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Abstract
Let n > 2 be an integer. The Grimaldi graph G (n) is defined by taking the elements
of the set {0, ..., n — 1} as vertices. Two distinct vertices x and y are adjacent in G (n)

if and only if ged(x + y, n) = 1. In this paper, we examine the Betti numbers of the
edge ideals of these graphs and their complements.
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1 Introduction

Let R = k[x1, ..., x,] be the polynomial ring over an arbitrary field k. It is well
known that associated to any homogeneous ideal / of R there is a minimal graded free
resolution

0— PRI RD - .. PR jPIRID  R/T — 0,
j j

where R(—j) denotes the free R-module obtained by shifting the degrees of R by j.
The quantity B; ;(R/I), which is called the (i, j)th graded Betti number of R/I, is
equal to the number of generators of degree j in the ith syzygy module. The graded
Betti numbers are collected in the Betti table, in which the entry at column i and
row j is Bi i+ (R/I). The regularity and the projective dimension are two important
invariants associated with R/ that can be read off from the minimal free resolution.
The regularity of R/I is defined by reg(R/I) = max{j —i | B; j(R/I) # 0} and
the projective dimension of R/I is defined by pd(R/I) = max{i | B; j(R/I) #
0 for some j}.

1.1 Minimal Resolutions and the Edge Ideals

Let us now connect the above-mentioned notions with the ideals arising from graphs. In
order to do this, let G be a finite simple graph with the vertex set V(G) = {x1, ..., x,}
and the edge set £(G). One may associate to the graph G a quadratic squarefree
monomial ideal

1(G) = (xix;j | {xi, xj} € E(G)) S R,

which is called the edge ideal of G. One of the central problems in combinatorial
commutative algebra is a description of the minimal resolutions of these ideals. The
structure of the resulting resolutions is very poorly understood. This problem has been
studied by many authors (e.g., [8, 10, 13—15]). In particular, Katzman [15] and Kimura
[16] have provided some results on the nonvanishing of the graded Betti numbers. For
the Ferrers graphs, Corso and Nagel [5] have proved that their edge ideals have linear
resolutions, and furthermore they have given an explicit formula for the Betti numbers
of such ideals. Recently, Froberg [8] has described the Betti numbers of the edge ideals
of fat forests. We refer the reader to [7, 10, 17, 20] for other problems and results on
this area.

1.2 A Class of Graphs Due to Grimaldi

Let n > 2 be an integer. In 1990, Grimaldi [9] defined a graph G (n) based on the
elements of [n] = {0, ..., n — 1} and the notion of coprimeness, that is, a graph with
a number-theoretical nature. The vertices of G (n) are the elements of [n] and distinct
vertices x and y are defined to be adjacent if and only if gcd(x + y, n) = 1. This graph
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is called a Grimaldi graph. By letting ¢ as the Euler’s phi function, it follows that
when n is even, G (n) is a ¢ (n)-regular graph, whereas itis (¢(n), ¢(n) — 1)-biregular
when 7 is odd. This means by [1] that G(n) is an almost regular graph. Also, when
n # 2is even, G(n) can be expressed as the union of ¢(n)/2 Hamiltonian cycles, that
is, cycles containing all the vertices of the graph. The odd case is not quite so easy, but
the structure is clear and the results are similar to the even case. Grimaldi has given
an explicit formula for the chromatic polynomial of G(p) and has investigated some
properties of the graph G(p%), where p is a prime and « > 2 is an integer. Hoang et
al. [13] have characterized Cohen—Macaulay and Gorenstein properties for a kind of
circulant graphs and their complements. When 7 is even, these latter graphs coincide
with Grimaldi graphs and their complements. The complement of G (), denoted by
G’ (n), is a graph whose vertex set is [#] in which two distinct vertices x and y are
adjacent if and only if gcd(x + y, n) # 1. In [2], we have characterized when these
graphs are well-covered, Cohen—Macaulay, vertex-decomposable, or Gorenstein.

1.3 The Aim of this Paper

In this paper, we focus on finding the Betti numbers of the edge ideals of G (n)’s and
G’(n)’s. The rest of the paper is organized as follows. In Sect.2, we provide some
basic notation and terminology about the Betti numbers of the Stanley—Reisner rings
and the edge ideals of graphs. In Sect. 3, we give a useful technique to compute the
Betti numbers of the edge ideal of G(p“), where p is a prime. Finally, in Sect. 4, we
give a formula for the Betti numbers of the edge ideal of G’(n), when n is either even
or a prime power.

2 Preliminaries

In this section, we introduce some basic notation which will be used in the sequel.
We refer the reader to [18, 21] for detailed information about the combinatorial and
algebraic backgrounds.

2.1 The Betti Numbers of the Stanley-Reisner Rings

A simplicial complex A with the vertex set V(A) = {vy, ..., vy} is a collection of
subsets of V(A) such that F € A whenever F C F’ for some F’ € A. The restriction
of A to asubset S of V(A)is A[S] = {F € A | F € §}. For a given field k, we
attach to A the Stanley—Reisner ideal In of A to be the squarefree monomial ideal

IAZ()CJ'I---)CJ‘I. |]1 <~--<j,‘ and{jl,...,j,-}qéA)

in R = Kk[x1, ..., x,] and the Stanley—Reisner ring of A to be the quotientring k[A] =
R/IA. This provides a bridge between combinatorics and commutative algebra (see
[14]). We denote by H(A; k) the reduced homology group of A with coefficients in
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k. A very useful result about the graded Betti numbers of a Stanley—Reisner ring is
the following so-called Hochster’s formula (c.f. [11, Theorem 8.1.1]):

BijKIAD = Y dimy Hj i1 (A[W]; k).

