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Abstract

In the continuous setting, Morrey spaces have been studied extensively, especially
since the late 1960s. Meanwhile, Morrey sequence spaces, which are also known as
discrete Morrey spaces, have only been developed by Gunawan et al. since 2018.
In this article, we extend some known results on their inclusion properties and their
(lack of) uniform nonsquareness to mixed Morrey double-sequence spaces, i.e. Morrey
double-sequence spaces equipped with a mixed norm. As in the calculation of three
geometric constants of Morrey spaces by Gunawan et al. in 2019, we also compute
three geometric constants, namely Von Neumann-Jordan constant, James constant, and
Dunkl-Williams constant for mixed Morrey double-sequence spaces. These constants
measure uniformly nonsquareness of any Banach space. Through the values of the three
constants, we reveal that mixed Morrey double-sequence spaces are not uniformly
nonsquare. A relation between mixed Morrey double-sequence spaces and mixed
Morrey spaces is also discussed.
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1 Introduction: Morrey Sequence Spaces

The ’continuous’ Morrey spaces M. = M; (R™) were introduced by C. B. Morrey
[19]. A function f on R” belongs to M; (1 < p <gq < o) if and only if

11 1/p
g = s 1B@ni ([ o) <.
B(a,r)

acR",r>0

Here, B(a, r) is the ball centered at a € R" and of radius » > 0. While continuous
Morrey spaces have been developed since the 1930s (see [21, 22] and references
therein), discrete Morrey spaces or Morrey sequence spaces £, = 65 Z)1<p<
q < oo) were first studied by Gunawan et al. [9] and have attracted many researchers
since then (see, for examples, [3, 11, 12]).

A sequence {x;} := {x,} ez belongs to £} if and only if

1/p

1_1
1xjbleg = sup (Sl [ 30 Il | <o
meZ,NeNy jESm,N

Here, Syn ={m—-—N,m—-N+1,... m—1,mm+1,....m+N—1,m+ N}.
Note that for p = g, we have ¢}, = ¢P.

One property that Morrey spaces have is the inclusion property [8, 20]. For Morrey
sequence spaces Ef]’ , the following theorem is found in [12]:

Theorem 1.1 [12] Let 1 < p1 < g1 < o0 and 1 < p» < q» < 0c. Then £} < 5} if
and only if ¢» < q1 and 14} < &

q q2
Remark 1.2 Note that, the inclusion results in [12] are more general than Theorem
1.1, namely, including the results on sequences defined in higher dimension Z", the
quasi-Banach case (0 < p1,q1, p2,92 < 1), and compactness of embedding. An
extension of this inclusion result to weak type Morrey sequence space can be found
in [7]. In this paper, we shall concentrate on the case of Morrey sequence spaces as
Banach spaces and also the sequence with index in Z only.

We note from the above theorem that for a fixed ¢ € [1, o), the largest Morrey
sequence space is ¢ }].

Besides the inclusion property, geometric properties of Morrey spaces, which are
seen through some geometric constants, are quite interesting.

The Von Neumann-Jordan constant Cny(X) (see [15]), the James constant Cj(X)
(see [13]) and the Dunki-Williams constant Cpw (X) (see [4]) for a Banach space X
are given by

Ix + ylI% + lIx = ylI%
231x 1% + Iy lI%)
Cy(X) == sup {min{[lx + yllx, lx = ylix} : x,y € X, [lxllx = lIylx =1},

Cny(X) = sup{ cx,ye X\ {0}¢,
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and

Ixllx + llylix
lx—¥ylx

X y
lixlix  lyllx

Cpw (X) := sup {

:x,yeX,x#O,)’#()»x#)’}»
X

respectively. As a consequence of the definition of Cny(X) and the triangle inequality,
itis well known that 1 < Cnj(X) < 2forevery Banach space X (see [15, Theorem II]),
and that Cnj(X) = 1ifand only if X is a Hilbert space. Meanwhile, V2 < Ci(X) <2
holds for every Banach space X, and Cj(X) = /2 if (but not only if) X is a Hilbert
space (see [1, 5]). As for the Dunkl-Williams constant, we have 2 < Cpw(X) < 4
and Cpw (X) = 2 if and only if X is a Hilbert space (see [4]). Note that the larger the
constant, the lesser round the unit ball in the space. Von Neumann-Jordan constant,
James constant, and Dunkl-Williams constant are used to quantify convexity properties
such as strict convexity, uniform convexity, and uniform squareness (see definitions
in Subsection 2.2.3). In particular, C j(X) < 2 is a necessary condition for uniform
convexity of X (see [16]). Moreover, Cyj(X) < 2is equivalent to uniform squareness
of X (see [23]). In addition, the condition Cy ;(X) < 2 imply the fixed point property
for nonexpansive mappings on X (see [6]).

