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Abstract

Based on the well known notion of the neighborhoods of univalent analytic functions
and other related developments, in this article, at first, we obtain an interesting result on
neighborhoods of sense-preserving harmonic mappings. Thereafter, we discuss about
neighborhoods of stable harmonic univalent mappings and some of its subclasses.
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1 Introduction

Let C be the complex plane and D be the open unitdiscinC,i.e.D = {z € C : |z| < 1}.
We denote A by the class of all functions f analytic in D with the normalization
f(0) =0= f'(0) — 1 and, let S be the class of all univalent (one to one) functions
in A. The starlike and convex subclasses of S are denoted by S* and /C, respectively.
It is well known that K C S*. We refer [12, Chap. 2] for more details about these
classes of functions. In 1981, St. Ruscheweyh (c.f. [15]) introduced the notion of
neighborhoods of analytic functions as follows: for § > 0, the §-neighborhood of
f(@)=z+> 02, a,7" € Ais defined as
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o0 oo
Ns(f)={F@) =2+ cat" €AY nlay—cal <5}
n=2 n=2

In [11], A. W. Goodman proved that, for the identity function e(z) = z, Ni(e) C S*.
R. Fournier also studied the §-neighborhood of analytic functions and derived some
interesting results on the §-neighborhood of various subclasses of A in [8, 9]. Later in
1985, J. E. Brown generalized (compare [4]) some results of Ruscheweyh and Fournier
on §-neighborhood.

In this article, we aim to investigate neighborhoods of harmonic mappings which
are motivated by the research work done in the analytic case as mentioned above. These
results are important in their own right, because, though we consider similar problems
like in the analytic case, but, the techniques that are used to obtain these results are
quite general in the harmonic case. We first start with some basic definitions and results
on harmonic functions. Let €2 be a domain in C. A complex valued harmonic function
f :Q — Cisofthe form f(z) = u(x,y) +iv(x,y),z =x + iy € Q where, u and
v are real valued harmonic functions on 2. On each simply connected domain €2, f
can be expressed as f = h + g, where h and g are analytic functions on €2 and they
are known as the analytic and the co-analytic parts of f, respectively. It is well known
from a result of H. Lewy that a harmonic function f = h + g is locally univalent in
Q if and only if its Jacobian J; = |12 — g% is non-vanishing on 2. We call f is
sense-preserving if J; > 0.

Let H denote the class of all harmonic functions f = h 4 g in D with the normal-
izations h(0) = 0 = g(0), f.(0) = 1, and Hj be the class of functions f € H with
f2(0) = 0. The subclass of H containing all sense-preserving univalent (one-to-one)
harmonic functions is denoted by S7¢, and the corresponding subclass of Hy is denoted
by S;)_l. We clarify here that, a complex valued one-to-one harmonic function defined
on a domain 2 is called harmonic mapping. Each function f € S% has the following
Taylor series expansion

f@ =2+ ad"+ Y by", z€D. (1.1)

n=2 n=2

For more information about the class S;)_[, we refer to [6, 7]. Now, in order to describe
our results we need to recall some subclasses of harmonic functions.

A harmonic function f € H is said to be fully convex (fully starlike) if it maps
every circle |z| = r in a one-to-one manner onto a convex (starlike) curve (see [5]).
We denote F. Sg_”z and F ICQ_[ by the fully starlike and fully convex subclasses of S%
respectively. Let f and F be two functions in H having the following expansions in
D

f@ =24+ a"+ Y by2" (1.2)
n=2 n=1
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and
o o0
F(z) =z+chz” +Zdnz”. (1.3)
n=2 n=1
The convolution of these two harmonic functions is defined by

(f*F)@) =24 ) ancaz” + Y budy2".

n=2 n=1

In [13], Hernandez and Martin introduced the notion of stable harmonic mappings.
They defined a (sense-preserving) harmonic function f = h+g to be a stable harmonic
univalent mapping (respectively, stable harmonic starlike, stable harmonic convex and
stable harmonic close-to-convex) if all the functions f, = h + Ag with [A| = 1 are
univalent (respectively, starlike, convex and close-to-convex). In the same article, they
proved that, a sense-preserving harmonic function f = h + g is stable harmonic
univalent (respectively, stable harmonic starlike, stable harmonic convex and stable
harmonic close-to-convex) in D if and only if the analytic functions F; = h + Ag are
univalent (respectively, starlike, convex and close-to-convex) in D for each [A| = 1.
Motivated by the work in [13], we also study the class of stable harmonic mappings
in [3].

