(t) =173 [—2||u||% + 4 —pyr? /\V Iul”du} .

1
Note that m(¢) is decreasing when 0 < ¢ < (ﬁ) r T).(u) and is increasing when

1

t > (ﬁ)ﬁ T, (u). Hence, when

p—2

p [bd—-p |7
/Iulpdu>— ZETP T
v 4—p| p—2

we have

2 1’1—2
tir>11(°)m(t) =m ((4—) T;L(u)>

- D
.\
:_<p—2> 2llul2 "
4—p)\@—p) fylulpdp *
2 2
P\ 7=
< (LY ||u||1‘<—b(/V|Vu|2dM) ,

2
here we have applied (%) P=2 > 1. Then there exist two constants t;' , 1, > Osatisfying

1

_ 2\ N
T)L(Lt) < tb < m T;L(u) < tb

such that

2
m(ti)+b(A|W|2du) =0,

and so t;tu € N ». Note that
(1) = 27 ul2 — (p — 47~ /V ulPdp
. [—2r2||u||i +@—py? /\V Iul”du}
=17 [—2||m||§ +@-p /V Itulpdu} :
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then through calculation, one has
hgguﬂ)::—2”%V”i+(4—1ﬂjgh;quu
= (1) m' (1)) <.

Similarly, there holds hZ t+u(1) > 0 and so tbiu € Nf »- Then the proof is completed.
A .
O

Next we focus on whether NSZ is non-empty. To see this, let’s consider the Dirichlet

problem (1.8) in a Hilbert space W(} ’2(9), with corresponding functional

IQ(M)ZE ; aQ|Vu| du + Qu du —; Q|u| du.
U

According to [33], suppose that p > 2 and conditions (V7), (V2) hold, then there
exists a ground solution wg satisfying

1 1
0 = inf Io(u) = - 2 - = 1o (@)
<mg:= inf lo() =7 llwaliyq, > lwellz, g,
where
No == Ju e Wy (N0} : llul®1n o = llull? e f -
0 WO’ (Q) LP(Q)

Furthermore, we obtain

2pmg
and
1
lwall lwall 2pma ) !
w = ||w = .
QllLr ) QllLr(@) P
Then for
(p—22 [(4—p\F?  (p—27 [4—p\i?
0<b<d":= ( ) < < ) ,
2pmq(4 — p) P 2pmq(4 — p) 2
it has
bd— 1T
P -p)?
/stzlpdu > —[—} lwall? .
' 4—p| p-2
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Consider lemma 3.4, it is easy to obtain positive constants #, and t; satisfying

1

_ 2 p—2 n
T (we) <1, < m T (wq) <1,

such that l‘;:wg € N/\jE 5» Where

e
lwell? 72
T; = —2— =1
5 (wg) (fv|wsz|pdﬂ

1

Moreover, when 1 < 1, < (%) ”% there hold

_\2
t 4—
Ix,b(r,;wg)=(”) lwel? = —L )" [ lwal? du

4 4p v
1], _\2 — D, _\p|2pmg
G
p p
2 P (3.8)
1 2 =2 4—p 2 =2 | 2pmg
<_ — —_— — —
4|1\4—-p p \4-p p—2

and

1 1
B 2\ 2pmo [ 2\
I, wsz”A < (m) Ty (we) llwall, = b2 (m) )

S0 1, wo € Nf\lz. Thus, we obtain the following statement.

Lemma 3.5 Suppose that2 < p < 4, uo > %mg and conditions (V1), (V») hold.
When

2

0<bopm P2 (4_1’)"_2
2pmo@—p) \ p ’

the sub-manifold N;l)b is non-empty.

4 The Proof of Theorem 1.1(i)

Now, we are ready to investigate the compactness for the functional I, ;,(«). In the
following key proposition, we shall show that for ¢ sufficiently small, the sequence

@ Springer



A Generalized Brezis-Lieb Lemma on Graphs... Page230f36 141

— 0 has a convergent

{u,} C N)(\li satisfying I, p (uy) — ¢ and "I){’b (un) -
A
subsequence.

