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Abstract

The variety of Moufang loops is axiomatized by any one of four well known (equiv-
alent) identities. We prove that this axiomatic harmony holds in a broader setting
by obtaining two alternate, generalized versions of the (traditional) definition of a
Moufang loop using four “local” identities, each derived from one of the four “global”
Moufang identities, one for loops, the other for magmas with the right or left inverse
property.
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1 Prelude

A magma is a set, Q, together with a single binary operation, -, and a two-sided neutral
element. We denote this (unique) neutral element as e for an arbitrary magma, and 0 in
our examples. A loop is a magma such that in x - y = z, knowledge of any two of x, y
and z specifies the third uniquely. For an overview of the theory of loops, see [1, 4,
7, 13]. Loops, per se, are so general that they resist mathematical analysis; one needs
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more structure. For example, loops that satisfy the associative law have elegant—even
tight—structure: they are groups.

In the 1930’s, Ruth Moufang [11] initiated the study of loops that satisfy a weak-
ening of the associative law: x(y - xz) = (xy - x)z. Note that we have adopted the
simplifying notational convention that the product of juxtaposed elements has priority
over the displayed binary operation - in terms to be multiplied, i.e., the identity we
have just written is shorthand for x - (y - (x - z)) = ((x - y) - x) - z. In addition to
much else, Moufang showed that, in the variety of loops, this identity is equivalent to
its mirror image: (zx - y)x = z(x - yx). She also initiated a study of loops that satisfy
another “nearly associative” identity: x(yz - x) = xy - zx, which has, of course, a
“nearly associative” mirror: (x - zy)x = xz - yx.

Bol [2] showed that in the variety of loops, these four identities are equivalent,
and so these identities came to be known as the Moufang identities. Not surprisingly,
the variety of loops axiomatized by any one of them is called the variety of Moufang
loops. Later, Bruck [3] provided a shorter proof of the equivalence of the Moufang
identities, and in [4], described more properties of these loops. The smallest Moufang
loop that is not a group has order 12 [6]; it is the only nonassociative Moufang loop
of order 12. The smallest Moufang loop of odd order that is not a group has order 81
[12] (in fact, there are five nonassociative Moufang loops of order 81 [5, 12]). In short,
Moufang loops are very close to groups; they share many deep structural properties
and equational laws. For example, both satisfy the flexible law (xy - x = x - yx), right
alternative law (yx - x = y - xx) and left alternative law (x - xy = xx - y). Moreover,
each element, x, has a unique 2-sided inverse, denoted by x~ ! and satisfy both the
right and left inverse properties: yx - x~' = y and x~! - xy = y respectively, and
hence Moufang loops are inverse property loops. Moufang loops also satisfy Hall’s
theorem, as well as Lagrange’s Theorem [7, 8]. An arbitrary loop need not satisfy any
of these laws.

The theory of Moufang loops is sophisticated and quite deep, and includes a large
collection of highly specialized and technical results [6, 16]. The starting point in this
theory is the basic theorem mentioned above, i.e., that the four Moufang identities are
equivalent in the variety of loops. In this paper, we offer a proof that applies not only to
loops, but also in the more general setting of magmas, thus allowing us to strengthen
the theorem.

In Sect. 2, we introduce the notion of local identities and elements, and we prove the
equivalence of a pair among the four localized Moufang identities in a more general
magma setting, as well as the equivalence of all four of these identities for magmas
with the inverse property—a harmonious song. Along the way, we establish a number
of useful properties of magmas with either right, left or both inverse properties. In
Sect. 3, the harmony is pared down to its simplest elegance, as we give distinguishing
examples, showing that various assumptions from the previous section are not only
sufficient, but necessary.

Our investigations were aided by the automated reasoning tool Prover9 [9]; most
of our examples were constructed using the finite model builder Mace 4.0 [10].
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2 Scherzo—Local Laws

A local version of an identity is what results when one of the variables in the identity is
held constant. So for example, the familiar commutant of a loop L, which is given by
C(L) ={c e L :cx =xc,Vx € L}, is the local version of the (global) commutative
law (in fact, it is the only local version of the commutative law).

The more complicated associative law can be localized in three different ways,
resulting in the familiar left, middle and right nuclei: Ny(L) = {a € L : a - xy =
ax -y,Vx,y € L}, Ny(L) ={a € L : x-ay = xa-y,Vx,y € L},and N,(L) =
faeL:x-ya=xy-a,Vx,y € L}respectively.