WCV(A)
[Wl=j

The dimension of a face F € A is given by dim F = |F| — 1. The dimension of A,
denoted by dim A, is the maximum dimension of all its faces. By lettingd —1 = dim A,
the f-vector of A is the vector (f—_1, fo,..., fa—1), where f_1 = 1 and f; is the
number of faces of dimension i. The reduced Euler characteristic of A, denoted by
X (A), is defined to be F(A) = Y9=1 (=1)! fi(A). The h-vector of A is the vector
(hg, ..., hg), where

k .
(d—1
he =) (=D (d_k)ﬁ_l, 0<k=<d

i=0

The Hilbert—Poincaré series of the R-module k[A]is H Pgaj(t) = Zizo Hy[a 0t
where Hy(] is the Hilbert function of k[A]. By [18, Corollary 1.5], this series can be
expressed as follows:

ho + hit + -+ hgt?
(11— '

H Pya)(t) =

Let I" and A be two simplicial complexes with the disjoint vertex sets V (I") and
V(A), respectively. We define their join on the vertex set V(I') UV (A) tobe I'x A =
{ocUt | 0 €T, T € A}. By using the Kiinneth’s formula (c.f. [3, Proposition 3.2]), we
can describe the reduced homology of the join of two simplicial complexes in terms
of the reduced homologies of the factors for each i as follows:

HT«Ak= P Hy ik @ Hy(Ar k).
ptg=i—1

The following lemma gives us the Betti numbers of the Stanley—Reisner rings of
simplicial complexes which are join of finitely many disjoint subcomplexes.

Lemma 2.1 ([12], Lemma 1.2) Let A be a simplicial complex. If A = Ay x---%x Ay,
where the A;’s are disjoint subcomplexes of A, then

BiklAD = Y (]_[ B (k[Ak])> .

a1+-~-+am:i' k=1
b1+'“+bm:J

In particular, pd(k[A]) = Y i, pd(k[Ag]) and reg(k[A]) = > ), reg(kK[Ag]).

We now state and prove the following lemma for later use.
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Lemma 2.2 Let A and Aj be two simplicial complexes. If V(A1) NV (Az) = 0, then
reg(k[A; U Az]) = max{reg(k[A1]), reg(k[A2])}.

Proof Note that [11, Proposition 5.1.8] implies /a, N In, = Ia,ua, and Ia, + Ia, =
IA,nA,. Therefore, we obtain the following exact sequence:

0— R/IA1UA2 — R/IA1 @R/IAZ — R/IAlﬂAz — 0.

Now, by [19, Proposition 18.6], reg(k[A] U Az]) = max{reg(k[A]), reg(k[A2])}, as
required. =

Let Aj and A be two simplicial complexes with n and m vertices, respectively. It
is known that if /o, < k[x, ..., x,] is the Stanley—Reisner ideal of Aj and Ia, €
k[y1, ..., ym] is the Stanley—Reisner ideal of A;, then

IAluAZZIAI—i-IAz—i-(x,'yj|i=l,...,n, j=1,...,m)

is the Stanley—Reisner ideal of A; U A ink[x1, ..., x,, y1, ..., Ym]. In this direction,
Whieldon [22] has determined the graded Betti numbers of the edge ring k[A1 U Aj].
We close this subsection by stating it.

Lemma 2.3 ([22], Lemma 5.4) Let A1 and Ay be two simplicial complexes with n
and m vertices, respectively. If s > 2 is an integer, then the following formulas hold
true:

+
Biivt(KIAL U AL]) = Biipt (KIALD + Biivc1 (K[AS]) + (’f K 1” ) - (l. f 1)

n i m n
—(l, ! 1) Y { (l. . l)ﬂj_l,j<k[A1]> + (j>ﬂi_,,i_j+1(k[A2]>} . and

=1
Bi,its K[A1 U A2]) = Biirs (K[AL]D) + Biivs (K[A2])

+ > {(l._’;.’+s)ﬂ,~_s,j(k[A11>+ (’;)ﬂf_j,i_j+s<k[Az])}.

j=1
2.2 The Betti Numbers of the Edge Ideals of Graphs

In the sequel, by a graph we mean a finite undirected graph without loops or multiple
edges. For a graph G, let V(G) denote the set of vertices of G and let E(G) denote
the set of edges of G. A graph with just one vertex is referred to as trivial. All other
graphs are nontrivial. A graph is called fotally disconnected if it is either a null graph
or it contains no edge. An edge e € E(G) connecting two vertices x and y will also
be written as {x, y}. In this case, it is said that x and y are adjacent. For a subset S of
V(G), we denote by G[S] the induced subgraph of G on the vertex set S and denote
G\S by G[V\S]. If § = {x}, we write G \x instead of G\{x}. The neighborhood of x
in G is the set Ng(x) = {y € V(G) | {x, y} € E(G)}, and the closed neighborhood
of x is Ng[x] = {x} U Ng(x).
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A bipartite graph is one whose vertex set can be partitioned into two disjoint parts
in such a way that the two end vertices for each edge lie in distinct parts. A complete
bipartite graph is one in which each vertex is joined to every vertex that is not in the
same partition. The complete bipartite graph with exactly two parts of size m and n, is
denoted by K, . A complete graph is a graph in which each pair of distinct vertices
is joined by an edge. We denote the complete graph with n vertices by K,,.

