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Abstract

Let A € B be an extension of integral domains, B[ X]| be the power series ring over
B, and R = A + X B[ X] be a subring of B[X]. In this paper, we give a complete
description of v-invertible v-ideals (with nonzero trace in A) of R. We show that if B
is a completely integrally closed domain and [/ is a fractional divisorial v-invertible
ideal of R with nonzero trace over A, then I = u(J; + X J»[X]) forsomeu € gf (R),
Jo an integral divisorial v-invertible ideal of B and J; C J, a nonzero ideal of A.
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1 Introduction

Let A be an integral domain with quotient field K. Let F(A) be the set of nonzero
fractional ideals of D. Foran I € F(A),setl ! = {x € K | xI C A}.The mapping
on F(A) defined by I — I, = (I"")~! is called the v-operation on A. A nonzero
fractional ideal [ is said to be a v-ideal or divisorial if I = I,, and I is said to be v-
invertibleif (I11-"), = A.For properties of the v-operation the reader is referred to [8,
Section 34]. However, we will be mostly interested in the #-operation defined on F(A)
by I — I; = U{J,, J is a nonzero finitely generated fractional subideal of /}. (For
properties of the 7-operation the reader may consult [1]). A fractional ideal / is called a
t-ideal if I = I;. A t-ideal (respectively, v-ideal) I has 7- (respectively, v-) finite type
if I = J; (respectively, I = J,) for some finitely generated fractional ideal J of A.
The set of v-ideals may be a proper subset of the set of z-ideals. A fractional ideal 7 is
said to be t-invertible if (11~"), = A. The set T (A) of z-invertible fractional 7-ideals
of A is a group under the #-multiplication /*J := (I J);, and the set P(A) of nonzero
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principal fractional ideals of A is a subgroup of T (A). Following [7], we define the
t-class group of A, denoted Cl;(A), to be the z-group of ¢-invertible fractional ¢-ideals
of A under ¢-multiplication modulo its subgroup of principal fractional ideals that is,
Cl;(A) = T(A)/P(A).The t-class group of an integral domain was studied by many
authors ([7-11]).

Let A € B be an extension of integral domains. In [2], the authors study when
the natural mapping ¢ : Cl;(A) — Cl;(A + XB[X]); [I] — [I(A+ XB[X])] is an
isomorphism. They showed that if B is an integrally closed domain and qf(A) C B,
then Cl;(A) = CIl;,(A + XB[X]) ([2, Theorem 4.7]). Also, the authors study the
form of v-invertible (respectively, 7-invertible) ideals of the polynomial ring of the
form A + XB[X]. Let A € B be an extension of integral domains such that B
is an integrally closed domain and A 4+ X B[X]. The authors proved that if / is a
fractional divisorial v-invertible ideal of R, then I = u(J; + XJ>[X]) for some
u € qf (A+ XB[X]), J» an integral divisorial v-invertible ideal of B and J; € J> a
nonzero ideal of A ([2, Theorem 2.3]). In this paper, we extend these results to the ring
of formal power series of the form A + X B[ X]. In particular, we give a relationship
between v-invertible v-ideals of an integral domain and those of its power series ring
of the form A + X B[ X]].

Let A € B be an extension of integral domains, B[ X] be the power series ring
over B, and R = A+ X B[ X]. In the first part of this paper, we study when the natural
mapping

¢ : Cli(A) — ClLi(R)
(/1 +— [(IR)]

is an injective homomorphism. We show that if B is a flat A-module, then the mapping
@ is an injective homomorphism. Also, we prove that the mapping ¢ is not surjective in
general (Remark 2.7). In the second part of this paper, we give a complete description
of v-invertible v-ideals (with nonzero trace in A) of A+ X B[ X]]. First, we show that if
A C B is an extension of integral domains such that B is completely integrally closed,
then for each divisorial ideal 7 of R = A4+ X B[[X] such that I N A # (0), there exist
a divisorial ideal J of B and a nonzero ideal H C J of A suchthat I = H + XJ[[X]
(Proposition 3.2). Based on the above result, we prove that if / is a fractional divisorial
v-invertible ideal of R such that I N A # (0), then I = u(J; + X J>[[X]) for some
u € qf(R), J> an integral divisorial v-invertible ideal of B and J; C J, a nonzero
ideal of A, where B satisfies ®.