We now move on to define formally the neighborhoods of harmonic functions. For
8 > 0, the §-neighborhood of a function f € H having expansion of the form (1.2) is
defined and denoted by

N(SH(f) = {F(Z) eH: ann — ¢ +Zn|bn —dy| < 5} s

n=2 n=1

where F is of the form (1.3). In particular, if the function f € Hy has expansion of
the form (1.1), then the §-neighborhood of f will be defined by

N(f) = [F(z) =2+ "+ ) dpZ" €Ho: Y nllan — cal + by —dul) < a] :

n=2 n=2 n=2

We refer to the article [17] by Yasar and Yalcin who also worked on the §-
neighborhood of harmonic functions with varying arguments. It follows directly
from a result of Bharanedhar and Ponnusamy (see [2, Lemma 2]) that, for § = 1,
N 1H (e) C fSOH*, where, e(z) = z is the identity function. This result can be thought
as a generalization of the result of Goodman ([11]) mentioned in the first para-
graph of this section. In [15], Ruscheweyh has shown that Ns(f) C S at most for
8 = inf,ep | f/(z)| where f € A. As a generalization of this result for harmonic
functions, we prove thatif f = h + g € H is sense-preserving, then N 5H (f) C Sy
at most for § = inf,ep{|A’(z)| + |g’(z)|}, which is the content of the Theorem 1 in
the next section. It was proved in [15] that, if f € K, then Ny,4(f) C S*. After the
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initiation of the work of Ruscheweyh, there has been a considerable interest on the
topic of neighborhoods of univalent analytic functions (cf. [14]). Next, in Theorem 2,
we prove that, if f € S% is a stable harmonic convex mapping, then N 1’}' 4(f) is con-

tained in the stable harmonic starlike subclass of S%. In[15, Theorem 1], Ruscheweyh
proved the following result

TheoremA If f € Aand (f(z)+¢ez)/(14+¢) € M foralle € Cwithl|e| < (8 > 0),
where M is any of the classes S or S*, then Ns(f) C M.

Motivated by the above theorem, we have shown that, for f € Hy if f(z) + ez is
stable harmonic univalent for all ¢ € C with |¢| < §, then N SH (f) is contained in the
subclass of S% that contains all stable harmonic univalent mappings. This is the content
of Theorem 3 in the upcoming section. In our penultimate result, i.e. in Theorem 4, we
prove, as an application of Theorem 3, thatif f € Ho and (f(z)+¢z)/(1+¢) € }'8(7)_’;
such that f(z) + &z is stable harmonic univalent, for all ¢ € C with |¢| < §, then
NSH (f) C }"S%’[. Sheil-Small and Silvia (see for instance [16]) introduced more
general notion of neighborhood of an analytic function known as the Ts-neighborhood.
Foré > 0and T = {T, }20: |» @ sequence of nonnegative reals, the Ts-neighborhood of
f@ =24+ 72, a,2" € Ais defined by

TNs(f) = :F(Z) :Z-f-ZCnZn € A:ZTnmn —cpl < 8} .

n=2 n=2

In particular, for T = {”}311’ the notion of Tg-neighborhood coincides with the

well known §-neighborhood introduced by Ruscheweyh. Analogously, for § > 0 and
T = {T,};2,, the Ts-neighborhood of a function f € Hy with expansion (1.1) is
defined as follows

) 00
TN,SH(f)Z {FEHO:ZTn|an_Cn|+ZTn|bn_dn| 58},

n=2 n=2

where F(z) = 24+ Y oo, cnz" + Y oo, dyz". Theorem A cannot be extended for
functions in the class . However, it can be easily checked that, if f € A and (f(z) +
ez2)/(1 +¢) € K forall ¢ € C with |¢] < §, then TNs(f) C K for T = {n?}° .
Analogously, as an application of Theorem 3, we prove that, if f € Hp and (f(z) +
ez)/(l+¢) € ]—"IC% such that f(z) + ¢z is stable harmonic univalent, with |¢| < & and
8 > 0, then TN{’(f) C fng_[ for T = {nz}ff’:l. This is the content of Theorem 5.

2 Main Results

We start with our first result.

Theorem1 If f = h + g € H is sense-preserving, then NaH(f) C Sy at most for
§ = infzen{lh'(2)] + 18’ @I}.
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Proof We claim that, for any 8’ > §, we can choose n € D such that

| (| + 18" ()]
|

<.