Proposition 4.1 Suppose that2 < p < 4, o = %mg and conditions (V1) , (V3)

2
hold. Then I p satisfies (P S).-condition in Nﬁ»l’i withe < =% (ﬁ) P Sforall) > 0
and 0 < b < b*.

1

Proof Let {u,} C Nﬁz be a (PS).-sequence for I, , with ¢ < ng (A‘%p)ﬁ Then
we have |lu,|l; < Dp by (3.7). Passing to a subsequence if necessary, there exists
ug € E; such that

up—ug in E;, 4.1)
U, (x) > upg(x) ¥x €'V, “4.2)
u, — ug in LP(V), (4.3)

where we have used Lemma 2.3. Then, we aim to prove that v,, := u,, —ug — 0
strongly in E;. We conclude from Lemma 2.5 that

[ rent? die = [ aal? i~ [ puol? dye -+ 0,0 (4.4)
v v A%
Since ||u,||; is bounded, we infer that, up to a subsequence,

n—o0

lim | |Vup>dp = A,
\%

where A is a positive constant.
For any ¢ € E,, by (4.1) and (4.2),

on(1) = (I} , (un) . ¢)

= (U, @); + b / |Vu, > dp / Vu, Vedu — / ltn 1P~ uppd
\% A\ \%
= (uo,@,\—i—bA/VVrode—/;7|M0|p72bto¢du+0n(1)~

Then take ¢ = ug in above equality, there holds
||uo||§+bA/ IVuolsz—f luol? djn = on(1). (4.5)
v \Y%
Byu, € Nil;, C Ny b, we have

2
||un||§+b(fv|wn|2du) —/Vmu"du:o. (4.6)
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Combining (4.4), (4.5) and (4.6), we yield that

2
on<1)=||un||i+b</ |wn|2du> —/ unl? i — o2
A% A\
—bA/ |Vuo|2du+/ ol d
A% A
2
=||vn||i+2<vn,uo>x+b<ﬂl|wn|2du) —bA/VIVuolzdu
—f lonl? i + 0n(1)
A%
=||vn||i+b/ Vi d (f |wn|2du—/ IVuolzdu>
A% A% A%
_/ |Un|pd,u+0n(1)
A%
=||vn||§+bf |wn|2du/ |an|2du—f lonl? dit + on(1)
A% A% A%
> ||vn||i—A|vn|Pdu+on(1>.

It’s easy to see ||v, ||, — 0, where we have applied (4.3). Then the proof is completed.

[m}
According to lemma 3.2, 3.3 and 3.5, we can define
myp= inf I p(u)
ueNﬁlb
when 0 < b < b*. By using (3.6) and (3.8), we deduce that
2 2 \72
_ =
O<p uo<m1b<m—9 —_— . .7
4p ’ 2 \4—-p
Obviously, there exists a sequence {u,} C N;{L such that
Lp (un) = my p + on(1) (4.8)
and
I, (uy) = 0,(1) in E; ! (4.9)

from the Ekeland variational principle [11].
We have made sufficient preparations to prove the theorem 1.1(i) and we give the
proof now.
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It from (4.7), (4.8), (4.9) and proposition 4.1 that Iy j satisfies the (PS),,, , con-
dition in E; forall 0 < b < b* and A > 0. So we can find a subsequence {u,} and
uy.p» € Ej such that u, — u; p strongly in E, forall 0 < b < b* and A > 0. Thus,

uy p € Ej is a minimizer for I, p in Nf\lz,. Since |uu,| € N/(\IZ, and

Loy (|unp|) = Dup (urp) = mop,

we can derive that i) ; € E; is a non-negative solution for Eq. (K ) easily, by using
lemma 3.3. If u;  (x1) = O for some x; € V, then Auy 5 (x1) =0, i.e.