2 The t-Class Group of A+XBIX]

Let A be an integral domain. A fractional ideal / of A is said to be v-invertible
(respectively, t-invertible, invertible) if (II™'), = A (respectively, (I1™1), = A,
1171 = A). Following [7], we define the ¢-class group of A, denoted by CI;(A),
to be the group T'(A) of t-invertible fractional z-ideals of A under 7-multiplication
(i.e., IxJ := (IJ);) modulo its subgroup P(A) of principal fractional ideals, that
is, Cl;(A) = T(A)/P(A). When A is a Krull domain, then the ¢-class group and the
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divisor class group coincide. We denote by [/] the equivalence class of a t-invertible ¢-
ideal I of A. Let A C B be an extension of integral domains and R = A+ X B[ X]. In
this section we show that the natural mapping ¢ : Cl;(A) — CI;(R); [I] — [(IR):]
is an injective homomorphism. To prove it, we need the following lemmas.

Lemma 2.1 Let A C B be an extension of integral domains and R = A + X B[ X].
Let Fy (respectively, Fy) be a fractional ideal of A (respectively, B) such that Fy C F.
Then Fi + X F>[[X] is a fractional ideal of R and

(Fi+ XRIXD ™' = Fr' n B+ XF XL

Proof Let I = F; + XF>[X]. Since F; C I, weobtain /"' = R: I C R: F,
where R : F1 = {g € qf(R), gF; C R}. This implies that I~ C K[X], where

1
K = gf(B). Indeed, let u € I"'ando € F1\(0). Since uF; C R, u = ad € —R

C K[X]1. * *
Now we show that u € I~1 if and only if u(0)F) € A and u F>[X] € B[X].
(=) Letu € I"!. Since ul C R, we getuF1 +uXF[X] € A+ XB[X]. Chose

X =0, we obtain u(0) F; € A. Moreover, u F5[[X] € B[ X].
(<) Assume that u(0) F; € A and u F>[[X] € B[ X]. We prove that u € I~
o0

Asu € K[X], we can write u = ZaiXi, where a; € K. Itis clearly that
i=0

o0
ul = uFy + XuFR[X] S u@)F + () a;X")Fi + XuF[X].
i=1

o0
Moreover, (Z a; X)VFi = (u — u(0)Fy € uF) + u(0)Fy. Then uF; + u(0)F; C

i=1
B[[X]] because uF; C uF, € B[[X] and u(0)F; C A C B[ X]. This implies that

(Z a; X' )F1 C B[ X]. Now let P be an element of (Z a; X' )F1 Then there exists
i=1 i=1

o0 o
an element o of F such that P = X(ZaiXi_l)a. Since (ZaiXi)Fl C B[X],
i=1 i=1

o0 [o)0]
(ZaiXi_l)a € B[X]. Thus P € XB[X]), and so (ZaiXi)Fl C X B[ X]). This
i=1 i=1

shows that
o0

ul S uO)F1 + XuR[X1+(Q_aiX)Fy
i=1
C A+ XB[X]
= R.

Henceu € 11,
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Now u € 171 if and only if u(0)F; € A and u F>[[X] € B[ X] which equivalent
tou(0) € F; ' andu € (RIX)~". But (RIX)~' = F; '[X]. Hence u € 1" if
andonly ifu € F[”' N Fy '+ X E5 ' [X]). O

Example2.2 Let A= Z, B = Z[i] and R = Z + XZ[i][X]. Let I = 2Z + (1 +
D XZ[I[X]. We show that [ is a divisorial ideal of R, i.e., I, = I.
It is clear that I is an ideal of R. Now by Lemma 2.1,

= %z N +DZED™ + X (1 +DHZED X
=sZ A+ D)7 Z[iI1+ (A + )~ XZ[HX].