To every graph G with the vertex set V(G) = {x1,...,x,} and the edge set
E(G), one may associates the edge ideal 1(G) of the polynomial ring k[V (G)] =
k[x1, ..., x,]. Let A(G) be the set of all independent sets of G. Then A(G) is a sim-
plicial complex, which is called the independence complex of G. It is easy to see that
IanG) = 1(G). Note that A(G[W]) = A(G)[W] for any W C V(G). Therefore, the
Hochster’s formula is also applied to compute the Betti numbers of edge ideals. We
write B; j(G), pd(G), and reg(G) as shorthand for g; ; (K[A(G)]), pd(kK[A(G)]), and
reg(k[A(G)]), respectively.

We close this section by recalling the following result which gives us the Betti
numbers of the complete graph K, and the complete bipartite graph K, .

Proposition 2.4 ([14], Theorems 5.1.1 and 5.2.4) The following statements hold true:

(1) The edge ring of K, has a 2-linear resolution and B; j+1(K,) = i(l.il).
(2) The edge ring of K. has a 2-linear resolution and

:81',1'+1(Kn.,m): Z <:>(I’;’l>

s+r=i+1
s,t>1

3 The Betti Numbers of the G(p%)’s

In this section, we find some invariants regarding the graphs G (p®)’s, where p is a
prime. In particular, we find the Betti numbers of these graphs. The case p = 2 is
easy to handle, while the odd case is not quite so easy. For this latter case, we give a
useful technique to compute the Betti numbers. Let us start with the following purely
combinatorial lemma, which is useful for later use.

Lemma3.1 Letm,n,i, j,k € N,0 <i <n,and 0 < j < m. Then the following
equalities hold true:

M > () =)

i+j=k
i,j>0
.. _m2_ 2
@ 2 () = G D R ) + (D) + ()]
i,j>0
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Proof (1): By the binomial expansion theorem we have the following equalities:

ener-$0-E0)-E( £ 00))¢

i=0 j=0 k=0 \ i+j=k J
i,j>0
and (1 +x)"+m = Y110 ("",;m )xk It is noteworthy that the coefficients of the mono-

mials of degree k of two above expressions are Z,Jr j=k (] )( ) and ("}™). Hence,
i,j>0

they are equal, as required.
(2): Note that Z i—0 ( )x = (1 4+ x)", and thus, we obtain that

n—1 n n—1 n n—1 n !
. i+1 _ 2 . i-1_ 2 i
Z’(iﬂ)x - Z'(z’+1)x ! <Z<z’+1>x>
i=1 i=1 i=0
12/ n / 1« /n /
_ 2t i+1) _ 22t i

= x2 (%) =nx(14+x)"" "= +x)"+1.

Therefore, Y '— ’(z+1)xi+1 =nx(1 +x)""' = (1 + x)" + 1. On the other hand,

{}i'(z+1> } > ()

i=0 j=0
m+n—2 m
23 )G
k=0 i+j=k i+1 J+ 1
i,j>0

Hence, the coefficients of the monomials of degree k +2 (0 < k < m +n —2) of the

above expression are
.. n m
> il )
, (l + 1) <J + 1)

i+j=k
i,j=0

Moreover, the product of two polynomials 7x (1 4+ x)"~' — (1 4+ x)" + 1 and mx (1 +
O A4+ x0)" +1is

nmx2(1 +x)l‘l+m—2 _ (n +m)x(1 +x)n+m—1 + (1 +x)n+m —|—nx(l +x)n—l
—(14+x)" +mx(1+x)" "= (1 +x0)" + L
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This implies that the coefficient of the monomials of degree k+2 (0 < k < m+n—2)
of the above polynomial is

m+n—2 m4+n—1 n+m
P2 e () 4 (G25)
n—1 n m—1 m
+{n(k+1>_(k+2>}+{m<k+l)_(k+2>}
:(k+1){kmn—mz—nz—i—m—i—n(m—i—n)_'_( n >+< m )}
(m+n—1)(m+n) k+2 k+2 k+2

We now get the result by comparing the two coefficients above. O

The following proposition deals with the graphs G (2%)’s and gives us the projective
dimension of these graphs.

Proposition 3.2 Let « be a positive integer. Then the edge ring of G(2%) has a 2-linear
resolution. Moreover, we have

. G201 _ okl 5 zotfl
Bi.iv1(G( ))-(l.+1)— <i+1>'

In particular, pd(G(2%)) = 2% — 1.