0= Au;p(x1) = p (lxl) x~Zx1 Wiy, [Ua,p(X) — 5 (x1)]
1
= 1w (x1) Z wxxluk,b(x)a

X~X]

which means )" wyy, uy p(x) = 0 with wyy, > 0, u; p(x) > 0 for x ~ x;. Hence
X~X1

there holds u; 5(x) = 0 for all x ~ x|, we deduce from the arbitrariness of x; that

uy p(x) = 01in 'V, which implies that u;_j is a positive solution. Moreover, we deduce

1
from (3.1) that any critical point u; ; € N;IZ C Ny p satisfying |luy plln = ué > 0.
The proof is now finished. O

5 Asymptotic Behavior of Positive Solution u; ;
After obtaining the existence of the positive solution u , € E, of Eq. (IC,\,;,) for

2 < p < 4, we turn to study the asymptotic behavior of u, ;, € E; obtained by the
theorem 1.1(1).

5.1 Asymptotic Behavioras A — oo

In this subsection, we investigate the asymptotic behavior of u , € E) of Eq. (IC A, b)
as A — oo and give the proof of theorem 1.2(i) and 1.3(i).
To deal with Eq. (ICOO,;,), it is naturally to consider

1 b 2
@) = 5 (/ Vuldu+ | |u|2du) 2 (/ |w|2du)
QUIQ Q QUK

1
——f lul? dp
P Ja

with corresponding Nehari manifold

2
Noo,b 1= {uewg’%m\m}:||u||";vé.2(m+b(fg aQIVulsz> =fQ|u|”du}-
U
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Similar to the filtration of Nehari manifold N, ;, we can define

2

mo 2 =
Nélo)b = {u € Noop & loop(t) < — <—p) , ”u”WOI’Z(SZ) < Dy

2 4 —
and
Meo,p = 1nf Ioo p(u).
ueN

Just as what we have done for Eq. (IC,\,b), we can get a positive solution U p €
W(}‘Q(Q) of Eq. (’Coo,b) for 2 < p < 4, which achieves mq, , of the functional

Io,p(u) in Ngl)’b. Thus, we prove the theorem 1.2(i). O
Before proving the theorem 1.3(i), we establish the following lemma.

Lemma 5.1 Suppose that2 < p < 4, uo = %mg and conditions (V1), (V») hold.
Then there exists by € (0, b*) such that m;_p — Mmoo p as . — 00 for all b € (0, by)
fixed.

Proof It is easy to see m;_p, < Moo p for any A > 0. If not, we can find a nontrivial

solution u, j, € E; of Eq. (K;.,5) which vanishes outside 2. So we have u; 5 (xo) = 0

for some xo € V, obviously there holds Au; , (xg) = 0. In view of the maximum

principle, we may deduce that u; ,(x) = 0 in V, which leads to a contradiction.
Taking a sequence A, — oo such that

llm m)w’b = M < moo,bs
n—oo

where m;, b is associated with the positive solution u;, ), € N( >b of Eq. (ICAH )
obtained by theorem 1.1(i). We may deduce from (4.7) that M > (. In addition,
{u An,b} is uniformly bounded in E,. Going if necessary to a subsequence, we have
ug € E; such that

uy, p—uo in Ej, (5.1)
Uy, b(x) = up(x) ¥x €'V, (5.2)

and for any g > 2,
U, b —> o in LI(V), (5.3)

by applying lemma 2.3. Then we shall prove that uo|gec = 0, otherwise we can assume
uo (x1) # 0 for some x; ¢ Q. In view of u;, 5 € Nii)b, there holds

-2 -2
Ly (un,0) = p4_p e b in > p4_p /VMV(X)“%,,,MM
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p—2 2
> W)»nli (x1) V (x1) Uy,.b (x1),

and then lim I, 5 (u5,,») = +00 by using V (x1) > 0, uz, » (x1) — ug(x1) # 0
n—0oo

and u (x1) > 0. Hence, we get a contradiction to the fact that m;, ), < Mmoo < +00.
Furthermore, in view of (4.7), ug # 0 is clearly.
Consider that €2 is a finite set and (5.2), we get