Butif x € 37 (0 7 Z[i]. then x = }r = pizu, withr € Zand u € Z[i]. This implies
that (1 4+i)r = 2u. Write u = o 4+ i 8. Then 2a = r and 28 = r thus 2 divided r, and

sox=a€Z. Hence I 1 =27 +X%Z[i][|[X]]. Again by Lemma 2.1,

I, ="H™!
=ZNO((A+D7'ZED~" + XA+ D' ZED ' IX]
=ZA+DZET+ A+ DHXZEXT
=27+ (1 + DHXZLEIIX]T
=1.

This shows that / is a divisorial ideal of R.

Let A € B be an extension of integral domains. Following [3], we say that B is
t-linked over A, if for each finitely generated fractional ideal / of A with -1 — A,
we have (IB)~! = B.

Lemma 2.3 Let A C B be an extension of integral domains and R = A+ X B[ X]. If
B is t-linked over A, then the extension A C R is t-linked.

Proof Let I be a finitely generated fractional ideal of A such that /~! = A. Since
IR C I + (IB)[X], then by Lemma 2.1,

I'"nuB) '+ xuB)'x1=u+UBixn'cur) .

But B is t-linked over A, then R = A + XB[ Xl =I"'nUB)~' + X(UB)~'[X]
C (IR)~', and hence R C (IR)~'.

Now we will show that (IR)~! C R. Let u be an element of (IR)~!. It is easy
to prove that u € L + XK[X]], where L = gf(A) and K = ¢gf(B). Putu =
o0

Za,-xf € L+ XK[X], and leta € I. Since au = Y 72 (xa;) X' € R, aag € A,
i=0

and hence ag € I~!. Moreover, if r € IB, then urX € u(IR) € R. This implies
that for each i > 1, ra; € B. Therefore for each i > 1, a; € (IB)~!. Hence
uel '+ XUB)'[X] = A+ XB[X] = R since B is t-linked over A. Hence
(IR~ =R. o
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Proposition 2.4 Let A C B be an extension of integral domains such that B is t-linked
over A. Then the mapping
¢ : Cli(A) — ClLi(R)
(/1 + [UR)]

is an homomorphism.
Proof Follows from Lemma 2.3 and [3, Theorem 2.2]. O

Let A € B be an extension of integral domains and / a finitely generated ideal of
A. It well known that I.A[X] = (JA)[X] = I[X]. Using the same proof we can
prove that I.B[X] = (I B)[X].

Lemma 2.5 Let A C B be an extension of integral domains such that B is a flat A-
module, I anideal of A and R = A+ X B[ X]. We assume that I and I~ " are v-ideals
of finite type. Then (IR), = I + X(IB)[[ X].

Proof Since I and I~! are v-ideals of finite type, I = J, and I~' = L, for some
finitely generated ideals J and L of A. Since JR = J + X (JB)[[X], by Lemma 2.1,

(R "= +XxUB[XD™!
=J'NnUB '+ X(UB)X]
=J'NnJ IB+X(J'B[X]
=J 1

where the third equality follows from the fact that B is a flat A-module.

Again apply Lemma 2.1, (JR), = J, N (J"'B)~' +X(J~'B)~![X].

Since L, =11 = J1,
J'p'=w,p'=wB'=L""'B=J,B,

where the second equality follow from the proof of [5, Proposition 2.2]. So

(JR)y = Jy N (JyB) + X(JuB)[X]
= Jy + X(/y, B)[X]
=1+ X(IB)[X].

This implies that I + X (I B)[X] € ({ R),. Now, using Lemma 2.1, we can prove that
I+ XUB)[XDy =1+ XUB[X].

This shows that (/R), € I + X(IB)[X]], and hence (IR), =1 + X(IB)[X]. O
We are now ready to prove the main result of this section.