Proof Let A = {0,2,...,2* —2}and B = {1,3,...,2% — 1}. If either x,y € A
orx,y € B,then x + y = 0 (mod 2), and thus, {x, y} ¢ E(G(2%)). On the other
hand, if x € Aand y € B,then x + y = 1 (mod 2), and thus, {x, y} € E(G(2%)).
Therefore, A and B are the maximal independent sets of G(2%), and furthermore,
G(2%) is a complete bipartite graph with bipartition (A, B). By Proposition 2.4(2),

we obtain that
N 2a—1 2a—l
BrinG2 = Y ( ) )( t )

s+t=i+1
s,t>1

This, together with Lemma 3.1(1), completes the proof. O
We now continue the paper with the odd case.

Proposition 3.3 Let p be an odd prime. Then a(G(p)) = 2, the edge ring of G(p)
has a 2-linear resolution, and we have

e - -ea) r=izp-s,
Bii+1(G(p)) = { p2=p=2 ifi=p—2,

In particular, pd(G(p)) = p — 1.
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Proof Since p is a prime, it is easy to see that the vertex O is adjacent to all of the
other vertices in G(p), and {x, y} ¢ E(G(p)) for some x,y € [p] if and only if
x + y = p. Thus, all of the maximal independent sets of G(p) are {0} and {i, p — i}
foralll <i < pr1. Therefore, the independence complex of G (p) is a disjoint union

of pT_l edges and one vertex. This means that the Hilbert series of K[A(G(p)] is

p—1 1 1L p—1 Ha-pr?ea-prt-2la-nr

2 (1—t)2+1—t_ 2 (1—1)r

_ 2,
This implies that Bp—1,,(G(p)) = 25, Bp—2 p—1(G(p)) = L2, and

N _p—1 P\ _(P=2\|_ (p-1
Bii1(G(P) = = {(H—l) (i+1>} (i+1>

forall 1 <i < p — 3, as required. O

The following lemma gives us a decomposition for a class of Grimaldi graphs
involving the join of graphs. Let us recall that the join of two graphs G and H,
denoted by G * H, is a graph formed from disjoint copies of G and H by connecting
each vertex of G to each vertex of H.

Lemma 3.4 Let p be an odd prime and o > 1 be an integer. Then we have

G(p*) = Gllol * GILLHUIp_1]% - x Gl p1 Ulpsi],

2 2

where I; = {x € [p¥] | x =i (mod p)} forevery0 <i < p — 1, G[Iy] is a totally
disconnected graph, and G[1; U I, ;] is an induced graph of G(p®) with the edge set

E(G[Il Ulpfi]) = {{x’ y} |x7y € Il} U {{x’ y} | X,y € Ip*i}'

Proof In order to prove the lemma, it is enough to prove the following claims:
Claim I: G[Ip] is a totally disconnected graph.
Claim 2: G[I;] is a complete graph for 1 <i < p — 1.
Claim 3: {x,y} ¢ E(G(p*))forx € ;andy € I, ; with1 <i < %ﬁl,
Claim 4: {x, y} € E(G(p*)) forx € Ipandy € I; UI,_; with 1 <i < 251,
Claim 5: {x,y} € E(G(p*))forx e ; Ul,_jandy e I; Ul, ;withl <i # j <
p—1

2Claim 1 is true since for every x, y € Iy, x +y = 0 (mod p), and thus, x and y are
not adjacent in G (p®). Claim 2 is true since for every x,y € [; with1 <i < p —1,
ged(x + y, p%) = 1, and thus, x is adjacent to y in G(p®). Claim 3 is true since by
the assumption, x +y = 0 (mod p), and thus, x is not adjacent to y in G (p*). Claim
4 is true since by the assumption, x +y = y (mod p), and thus, x is adjacent to y in
G(p®). Claim 5 is true since by the assumption, gcd(x + y, p%) = 1, and thus, x is
adjacent to y in G(p%). O
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Proposition 3.5 Let p be an odd prime and o > 1 be an integer. Then a(G(p%)) =
p*~ 1 and the f-vector of A(G(p®)) is (f-1, fo. ..., fpe—1-1), where f_; = 1,
fo=p% fi= M and f; = (l.t:ll)for all2 <i < p*=' — 1. In particular,

a—1

p
2

X(AG(P™)) = (p* — p* H1 -

Proof By Lemma 3.4, all of the maximal independent sets of G (p®) are Iy and I,,, =

{u,v} |0 <u<v<p*—1,u+v =0 (mod p)}. Thus, a(G(p%*)) = p* .
a—1

We also obtain that f; = (’: 41 ) forall2 <i < p"‘_l — 1. Moreover, we claim that

f1= M. Indeed, by the structure of the graph G (p%), forx € V(G(p%)), we
have

o _ po—l1 if I
deg(x) = P P | e .0’
p* — p*~' —1 otherwise.
Hence,
1 1
EGp D=5 Y deg)=| D deg)+ Y deg(x)

xeV(G(p%)) xely xe(l1U--Ulp_1)

1 _ _ _ _

=5 [p"’ Y =+ (" = p* T Hp = p - 1)]

S = o -],

o( o a—1
This implies that f; = (%) — |[E(G(p%))| = %. Now, these computations
lead to

pot7171

XAGE) = > (=D fi=—1+p*—

i=—

(p* — Hpe!
2

all

+Z<l>( )

a—1
a—1

We know that ) (—l)i(pal.fl) = (1 =17 =0,and so,
i=0

P -1 a—1 _ l)pafl

Z(l)( ) Z( 1)( )zl_pal+@f~
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Hence, we conclude that