The Moufang identities are more complicated still. Each of the four Moufang iden-
tities has three variables; there are thus 12 possible ways to “localize” the following
four Moufang identities:

(A):z(xy-2) =zx-yz (C):z(x-zy) = (zx - 2)y
B):(z-xy)z=zx-yz (D):(xz-y)z=x(z-y2)

For example, the identity (A) is localized in three ways, thusly:
a(xy-a)=ax-ya, z(ay-z) =za-yz, z(xa-7) = zx - az

Let S be a set, together with a binary operation, -. We introduce the following
notation: A3(S) ={a € S : x(ay -x) = xa-yx,Vx,y € S}, Ay(S) ={a e §:
a(xy-a) =ax-ya,Vx,y € S},and A,(S) ={a € S : x(ya-x) = xy-ax,Vx,y € S}
where a is the local element. We shall write A, (S) simply as Aj if there is no confusion
about the set. We focus on the following four identities (for both historical and algebraic
reasons summarized in [15]). We say that a € § has the property (A,), (By), (Cy)
or (D) respectively, if for all x, y € S, it satisfies any of the identities:

(Ay) alxy-a)=ax-ya (Cyp) ralx-ay) = (ax-a)y
(By) : (a-xy)a=ax-ya (Dy): (xa-y)a=x(a-ya)

We will call the element a € A, (S) an A, element. The analogous definitions for
By, C, and D, are now clear. For any magma, none of A, B,,, C,, or D, are empty
setssincee € A, N B, NC,ND,. Also A, = By; other than this trivial equivalence,
no one of the twelve local Moufang identities implies any other in the variety of
magmas [15], and none of the three “Moufang subsets” must be a submagma [14].
We define a Moufang magma as a magma which satisfies all four Moufang identities
(A), (B), (C) and (D). Though these identities are equivalent in the variety of loops,
only (A) and (B) are equivalent in the variety of magmas (Corollary 2.2, and Example
3.1 and its dual).

Any identity can be localized, of course. We define three local elements, a, that
appear later in the paper:

right alternative element :xa -a = x - aa
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left alternative element :a - ax = aa - x

flexible element :ax -a = a - xa

Many of the results in this section pertain to local versions of the right and left inverse
properties: a is a right (alternatively, left) inverse element if xa-a™' = xa™' -a = x
(alternatively, ™' -ax =a-a~'x = x) forall x € Q.

We prove the following three results for a general magma before proceeding to

prove results that hold for magmas with the right, or left, or both inverse properties.
Lemma 2.1 For any magma, every element in A, U B, U C, U D, is flexible.

Proof Leta € A,.Ina(xy-a) = ax - ya,sety = e to get that a is a flexible element.
Leta € B;,.In (a - xy)a = ax - ya, set x = e to get that a is a flexible element.
Leta € Cy.Ina(x - ay) = (ax - a)y, set y = e to get that a is a flexible element.
Leta € Dy,.In (xa - y)a = x(a - ya), set x = e to get that a is a flexible element.

O

The following is a simple corollary of the lemma above:
Corollary 2.2 A, = B, for every magma.

Proof By Lemma 2.1, for every x, y in a magma Q, a(xy - a) = (a - xy)a. Hence
A, = B, for every magma Q by using the identities (A,) and (B,,). O

Lemma 2.3 For any magma, every element in C,, is a left alternative element, whereas
every element in D,, is a right alternative element.

Proof Leta € C,.Ina(x -ay) = (ax -a)y, set x = e to get that a is a left alternative
element.

Leta € Dy.In (xa - y)a = x(a - ya), set y = e to get that a is a right alternative
element. O

Let O be a magma. It is clear that e, the two-sided neutral element, is also the
unique right, and the unique left, neutral element of Q. As we shall see in the next
lemma, inverses in magmas have familiar properties.

Lemma 2.4 Let Q be a magma.

Suppose for every x € Q there exists some x’ € Q such that yx - x' = yVy € Q.
Then x" = x, and hence, yx' - x = y.

Alternatively, suppose x' - xy = yVy € Q. Then x" = x, and hence, x - x'y = y.

In both cases above, x' is the unique inverse of x; more specifically, x’ is the unique
right, and the unique left, inverse of x.

Proof Assume that Q satisfies yx-x’ = y. Now xx’ = ex-x’ = e;sox’ isarightinverse
of x. Thusx” = ex” = xx'-x” = x.Thenyx"-x = yx"-x”" = y. Alsox'x = x'x" =e.
This proves that x” is also a left inverse of x. To prove that x” is the umque left i inverse
of x, let u € Q be another left inverse of x: ux = =e. Then U=ux -x = ex =x.
Likewise, if xv = e for some v € Q, then v = v = (ev) = (xv - v) = x'. This
completes the proof of the case where yx - x’ =yVx,yeQ.

