Bull. Malays. Math. Sci. Soc. (2024) 47:133 MALAYSIAN M
https://doi.org/10.1007/540840-024-01729-w o

®

Check for
updates

Uniform Asymptotic Formulas of Ranks and Cranks for
Cubic Partitions

Rongying Lu’ - Nian Hong Zhou'

Received: 22 February 2024 / Revised: 3 June 2024 / Accepted: 6 June 2024 /
Published online: 26 June 2024
© Malaysian Mathematical Sciences Society and Penerbit Universiti Sains Malaysia 2024

Abstract

In this paper, we establish uniform asymptotic formulas for the rank and crank statistics
of cubic partitions. This partly improves upon the asymptotic results established by
Kim-Kim—Nam in 2016.
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1 Introduction and Statement of Results

A partition of an integer n is a sequence of non-increasing positive integers whose
sum equals n. Let p(n) be the number of partitions of n and let p(0) := 1. Euler
discovered the generating function of p(n):

Y pn)g" = (1.1)

1=0 Q)oo

where we define (a; ¢)o = szo(l — aqk) forany a € C and |¢| < 1. To explain
Ramanujan’s famous partition congruences with modulus 5, 7 and 11, the rank and
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crank statistic for integer partitions was introduced by Dyson [6], Andrews and Garvan
[2,7]. As a precise definition of rank and crank for integer partitions are not necessary
for the rest of the paper, we do not give it here.

The cubic partition function c(n) is defined by

Y emg" = 1

= (@ D@ 4D

which was introduced by Chan in a series of papers [3—5]. Chan [3] showed that
c(n) satisfies a Ramanujan-type congruence c(3n + 2) = 0 (mod 3). He [4] further
proved that c(n) satisfies congruences modulo higher powers of 3. Motivated by cubic
partition congruences [3, 4], Kim [8] introduced a cubic partition crank which explains
infinitely many congruences for powers of 3 explicitly. As a precise definition is quite
complicated and not necessary for the rest of the paper, we do not give it here. Let
C(m, n) be the number of cubic partitions of n with crank m. Kim [8] also established
the generating function for C(m, n) as follows:

(@ D)oo(q%; %) oo
C(m,n)7"q" = L2
HXZ;)"% (m.m)z"q (295 D)oo (2714 @00 (24%: 4P 00 (2719?5470 (12)

It is clear that C(m, n) = O for any |m| > n. On the other hand, in his thesis, Reti
[10] defined a rank-like function which also explains the cubic partition congruence
modulo 3. Let R(m, n) be the number of cubic partitions of n with rank m, then

1

> Rm.m"q" = ) (1.3)

- - g2 2. 42 —1,42. 42
omez (495 4)00(29%5 470 (27975 %) o0

It is clear that R(m, n) = 0 for |m| > n/2.
As we have two different partition statistics explaining cubic partition congruences
and

c(n) = Z C(m,n) = Z R(m, n),

mez mez

it is a natural question to ask how the crank and rank of cubic partitions are distributed.
In 2016, Kim—Kim—Nam [9] established the following two-variable asymptotics for
C(m,n) and R(m, n) by using a circle method.

Theorem 1 (Kim—Kim—Nam [9, Theorems 1.1 and 1.2]) As n — 00,
eV b4 2 Tm 1+ |m|'/3

provided |m| < n3/8,
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and

TV o Tm 1+ |m|'/3 )
R(m,n) = Wseeh (%/ﬁ) (l + 0 (T)) , provided |m| < \/n/2.

In this paper, we establish uniform asymptotic formulas for C(m, n) and R(m, n)
that hold for a wider range of m than those given in Theorem 1. This enables a deeper
understanding of their distributions.

Throughout this paper, we set §, = m/+/4n. Our main results are as the follows.

Theorem 1.1 Let m, n be integers. As n — 400
1
Clm, m) ~ Ze(mé, / sech?(21)sech®(r — m8, /2)dt,
R
and
1 2
R(m,n) ~ Ec(n)S,,sech (méy),

uniformly with respect to m = o(n/%).

Remark 1.1 We have established asymptotic formulas for C (m, n+|m|) and R(m, n+
2|m|), which hold for all n — +o00 and uniformly with respect to m € Z. For details,
see Theorems 3.2 and 3.3 in Sect. 3.

Throughout the paper, we use the Landau symbols O and the Vinogradov symbol <.
We recall that the assertions U = O(V) and U < V (sometimes we write this also
as V > U) are both equivalent to the inequality |U| < ¢V with some constant ¢ > 0,
while U = o(V) means that U/V — 0. In this paper, the constants implied in the
symbols o, O and « are absolute and independent of any parameters.