P =Dp*t (=D
2 2

X(AG(p™)) = p* —p* ' +

as required. O

Lemma 3.6 Let p be an odd prime and a > 1 be an integer. Then reg(G(p%)) = 2
and pd(G(p*)) = p* — L

Proof By considering G = G (p“) and applying Lemma 3.4, we have A(G) = (o) U
A1 U---UA -1, where (lp) is the simplex over the set Iy and each A; denotes the
2

independence complex of the induced subgraph of G[/; U I,_;]. Note that at this
point, for every 1 < i < ”T_l, dim A; = 1, and so, A; is regarded as a complete
bipartite graph. Hence, G[/; U I,_;] is a disjoint union of two complete graphs. Thus,
reg(A;) =reg(G[1; UI,_;]) = 2. Now, by Lemma 2.2, we obtain that reg(A(G)) =

max{reg({lp)), reg(Ay), ..., reg(A p-1)} = 2, as required. O
2

Theorem 3.7 Let p be an odd prime and o > 1 be an integer. If G = G(p%) and
Ip={x € [p¥] | x =0 (mod p)}, then

Biiv1G) =1 50 e ’<1=°
z (TP + D (" VBi—k,i—k+1(G\Io) if i > p*~!
and
pa—l o
Bi,i+2(G) = kzo (" )Bizpetikiope-iprs2(G\o) if i 22,
0 otherwise.

Proof By Lemma 3.4, we have G = G[lo] * G[I1 U Ip_1] % -+ % G[Ip=1 U Ipt1],

2
where G[Ip] is a totally disconnected graph and for every 1 <i < pT_l, G[; Ul,_;]
is an induced subgraph of G with the edge set

E(G[Il Ulp—i]) = {{.X, y} |-xvy € I[}U{{.X, y}l-xvy € Ip—i}-

This implies that G\Ip = G[I1UIp_1]*---xG[Ip-1 Ulps1]. Also, for every x € I,
2 2
Ng(x) = 1 U---UI, 4, and so, G\Ng[x] = G[Ip\{x}] is a totally disconnected
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136 Page 12 0f22 T. Ashitha et al.

graph. Now, by [6, Lemma 3.1], we have I(G) : x = I(G\Ng[x]) + (Ng(x)) and

(1(G), x) = I(G\x) + (x). Thus, we obtain that

Bi.j(R/(I(G) : x)(—=1)) = Bi j—1(R/(I(G) : x)) = Bi,j—1(kK[V o)/ I (G\Nglx]))
ety =i

0 otherwise.

On the other hand, by applying the long exact sequence theorem to the short exact

sequence 0 — R/(I(G) : x)(—1) BN R/I1(G) — R/(I1(G), x) — 0, we obtain
the following long exact sequence:

-+ = Tory(R/(1(G) : x)(=1); k) j — Tor;(R/I(G); k) ; — Tor; (R/(1(G), x); k)
— Tori—1(R/(I(G) : x)(—1); k); — -+ .

This, together with the fact that for j = i+ 1 withi > 0, Tor;+1 (R/(I(G), x); K)i+1 =

0 and Tor;_1(R/(I(G) : x)(—1);k);i+1 = 0, lead us to the following short exact
sequence:

0 — Tor; (R/(I(G) : x)(—=1); k)jy1 — Tor; (R/I(G); k)i
— Tor;(R/(1(G), x); k)ix1 — 0.

By using the above observations, we have for every i > 1,
Bi,i+1(G) = Biit1(R/(I(G) : x)(=1) + Bii+1(R/(I(G), x))

pa _ pafl
(") a0,
Also, by [4, Remark 2.1], the equality B;;+1(R/(I(G),x)) = Bii+1(G\x) +
Bi—1,i(G\x) holds true for every i > 1. This implies the following recurrence for-

mula for computing the Betti numbers of the graph G, where By 1(G\x) = 0 and
B12(G) = (p* — p*~1) + B12(G\x), as follows:

poz _ poz—l
Bii+1(G) = ( ; ) + Bi,i+1(G\x) + Bi—1,i (G\x).

As aresult of applying this process consecutively by replacing G by G\x, we obtain
that Bo,1(G) = fo,1(G\lp) =0 and

Pa7171 i—1 t o po—1 i—=1 o . 1
W)+ X (P )Biki—k41(G\Ip) ifi < p*T,
Bi,i+1(G) = jjo_lkfo 1 ’,‘;91 1
S W)+ T (T )Bickika1(GNo) i = p
=0 k=0 k=0
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In order to simplify the formula, we apply Lemma 3.1(1) and obtain

L)z 000

a—1

Moreover, if i > p > t, we have

SOC B0 )8

This implies that

Biit1(G) =1 57, at

o so—1 . _
. (e )+kz0 (" )Bi—k,i—k+1(G\Ip) ifi > pol.
= =

p -1 o_ a—1 i—1 a—1 .
(7T = O+ Z O bikirn @) it < p,
a—1

For the second formula, we have

Bii+2(R/(I(G) : x)(=1)) = Bi—1i+2(R/(I1(G) : x)(=1)) = 0.