The proof for the case where Q satisfies x”- xy = y is the mirror of the proof given
here. O
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Lemma 2.4 allows us to use the standard notation, x’1 for the inverse of x, instead
of x', whenever the magma satisfies yx - x = =yor x SXy =Y.

In much of the following results and proofs, we will be using the notations “mirror
of an identity", “mirror of a property (or law)” and “mirror of a proof (or argument)”.
The mirror of an equation is simply an equation being written from right to left instead
of left toright. So (A,,) and (B,,) are mirror identities. The same is true for the identities
(C) and (D,,). Likewise, the right inverse property and left inverse property, and the
right cancelation law and left cancelation law are two examples of pairs of properties
that are mirrors of each other. Similarly, the mirror of a proof would require each step
of the proof being written from left to right instead of right to left (and vice-versa)
using the relevant mirror identities, laws or properties given in the original proof.

Lemma 2.5 Let Q be a magma.

(i) Suppose Q has the right inverse property. Then the mirror of the properties
satisfied by elements in A, U B, also hold for elements in this set if Q has the
left inverse property.

Alternatively, suppose Q has the left inverse property. Then the mirror of the
properties satisfied by elements in A, U By, also hold for elements in this set if
Q has the right inverse property.

(ii) Suppose Q has the right inverse property. Then the mirror of the properties
satisfied by elements in C, also hold for elements in D, if Q has the left inverse
property, and vice-versa.

Alternatively, suppose Q has the left inverse property. Then the mirror of the
properties satisfied by elements in C;, also hold for elements in D,, if Q has the
right inverse property, and vice-versa.

Proof Since the right and left inverse properties are mirrors of each other, the proof
of (i) is due to Corollary 2.2, and the identities (A,,) and (B,) being mirrors of each
other, whereas the proof of (ii) is due to the identities (C},) and (D,,) being mirrors of
each other. O

The next nine results give general properties of magmas with either the right or left
inverse property.

Lemma 2.6 Let Q be a magma with the right inverse property. Then the right
cancelation law applies to every element in Q.

Alternatively, let Q be a magma with the left inverse property. Then the left
cancelation law applies to every element in Q.

Proof Suppose Q has the right inverse property.

If yx = zx for some x,y,z € Q,then y = yx .x7 V= zx . x7! = 7. Thus, the
right cancelation law applies to every element in Q.

The proof for the case where Q has the left inverse property is the mirror of the
proof above. O

Lemma 2.7 Let Q be a magma with the right inverse property and x € Q.
Then the following three properties hold for alla € A, U B, UC,, U D,.
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(i) The left cancelation law applies to a,
(ii) a=' - ax = x, and
(i) a-a”'x = x.
Moreover, the following three properties hold for alla € A, U B, U Cy,.

(iv) (a)c)*1 =x"la 1
(v) (xa)~' =a"'x7! and
(vi) xxa=a.

Proof Leta € C,.

By Lemma 2.1 and the right inverse property of a, we get (a - a 'a ™ a =
a(a'aVa)=aa ' = e.Thenforanyu € Q, ata 'aVau) = (@-a 'a Hayu =
u. Now suppose ax = ay for some x,y € Q. Then x = a(a la™ - ax) =
a(a 'a=' - ay) = y. Hence, the left cancelation law applies to any C,, element.
This proves (i).

Since a(a™! - ax) = (aa~' - a)x = ax, use (i) to obtain (ii).

In the proof of (i), we showed that x = az if z = (@ 'a=! - ax) € Q. From (ii),
we geta(a~! - az) = az. Replacing az with x proves (iii).

By the flexibilty of ¢ and sincea € C,,, we geta(xlalax) =a(x"la ™ a)x =
ax~'.x = ae.By (i), wegetx 'a~!.ax = e. By Lemma 2.4, x 'a~! is the (unique)
inverse of ax, thereby proving (iv).

By (iv) and the right inverse property, we get (a(xa)™)™! = xa -a™! = x.
Taking inverses on both sides, we get a(xa)~' = x~!. Then, by (ii), (xa)™ =
a ' a(xa)"' =a'x~!, which proves (V).

To prove (vi), we use (iii), (v) and the right inverse property: x~' - xa = (a -
ax™ Y. xa =axa)~! - xa = a. This completes the proof fora € C,.

Now, leta € A,. Then, xa = aa~'-xa = (a-a~'x)a by Corollary 2.2. By Lemma
2.6, we have proven (iii).