. 2 .1 2
lim Vuy, »| dp = lim = Wxy [U3,,6(Y) — U, b (X)
I Vol = Jim 5 30 T o)
. 1
= Jim 2 D D o0 —uo()P
xeQUIQ y~x

_ / Vuol dpe,
QUIR

then

fm / Vi, 2 du
\%

n—00

. 2
> lim [ |V, ] du>/ |Vuo|2du=f Vuol*de,  (5:4)
QUIR \%

n—oo JV

where we have used ug|qc = 0. Notice that

2
/ |Vu0|2d,u+/ uj du+b</ IVuolzdu>
QUIR Q QUIR
2
</ (IVuolz—i—u%)du—l-b(/ IVuolsz>
\% A%

2
< lim U [|Vuxn,b|2+(AnV(x>+1)u§n,b]du+b<f |VMAn,bi2dli> }
\% \%

n—oo

= tim [ ol dn = [ uol” dpe = [ uol” a
\Y Q

n—-oo JV

by (5.4) and ug|ge = 0. We obtain ¢ € (0, 1] such that tug € Nég’b for b sufficiently
small since fszuasz |Vug|? d has a bound independent of parameter b, i.e.

2
/ |rwo|2du+f |mo|2du+b(/ ItVuolsz> =f \tuol” .
QUIR Q QUIR Q

Hence, the following two cases are considered: 0 < ¢ < 1 andr = 1.
For the former, by (5.4), we have

Moo b < loo,p (TU0)
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—2 4— 2
_rP—c (/ |tVuol* dp +/ |tuo|2du> _p P (/ 1t Vo) dM)
2p \Jauia Q 4p  \Jauwsa
2
P 2 2 2 Ty 4 — 4 / B
ETE v dp|— Tim b—=( [ |V d
< Zp |:/V (| M0| +u0) Mi| nerolo 4p V| M)»n,b| "

< lim {L‘Zf [V, + GaV 0 + 14, | die
\%

nooo | 2p

4_ 2
_ pr (/ |kab|2du> }
r \Jv

= lim ,, (”knvb) =M
o0

for b small enough, which contradicts lim m;, , = M < meg p.
n— 00

For the latter, we deduce from (5.4) that

2
/ |Vu0|2d,u+/u%du+b</ |Vu0|2d,u>
QUIR Q QUIR

2
= lim {/ [|Vuk"’b|2+(an(x)+l)u%mb] d,u—i—b(/ |V”/\n,h|2d“> }
n— 00 A% \%
(5.5)

and

2
/ |w0|2du+/ w3y +b (/ |wo|2du)
QUIR Q QUIQ

2
< lim {/ [|Vuxn,b!2+(AnV(x>+1)u§n,b]du+b(f ‘Vuxn,b|2dﬂ> }
\ \

n— oo

n—oo

— T / |u)%b|pd,u=/ |uo|”du=/ wol? d,
n—oo V V Q

which implies

2
| P+ [ ddduro (/ IVuolsz>
QUIR Q QUIR

2
= Tim {/ [}Vu)\n’byz_i_()\n‘/(x)ﬁ‘l)uin’b]dﬂﬁ-b(‘/ |VM)~n,b}2d'u) }
n—00 A% \%
(556)

2
< lim {/ [|Vux,l’b|2+(an(x)+l)u%mb]du—i—b(/‘ |Vu)%b|2dﬂ> }
\Y% \Y%
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So the combination of (5.5) and (5.6) gives

lim |:|Vu)\mb|2+()»nV(x)+l)u§ b]dp,:/ |w0|2du+f m
n—00 Jy i QUIR Q
(5.7)

and

2 2
lim (/ |vmn,,,|2du) =<f |w0|2du> : (5.8)
n—oo \Jv QUIQ

According to (5.7) and (5.8), there holds

Moo,h < Ioo,b (u)

2
p—2 4—p
=== ([ IVuolzd/L+/ |u0\2du> -b— (f |Vuo|? du)
2p QUIR Q 4p QUIR

2
im 17=2 2 2 L 4-p 2
nlggoi o /VDV”W’ +<Anv<x>+1>uh_b]du b . (/V‘VMA,,,H du)}

nlgrolo I)"Lb (uk,,,b) =M.