Theorem 2.6 Let A C B be an extension of integral domains such that B is a flat

A-module. Then the mapping

¢ : Cli(A) - CL(R)
[I1 = [(UR)]

@ Springer



130 Page6of 11 H. Ahmed

is an injective homomorphism.

Proof Since B is a flat A-module, B is ¢-linked over A. So by Proposition 2.4, the
mapping ¢ is an homomorphism. We show that ¢ is injective. Let I be a ¢-invertible
t-ideal of A such that (I R);, is a principal ideal of R. We will prove that / is principal.
Since (I R), is principal, (I R); = fR for some f € (IR);.

Case 1: [ is an integral ideal of A.

As (IR); = fR, then (IR), = fR. By Lemma 2.5, (IR), =1 + X(IB)[XT]; so
I = f(0)A is a principal ideal of A.

Case 2: [ is a fractional ideal of A.

Let d € A\(0) such that dI € A. Put I’ = dI. Then I’ is an integral f-invertible
t-ideal of A. Moreover, (I'R); = df R is a principal ideal of R. By case 1, I’ is a
principal ideal of A. So [/ is a principal ideal of A, and hence ¢ is injective. O

Remark 2.7 Let A C B be an extension of integral domains and let ¢ : Cl;(A) —
Cl;(R) be the natural mapping. Note that ¢ is not surjective in general. Indeed, let A
=7Z,B=7Z[i]and R = Z + XZ[i][X]. Assume that ¢ is surjective.
By [6, Chapter 1, Proposition 2], Z[i] = Z @ iZ is a flat Z-module; so by Theorem
2.6, ¢ is an injective homomorphism, and hence ¢ is an isomorphism. This implies
that

Cly(Z) Z ClL(Z + XZ[I][XT).

Since Z is a PID (principal ideal domain), Cl;(Z) = 0 which implies that Cl;(Z +
XZ[i[XT) = 0. Now we prove that Cl,(Z + XZ[i][X]) # 0, and hence we obtain
a contradiction. Let I =2Z + (1 + D)) XZ[i [ X].
Claim 1: 7 and 7! are ideals of R of v-finite type.
It is clear that (2, (1 +i)X) € I. Conversely, let f € I. Then f =2r + X(14+1i)Q,
forsomer € Zand Q € Z[i|[ X =Z+iZ+ XZ[i][X]. So there exist s, t € Z and
heZ[i][ XN suchthat f =2r + X(1+i)(s+it+Xh)=2(0r —tX)+ 1+ X(s +
t+ Xh) e (2,(1+1i)X). Hence I = (2, (1 +i)X). Now, by Example 2.2, I'=27
+X%Z[i][[X]]. In the same way, we can show that 7! = 1, %X).
Claim 2: [ is a v-invertible ideal of R.

Note that

11~ =, %X)(Z, A+DX)=Q, 1+DX,1-DX, X?).

Let u € qf(R) such that (2, (1 +i)X, (1 —i)X, X?) CuR. Since 2 € (2, (1 + )X,
(1—i)X, X?) CuR, thenu = % with f € Rand X? € 2, 1+ X, (1-)X, X?) C
uR = %R. Thus X% f =2 g, forsome g = ag+a X +---+a, X" € R. This implies
that ag = a; = 0, and so g = X% h, where h = (ar + -+ + a, X" %) € Z[I[X].
Then f(0) =2h(0) € Z. But Z[i] = Z + iZ, then h(0) = s + it € Z + iZ. Since
2h(0) € Z, then h(0) € Z, and so 1 = uh € uR. Thus

I MYy =@, 0+)X, (1 -DX,X>), =R.

Using claim 1 and 2, it is easy to prove that [ is a ¢-invertible ¢-ideal of R. This
implies that [/] € CI;(R). Now we show that [/] # 0 which equivalent to [ is not a
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principal ideal of R. Assume the contrary that [ is principal. Then / = P R for some
P € R.Since2 € I, P(0) # 0. Infact P(0) € {£1, £2}. Moreover,as (1+i)X € I,
we obtain P (0) € {41} which implies that P (0) is aunitin Z. A routine calculation (by
induction) shows that P is a unitin R. This implies that / = PR = R, a contradiction.
Then [I] # 0, and hence Cl,(Z + XZ[i][X]) # O.