Replacing x in (iii) with x ~! and multiplying by xa on the right, we get x ! - xa =
(@-ax Y -xa=a@'x ' x)-a=aa"! a=a, which proves (vi).

Replacing x in (vi) with x “'a™! we get (x"la=)"1(x"la~! - a) = a. Applying
the right inverse property gives (x 'la=!)"!x~! = ax - x~!. Then (iv) follows by
using the right cancelation law on x !, then taking the inverses of both sides.

Next, suppose ax = ay for some x, y € Q. Then, using the right inverse property
and (iv), we get x ' = x" a7l a = (ax)'a = (@) la =y a7 a =yl
Taking inverses on both sides gives us the left cancelation law for a, thereby proving
).

Next, replacing x with ax in (iii), we get a(a~! - ax) = ax. Then use (i) to obtain
(i1).

From (iii), the right inverse property and (vi), we have a - a~'x™! = x7! =
(x~ ! xa)(xa)~! = a(xa)~!. Then use (i) to obtain (v). This completes the proof
whena € A, U By,.

Now, suppose a € D,,. Then, by the right inverse property, (D,) property of a
and right inverse property again, ¢~ -ax = a™' -a(xa™' -a) = (@ 'a - xa Va =
xa~'-a = x, which proves (ii).

By (ii) and identity (D,), we gete =a™ 'a = [a Ya-x"a)- (a - x1a)Na =
7 la-@ -x o)™ Ha =xYa- (@ -x"ta)"la). So, by Lemma24,x =a- (a-

1 1

1
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Ix= a(a’l(a-(a-x’la)fla) = aa-(a-x’la)*la = X;

xila)’la.Thenby (ii),a-a~
this proves (iii).
Finally, if ax = ay for some x, y € Q, multiply both sides with a~! on the left

and use (ii) to prove (i). O

Note that the properties (iv), (v) and (vi) are not generally true for a € D,,. This
makes it possible for A, = B, = C,, to be a proper subset of D, as we shall see in
Lemma 2.12 and Example 3.4.

By Lemma 2.5, we obtain the following lemma:

Lemma 2.8 Let Q be a magma with the left inverse property and x € Q.
Then the following three properties hold for alla € A, U B, UC,, U D,,.

(i) The right cancelation law applies to a,
(ii) xa-a~' = x, and

(iii) xa=!-a = x.

Moreover, the following three properties hold for alla € A, U B, U D,,.

(iv) ()ca)_1 = a_lx_l,

(v) (ax)"'=x"ta"!, and

(vi) ax x ' =a
Lemma 2.9 Let Q be a magma with the right or left inverse property. Then every
elementin Ay, U B, U Cy U D, is both a right and left inverse element.

1 1

Proof If Q has the right inverse property, then xa-a~! = xa~!-a = x,anda™!-ax =
a-a~'x = x by Lemmas 2.7(ii) and (iii). The proof when Q has the left inverse property
uses Lemmas 2.8(ii) and (iii). O

Lemma 2.10 Let Q be a magma with the right or left inverse property. Then every
element in A, U B, U Cy, U D, is both a left and right alternative element.

Proof We prove this lemma for magmas with the right inverse property using Lemma
2.7; the proof for magmas with the left inverse property is a mirror of this proof by
using Lemma 2.8.

Leta € Aj,. Then, by Lemma 2.1, aa - x = aa - xal a)y=a-(a -xaYHa =
a-a(xa~' - a) = a - ax; hence a is a left alternative element. The proof that a is a
right alternative element uses the mirror of the proof above, and Lemma 2.7(iii) and
Corollary 2.2. The proof for the case a € By, follows from Corollary 2.2.

Suppose a € C,. Then, by using identity (C,,) and Lemma 2.1, a(x - aa) =
(ax-a)a = (a-xa)a = a(xa -a). Use Lemma 2.7(i) for left cancelation of a to prove
that a is right alternative. a is left alternative by Lemma 2.3.

The proof that every element in D,, is left alternative is a mirror of the proof that
every element in C,, is right alternative by using identity (D, ) and Lemma 2.1, and
Lemma 2.6 in the place of Lemma 2.8(i). a € D), is right alternative by Lemma 2.3.

O
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Lemma 2.11 Let Q be a magma with the right or left inverse property. Then a € A,
ifand only ifa™' € A, Likewise, a € By, if and only ifa~! e By, a € Cy ifand only
ifa—! e Cy, and a € D, if and only ifa~! e D,,. Moreover, a cxal'=ax-a™!
anda™' -xa=a"'x-aforalae AyUB,UC,UD,andx € Q.