For Lebesgue spaces L? = LP (R") where 1 < p < oo, itis known that Cny(L?) =
max{2%/P=1 21-2/P} (see [2]) and Cj(L?) = max{2'/?,21=1/P} (see [17]). Mean-
while, for the Dunkl-Williams constant, we know that Cpw(L!) = Cpw(L®) = 4
(see [14]).

For continuous Morrey spaces Mé’ and discrete Morrey spaces £, the following
results are obtained in [10]:

Theorem 1.3 [10] If1 < p < q < 00, then

(i) Cny(MY) = Cy(MY) =2 and Cpw (M]) = 4.
(i) Cny(€h) = Cy(¢}) =2 and Cpw (L) = 4.

Note that the three constants take the largest possible values, which mean that both
continuous and discrete Morrey spaces are lacking the nonsquareness property (see
Definition 2.7 for the definition of uniformly nonsquare Banach spaces).

In the following section, we present our results on the inclusion properties and
geometric properties of mixed Morrey double-sequence spaces, which we shall define
below. We shall also discuss the relation between mixed Morrey double-sequence
spaces with mixed ’continuous’ Morrey spaces (see [24] for the inclusion results of
mixed Morrey spaces).

2 Mixed Morrey Double-Sequence Spaces
Letl < p<qg<ooand1l <r < s < oo. The Morrey double-sequence spaces
with mixed norm E,’; ) = E{; (6?)(22) is defined to be the set all double-sequences

{xij} = {xij}i, jez for which

IHoci g cepy = I Hles bl p - < o0
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The notation ||{-}||¢; ; means the norm is calculated for a sequence with index i. From
now on, we shall abbreviate the term Morrey double-sequence spaces with mixed
norm by mixed Morrey double-sequence spaces.

2.1 AKey Lemma

We observe that an example of a member of a mixed Morrey double-sequence space
can be obtained by taking the product of two sequences in associated Morrey sequence
spaces. This fact is given in the following lemma.

Lemma21 Let1 < p <qg <oocand1 <r <s < oo. Suppose that {y;} € £} and
{zj} € €5 If x;j := yizj, then {x;;} € €5 (€%) with

i e cory = IHyiHleg 4z HEgp - (1)

Proof The identity (1) follows directly from the definition of mixed Morrey double-
sequence spaces. In fact,

i e ey = ||{||{inj}||Z;’i}||((1;vj
= IIHyiHlei- zjHlgr ;= HyitllerilzHlgp ; < oo
Thus, {x;;} € Ef; (£%) and the identity (1) holds. O

We shall use this lemma to prove the inclusion property and convexity properties
of mixed Morrey double-sequence spaces.

2.2 Main Results
2.2.1 Inclusion Properties

Our first result is the following theorem on the inclusion property of mixed Morrey
double-sequence spaces.

Theorem2.2 [et1 < p; < g1 <00, 1 < prp < gy <00, 1 <r; <51 < 09,

1 2 ry )
and 1 < rp < s < oo. If ¢ fql,p— < p—,sz < s1, and — < —=, then
q1 q2 S1 52

p P
£gy (6) C gy (L)),
Proof Let x = {x;;} € £,7(£32). Since €2 € £5} with || - g < 1l - Ily72, we see that
51 2
||{xij}||g§:’i < ||{xij}||g§%’i

for every j € Z. The inclusion £,; € ¢} implies
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gy ey < Mgl Mg

< ||{||ij||£;§1[}“g(11’22’j = ||X||43522(eg) < 0o0.

Hence, x € €] (65)). Thus, £42(62) € €7} () with |- i oy < 1+ 2z O

Remark 2.3 Assume that s = s2, r1 < r2, q1 = ¢2, and p; < p>. By using a
similar argument as in the proof of Theorem 2.2 in [7], we can construct a sequence
x = {x;} € €5 \ €3. Similarly, one can construct y = {y;} € €0\ . If z;; = x; y;,
then z = {z;;} € €h (€51 \ €42 (€32). Thus, the inclusion in Theorem 2.2 is proper
under this assumption.

As the converse of Theorem 2.2, we have the following theorem.