Consequently, we conclude from the above two cases that ms, = M, and so
lim m;, , = Moo, p. This completes the proof. O
n—oo

Based on the above discussion, the theorem 1.3(i) can be proved. Next, We need
to prove that for any sequence A, — oo, the positive solution u, , € Ng) ; of Eq.
(Ks.,.5) satistying I, » (43,,,5) = my, » converges in W!2(V) to a positive solution
Uoop € Wy *(S2) of Eq. (Koo ) obtained by theorem 1.2(i) along a subsequence.

Similar to the discussion in the above lemma, there hold (5.1), (5.2), (5.3), ug|gc = 0
and up # 0 obviously. Then we aim to show that as n — o0, up to a subsequence,
there hold

xn/ Vu; ydp— 0 (5.9)
A%
and
/|wkn,b}2d#—>/|wo|2du. (5.10)
\% \%

If not, let’s analyze it in two cases that (5.9) and (5.10) aren’t valid respectively.
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For the former, we assume that (5.9) doesn’t hold, then lim A, fV V(x)u% pdi =
n—00 n
81 > 0, and so

2
| |wo|2du+/u%;du+b<f IVu0|2dM)
QUIR Q QUIR
2
</ (|wo|2+u%)du+al+b(/ IVuolsz>
A\ A\
2 2 2
< lim {/ (V07,01 +(AnV(x>+1>u§,l,,,]du+b(f Vi, 0] du) }
n— 00 \% \%

= lim |uk,,b| dp = /Vluolpdu=/9|uo|"du, (5.11)

n— o0

where we have used (5.4) and ug|ge = 0.
For the latter, we assume that (5.10) doesn’t hold, then

2 2
lim (/ |vmmb|2du) :(/ |Vu0|2du> + 6
n—o0 V V

with 8, > 0, thus

2
| IVuolsz+/u(2)dM+b</ |wo|2du)
QUK Q QUIR
2
</ (IVu0|2+M(2)>dM+b</ |vMo|2du) + b6,
A% \%
2 2 2
< lim {/ [!Vux”,b| +(an(x)+1)u§n,b]du+b(/ |V, b] du) }
n— 00 \% \%

= lim |u;m | du = /V|u0|/’du=/g|u0|pdu, (5.12)

n— oo

by applying (5.4) and up|qc = 0.
We deduce from (5.11) and (5.12) that there exists # € (0, 1) such that tug € N(l)
with a sufficiently small parameter b, i.e.

2
/ |tVuo|2du+f |tu0|2du+b</ |tVu0|2d,u> :/ |tuo|? dp.
QUIQ Q QUIRQ Q

Thus, in view of (5.9) and (5.10), we get

Moo,p < loo,p (tuo)

-2 4— 2
—r-2 (/ Vo dps +/ Ituo|2dﬂ) Y (/ |zwo|2du>
2p QUIQ 4p QUIQ
< —/ |Vu0|2 + ”0 dpn — nhm bi </ |Vux,l dﬂ)

@ Springer




A Generalized Brezis-Lieb Lemma on Graphs... Page310f36 141

. p—2 2 2 4-p 2 ’
< o {zp [ (1ol + v 02, Jan =20 (fvw%,u d“> }

= lim I, (#2,6) = Mmoop
n—o0

for b sufficiently small, which leads to a contradiction. So we find that u( is a solution
of Eq. (ICOO,;,) . Furthermore, lemma 5.1 gives that u( is a positive solution of Eq.

(ICOO);,), which achieves m ; of the functional I 5 () in NSO) »+ This completes the
proof. O

Remark 5.1 According to the proof of lemma 5.1 and the proof of this theorem, we
can take the same b, € (0, b*) in lemma 5.1 and this theorem.