Proof We begin by proving the third statement of this lemma for a magma Q with the
right inverse property. Leta € B, andx, y € Q. By Lemma 2.1, the (B,,) identity and

Lemma2.9,a-(a 'x - yail)a =a(a 'x- ya’l) -a=(a 'a’lx)(yafl -a) = Xxy.
Multiplying both sides by a~! on the left, and then by a~! on the right, Lemma
29 givesa 'x -ya~!' = (@' - xy)a”'. Soa"! € B,,. Hence, if ale By, then

@hHl=ace B,,. The proof for the case a € A, follows from Corollary 2.2.

Now, leta € C and x, y € Q; and write u = alx-alandv = a’ly. Then,
by Lemmas 2.1 and 2.9, au -a = a -ua = a - @'x-aDa=a-a'x =xand
av =a-a~'y = y.Replacing these in a(u-av) = (au-a)v,we geta-(a 'x-a~ )y =
x - a~'y. Multiplying both sides by a~! on the left and using Lemma 2.9 gives
(@ 'x-aHhy=a'x-aly). Thus,a" ! C,,. The proof of this case is complete
since (@)~ ! = a.

The proof for the case a € D), is the mirror of the proof for the C,, case.

Corollary 2.2 completes the proof of the second and third statements of this lemma
when Q has the right inverse property.

The proof of the same for the case where Q has the left inverse property is the
mirror of the proofs above.

The proof of the first equation in the last statement of this lemma uses Lemmas 2.9,
2.1 and 2.9 again; the proof of the second equation is the mirror of this proof:

a-xatl=@ xaYHa-al=axat a) a! 1

=ax-a . O

Lemma 2.12 Let Q be a magma with the right inverse property. Then A, = B, =
C. S Dy.

'a=1 by Lemma

Proof Leta € B, andx,y € Q.Ifu = x-ayandv = (ay) ™' =y~

2.7(iv), then au = a(x - ay), and by the right inverse property, va = y~la™! - a =
y~land uv = (x - ay)(ay)~' = x. Replace these in au - va = (a - uv)a to get
a(x -ay) -y~ = ax - a. Multiply by y on the right and use the right inverse property
to geta € Cy.

IfaeCyandx,y € Q, by Lemma 2.7(v), (ya)’] = a"y’l. Now, by Lemma
2.9, (a-xy)a = ((@-xy)a-(ya)™")-ya = a(xy-(a-a~'y™h)-ya = a(xy-y~")-ya =
ax - ya, and we have shown thata € B,.

This, with Corollary 2.2 complete the proof that A, = B, = C,.

Next,by Lemmas 2.9 and 2.1,ifa € B;, = C, compute x(a-ya) = (a-a 'x)(ay-
a) = a(@'x-ay)-a = ((a-a'x)a - y)a = (xa - y)a and we have shown that
a € D, which proves the subset containment. O

Lemma 2.12 harmonizes with its mirror, Lemma 2.13:

Lemma 2.13 Let Q be a magma with the left inverse property. Then A, = B, =
D, CC,.

The following lemma proves that magmas with both inverse properties are, in fact,
loops:
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Lemma 2.14 Let S be a set, together with a binary operation, -.

Suppose Yx € S, there exists some (not necessarily unique) x € S such that
VX - x = y Vy € S. Then every element of S appears once and only once in each
column of the Cayley table.

Alternatively, suppose Vx € S, there exists some (not necessarily unique) x €S
such that x - xy = yVy € S. Then every element of S appears once and only once in
each row of the Cayley table.

Proof Suppose S satisfies the condmon yx - x = =y. Let v € S. Then there exists
w=ovu €S Nowv=ou-u =wu = = (wu - uHu' = wu. So, every element
of S appears at least once in every column of the Cayley table Now, if v = zu for
some z € S, zu = wu implies that z = zu - u = wu-u = w.So, each element of
S appears only once in each column of the Cayley table. The proof when x x y=y
Vx € § is a mirror of the proof above. O

The converse of this lemma is not true as shown in Example 3.7. Moreover, in
Example 3.8 we see that the lemma above holds even if x € S does not have a unique
x € S such that yx x = y forevery y € S.

By combining Lemmas 2.12, 2.13 and 2.14, the quartet emerges in full harmony:

Corollary 2.15 Let Q be a magma with the inverse property. Then A, = B, = C,, =
D,,, and Q is an (inverse property) loop.

Now we proceed to obtain results that will culminate in two forms of generalization
of the definition of Moufang loops.