This implies that Tor; (R/I(G); k);+2 = Tor;(R/(I(G), x); k)42, and so, by [4,
Remark 2.1], Bi,i12(G) = Bi,i+2(R/(I(G), X)) = Bi—1,i+1(G\x) + Bi,i+2(G\x). As
aresult of applying this process consecutively by replacing G by G\x, we obtain that

a—1

p a—1
Pii+2(G) = Z (pk ):31'p"“1+k,ip“"+k+2(G\10),

k=0
as required. O

By keeping the notation of the previous theorem, its proof shows that G\Ip =
Gy Ulp q]*---% G[Ip-1 U lps1]. Also, by Lemma 3.4, we have A(G\lp) =
2 2

A1 Y- U A1, where forevery 1 < k < pr1, A = A(G[I U Ip—]). Thus, in

2
order to finding the Betti numbers of G(p“) by Lemma 2.3, we need to compute the
Betti numbers of G[Iy U I, 4] forall 1 <k < pT_l. To this end, we state and prove
the following proposition.
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Proposition 3.8 Letr p be an odd prime and o > 1 be an integer. If G = G(p%) and
Ii={xe[p*]l|x=i (mod p)}forO0<i < p—1, then

a—1

6 pg=it
. i—2)pe—ly2 2 pe- o= .

i (GUI U I = 16+ 0 [SRET CRL ) +2(0)) ri=it2,
0 otherwise.

Proof By the proof of Lemma 3.6, for every 1 < k < pT_l the graph G[[; U I, ]
is a disjoint union of two complete graphs. Thus, A(G[Iy U I,_r]) = A(G[I]) *
A(G[Ip—k]), where A(—) denotes the independence complex of —. Since reg(G[/; U
Ip_i]) =2and B; j(G[Ix UI,_]) =0forall j > i+ 2, by Lemma 2.1, we obtain
that

Biiv1 (GUED + Biiv1(Glp—]) ifj=i+1,
Bi i (GLI U, ]) = Y. Biniu+1(GUDBiyin+1 (Gl if j =i +2,
’ i1+ir=i
0 otherwise.

Now, Proposition 2.4(1) implies that

a—1

2i(",) o ifj=i+1,
B (GlIx U I,—g]) = ; ai(f ) (hy) =it

i1+ix=i

0 otherwise.

Note that, by Lemma 3.1(2),

a1 a1 . a—1 a—1 a—1
(p P g [G=2p 2 2p b
2 l112<i1+1)<i2+1>_(1+1){ 22pt =1 <i+2>+2<"+2>}7

i1+ip=i
and thus,
2i(%7) ifj=i+1,
. i—2 a—1 22 a—1 a—1 . . .
Bii(GU U TpiD = 1+ ) | SRESECEL ) +2(05) | it =i+2
0 otherwise,
as required. O

We conclude this section with the following example.

Example 3.9 Consider the graph G = G(32) and let Ip = {0,3,6}, I = {1,4,7},
and I» = {2, 5, 8}. By applying Proposition 3.8 with p = 3 and o = 2, we obtain the
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Betti table of G\ Iy = G[I; U I,] as follows:

012 34
total : 1613124
0:1-
1:-64
2:..9124
Now, by Theorem 3.7, we have
0 ifi =0,
18 + B1,2(G\ o) ifi =1,
Bi.i+1(G) = 163 + B2.3(G\1p) + 3B1.2(G\1p) ifi =2,

3
O+ +0+ Py ()Bi-ki-k+1(G\lo) ifi =3,
and B ;12(G) = Bi—3,i—1(G\1o)+3Bi—2,i (G\1o) +3Bi —1,i+1(G\ 1)+ Bi.i+2(G\ ).
Thus, we obtain the Betti table of G as follows:

012 3 4 5 678
total : 124 94 180 205 144 60 13 1

0o:1 - - - .« . . .
1:-2485141138 87 36 9 1
2:- - 9 39 67 57 24 4 -

4 The Betti Numbers of the G’ (n)’s

In this section, we focus on the G'(n)’s, the complements of the G (n)’s. Let us recall
that G’(n) is the graph whose vertex set is [n] in which two distinct vertices x and
y are adjacent if and only if ged(x + y,n) # 1. It is obvious that G'(p), p prime,
contains one isolated vertex and disjoint edges. By [2, Lemma 4.1], if n is even, G’ (n)
is well-covered. Because of this, we first consider the graph G’(n) with even n.

Lemma 4.1 Letn be an even integer. Then o (G’ (n)) = 2 and the f-vector of A(G'(n))
is (1, n, 50(n)), where @ is the Euler’s phi function.

Proof By the proof of [2, Lemma 4.1], we obtain that «(G'(n)) = 2 and the f-vector

of A(G'(n))is (f-1, fo, f1), where f_1 =1, fo = n,and fi = |[E(G(n))| = 5¢(n),
as required. O

Proposition 4.2 Let n be an even integer. Then the following statements hold true:

1+(n—2)t+(1—n+%p(n))t?

