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Abstract

A greedy block extended Kaczmarz method is introduced for solving the least squares
problem where the greedy rule combines the maximum-distances with relaxation
parameters. In order to save the computational cost of Moore—Penrose inverse, an
average projection technique is used. The convergence theory of the greedy block
extended Kaczmarz method is established and an upper bound for the convergence
rate is also derived. Numerical experiments show that the proposed method is efficient
and better than the randomized block extended Kaczmarz methods in terms of the
number of iteration steps and computational time.
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1 Introduction
Consider the solution of the least squares problem

min ||b — Ax|)3, (1.1)
xeR”

where A € R™*", b € R™, which widely arises from many scientific and engi-
neering computing fields, such as image reconstruction [15], big data analysis[6] and
optimization [16].

Iterative methods, particularly stochastic iterative methods, recently attract much
attention in solving the least squares problem, as direct methods such as QR decom-
position and singular value decomposition are usually expensive due to the memory
and computational cost. One stochastic iterative method is the randomized extended
Kaczmarz (REK) method [26], which was proved to have an exponential convergence
in expectation towards the least squares solution xp g = ATb of (1.1). To accelerate
the randomized extended Kaczmarz method, the randomized double block Kaczmarz
(RDBK) method was introduced in [20] by selecting multiple rows and columns for
projection. In order to save the computational cost of the Moore-Penrose inverse, the
randomized extended average block Kaczmarz method [10] and the extended random-
ized multiple rows method [23] were presented and well studied. For more research
on the randomized extended Kaczmarz method, we refer the readers to [3, 4, 9, 24].

Greedy techniques including maximizing the distance and the residual were firstly
considered for Schwarz method in [18] and were proved to improve the efficiency of
Kaczmarz methods [11]. A greedy randomized Kaczmarz method was proposed in
[2] by using the combination of the maximum distance and the average distance to
construct a novel greedy strategy. Further, a different greedy randomized Kaczmarz
method was presented and studied in [21] with the maximum distance and a relax-
ation parameter. From a geometric point of view, a geometric probability randomized
Kaczmarz method and its greedy version were established in [25].

In order to improve the performance of the randomized block extended Kaczmarz
methods, a greedy block extended Kaczmarz method is proposed for solving the least
squares problem, and the average block projection is used to save the computational
cost. The convergence theory of the greedy block extended Kaczmarz method is estab-
lished and an upper bound for the convergence rate is derived and analyzed in details.
Numerical experiments show that the proposed method is efficient and better than the
existing randomized block extended Kaczmarz methods.

The rest of the paper is organized as follows. In Sect. 2, the greedy block extended
Kaczmarz method is presented and its convergence theory is established. Numerical
experiments are provided in Sect.3 to illustrate the efficiency and excellent perfor-
mance of the proposed method. Finally we conclude the paper with a brief summary
in Sect. 4.
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2 The Greedy Block Extended Kaczmarz Method

This section introduces the greedy block extended Kaczmarz method for solving the
least squares problem and establishes its convergence theory.

In the past decade, a number of greedy rules are proposed and studied, for instance,
maximizing the distance, the residual and the geometric angles, and different greedy
strategies usually lead to different block iterative methods [2, 21, 25].

In this paper, the greedy rule of maximum-distances with relaxation parameter is
utilized for both row and column projections. At the (k + 1)-th iteration, the column
block J; and row block Z; are selected as follows:

T ={j €] 1A{)z0P = &4 13},
. k+1 1 i
T =i € [m]: |bi — 2570 — (AD)Tx®12 > g1 4D 2y,

where A®, A(j) denote the i-th row and the j-th column of A respectively, [m]
represents the set {1, 2, ..., m}, and

- |A(Tj)z(k)|2
£ = pyMax | ———— ¢,
jetnl | 1A 113

Py, Px € 0, 1].

& = Py Max
ie[m]

b)) — 28D () — (AT x B2
A®]3 ’

The condition py, px € (0, 1] guarantees that J; and Z; are non-empty sets. Without
pre-partitioning the rows and columns of A, the blocks J; and Z; are adaptive and
made up of the larger entries of the distance vectors at each iteration.

By combining the above greedy selection rule with the average block projection
technique, the greedy block extended Kaczmarz method is proposed and described in
detail in Algorithm 1.

In Algorithm 1, 7; and ny are sparse residual vectors used to create two linear
combinations of rows in AT T and A7, . respectively. These linear combinations serves
as the direction of row and column projections, thus the computaion of Moore-Penrose
inverse is not required.