Since f is sense-preserving, h'(z) # 0. If g'(z) = 0 for all z € D, then by the
normalization of f, we have g(z) = 0. In that case f € .4 and our claim follows from
the proof of [15, Theorem 1]. Now suppose g’(z) # 0. Since f is sense-preserving,
the analytic function ¥ (z) = h'(z) + cg’(z) # OinD forallc € D. Let 0 =
inf,ep{|¥ (z)|}. Therefore o < §. Consequently, it follows from the minimum modulus
principle that there exists a sequence {z,},>1 with |z,| — 1 as n — oo such that

¥ (zn)

Zn

-0 <8§<d,asn— oo.

Hence, there exists some zx € {z,}n>1 such that |y (zx)/zx| < &' for every choice
of complex constant ¢ € . This implies (|’ (zx)| + 1g"(zx)])/|zx] < 8’. Hence, our
claim is established (taking zx = n). Now let us consider the function

h'(m) 5 g 5,

F(z) = f(2) — 2 z 2 eD,

where 7 is chosen as before. Then clearly F € N 5’,1 (f), but, the Jacobian Jr(n) = 0.
Therefore F' ¢ Sp. Hence, proof of the theorem is complete.

The next theorem is a generalization of a well known result of St. Ruscheweyh ([ 15,
Corollary 1]) for n = 1 to the stable harmonic convex mappings.

Theorem2 Let f = h+g € S% be a stable harmonic convex mapping. Then N]Ih(f)

is contained in the stable harmonic starlike subclass of S%. The number 1/4 is best
possible.

Proof Since f =h+g € 8% is stable harmonic convex, then by [13, Corollary 3.2],

the mappings F;, = h + Ag are convex for all A € D, where, D denotes the closed unit
disc. Let f have an expansion of the form (1.1) in D. We first show that if

PR =0@+V@ =2+ ) et + ) dut" € N (),

n=2 n=2

for § > 0, then P, = ¢ + A € Ns(F)). Now if p € NSH(f), then by the definition
we have

oo

> nllan = cul + by — dn]) < 8.
n=2
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Now
o o
> nl(@n + kby) = (cn + Ady)| =Y nl(an — ) + 2(bn — dy)|
n=2 n=2

)
= Zn(|an —cul + by — dyl)
n=2

IA
2

Therefore P, = ¢ + Ay € Ns(F)). Since F), € K, it follows from [15, Corollary_l],
that Ni/4(Fy) C S*. So in particular for § = 1/4, we can say thatif p = ¢ + V¢ €
N 174( f), then P, = ¢ + Ay € S* for all A € D. Evidently P is locally univalent,

which implies ¢’(z) + Ay'(z) # O for all z € D and for all A € D. This implies
|’ (2)| # |Ay/(2)| for all z € D and for all A € D and hence |/ (z)| < |¢'(z)] for all
z € D. Because if [/ (z0)| = |¢'(z0)| for some zg € D, then it will imply |¢’(z0)| =
ly ¥/ (z0)| for some y € D, which is a contradiction. Therefore |/ (z)| < |¢'(z)| for
all z € D and hence p = ¢ + ¥ is sense-preserving in D. Therefore, by [13, Theorem
4.2], p = ¢ + ¥ is a stable harmonic starlike mapping. Hence, the result follows.
Finally, we prove that the value § = 1/4 is best possible. To see this, suppose
N BH (f) is contained in the stable harmonic starlike subclass of S% for some § > 1/4.

If P, = ¢ + Ay € Ns(F,) forall » € D, then
o o0
D nlan + 1bn) = (cu + Adp)l = Y nl(an — €a) + 2by — dy)| < 8.

n=2 n=2

Thus, it follows that for some suitable A with || =1,

o0 o
> nllan = cal + by — dul) = Y nl(an — ca) + 2(bn — dn)| < 8.
n=2 n=2

This implies p(z) = ¢(z) + V() € N SH (f). Therefore, p belongs to the stable
harmonic starlike subclass of 8%. We thus get P, = ¢ + Ay € S* forall A € D
(see, [13, Corollary 4.3]). Hence Ns(F) C S* for some § > 1/4, which contradicts
sharpness of the [15, Corollary 1] forn = 1.

Our next theorem is an extension of Theorem A to stable harmonic univalent
mappings.