Corollary 2.16 Let Q be a magma with the right or left inverse property. Suppose
every element of Q belongs to at least one of A, By, C,, or D,. Then Q is a loop
which satisfies each of the Moufang identities (A), (B), (C) and (D), (and hence is a
Moufang loop).

Proof Since Q = A,UB,UC, UD,,byLemma 2.9, it has both right and left inverse
properties. Hence, by Corollary 2.15, Q = A, = B, = C,, = D, and hence is a
Moufang loop. O

Lemma 2.17 Let Q be a magma with the right or left inverse property. In its Cayley
table, every element of Q appears once and only once in each row and column whose
leading element is from A, U B, U C, U D,,.

Proof Suppose Q has the right inverse property. By Lemma 2.14, every element of Q
(including any elementa € A, U B, U C, U D) appears once and only once in each
column of the Cayley table.

Now, for any x € Q, there exists u = a~ 'x € Q. Then, by Lemma 2.9, au =
a-a~'x = x. So every element of Q appears at least once in the row where « is the
leading element. The proof of the uniqueness of u in the equation au = x follows
from Lemma 2.7(i).

The proof when Q has the left inverse property is a mirror of the proof above by
using Lemma 2.8(i). O

-1
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We note that the “right or left inverse property” condition in Lemma 2.17 is
nontrivial (i.e., necessary), as we shall see in Example 3.5.

Lemma 2.18 Let L be a loop such that each x € L has an inverse, x~ Ve L. Then

(i) x~ V. xy =y foreachy € L ifand only ifx - x "'y = y for each y € L, and
(ii) yx -x~ ' =y foreachy € L ifand only if yx~' - x = y foreach y € L.

Proof Since L is a loop, left and right cancelation laws apply here. Suppose x ! - xy =
y for each y € L. Substitute y with x~'y and use the left cancelation law on x~! to
obtain x - x "'y = y for each y € L. To prove that the second equation in (i) implies
the first, substitute y with xy in the second equation and use the left cancelation law
on x. This proves (i).

To prove (ii), use the mirror of the proof above and the right cancelation law. O

Lemma 2.19 Let L be a loop. Suppose every element of L has at least one of the
properties (Ay), (By), (Cy) or (D). Then L has the inverse property.

Proof Since aloop is a variety of magmas, we are free to use the lemmas in this section
that apply to general magmas (i.e., those that don’t impose the right or left inverse
properties).

Let x be an arbitrary element of L. Since L is a loop, there exist unique elements
u,v € L such that ux = xv = e. We show that u = v.

By the premise of the lemma, x € A, U B, UC, U D, = L. So by Lemma 2.1,
X -vXx = xv-x = ex = x = xe. Left cancelation of x (since L is a loop) gives
vx = e = ux. Right cancelation of x produces the desired v = u, i.e., x has a unique
two-sided inverse, x 1.

To complete the proof of this lemma, by Lemma 2.18, we only need to prove that
either one of the two equations in each of Lemma 2.18(i) and (ii) hold.

Now, lety € L.

Case 1. Suppose x € B, i.e.,x € A, by Corollary 2.2. Then yx = xxloyx =
(x - x~'y)x by the (B,,) property of x. Right cancelation of x gives y = x - x~ly.
Since identities (A,) and (B,,) are mirrors of each other, the mirror of the proof above
proves that y = yx~! - x.

Case 2. Suppose x € C,. By the (C,) property of x we have x(x"loxy) =
(xx~' - x)y = xy. Left cancelation of x gives x ! - xy = y. Now x - x "1y =
x(x 7ty xx7) = (x-x7'y)x - x~! by the (C,) property of x. Then y = yx cx!
since x - x "'y = y by Lemma 2.18(i).

Case 3. Suppose x € D,,. The proof is a mirror of the proof in the case above. O

Our scherzo has now reached its crescendo in full harmony:

Theorem 2.20 A loop is a Moufang loop if and only if every one of its element has at
least one of the properties (A,), (By), (Cy) or (D).

Proof If a loop is a Moufang loop, then all its elements has all of the properties
(A, (By), (Cy) and (D) by definition.

Now suppose every element of a loop, L, has at least one of the properties
(Ay), (By), (Cy) or (D). So L = A, UB,UC,UD,. ByLemma 2.19, L
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has the inverse property. Then, since a loop is also a magma, by Corollary 2.15,
A, =B,=Cy=D;.SoL=A,NB,NC,ND,.

So every element of L satisfies all four Moufang identities (A), (B), (C) and (D),
and hence, L is a Moufang loop by definition.