3 v-Invertible v-ldeals of A+XB[X]

In this section, we investigate a relationship between v-invertible v-ideals of an integral
domain and those of its power series ring of the form A + X B[ X]], where A C B is
an extension of integral domain. We begin this section by the following proposition.

Proposition 3.1 Let A C B be an extension of integral domain, J an ideal of A and
R = A+ XB[X].

(1) If (JR)y = R, then J, = A.
(2) If (JR); = R, then J, = A.

Proof(1). Assume that (JR), = R and let u € qf(A) such that J/ C uA. Then JR C
uAR C uR which implies that R = (JR), € (uR), = uR. Thus

AC ﬂ Au = J,.

ueqf(a),Jcua

This shows that A € J, € A, and hence J, = A.
(2). Suppose that (JR); = R. Then

R = U{(FR)U, F C J of finite type of A}.

Thus there exists a finitely generated ideal Fyy of A such that Fp € J and 1 €
(FoR),. This implies that R = (FoR),. Now, by (1), (Fp)y, = A; so

A S| J{Fy, F S J of finite type of A} = J; € A.

Hence A = J;.
O

Let A be an integral domain. According to [12, Theorem 2.11], A is completely
integrally closed if and only if for each f, g € A[X]l, (AfAg)y = (Afg)y. Using this
result we prove a complete description of v-invertible v-ideals (with nonzero trace in
A) of R. First we need to prove the following proposition.

Proposition 3.2 Let A C B be an extension of integral domains such that B completely
integrally closed and R = A + X B[ X]l. Then for each divisorial ideal I of R such
that I N A # (0), there exist a divisorial ideal J of B and a nonzero ideal H C J of
A such that I = H + XJ[X].
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Proof Let H = I() A and J the ideal of B generated the coefficients of all elements
of I.

Itisclearthat H € Jand H C I. Weshowthat X Jy[ X[ C I.Letf,g € R, g #0
such that I C fR. LetO0 #a € H.Sinceae HCI C %R, then there exists an

r € R\(0) such that ¢ = L. Tet0 # h € 1 € LR = %R Then rh € aR which
impliesthatrh € aB[X].So (A,;1)» € aB.Byhypothesis B is acompletely integrally
closed domain, then A, A, € (A-Ap)y C aB. This implies that r A, [ X] € aB[X].
Now we show that » J[X] C aB[X]. Indeed if f € rJ[[X]] then f = rfy for

some f] = ZalX‘ e JI[X].Putr = Z,B,X Then f = Z(Za,ﬁn X", But

i=0 i=0 n=0 i=0
mj
a; = Zai,kfi,k with#; x € B, ajx € Ay, ,, then
k=0

ni

iBu—i = ) i ktikBu-i € A;Af, aB.
k=0
Which implies that r J[X] € aB[X]. So
r(JIXMy = WJIXDy < (@BIXT)y = a(BIX1)y = aBIX].

Since (J[X1)y = JL[ X1, rJL[ X1 € aB[X]. This implies that 4= BI[X]] C R SO
w C %B[[X]] C ;R _gR which implies that X J,[ X] € £R. Thus

f

XIAXDE Ny e rety

R=1I,=1,

andhence H+ X J[[ X C H+XJ,[X] € I.Nowwewillshowthat] C H+XJ[[X].
o
Let f € I. Then f =ao+Za,~Xi, where ap € A and a; € B foreachi > 1.

i=1
AsJ =< Ay, f el >, thenforeachi > 1,a; € J; so

o0 o0
ZaiXi = xza,-xf—l € XJIX] € XJ,IX].
i=1 i=1

o0 o0
Since X J,[X] < 1, Zaix" € I. This implies that ag = f — ZaiXi € 1. Thus
i=1 i=1
ap€ ANI = H, and hence f € H + XJ[X]. Now we have

H+XJIXICH+XLIXTIS T CH+ XJIX].
Hence I = H+ XJ[X] and J, = J. O
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Our next result give a complete description of v-invertible v-ideals of A + X B[ X]
with nonzero trace in A.