Before discussion of the convergence property of the greedy block extended
Kaczmarz method, the following useful lemma is introduced.

Lemma 1 ([10]). Let A € R™*" and rank(A) = r. For any u € R(A), it holds that
a2 (W) ul3 = 1A ul3 > o2 (A)||ul3,

where 01(A) > 02(A) > ... > 0,(A) > 0 denote all the nonzero singular values of
A.

Denote R(A)™ as the orthogonal complement of the column space of A and b R(A)L
as the orthogonal projection of b onto R(A)~". The convergence theory of the sequence
{z(k)},fio generated by Algorithm 1 is established as follows.
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Algorithm 1 (The greedy block extended Kaczmarz method)

Require: A € R"*" b € R™, the maximum number of iteration steps ¢, , initial guessx(o) =0, O =p
and relaxation parameters pyx, p; € (0, 1]

Ensure: x*+D

l: fork=0,1,2,...,¢—1do

b G | A( ) 202

: ompute & = p; m /e[n] |IA(,)||2

Determine the block 7 = {j : [A7; 20 > 1A ;) 13)

4 Setip = ¥ (—A(z0)e;
jeJk

5T AT (k)
5:  Update kD = 0 _ % Mk
A7 115
_ kD) A GONT (k)2
|bj—z; (AW)F x|
6: Compute g = L -
P k = Px M [m] { ”A(l)”%

Determine the block Z, = {i : |b; — z;kﬂ) — (ANTx©2 > €k||A(i)||%}
8 Setm= Y (b — KV = (AT W)
iEIk
S a0y

(b—
9:  Update x*+D = x® 1 s
P AT 2

10: end for

77k

Theorem 1 The sequence {z(k)},fio generated by the GBEK method converges to 7* =
br(ayL. Moreover, it holds that

k+1
2
.02 (A)
2D — 2 < (1 - S 1z — %13, (2.1)

Al — bmin
where ¢min = min ||A(j)||%'
J€ln]

Proof By subtracting z* = bg 41 from both sides of step 5 in Algorithm 1, we get

ST AT (k)
mA 2
D — g = g - S S A
I Anicll2
Let Py %, and Py is an orthogonal projection. Due to the fact that Prz* = 0,
it holds that

D — =W ™ - 2%).

Let 6% = 70 — z* Taking the norm of both sides of the above equality yields:

1403 = 1@ )13 — | Pe® 3. 2.2)
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Note that 6@ = 7 — z* = AATb € R(A) and Pe® € R(A), then it follows that
¢*+D ¢ R(A). For the second term on the right side of (2.2), it holds that

(g ATEO? 1A g) 2003 Al AL 1T
IAGI3 ot (Augllilly ~ of(Ag)

| Pe® 3 = , (2.3)

where the first inequality holds because || A7k 15 = I[(A., 7) T 7ikll3 < of (A, 7 7iklI3

and the second inequality holds because ||ﬁk||% = ||(A;“7k)Tz(k)||% > §k||A;“7k||%.
Note that
ST AT _(k—=1)
- - _ Mi— A'z -
(AT =7 AT (%D - 1~—2 Nk-1) =0,
| Ank—15
therefore, ||(A;“7,(_1)Tz(k)||% = 0 and then
1A{z 0P
a7 P = > anm@
jel\Jey 102
|AL 2 ® 2
J) 2 2
= max { ———— ¢t (Al — Ag_, [IF)-
/e[n]{ 1A 2 P AT E
Thus,
T (k)2 -
) A2 1AT %3 o2 (A)11E 13
£ = p; max (2 P 5 Z Py 5
jelal | 1A I3 IAlE — 1A 7, % IAlE — 1A, 7, %
2.4)
Substituting (2.3) and (2.4) into (2.2) yields
= 2 2 2
k1) 2 _ a2 kAL g e A E O min (A) ~(k) |2
le® 03 < e® 3 - L5 I < (1 p, = . - ) 1g®.
oi (A7) o1 (A7) 1AIE—11A: 7., %
1A, 7kl N B — i 12 i
From the fact Z(hr) > 1 and the definition ¢pi, = jrrégzl] A5, the recursive
expression (2.1) is derived. O

Remark 1 In the extended randomized multiple rows method, the expected decrease
in mean squared error at the (k + 1)-th iteration is

T (k) 14
ATz 03

p, k)2 —
BIRE 01 = o me

which is obtained by taking the expectation over J; for the first equality of (2.3). Here
[E denotes the expected value conditional on the first & iterations. For the greedy block
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T T (k) 2
extended Kaczmarz method, the error reduction is (n||A—\|) It is obvious that
2
P Y (ATz0)3 > (AT
@ ATV e _ e AT 03
1A 3 Y IAGIZATZ0)E = 3 A I5(ATz0)T  JAAT 0|3

jeJk jeln]

which indicates that the convergence rate of {z(k)},fio in the greedy block extended
Kaczmarz method is larger than that of the extended randomized multiple rows method.