Theorem3 Let f = h+g € Ho and § > 0. Assume that for all ¢ € C such that

le] < 6§, f(2) + ez is stable harmonic univalent. Then NSH(f) is contained in the
stable harmonic univalent subclass of S%.
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Proof Since f(z)+ €z is stable harmonic univalent, therefore by [13, Proposition 2.1],
the functions

F(2) +ez

e S forall A € 0D,
1+e¢

where F) = h + Ag and 0D denotes the unit circle. Therefore by Theorem A, we
have Ns(F)) C S. Now let us assume that p = ¢ + ¢ € NsH(f). Then by a similar
argument as in the proof of Theorem 2, we have P, = ¢ +A¢ € Ns(F)). This implies
Py, = ¢+21y € Sforall L € 9D. Again following a similar argument as in Theorem 2,
we can say that p = ¢ + ' is sense-preserving in ID. Hence by [13, Proposition 2.1],
p = ¢ + V is stable harmonic univalent. Hence the proof of the theorem is complete.

As an application of the Theorem 3, we prove our next result.

Theorem4 Let f € Ho and § > 0 such that for all |e| < §, the function (f(z) +
e7)/(1+¢) € .7-'89_’;, z € D. If f(2) + ez is stable harmonic univalent then N(SH (f) C
F&%.

H

Proof Define for z € D,

Q= (1-22  (1-2)?

(= V] = &-=1=2
I+ =5z {7 — =572
= 2 2. |c|=1}. (2.1)

Then for each function f € S%, fe ]-'S(;_Z‘ ifand only if (f*x¢)(z) # 0,0 < |z] < 1,
for all ¢ € Q' (see [2, Lemma 1]). Now if

o o
p@) =z+y "+ Y B € ),
n=2 n=1

then it follows from (2.1) that

o+l =D, (n=1_ (+D _

Thus, || < n and |B,| < n,foralln = 1,2,3,.... Now, let f € Hp having
expansion of the form (1.1) be such that for all ¢ € C, with |e| < §, (f(z) +e2)/(1 +
¢) € FS8Y, z € D. Then we have for ¢ € Q,

(f*@)(2) +ez

0,0 1, 8,
e a <lzl <1, el <

which implies (f * ¢)/z # —e, z € D. Therefore it follows that |(f * ¢)/z| > &, for
z€D. Assume F € N SH (f), where F has the following expansion

o o
F@Q=z+) "+ duz".z€D. 2.2)
n=2 n=2
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Since f(z) + ez is stable harmonic univalent, it is clear from Theorem 3 that F' € S%.
Therefore, to prove F € F. 8(7)_’:, it is sufficient to show that F % ¢ # 0 for all ¢ € Q'
with 0 < |z| < 1. Now for ¢ € Q’, we have

‘F*w‘ f*w (F — f)*w‘ '(F f)*go'
Z

But, forz € DD,

‘M‘ Z(Cn —an)Oan +Z%m

<Z|cn anletal 2"~ ‘|+Z|d — bul|Bullz" |

n=2 n=2

< chn —a,| + Zmdn — byl
n=2 n=2

IA
>

Therefore |(F * ¢)/z| > 0, z € D, which implies (F * ¢)(z) # 0 for 0 < |z| < 1 for
allp € Q'. Hence F € FSY;.

Remark 1. In particular, if we take f(z) = e(z) = z and § = 1, then it follows from
Theorem 4 that NlH (e) C .7-'82:;.

2. In arecent article ([10]), Fournier has shown that, in particular, if we take M = S*
in Theorem A, then this result is a consequence of the Kobori-Noshiro result,
which states that if a function f(z) = z + Z ~» a2 € A satisfies the condition
Y n2,nlay| < 1, then f is univalent and starlike in ID. For harmonic functions,
it is known from [2, Lemma 2] that, if f € Hp with expansion of the form (1.1)
satisfies the condition

o0 o0
> nlan| + ) nlbal <1,
n=2 n=2

then f € F 8(7)_’;. We shall see that Theorem 4 can be considered as a consequence
of [2, Lemma 2]. Now let us assume the function f € Hp with expansion of
the form (1.1) satisfies the hypothesis of Theorem 4 and let F € N (SH (f) having
expansion of the form (2.2). Therefore F € SO and

1 (& 00
g (Zn|cn — ay| +Zn|dn _bn|> <1,

n=2 n=2
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then it follows from [2, Lemma 2] that for each 6,

n F(z)— f(2) c

0%
Selt ‘7:87{ :

w(z) =

Hence wu(z) * ¢(z) #0,0 < |z] < 1, for all ¢ € Q’, which gives
0 % 1@ *9@) _ n F(z)*¢(z) — f(2) *fp(z)

- 5ol s e D.