(1) The Hilbert series of R/I(G'(n)) is H PRy () = ey

(2) reg(G’(n)) =2 and pd(G’'(n)) =n — 2.
3) Bu2a(G'0) =1—n+ 5¢(n) is the unique extremal Betti number, where ¢
is the Euler’s phi function.
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Proof (1): By Lemma 4.1, the components of the h-vector of A(G'(n)) are hy =
@) f1=1Lh =D+ DG fo=n—2, and

2 2-1 2-2
hy = (—1)2<2)f—1 + (—1)1<2 ~ 1)fo + (—1>°(2 ~ 2)f1 =1-n+ %go(n»

This implies that the Hilbert-Poincaré series of R/I(G'(n)) is

L+ =2t + 1 —n+%em)?
(1—-17? ’

HPR/1(G'ny () =

as required.

(2): By [2, Theorem B], the graph G’(n) is Cohen-Macaulay with a(G’(n)) =
2, and also, by the Auslander-Buchsbaum formula, we have pd(G’'(n)) = n —
dim R/I1(G'(n)) = n — a(G'(n)) = n — 2. Moreover, since | —n + 5¢(n) # 0,
by part (1), we obtain that pd(G’(n)) + reg(G’(n)) = n, and thus, reg(G'(n)) = 2.
(3): It is followed from (1) and (2). O

Next, we consider the Betti numbers of the graph G'(p%), p prime. We recall the
structure of the graph G’(p?) as follows:

Lemma4.3 ([2], Lemma4.2) Let p be an odd prime and o be a positive integer. Then
the graph G'(p®) is a disjoint union of one complete graph K po—t and pT_l complete
bipartite graphs K ,o-1 -1, that is,

G'(p%) = Kpae-1 UK a1 pa-1t UK pa—t ot U UK pat ot

p—1 .
- times

Lemma4.4 Let p be an odd prime and o be a positive integer. Then the following

statements hold true:
1

(1) a(G'(p?)) = 2= 11,
(2) The f-vectorof A(G'(p*))is (1, p%, f1,..., Ja(c (pey)—1), where fi = %(p“—
P H(p* —1) and

p—1

2

fi=p " > ﬁ

crtetc po1 =i Jj=

—1
<Pa > Hlle;>0)]
¢j

—

1 (7 "\ oities=on
Jlej>
o2 T ) e
Cltte pi =i J
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a—1

forall2 <i < 2=
Proof By Lemma4.3, the graph G'(p®) is well-covered and « (G’ (p®)) = % +
1. It is clear that f—| = 1, fo = p“. Applying the proof of Proposition 3.5, f1 =
|E(G(p™)| = 5(p* = p* H(p* = 1).
Based on the structure of the graph G’ (p%), we now assume that

1 2 )
G/(Pa) = Kp“_l U K,(,ot)fl’potfl U K;a)fl’pafl u.--u Kpaglypafl'

Let (UY, V(1)) be the bipartition of Kz(i{l)" ot for 1 <j < 221 Let I; be the set
p=1
;(,El)p(,,l with size i. We

see that f; = p*~ 1. || +|I 1. We observe that each element of /; has the following
form

of independent sets of K;i),l po-l U K;i) 1 pa-t U---UK

xDy...u X(?),

. —1 . .
where 0 < [XD| < p®Land (XD + ... +|X"Z)| = i and either X) ¢ UD
or X c v if |X(-’)| >0foralll <j < pr1. By virtue of this observation, we

have
~1
PPN Lol >on
¢j

S
|

—

1| = >

Cl+'“+C]7—l:i J
2

05C1,-..,6‘p;1 =p*~

—

1

Therefore, we obtain

c
crtetc po1 =i j=1 J
5
0=cy, Cp—1 Spa_]
L e i
p=1
2 a—1
v (P ) 2lljle;>0)|
e
citete po1 =i j=1 J
2
0=cf....c p—1 <p*~!
2
. —1)p*! .
forevery 1 <i < %, as required. O
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—1
. . , (‘7Y i =2
Proposition 4.5 Let p be an odd prime. Then B; ;(G'(p)) = i In
0 if j#2i.
particular, pd(G'(p)) = reg(G'(p)) = 5.
Proof Since the graph G'(p) is a disjoint union of p graphs K> and one graph K,
A(G'(p)) = A(K1) * A(K2) # - - - % A(K2).

Now, by Lemma 2.1 and Proposition 2.4(1), we obtain that

p—
T if j = 2i,
B G (p)= ), Hﬂak b (K2) = ( ) oity=2
ay+-ta p_y =i k=1 if j # 2i.
b+ +bL31*
2
Therefore, pd(G'(p)) = reg(G'(p)) = ”_ , as required. O

Theorem 4.6 Let p be an odd prime and a > 1 be an integer. Let i and j be positive
integers. If 1 < j —i < p+ , then

Bi.j(G'(p ))=<j_i) ) H{<Mk+1>_2(uk+l>}

uyt-tujj=i | k=1
Ltl,...,ui_izl
p—1 a—1 J-i-l a—1
- p p
(o) 2wl )| ) ()
j—i—1 w1 upg+ 1 bl up + 1 up + 1
u(),...,u_,'_,'_]zl

In the case j —i > pT we have B; j(G'(p*)) = 0.
Proof By Lemma 4.3, the graph G’(p®) is a disjoint union of one complete graph
K a1 and ”T_l complete bipartite graphs K -1 ,«-1. This implies that

A(G'(p™) = A(K pa-1) % A(K ja1 pa-1) % -+ 5% A(K jo1 pa-t1).