The convergence analysis of {x(k)},‘:io in the greedy block extended Kaczmarz
method relies on the utilization of the following lemma.

Lemma2 (/5]). Let ¢y, c2 be real numbers such that c; € [0,1), ¢ > —1, ¢ —
c1 = cjca, then
(n —i—r2)2 > Cl”12 — c2r22, Vri,rnelR.

By Theorem 1 and Lemma 2, the convergence property for the greedy block
extended Kaczmarz method is constructed as follows.

Theorem 2 Assume rank(A) = r. The sequence {x(k) };{’io with the initial guess x©@ =
0 generated by the GBEK method converges to the least squares solution xps = A'b.
Moreover, the solution error satisfies

D — x5 13 < max{a, o (14 (k+ DB Ix® = v,

where

2 2
g (A) o7 (A) PxC1C2 o+ 1
[Allz — ®min lAllF — min lAll% — @min ®min

with constants c1, c> from Lemma 2, ¢min = ‘m[in] |A® ||% and Pmin = m%n] A ||%.
ielm jeln

Proof Subtracting xz s from both sides of step 9 in the Algorithm 1 leads to

77kT(b — kD _ Ax K

(k+1) _ T
X —XxLs =x" —XxLs+ Nk -
IAT g3
For simplicity, let e® = x® — x; ¢ and P, = ?IA’;LI{H Then we have
T 5(k+1
Uk+1) — 0 _ p ) _ ATmn @D
e =e xe —
AT nill3
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T 5(k+1)

A i W and Py is an orthogonal
2

ATy
projection. By taking the norm of both sides of the above equality and using the
Pythagorean Theorem, it yields

Observe that e® — Pre® is perpendicular to

(nk (k+l))2

k+1) (k) (k)2
le® 13 = 1e® 13 — || Pee®)3 + —E——0p.
IAT nell3

(2.5)

(k+1) (k)
Since ¢©® = x© _ x, ¢ = Ath € R(AT), "k“’HZAT—M;‘“AT

e+ e R(AT) by induction. It follows that

nk € R(AT), it holds

(FektD)2 (T Ae®))2 — (T sk+D)y2
IATnell3 IAT 13
UZ(Ae(k) + E(kH))nkT(Ae(k) — gty
IAT e I3
_ g (AW 4 85D g 13
ot (A7, )lmkll3

) (_(A(i))Te(k) _ Ei(k+l)> (_(A(i))Te(k) I élgk+1)>
i€Zy

| Pee®|3 —

o (Az,.)
~(k+1
Az, @13 — 12513

o2(Az, )

For the term || Az, .e®|3,

1Az, e @13 = D 1AM WP =3 7 lbray, — (A2 O

i€Zy ieZy
2 2
k+1 i k+1
= 3 (e (5= AT s (490 g )
iely
i ~(k+1
= Y (el a3 - 2l R)
i€Zy
~(k+1
= crec| Az NI — callEE V13, (2.6)

where the first inequality holds because of Lemma 2. Therefore equation (2.5) becomes

2
let D < ez — SkNAT N L Loy
o2(Az, ) 2(Az,..)
+1 -
< ||e<">||§—clek+2— 013, @2.7)

IIA(’)II2 Ie
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Az, 1% 2
. > 1 and o7 (A7, .) >
Ulz(AIk,:) = 1 ( Ik,.) =

m[in] |A® ||%. For the lower bound of &, it holds that
telm

where the second inequality holds because

bG) — 2% D@ = (ADTEOP | — %D — Ax®3
gk = py Max . > Px - -
icim] 1AO13 IAllf — min 403

cillbreay — Ax®13 = eallz®FD — bpaye 113
All2 — min ||[AD |2
|All — min |A©3

Z Px

c102(A)le® )3 — e lle* D3
A% — min ||[A®D?
|Allf — min 403

X

Let ¢min = _m[in] ||A(i)||%. With the lower bound of &, the inequality (2.7) is
relm

reformulated as

2
o7 (A) 2
le®* D13 < (1= pref—T—— ) llel
? VIAIR = bmin 2

(2.8)
+ PxC1C2 + c+1 ||g(k+1)||%.
”A”%: — ®min ®min
According to Theorem 1,
~(k-+1) 12 a7 (A) ~(k) |12
18013 < (1= po————=—] 1e™|5,
”A”F - ¢min
where @min = ]Irelblll] A j)||§. For simplicity, let
o e 1 p? orA po TA g maa ot
X —FPx z =