2 Lemmas

We need some facts on the Andrews—Garvan—Dyson cranks of partitions. Let M (m, n)
(with a slight modification in the case that n = 1, where the values are instead
M(£1,1) = 1,M(0,1) = —1) be the number of partitions of n with crank m,
then we have

SN M. m2"q" = (4 9)oo @.1)

~ (zq: 1, .
n>0meZ (295 PDoo(27'¢5 Qoo

It is clear that M (m, m) = 1 for any m > 0. We need the uniform asymptotics of
M (m, n), which can be find in [11, Proposition 2.1]:

@ Springer



133 Page4of15 R.Lu, N.H. Zhou

Lemma 2.1 Ler g(x) = 175 (1+ e‘|x|)_2. As integer £ — +00

Mk, |K| +£) ~ g (nk /ar“) ¢=3/227 TS,
uniformly with respect to k € Z. In particular, for any k € Z and £ > 0 we have
Mk, k| +£) < (14 £)~3/227V0,

The following lemma gives the algebraic relations between partition cranks and cubic
partition cranks and ranks.

Lemma22 Letm,n > 0. With A :=n+m —2|k| — |m — k|, we have C(m, m) = 1
and

Cmon+m)y=>" " Mk |kl +OMm—k |m—kl+A=20), foralln>1.

keZ €>0
A>0¢<A/2

We have R(m,2m) = R(m,2m + 1) = 1 and

Rm.n+2m)y= > pn—200M(m,m+20), foralln>1.
0<t<n/2

Proof Using (2.1) and (1.1), the generating function (1.2) and (1.3) can be rewritten
as

. 2. .2
S Y Cmmang — L e
"0 mel (29: oo (2745 Do (247 G )0 (277q% ) 00
= Y My, n)Z"g" Y M(ma, no)z" g
n1=0 n2>0
mi€L mo€Z
=Y "¢" Y. Y. M@, n)M(my,n)
n>0 ni,na>0 my,myeZ
mez ni+2no=n mi+my=m
and
1 2; 2
Z Z R(m,n)zmqn = ( . ) ( 2. 2(;] (q—)IOOZ. 2)
e 45 oo (2475 4%)o0(271%5 4?00

=Y p)g™ Y M(m, n2)"q*"

n1=0 n2>0
meZ
=Y "¢" Y pt)M(m, ny).
n>0 ni,npy>0
meZz ni+2nr=n
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Noting that M (m, n) = 0 for all [m| > n, we have

Cmmy= Y Y Mmi,nDM(m,n)

n1+2nr=n mi+may=m
ny,np>0 my,my€Z

= Z Z M(mo, np)M(m — my, n — 2ny)

0<nr<n/2my€Z

= > > My, \mal+ (g — Ima])M(m — my, n — 2|ma| — 2(ny — Ima)))
0<ny<n/2my€eZ

=Z Z Mk, |k| + OM@m — k,n — 2|k| — 2¢). (2.2)

keZ 0<t<n/2—|k|

Thus

C(m, m) = Z Z Mk, k| + OM@m —k,m — 2|k| — 2¢) = M(0, 0)M (m, m) = 1.
keZ 0<t<m/2—|k|

Replacing n by n + m and letting A = n +m — 2|k| — |m — k| in (2.2), then we have

Clmn+m)y=Y "> Mk, |kl+)M(m —k |m—kl +A-20),
keZ £>0
A>0¢<A/2

which completes the proof for C (m, n 4+ m). Similarly,

Rim,n)y= Y pn))M(m, ny)

ni+2ny=n
ni,np>0
= > pln—2m)M(m, ny)
0<ny<n/2
= > pr—2m—200M(m,m+0).
0<l<n/2—m

Replacing n by n + m in above, we have

R(m,n +2m) = Z p(n —200M(m, m + 0).
0<t<n/2

From this we see that R(m, 1 4+ 2m) = p(1)M(m,m) = 1 and R(m,2m) =
p(O)M (m,m) = 1, which completes the proof of Lemma 2.2. O

We need the following auxiliary lemmas.
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Lemma 2.3 For x € [0, 1], define
f)=~1—-x+

Then f(x) is increasing on [0, 1/3] and decreasing on [1/3, 1]. Moreover,

FQ/3+1) =+/3/2—kt> + 0(t)),

ast — 0, where k :=279/2.35/2,

Proof The proof of this lemma is a direct calculation and we shall omit it. O

Lemma 2.4 Let g(x) be defined as in Lemma 2.1. For any xo € RU {oo}. If y ~ x as
X — X0, then g(y) ~ g(x) as x — xo.