5.2 Asymptotic Behaviorasb — 0%

In this subsection, we focus on reasearching asymptotic behavior of u; , € Ej as
b — 07. Based on the theorem 1.1(i), we give the proof of theorem 1.4(i).

Fix A € (0, 00), for any sequence b, — 0, let u; 5, € E; be the positive solution
of Eq. (K., ) obtained by theorem 1.1(i). Note that

1
) 2pmg 2 p-2
0< Mé < “M}L’bn 3 < b D (m) , (513)

going to a subsequence if necessary, there exists ug € Ej such that uy ,, —uo in Ej.
As we have discussed in Sect. 4, we can deduce u; 5, — ug in E;. Now we just have
to prove that ug is a positive solution of Eq. (ICM)). Since <Ii.b,, (ux,bn) , g0> = 0 for
all ¢ € E,, it is easy to check that

/VMOV§0+()\.V(X)+1)M0(;J£1M=/ |u0|”_2uoq)du,
\% A%

which implies that u( is a nonnegative solution of Eq. (ICK,O). And we have uy # 0
by (5.13). Furthermore, consider the maximum principle, we may obtain uop > 0 in
V. The proof is now finished. O

5.3 Asymptotic BehaviorasA — coand b — 0*

Finally, we explore the asymptotic behavior of the positive solution u; , as A — oo
and b — 07V in this subsection. And we are ready to give the proof of theorem 1.5(i).
Fix a sufficiently small b, for any sequence A, — 00, we may obtain the positive
solution u;,,  of Eq. (IC A h) by using theorem 1.1(i). Passing to a subsequence, u;,, , €
E;,, converges to the positive solution us 5 € WO1 ’2(9) of Eq. (ICOO,;,) as A, —> 00
by applying theorem 1.3(i). Then, in view of the proof of theorem 1.4(i), we derive
that ueo p € W(;’2(Q) converges to a positive solution of Eq. (Kx,0) as b — 0%.

@ Springer



141 Page320f36 S.Cheng et al.

Alternatively, up to a subsequence, we can consider fixing A € (0, oo) and letting
b — 0T subsequently, after then letting A — oco. We may get similar result and the
proof of theorem 1.5(i) is complete. O

6 The Proof of Theorem 1.1(ii) and (iii)

For p > 4, itis easy to prove that the existence of a ground state solution for Eq. (IC A, b)
by standard variational methods. First, we give several useful preliminary results about
energy functional 7, ; and Nehari manifold N ;.

Lemma 6.1 (i) Suppose that p = 4 and conditions (V1) , (Va) hold. Then there exists
b > 0 such that for any b € (0, l;) and any X > 0, N, j is non-empty.

(ii) Suppose that p > 4 and conditions (V1) , (V2) hold, Then N, j, is non-empty for
anyb > 0, A > 0.

Proof (i) For any u € E;\{0}, there holds

2
(15 (). tu) = 2 |ully + br* ( f |W|2du> — 1 / JulPdj.
A\ A\

Hence, for sufficiently small b, it can be find 75 € (0,+0c0) such that
Ii’ p (fou) t0u> = 0, which means that N, ; is non-empty.
(i1) Similarly, we can prove (ii). |
Lemma6.2 (i) Suppose that p = 4 and conditions (V1) , (V2) hold, then Iy j =
inf I () > 0 forany b € (0,b) and 1 > 0.
MENA,b

(ii) Suppose that p > 4 and conditions (V1) , (V) hold, then I , > 0 for any b > 0
and A > 0.