A2 . —Pz —, P = 2 )
Al — @min A% — Pmin IAI% = Gmin ~ Pmin

then the inequality (2.8) is rewritten as

le® D12 < a, [le®]3 + BlIe* D)3 2.9)

k
k+1 0) 12 1y zk+1=1)2
<oy e@ N3+ B ek fe® 03
=0

k
< @3+ 8> alak 203
[=0
< max{ory, o e Q13 + (k + DB max{ay, e} bR 13
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< max{oy, a; }f*! (1 + (k + 1)ﬂ012(A)) le@13, (2.10)

where the third inequality holds because of ¢ =z —p R(A)L = DRr(a), and the last
inequality holds because of x® = 0 and [|bga)ll3 < 0#(A)llxLs|13. This completes
the proof. O

3 Numerical Experiments

In this section, the numerical examples are presented to show the efficiency of the
greedy block extended Kaczmarz (GBEK) method compared with the randomized
double block Kaczmarz (RDBK) method, the randomized extended average block
Kaczmarz (REABK) method and the extended randomized multiple rows (ERMR)
method.

The inconsistent system is Ax + & = b, where ¢ is a noise vector whose entries are
drawn from a normal distribution and satisfies |le]l» = 0.01 x ||Ax||>. The number
of iteration steps (denoted as “IT”) and the computational time in seconds (denoted
as “CPU”) are used for evaluation. The row blocks {Z;}]_, and the column blocks

{jj };:1 of the RDBK, REABK and ERMR methods are partitioned as follows:

o= (=Dt +1,G=Dr+2. ...t} i=12 . .s—1,
Li={6¢s—-Dn+1,6 -t +2,...,m}, L] =<1,

and

Ji={(—-Dre+1,(G—-Dte+2,...,jtc}, j=12,...,t—1,
Ji={t—-Dre+1,¢ =Dz +2,....n}, |Jl|=r,

where 7, and 7. are block sizes for the row and column partitions respectively. To ensure
a fair comparison, it is necessary to use the same block size for all four methods. This
is achieved by initially applying the GBEK method to get the average sizes of the row
and column blocks, then utilizing these sizes to partition the rows and columns for the
RDBK, REABK and ERMR methods.

All the methods are started from the initial vectors x@ = 0 and z® = b and
stopped if the relative solution error (RSE) satisfies

I x®

_ 2
RSE = X = sl -6

—= 3

lxzsll3

or the number of iteration steps exceeds 50000. To compare the difference in compu-
tational time between the proposed method and other methods, define the following
speed-ups:

CPU of RDBK CPU of REABK
—— —  , speed-up, = ,
CPU of GBEK CPU of GBEK

speed-up; =

@ Springer
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x10°

Fig. 1 Curves of the computing time versus p; with fixed p, (left: A € R1000x100 ¢ond(A) = 50, right:
A =rel5, cond(A) = Inf)

CPU of ERMR

doup, = —— 0L BRVR
SPee-iP3 = GpU of GBEK

Example 1 Apply the GBEK method with different parameters p, and p, to solve the
problem, where A is either a random Gaussian matrix or a sparse matrix from [8].

The influence of parameters p, and p, on the efficiency of the GBEK method is
firstly explored in Example 1.

In Fig. 1, the curves of the computational time versus p, with fixed p, of the GBEK
method for two different matrices are presented respectively. For A € R1000%100 apq
cond(A) = 50, itis observed that the computing time first decreases and then increases
when the value of p, is fixed and value of p, is increasing. Similar phenomenon
exists in A = rel5. For the rest of the numerical examples, we set the parameters
px = p; = 0.5 in the GBEK method.

Example 2 The coefficient matrix A is an overdetermined random Gaussian matrix.

In Table 1, the number of iteration steps, computational time and speed-ups for the
RDBK, REABK, ERMR and GBEK methods for solving Example 2 are presented
respectively.