Proof Recall that
T -2
x)= —— (14 ™
g(x) 273 ( )

We have

le= Xl — =V

<le Wl —e Pl >0,
1+ eIyl -

Versm - 1| = | . - 1]

14 el
whenever y ~ x and x — xg with xo € R U {oo}. The proof follows. O

In this paper, the Euler-Maclaurin summation formula we use is always stated as
follows.

Lemma2.5 Leta,b € Zwitha <b, h € Cl([a, b)). The we have

be be
> hte) = / h(u)du + w +0 (/ |h’(u)|du> ,

a<{<b e

for any ¢ € (0, 1), where the implied constant is absolute.

3 The Proofs of the Main Results

In view of C(m,n) = C(lm|,n) and R(m,n) = R(|m|,n), C(m,|m|) =
R(m,2|m|) = 1 forallm € Z, and as well as C(m,n + |m|) = R(m,n +2|m|) =0
foralln < 0 and m € Z, this section will only consider the cases for C (m, n +m) and
R(m,n 4 2m) withn > 1 and m > 0. We assume that the function f(x) is always
defined by Lemma 2.3.
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3.1 Unform Asymptotic Formulas for C(m, n + m)

For simplify our writing, we denote A := A,k = n +m — 2|k| — |m — k| and
Sa=lkeZ:A>0} x{€eZ:0<¢<A/2}. Then one can check that:

A <n and #S4 < nZ.
We split that S4 = So U S} U S, with So := {(k, £) € S5 : A <n®3},
Sy = {(k,e) €Sy A>n", 20/A—1/3] < A*Ol},
and
Sy = [(k,z) €Sa:A>n" 20/A—1/3] > A—O‘Z}.
Therefore, using Lemma 2.2 we can rewrite the formula for C (m, n + m) as:

Com,n+m)= Y Cs;(m,n),
0=j=2

where

Cs,(m,n):= > Mk, |k|+OM@m —k |m—kl+A-20. (3.1
(k,0)€S;

From Lemma 2.1, forany k € Z, ¢ > 0
Mk, k| +€) < (14 £)73227V0,
Thus for (k, £) € S4, we have

2 —
Mk, K|+ OMn —k, [m — k| + A — 20) < ¢ v6 Y THVAZ20,

For (k, £) € Sp, we have
VI + VA =20 <212,
For (k, £) € S,, using Lemma 2.3 we have
VAF@e/A) < VAmax (£(1/3 - AT, 173+ 4702))

— VA (f(1/3) —kAT04 0(A’°'6))
</3n/2 —kn®' + 0(1).
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Therefore, using #54 < n? and above estimates we have

2L (2025 27 0.1
> Cs,m.n) L e » | 4 o IR o) T

Jj€{0,2} (k,€)eSo (k,0)€S>
W1/3 1/12

Le n2+nze”‘/ﬁ7"1/“ L VT, (3.2)

We will now prove that the main contribution of the summation for C (m, m + n)
comes from Cg, (m, n), as defined by equation (3.1).

Lemma 3.1 Let g(x) be defined as in Lemma 2.4. As n — +00

(m — k) —9/4 7JA
Clm, m +n) ~ 18 ( ) (”—)A /4mVA

A>n93

uniformly with respect to m > Q.
Proof Notice the fact that as £ — +o00

wk ) 2 V/6

Mk, |k|+£)~g<ﬁ —an

uniformly with respect to k € Z, see Lemma 2.1. For (k, £) € Sy, since A > n%> —

+OO,

wk  wk w(m —k) w(m — k)
L~ A 6 NZA 37 ~ ’
/ V6 «/_ / VO(A —20) V4A

using the above estimates and Lemma 2.4, we have

wk
Mk, k| + )M (m — k, Im—k|+A—2€)~g<ﬁ>g

Tm—k)\ e VERVATD
< NZV )(A/6)3/2(2A/3)3/2'

Moreover, using Lemma 2.3, we have

ST NAZ2D = S A)

NG 7
_ 2 2 3
=% A(,/3/2—;<(2£/A—1/3) L O(2¢/A — 1/3] ))
=avA— ———— (@ —A/6)>+0(A™").

f 3/2
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Therefore, further simplifications yields