This completes the proof of this theorem. O

Corollary 2.16 and Theorem 2.20 provide an alternate, and somewhat generalized,
definition of Moufang loops: A Moufang loop is either a magma with the right or left
inverse property, or a loop, whose every element has at least one of the local properties
(A, (By), (Cy) or (D).

We summarize (as well as generalize) some of the main results obtained in this
section (specifically, Lemmas 2.4 and 2.9 - 2.13):

Theorem 2.21 Let Q be a magma such that for each x € Q there exists some x € (0]
satisfying the stated condition.

(1) Suppose Q satisfies at least one of the identities yx - x' = y or x' - xy = y for
all x,y € Q. Then

(a) x is the (unique) inverse of x,

(b) everyelementin A, UB,UC,,UD,, is both aright and left alternative element,

(c) every elementin A, U B, UCy, U D, is both a right and left inverse element,
and

(d) a € A, (respectively B,,C,, D,) if and only if a’ € A, (respectively
By, Cy, Dy).

(2) (a) Suppose yx -x' =y forall x,y € Q. Then Ay=B,=C,C D,
(b) Suppose x'-xy =y forallx,y € Q. Then A, = B, = D, € Cj,.

3 Intermezzo—Examples

The following example shows that inverse properties are necessary in Lemmas 2.12 and
2.13. By Lemma 2.14, this magma, Q, has neither the right nor left inverse property.
Moreover, in this magma, C,, = D, = {0} C A, = B, = Q. So Q satisfies the
(global) Moufang identities (A) and (B), but not (C) or (D); hence Q is not a Moufang
magma. Also, without the right inverse property, it is possible for D, to be a proper
subset of B, and B, # C,,, and without the left inverse property, it is possible for C,,
to be a proper subset of B;,, and B;, # D,,.

Example 3.1

NN = O
S O =
S oM

By Lemma 2.14, we know that the magma, Q, in the next example has neither the
right nor left inverse property. In this example, A, = B, =C,, ={0,4} C D, = Q
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which shows that the converse of Lemma 2.12 is not true. The dual (i.e., the transpose)
of this example is a magma with neither the right nor left inverse property such that
A, =B, =D, ={0,4} C C, = Q which shows that the converse of Lemma 2.13
is not true either. Neither Q nor its dual satisfy the Moufang identities (A) or (B);
hence, both of them are not Moufang magmas. However Q satisfies (D) (but not (C)),
whereas its dual satisfies (C) (but not (D)).

Example 3.2
01234
11234
212 4 4
31434
4 4 4 4 4

Examples 3.1 and 3.2 (and its dual), with Corollary 2.2, show that, unlike in the
variety of loops, for magmas in general (specifically, for those with neither the right nor
left inverse property), only two of the global versions of the four Moufang identities,
i.e., (A) and (B), are equivalent. However, imposing on Q the condition “satisfies
the right or left inverse property” renders all four global identities equivalent (i.e., a
special case of Corollary 2.16). But with the addition of such a condition, the magma
becomes a loop if it satisfies any one of the four global identities, as per Corollary
2.16. Regardless, Example 3.3 below shows that it is possible for a non-loop magma
to satisfy all four global Moufang identities. However, by Corollary 2.16, we know
that such an example of a magma, Q, exists because it has neither the right nor left
inverse property. Here Q = A, = B, = C;, = D,; this is an example of a Moufang
magma which is not a Moufang loop. This example also shows that the converse of the
first part of Corollary 2.15 is not true, i.e., it is possible that A, = B, = C;, = D,
for a magma Q, yet Q needs not have the inverse property.

Example 3.3

N = O
—_——
—_—— N

Example 3.3 forecloses on the possibility of generalizing Corollary 2.16 to “a
magma whose every element is an A, B, C;, and D, element is a Moufang loop.”
Hence, the “right or left inverse property” condition is not trivial but necessary in
Corollary 2.16 for the magma to be a Moufang loop. The next example shows that
Lemma 2.12 is not trivial (i.e., that the subset containment can be proper). This magma,
0, has the right, but not the left, inverse property. In this magma, A, = B, = C,, =
{0}y c D, =1{0,1}.
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Example 3.4

W = o
(OSIN S BN R
—_— O W N
S = D W

We now compare Example 3.4 with Lemma 2.7. We have shown thata D,, element
in a magma with the right inverse property must satisfy the first three properties of
Lemma 2.7. But a D,, element in a magma with the right inverse property need not
satisfy the final three properties in Lemma 2.7, as Example 3.4 shows. Explicitly, the
D, element 1 does not satisfy (iv) from Lemma 2.7, since (1 T =3"1=3+£2=
2.1=2"1.1"1 Nor does it satisfy (v) from Lemma 2.7, since (2 - D l=2"1=
2#3=1-2=17".271 And finally, the D, element 1 does not satisfy (vi) from
Lemma 2.7, since 27! - (2-1) =271.2=2.2 = 0 # 1. We note that in Lemma
2.12, we use the properties (iv) and (v) from Lemma 2.7 that are not satisfied by a D,
element in general to prove that B, = C,, in right inverse property magmas.