Theorem 3.3 Let A C B be an extension of integral domains such that B is completely
integrally closed and R = A + X B[ X]l. Let I be a fractional divisorial v-invertible
ideal of R such that I N A # (0). Then I = u(J1 + X L[ X]) for some u € qf (R),
Jo an integral divisorial v-invertible ideal of B and J1 C J, a nonzero ideal of A.

Proof Since I is a divisorial ideal of R and B is completely integrally closed, by
Proposition 3.2, I = H + XJ[X] for some divisorial ideal J of B and a nonzero
ideal H C J of A. We show that there exists nonzero ¢ € K such that cH € A and
cJ CB.

Let a € H be a nonzero element. We have a/~! is a divisorial ideal of R. Using
Lemma 2.1, it is easy to prove that a/ ' N A # (0). Then by Proposition 3.2, al ~' =
H' + X J'[[X] for some divisorial ideal J” of B and a nonzero ideal H' C J’ of A.

aR =a(IlI™Y),
= (a(II7),
= (I(al™"),
=((H+XJIXDH +XJTX)y.

So(H+ XJIXMH + XJ'[X]) CaR =aA +aXB[X]. Then HH' C aA and
JJ' C aB. This implies that LHH' € Aand 1JJ' C B.

Letc € %H’beanonzeroelement. Then J; = cH C %HH/ CAand J,=cJ C B.
We have J; # (0) and J5 is a divisorial ideal of B.
Since I = H + X J[X]], then

1 1
I = ;(CH + XcJIXD) = Z(Jl + X LX) = ul1 + X L[XD,

where u = % € qf (R). Now we will show that J> is v-invertible. By Lemma 2.1, we
have

-1 | -1 -1
7= =7 0+ Xy XD,
Thus
=t < i 0 g+ X a5 X
C 1IN X (I HIXT
C A+ XB[X]
= R.

Since [ is v-invertible, we get

R= U nuyh+ Xy hixm .
Again by Lemma 2.1, R = (Ji(J; ' N ;)= 0 (ady H™! + Xy, H XL
Then B[ X] = (szgl)*l[[X]], and this implies that B = (JQJ{])”. Hence J; is

v-invertible. ]
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Clearly that every Krull domain is completely integrally closed. Using Theorem
3.3, we obtain a new characterization of divisorial v-invertible ideals of the power
series ring of the form A + X B[ X].

Corollary 3.4 Let I be a fractional divisorial v-invertible ideal of R = A + X B[ X]|
such that I N A # (0). Assume that B is a Krull domain. Then I = u(J1 + X L[ X])
for some u € qf(R), Jo an integral divisorial v-invertible ideal of B and J| C J> a
nonzero ideal of A.

Recall from [4] that an integral domain A is called formally integrally closed if
(Arg)r = (AyAg) forall f, g € A[XT\(0). It was shown in [4] that if A is formally
integrally closed, then A is completely integrally closed, but the converse is false in
general ([4, Example 3.2]).

Proposition 3.5 [4, Proposition 3.6] Let A be a formally integrally closed domain. If
1 is a finite type v-ideal of A[ X with J N A # 0, then I = J[X]] for some v-ideal
J of A.

Note that in [4] Anderson and Kang characterized the v-ideals of finite type of the
power series ring A[[X] with nonzero trace in A in the case when A is a formally
integrally closed domain. Now, using Proposition 3.2, in the particular case when
A = B, we obtain a new approach to characterize the divisorial ideals of the ring
A[[ X with nonzero trace in A.

Proposition 3.6 Let A be a completely integrally closed domain and I a fractional
divisorial ideal of A[[X] such that I N A # (0). Then I = Jy + X L[ X] for some
nonzero ideal Jy of A and some divisorial ideal J> of A such that J; C J;.
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