Mk, |k| +OM@m —k, |m — k| + A —2¢) ~
enﬂf%(e%/é)z

(%)« (")
$\va)\ vz (A/3)3

Hence using (3.1) yields

ﬂﬂ—%(f—fl/6)2

wk am(m—k)\ e
Crtmem) ~ 3 <_>g ( JAA ) (473

8
(k,0)€S) A
nk (m—k) A
_ Z g(ﬂ)g( VaA )e Z o Toaiz(E=A/6)
keZ (A/3)3 0<t<A/2
A>n0S [0—A/6|<0.5A08

Notice that (0.54%%)2/43/2 = 0.25A4%! — 400, the inner summation above is
asymptotically equivalent to the following Gauss integral:

_ _8mk _ 3/2
/ € \/6A3/2 (w A/6)2dl/l == \/EA )
R 8k

by using the Euler—-Maclaurin summation formula. Therefore, by noting that x =
279/2.35/2 e have

wk w(m — k) —9/4 /A
C , ~ 18 —_ — ] A .
im ) kZEZ g(ﬂ)g< JiA ) ¢

A>n9?

Notice that A = n + m — 2|k| — |m — k|, we pick out the term k = O from the sum
above yields

Cs,(m,n) > n9/4 TV
While considering estimate (3.2), we see that
Cs,(m,n) + Cs,(m, n) K eV,

which completes the proof. O

We now evaluate the summation in Lemma 3.1. Note that A = n + k — 2|k| for
k <m,and A = n + 2m — 3k for k > m. Therefore, the summation in Lemma 3.1
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can be rewritten as

(I+o(1)C(@m,n+ m)

( nk ) ( 7 (m—k) )
_ 18 ) s\ n=an—n VAG=CRI=R) ) /i 2RTF)
(n — 2|k — k))*/4

k<m
n—Qlk|—k)>n'/?

(i) e (i)

S\ n=ar—m ) 8 \Van—Gk—2m) ) n/i=gi=zm)

+18 > e ,
= (n — Bk —2m))%/4

n—QGk—2m)>n'/?

as n — +o0o. We write

(\/ Tk ) (\/ 7(m—k) )
._ n—QIk[=k) 4n=CIKI=K) ) 7 /n—CIk—k)
Ci(m,n) =18 Z (n — 2lk] — k))*/4 o

k<m
Qlk|—k)<n/8

( rk ) g( 7 (m—k) )
118 Z /n—Bk—2m) V4(n—Bk—2m)) e”*/”_(3k_2m),

P (n — (3k — 2m))9/4

Bk—2m)<n/8
for replacing the above summation of (1 + o(1))C (m, n 4+ m), then the error term is

14+o01)Cm,n+m)—C;(m,n)
< Z en~/n+k—2|k| + Z en«/n+2m—3k

k<m k>m
21k|—k>n3/8 3k—2m>n>/8
n+k—=2|k|>/n n+2m—3k>/n

& ne™Vn=nl oy wn=n3 o /n—n!l®

Moreover, using Lemma 2.4 for g(x), and the fact that ™ V¥~ ~ TVX~7 r/VAX for
all r = 0(x3/%) as x — 400, one can find that

Cr(m,n)~
SR e T S ()
o/4
n / k<m k>m \/ﬁ 4n
Qlk|—k)<n®/8 GBk—2m)=<n®/8
_18emVH @k — Gk nk w(m — k) 18
= O i == A4 T/n—n
R NN C D e
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Therefore, using the definition of g(x):

1

T T
_ x| 2
= e"'sech“(x/2),
1242 1+ e W2 48,2 /

glx) =

and with §, = m/+/4n, by a straightforward calculation, the main term in the above
formula can be evaluated in the following form:

2 7w/n+mé,
nTe 2 2 (-1
Clmn+m) ~ " Y " sech?(ks,)sech (2 (m —k)8,,>.
n
keZ

Note that for all # € R, using the Euler—Maclaurin summation formula implies:

> " sech? (ksy)sech? ((t — kby)/2)
keZ

= if sech?(x)sech? ((t — x)/2) dx + O (/
Sn JR R

n

3y (sechz(x)sechz ((1x) /2)) D .

Note that e =2l « sech?(x) <« e 2"l and d,sech®(x) <« e 2l for all x € R, we
have

A

3, (sechz(x)sechz ((t — x) /2))‘ dr < / o—2xl—li—xlg
R

< / sechz()c)sech2 ((t —x)/2)dx.
R
Moreover, note that

1 / sech?(x)sech? ((r — x)/2) dx = 1 [ sech?(2x)sech? (x — ¢/2) dx
8 Jr 4 Jr '

is an even function for t € R, and C(—m,n + |m|) = C(m,n + |m|) for all m € Z.
We conclude the above with the following theorem.