Proof (i) Consider (3.1), we deduce that

1 b 2
Ix,b(u>—§||u|u+z(fv|w du) —;Aw du
11 , (1 1
S R P
(2 4>||M||x+<4 p)/vm m
1o, 1
= Z”u“A Z ZMO

forany u € N, p,s0l, p = %MO > 0.
(i) We may prove (ii) similarly. O

Lemma 6.3 Suppose that p > 4 and conditions (V1) , (V2) hold. Then for each ). > 0,
b > 0, I, p satisfies the (PS). condition in Ny , for any ¢ € R.
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Proof To prove that I, j satisfies (PS). condition, we can assume {u,} C E) such
that

1 b 2
Ix,b(u,»:§||un||§+z(ﬂl|an|2du> —;/Vwmcm:cwn(l)
(6.1)

and

(1 (tn) @) = G, @)+ /V (VP dps /V VunVedy - /V lenl? 2 unpd s

= o (Dlglh ©2)
for any ¢ € E;. Replacing ¢ by u, in (6.2), there holds
2
”un”)zL +b (/;/ |vun|2dﬂ> - /V |un|pdﬂ =0,(1) ””n”x . (6.3)

Combining (6.1) and (6.3) gives

4
lually = — (1 - ;) f lun|? dp + 4c + 0n (1) llunll;, + 04 (1) < dc + 0,(1),
\%

which implies that {u,} is bounded in E;. Then we omit the rest of the proof due to
its similarity with proposition 4.1. Now, the proof is completed. O

Based on the above discussion, We may provide the proof of theorem 1.1(ii) and (iii).
In view of the Ekeland variational principle [11], there exists a sequence {u,} C Ny
such that

Db (un) = b + 0p(1) (6.4)

and
I, (un) = 04(1) in E; ! (6.5)
obviously. We yield from lemmas 6.1, 6.2, 6.3 and (6.4), (6.5) that there exists w; ; €

E; such that u, — w,_j strongly in E,. Hence, w; , € E; is a minimizer for I p in
N;..». Note that |w,\,b| € Ny » and

Los (Jwas|) = Lus (wap) = bip.

we obtain a positive ground solution w;, , € Ej for Eq. (K;. ) satistying I j, (wy. ) =
I b > 0 by the maximum principle. This ends the proof of theorem 1.1(ii) and (iii). O

Similar to the above discussion, we can obtain the positive ground solution wee p €
WOI’2 (2) of Eq. (’Coo,b) for p > 4. And the remaining proof of the theorem 1.2 is
omitted. O
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7 Asymptotic Behavior of Positive Ground Solution w; ,

After studying the existence of positive ground state solution w;, 5 € Ej for Eq. (IC A,b),
just as what we have discussed in Sect. 5, we may investigate the asymptotic behavior
of wy , € E) analogously, so we omit the proof of remaining part of theorems 1.3,
1.4, 1.5 here.

8 The Estimate of the Solution u; , wy , € E;
After exploring the existence and the asymptotic behavior of the solution uy p,, wy p €
E;, we are interested in the estimate involving the L°-norm of solutions. For this

purpose, we have the following research. And the proof of theorem 1.6 is as following.
Let |- llg :== Il - llLa(v) for convenience. We assume m > 0 satisfying m > p, then

mt

D a1 < py” [Z |55 (0)| " N«(x)i|

xeV xeV

for any 7 > 1, it follows

mpr

b le < 1o

\uk ol e - (8.1)

Seto = % > 1. When 7 = o in (8.1), there holds

p—m

5.l < 6™ N,
Arguing by iteration, let T = o/ in (8.1), we can deduce that

p—m (1 1 1
(;+—2+-~+—.)

”M)L b”m(ﬂ ~ 'U“Omp ’ o Hu)hvb ”m (82)
p—m 1 _
<ug"™ 7 s,

1
Note that |uy, b”p+l < py 7D

we find

H“M’“p’ let j — oo and take m = p + 1 in (8.2),

1
sl < 10" Yl 1 < 18 o],
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Considering (2.1), (3.6) and m), , < Mo p, We Obtain

|~ Sl (4
N o < 1t o " N, < mg p— oMb
1

3p=p* oy b
y p
< MOI (p+1) (ﬁmoo,b) .

Similarly, we may analyze the case of w; ; € E). Hence, we finish the proof. O
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