Note, of course, that the dual of this example is a magma that has the left, but not
the right, inverse property and in which A, = B, = D, = {0} C C, = {0, 1}.
Example 3.4 and its dual show that the condition of the magma satisfying both inverse
properties in Corollary 2.15 is necessary and not trivial to ensure the equality A, =
B, =C,=D,.

In the following example, Q is a magma with the right (but not the left) inverse
property,and A, = B, = C, = D, = {0, 1} # Q. Hence Q is not a Moufang loop,
and as per Lemma 2.17, each element appears exactly once in the rows with these (and
only these) two elements (0 and 1) as leading entries.

Example 3.5
012345
1 03254
230123
321032
454501
545410

The next example shows that the “right or left inverse property" condition in
Corollary 2.16 is not trivial. In this example, Q is a magma without the right or
left inverse property, and for which Q = A, U B, U C, U D, i.e., every ele-
ment of Q has at least one of the properties (A), (B,), (Cy) or (D). Specifically,
A, =B, =D, ={0,2,3} and C,, = {0, 1}. However, Q is not a loop, and it is
certainly not Moufang since A, N B, NC,, N D, = {0} # 0.

This example also proves that Lemma 2.17 is not trivial since 2 € D/, but there is
a repetition of elements of Q in the row where 2 is the leading element.
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Example 3.6
0123
1023
2322
3222

The example below shows that the converse of Lemma 2.14 is not true even for a
magma. Though every element of QO = {0, 1, 2} appears once and only once in each
column of the Cayley table, taking y = 1,x = 1 € Q in the equation yx - x = y
gives (1-1) X =2-x =1 However, 2 - 7 # 1, Vz € Q, which shows that none of
the elements of Q qualify as x.

Example 3.7

NN = O
SN =
S = N

In the following example, which is not a magma, the condition of the existence of
some x € S for each x € S such that yX x = y for each y € S is satisfied. But note
that (1-1)-1=(1-1)-2=1and(2-1)-1=(2-1)-2 =2.So, both 1 and 2 satisty
the criteria for 1. Likewise, (1-2)-1=(1-2)-2=1and (2-2)-1=(2-2)-2=2.
So, both 1 and 2 satisfy the criteria for 2. Thus, neither 1'nor2 isa unique element
of S. Yet, in this example, every element appears once and only once in each column
of the Cayley table, as per Lemma 2.14. The repetition of elements in a row of the
Cayley table is displayed in the proof of Lemma 2.14, where v = wu' = wu with the
possibility of u' # u. Hence the element v may be repeated in the row where w is the
leading element, i.e., in both the columns where u” and u are the leading elements.
Moreover, in this example, A, = B, = S. This shows that the converse about the
equality A, = B, for magmas, in Corollary 2.2, is not true, i.e., this equality can be
true in a variety that is more general than magmas.

Example 3.8
11
2 2
The following example shows that in Corollary 2.2, the condition of Q being a
magma is not trivial, i.e., it is possible that A, # B, for a general set Q. In this

example, Q is not a magma, A, = {3,4} and B, = {1, 3, 4}. For completeness, we
note that D, = A, # B, = C,;, and Q is both right and left alternative.

Example 3.9

—_— 0 == W
EENELUSI (O I SN
W W W W
EENELUS I \S JROS]
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4 Presto—Conclusion

Since all four Moufang identities are equivalent in the variety of loops [2, 3], to
show that a given loop is Moufang, one must show that each triple of elements from
the loop satisfies any one of the four Moufang identities. Our harmony reveals an
alternate, and in some sense sharper, approach, i.e., it suffices, via Theorem 2.20,
to show that each element in a loop satisfies only one, any one, of the four local
identities (A,,), (By), (Cy) and (D) (instead of one of the four “global" Moufang
identities) in order for the loop to be Moufang, which in turn, of course, allows us to
conclude that every element of the loop satisfies all four of the global identities. In
fact, Corollary 2.16 establishes this in the more general setting of magmas with either
the right or left inverse property. Hence, Corollary 2.16 and Theorem 2.20 are two
alternate, generalized versions of the theorem on the equivalence of the four Moufang
identities for loops.
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