Theorem 3.2 Asn — +oo

nenﬁ""lmlan
C(m,n+ |m|) ~ / sech?(2x)sech? (x — mé,/2) dx,

64n7/4 R
uniformly with respect to m € 7.
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3.2 Uniform Asymptotic Formulas of R(m, n)

From Lemma 2.2, we can rewrite the formula for R(m, n + 2m) as:

R(m,n +2m) = Z pn—=20)M@m,m + £)
0<t<n/2

= > + > p(n —20)M (m, m + )
0<t<n/2 0<l<n/2
12¢/n—1/3|<n %2 12¢/n—1/3|>n"02

=: Ryy(m,n) + Rg(m, n).

We claim that the main contribution of R(m, n + 2m) arises from Ry;(m, n), while
the Rg(m, n) is an error term. In fact, by use of the Hardy—Ramanujan asymptotic
formula:

27 \/nj6
n) ~ e )
P 4/3n

asn — +o0o, Lemma 2.1 and Lemma 2.3, we have

Rpm.my= ) pn—20M(m.m+10)
0<t<n/2
[2¢/n—1/3|>n~02
2;
— L nf@e/n)
< Z 27N (n=20/6+2m/T]6 _ Z ev6
0<t<n/2 0<t=n/2
|2¢/n—1/3|>n"02 |2¢/n—1/3|>n~02
2w /n
< nexp (— sup f(x))
\/6 0<x<l1

|x—1/3|>n"02

2
K nexp ( jz/%/ﬁ (\/372 —kn 0+ O(n_o'é))) < eV

Moreover, since n — 400, |2¢/n — 1/3| < n~ %2 we have £ ~ n/6andn — 20 ~
2n/3. Using Lemmas 2.1 and 2.4 implies:

e%(mwz)

Tm
p(n—2€)M(m,m+K)~g< )

V6l ) 43(n — 20)¢3/2

7 /n
- (n_m> R A
S\ V) a/3n)3)(n/6)32
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B wm 9 e2’%’7(4/3/2—/<(2£/n—1/3)2+0(|2e/n—1/3\3))
=8\ /n) 2320502

TK(E—n 2
N 16372'/_2 (147 T
n

Therefore,

-2 _ 871K((€—n/6)2
Ry (m,n) ~ (1 —i—e_”m/‘/ﬁ) Z enﬁ o3z
0<f<n/2
12¢/n—1/3|<n~02

T
16n3/2

Noting that k = 27%/2 . 3%/2 and using similar arguments to C (m, n + m), we have

37TV — ) \/6,,13/2 B eV — 9
Ry (m, n) Tens2 (1+e ) S~ snifA <1+e ) .

By combining this with the previous estimate for Rg(m, n), 8, = m/~/4n, and as
well as R(—m,n 4+ 2|m|) = R(m, n + 2|m|) holds for all m € Z. This leads to the
following theorem.

Theorem3.3 Asn — +00

nenﬁ+2|m|8n

W sech2 (m8,,) s

R(m,n +2|ml) ~
uniformly with respect to m € Z.

3.3 The Proof of Theorems 1.1

We use Theorems 3.2 and 3.3 to prove Theorems 1.1.

Proof of Theorem 1.1 Notice that §,, = 7/ /4n and note that for m = o(n3/%),
w/n = |m| 4 m|8y ) = 7N/1 = M8y + Im|8, + O(m*n =) = 7/ + o(1),
and

sech (x — 2*]m8n_\m|> = sech(x — 2*1m5n + 0(m2n73/2)) ~ sech(x — 2*1m6,,),

uniformly with respect to x € R. Therefore, using Theorem 3.2 implies

geTVn—Iml+imls, | 5 5 .
C(m, }’l) ~ W . Z /Rsech (2X)SCCh (x -2 m(Sn_|m|) dx
™ 1 2 )
~ TenTiA Z/RSGCh (2x)sech” (x — mé, /2) dx. (3.3)
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Similarly, for m = o(n3/*), using Theorem 3.3 implies

Te” «/n—Z\m|+2m5n,2‘m‘

Rim, n) ~ 3207/

me™Vn
sech? 2mé,—2jm|) ~ 3974 ——_sech? (mé,). (3.4)

Therefore, the proof of Theorem 1.1 will follows from (3.3),(3.4) and the fact that

c(n) ~ %n_5/4e”ﬁ,

see [9, Equation (1.5)]. O
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