Therefore, we have for z € D,

F@)*xp@)  f(2)*9@)

Z Z

< 4.

Again, from hypothesis of Theorem 4, it follows that |(f * ¢)/z| > 8, z € D.
Therefore (F * ¢)/z # 0, for all ¢ € Q’, which implies F € ]—"S%. Hence

N (SH (f)y CF ng. Therefore from the above discussion we conclude that Theorem
4 is a consequence of [2, Lemma 2].

To prove our next result, we need [1, Theorem 2.8]. It is known that a function
f =h+gisconvexin |z] < r for each r < 1 if and only if

3 d " Re Z@N @) + 228" @)
— ! = 0’
iz [arg <89f e ))} @)~ 8@

for 0 < |z| < 1. In the proof of [1, Theorem 2.8], one can easily see that the limit

m 2(zh'(2)) + 2(z8'(2))
=0 zZh/(2) — 28’ (2)

does not exist if g’(0) # 0. The above limit exists and is equal to 1 only when
g’ (0) = 0. Therefore, in the statement of [1, Theorem 2.8], f must belong to the class
S% instead of Spy. With this slight modification, we recall [1, Theorem 2.8] in the
following form:

Lemmal Let f =h+3g € 8Y,. Then f € FKY, if and only if

[ S — Z+
ho 2 e D Lo k=t o< <1,
(I-2) 1-2)

We now state and prove our final result.

Theorem5 Let f € Ho and § > 0 such that for all |e| < 8, the function (f(z) +
e2)/(14€) € FKY,, z € D.If f (2) + ez is stable harmonic univalent then TNSH (f) C

f/Cg_(forT {n? et
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Proof For z € D, define

2 )
Q/Cz{erCZ +§z+z '|C|=1}. 23)

(1-27° (1-27°

Then it follows from the Lemma 1 that, for f € S, f e .7-'IC(7)1 if and only if
(f*9)(z) #0,0 < |z] < 1, forall p € Q.. Again, we see that if

o0 o0
@) =z+) "+ B € Q,

n=2 n=1
then, from (2.3) it follows that
nn+1) nmn-1) nn—1) nn+1)-
= . = N == 1
27} 2 + ) ¢, Bn ) + ) ¢, ¢

This implies || < n? and 1B,] < n?, foralln = 1,2,3,.... Let f € Ho having
expansion of the form (1.1) be such that, for all ¢ € C with |e| < §, (f(z) +¢€2)/(1+
g) € ]—'IC%[. Then for ¢ € O/, we have

(f*9)2) +ez

T+e #0,0< |zl <1, |g| <3,

whichimplies (f*¢)/z # —e&, z € D. Therefore it follows that |( f *x¢)/z| > §,z € D.
Let F € TNSH(f) having expansion of the form (2.2), where T = {nz}fﬁl. Since
f(2) + ez is stable harmonic univalent, it follows from the Theorem 3 that F' € S%.
Therefore to prove the result it is sufficient to show that F ¢ # 0 for all ¢ € Q..
with 0 < |z| < 1. Now for ¢ € Q. we have

(F—f)*¢ — o 1
‘—‘ =Y (en —an)en"™" + Y =(dy — bp)Buz”
z n=2 n=2 z
o0 o0
< len —anllenl |2 1+ Y 1dn — ballBallz" |
n=2 n=2
o0 o0
< anlcn - an| + Zn2|dn - bnl
n=2 n=2
< 4.
Therefore

§—6=0.

‘F*w‘:‘f*er(F—f)w’28_‘(F—f)*90‘>
Z < Z 4

This implies F ¢ # 0 forall ¢ € Q. with 0 < |z| < 1. Hence F € .7-'ng_[ and the
proof is complete.
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Remark In [13, Corollary 4.1], Hernandez and Martin proved that, if a sense-
preserving harmonic mapping is stable harmonic convex, then it is fully convex. Thus,
in the hypothesis of Theorem 5, if we consider f € Hp such that, for all |¢| < &,
(8 > 0) the functions f(z) + €z are sense-preserving and stable harmonic convex,
then the conclusion of Theorem 5 follows as well.
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