From Table 1, it is obvious that the GBEK method significantly reduces the number
of iteration steps and computing time, compared with the RDBK, REABK, ERMR
methods. The GBEK method demonstrates a noticeable performance against the
ERMR method, with a maximum value of speed-up; reaching 12.9021. Due to the
fact that the GBEK method and the ERMR method employ the same iterative format,
the possible reason of the superior performance of the GBEK method is the use of
greedy block criterion.

Example 3 The coefficient matrix A is an underdetermined random Gaussian matrix.

The numerical results of Example 3 are listed in Table 2. When the coefficient
matrix A is underdetermined, the GBEK method outperforms the RDBK, REABK
and ERMR methods in terms of both iteration counts and computing time. The GBEK
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Table 3 Numerical results for Example 4

name rel5 abtahal relat6 df2177 Ip_qap8
mxn 340 x 35 14596 x 209 2340 x 157 630 x 10358 912 x 1632
density 5.51% 1.68% 2.21% 0.34% 0.49%
cond(A) Inf 12.2283 Inf 2.0066 2.32 x 1017
rank (A) 24 209 137 630 742
RDBK IT 170 3921 419 158 374

CPU  0.1200 16.5563 0.5023 0.4192 0.3356
REABK IT 792 12435 6976 405 2665

CPU  0.0121 2.7548 0.2851 0.2597 0.1423
ERMR IT 325 5779 1146 333 1162

CPU  0.0061 2.6146 0.0734 0.0985 0.0772
GBEK IT 92 793 319 45 912

CPU  0.0022 0.4685 0.0280 0.0196 0.0103
speed-up; 55.3191 35.3376 17.9583 21.4212 32.4548
speed-up, 5.5783 5.8798 10.1924 13.2687 13.7592
speed-ups 2.8219 5.5806 2.6243 5.0345 7.4629

method exhibits the lowest iteration counts and the shortest computational time to
achieve the desired accuracy.

Example 4 The matrix A is taken from the SuiteSparse Matrix Collection [8].

For solving Example 4, the numbers of iteration steps, the computational time and
the speed-ups for the RDBK, REABK, ERMR and GBEK methods are provided in
Table 3. All the coefficient matrices are sparse and rank-deficient, with different matrix
sizes, densities, and condition numbers. Here the density of A is defined as

. number of nonzeros of A
density = ,
mn

which accurately describes the sparsity of A.

From Table 3, it is seen that the GBEK method outperforms the RDBK, REABK
and ERMR methods in terms of the number of iteration steps and computational time.
Furthermore, in Table 3, the maximum values of speed-up; and speed-up, are 55.3191
and 13.7952 respectively, which further confirms the superiority of the GBEK method
for solving large sparse least squares problems.

The curves of the relative solution error versus the iteration counts for the RDBK,
REABK, ERMR and GBEK methods for different matrices are showed in Fig.2. It is
clear that the relative solution error of the GBEK method decreases the fastest as the
number of iteration steps increases for these three examples.

Example 5 Consider solving the X-ray computed tomography problem in AIR Tools
II [14]. The size of the matrix A is set to be 15300 x 3600.
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A, )
ol o w0 e
b\ —P— GBEK 4
102 \B\ 0 o

N \
10° 10°
w
2
10 10

2
0 100 200 300 400 500 600 o 100 200 300 400 500 500 0 2000 4000 6000 8000 10000 12000 14000
i [

RSE

Fig.2 Convergence curves of the RDBK, REABK, ERMR and GBEK methods for different matrices (left:
A € R10000x300 " 1nigdie: A € R00x10000 rioht: A = abtahal)

RDBK, PSNR=26.0903

REABK, PSNR=26.0801 ERMR, PSNR=29.1478 GBEK, PSNR=34.9177

Fig.3 Numerical results for Example 5

In Example 5, the effectiveness of the RDBK, REABK, ERMR and GBEK methods
is evaluated by the Peak Signal-to-Noise Ratio (PSNR), which is a widely used metric
in image processing to measure the similarity between two images. The higher PSNR
value indicates the better image quality. All methods were run with the same number
of iteration steps.

The original image and the approximate images recovered by the four methods are
given in Fig. 3. It is obvious that the image reconstructed by the GBEK method is the
best and attains the highest PSNR value of 34.9177.

4 Conclusions
A greedy block extended Kaczmarz method is proposed for solving least squares
problems. Theoretical analysis is established and a linear convergence rate is derived.

Numerical experiments show the proposed method exhibits a better performance than
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randomized block extended Kaczmarz methods in terms of both the number of iteration
steps and computational time.
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