Note that ﬂO’O(Kpoc—l) = ﬂo,o(Kpa_l,pa_l) = 1. Also, by Proposition 2.4, the edge

rings of K pe—l and K pe—1 pa-1 have 2-linear resolutions. Now, ﬂMO,MOH(Kle) =

uo (u N 1) together with Lemma 3.1(1), implies that

pa—l poz—l 2p0l—1 p“—l
K o— o— == = - 2 :
Buseui+1 (K pet pa—1) Z < s )( t up +1 up +1

s+t=ur+1
s,t>1
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Therefore, by Lemma 2.1, we obtain that for every i and j,

S
|

—1

BiiG' P N="" D BuyKp-)

uo+--u p—1 =i

ﬂuk,vk(Kpu_l,pu_l) ’ (1)

»
Il

2
Vot v p—1 =J
Tz

where uy, v > 0 are integers.
First, suppose that j —i = 1. By Eq. 1, we obtain that

—1
Bi.i (G'(P*) = Bt (K ) + F5= B (K oot 1)
a—1 -1 2 a—1 a—1
=i(7 )+ 5= ) 2P )T
i+1 2 i+1 i+1

Second, suppose that j —i = pTH. Therefore, there exists 0 < k < prl such that
up, vk = 1 and vg # up + 1. Thus, By v, (K je-1) = 0 and By v (K jo—1 poe-1) = 0.
Now, by Eq. 1, we obtain that

p—1

BiiGpN="" > Buuot1Kpe-1) | [T Bureurs1(K pa-it_ 1)
4

=1

[

uo+-tu p—1 =i
2

el
UQ,.oes Up—1 >1
=
1 p-1
Third, suppose that 1 < j —i < %. This implies that j —i = Y, 2 (v —

ur) < pTH. Therefore, there exists 0 < k < pT_l such that vy — u; < 1. Note
that if B; j(Kp«-1) # Otheni = j = 0or j =i+ 1 > 2. This is also true for

Bi.j(K yo-1_pa-1) # 0. Hence, if 1 < j —i < 24 it implies that

p—1

2
BiiGPN=" > BupwoEpe-1) 3 [ Burn (Kot 1)
up+--4u p_1 =i k=1
2

VotV p—1 =j
e
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p—1
2
= > Buovo K pa-1) 3 [ T Buevn (K a1 p=1)
k=1

ug+-tu p—g =i
2
Vot p—1 =j

up=vy=0or vy=ug+1>2

{0<t< 27 [vg=ug+1>2)|=j—i

Hence, we obtain that

p—1

Bii (G (p™) = 3 Buoio K ) { TT B (K ot o)

uytetu poy =i
=

k=1
UHN._H,L_I =Jj
2
ug=vo=0
ug=vp=0 or vg=u;+1>2
l{1<e< 25t vg=up+122)|=j—i
p=l
2
- > Buowo (K pm1) 3 [ | Buro (K et pa=1)
uo+-+u p_y =i k=1
2

vt pg =]

2
vo=up+1=>2
ug=vy=0or vp=uy+1>2
l{1<e< 25t jop=up+122} =) —i—1

. ‘X*l .
Since Bo,0(K pa—1) = 1 and Bugug+1(K po-1) = ”0(50+1)’ we obtain that

=L
2
/ o
Bi.j(G'(p™)) = > [ T Burown (K pat o)
uyttu poy =i k=1
2
Vit pog =)
2
ug=vy=0or vg=uyg+1>2
{1<e< 25t op=ug+122)|=j—i
p=l
poz—l 2
+ > uo(uo . 1) [T Bucn (K pat po1)
uo+-+u p_i =i k=1

7.
vot+ov 1 =]
2
vo=up+1=>2
up=vy=0or vp=uy+1>2
[{1=< 2 jg=up+122} 1= —i—1

(70,2 C) ()

u 1
uptetujoj=i | k=1 K+
ul,...,uj,,-zl
p—1 a—1
p
(o) X oW
—1— u
J uotetuj—j—1=i 0
ug, s j—j—1>1
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j—i—l a—1 a—1
M) ()]
i up + 1 up + 1
—1

Forth, suppose that j — i > pTH Therefore, there exists 0 < k < ”T such
that vy > uy + 1. This implies that B, ., (H) = 0, where H is either the complete
graph K -1 or the complete bipartite graph K ,«—1 ,«-1. Now, by Eq. 1, we obtain that
Bi,j (G’(p*)) = 0, and so, the proof is completed. O

As an immediate corollary, we obtain that

Corollary 4.7 If p is an odd prime and o > 1 is an integer, then reg(G'(p%)) =
1 1
P32 and pd(G'(p*) = p* — I3

We close this paper with the following example.

Example 4.8 Consider the graph G = G’(3%). By Theorem 4.6, we obtain

i(z‘i1>+{(z‘i1)_2<til>}
:(’_2)< +1)+(z‘i1>’

Moreover, f;i+2(G) = Yig+i=i zo(loil) [(ifH) — 2(1.11])} . Thus, we obtain the
ig,i1>1

Bi.i+1(G)

Betti table of G as follows:

01234567
total' 1247878749152

0: .
1: 1220156 1
2:. - 27728148152
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