Theorem2.4 Let1 < p; <q <00, 1 < pp gy <00, 1 <r] <51 < 00, and

1
1 <ry <sp <oo. Ifh(€2) € ehl(eg)), then — + — < — + —.
§1 q1 52 q2

Lolil<k, |1, 1=k

Proof Let K € N. Define y; := i and z; := ]
0, lil>K 0, |jl>K

. Let Xij =

1
yizj. Observe that, for k = 1, 2, we have [[{y;}||,« = 2K + 1)% and [{z;}l,n =
Skl qk-J

s
(2K + 1) . Hence, by Lemma 2.1, we obtain

€

1, 1,1
”{xij}”ggll (ZS}) = Q2K+ 1)1 2 and ”{xij}”gcfg(gg) = Q2K+ 1)2 o,
Since €7 (£52) € €5 (£5)), there must exist a constant C > 0 (see [9]) such that
Ixij g ey < ClHxi g2 o2
whence
L+L,(L+L)
RK+1Ds1t a1 2 w2’ <C.

1 1 1 1
As this is true for every K € N, we conclude that — + — < — + —. |

S1 q1 52 q92

2.2.2 Geometric Constants

Now we move to the geometric properties of mixed Morrey double-sequence spaces.
As we have mentioned before, we shall study them through three geometric constants.
Our result is the following.

Theorem25 If1 < p < g <ocoand 1 < r < s < oo, then Cny(£5 (£})) =
Cy (€2 (€r)) = 2 and Cpw (£ (¢)) = 4.
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Proof We shall begin with Von Neumann-Jordan constant. Note that, Cnj (Eg ) <2
Therefore, we only need to prove that Cnj (Zf; (£%)) = 2.Since g > p ands > r, there

exists a positive, even integer n such thatn > 2!1%19 —landn > 257 — 1. Define {x;:}
and {y;} by

) I, i=0
1, i €{0,n} .
X; = ] and y;:=13-1, i=n
0, i ¢1{0,n} .
0, i ¢1{0,n}.

Observe that

=

1_1 1_1 1_1
”{xi}”[p = max |SO,0|q ? |xol, |Sn,0|q P |xpl, |Sn/2,n/2|q 4 |xi|p
q

1 1 1
=max{1,(n+1)rﬁzﬁ}.

1 1 1 1 1 1
Since n > 2# —1,wehaven + 1 > 2‘1%, so(n+1)a r2r < (2‘137!’)5 P2r =

1. Consequently, [[{x}ll;» = 1. By a similar argument, we obtain |[{x;}[l¢; = 1,
I{yi}lez = 1. and [[{yi}lle; = 1.

Now let us define the double-sequences a = {a;;} and b = {b;;} by
aij = xixj and bij = yiyj, .

respectively. By virtue of Lemma 2.1, we have

IIallgg(gg) = Ixitllegill{xj}llgp ;=1 and ”b”(é’((;) = yitlle ity lep ;= 1.
(3)

According to the definition of {x;} and {y;}, we see that

2, i=0 0, i=0
xi+yi =10, i=n and x; —y;i=1{2, i=n
O, l¢ {O,f’l} 09 l¢ {09 n}

Hence we have [[{x; + yi}ller = 2 and [[{x; — yi}ller = 2.

‘We now calculate ||a+b||£5(£§) as follows. Forevery i € Z and fixed j ¢ {0, n}, we
have a;;+b;j = x;-0+Yy;-0 = 0. Therefore, [[{ai; +bij}|¢ri = Oforevery j ¢ {0, n}.
Meanwhile, for j = 0, we have ||{a;; + b;j}ler i = {x; + yi}ller = 2. Similarly, for
J = n, we obtain |[{a;; + bij}leri = I{x; — yi}lley = 2. These calculations can be
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summarized as

2, j€{0,n}
X = ZXj.
0, j¢1{0,n}

I{aij + bij}Hler i = i
Consequently,
la ~+bllgpery = WMaij + bijhllesillep ;= 12x e ;= 2. “
By a similar argument, we also have
la = bllyrer) = 2. ®)

We combine (3)—(5) to obtain

2 2
la+ bl 0= bl 522

200al3p ) + 1613 ) 204D

Cn, (£ () =

3

as desired.
As for James constant, we let the sequences a and b be defined by (2). As a
consequence of (4) and (5), we have

Cy (g (£y))
= sup{min({||a +b||gg(g§)v la — b”gé’(@;)} : ||a||e{;(g§) = ||b||[fl’(g§) =1}=2

Finally, we move to Dunkl-Williams constant. Let + > 0 and let @ and b be the
sequences be defined by (2). Define

u=a+b , v=a—b, and w=A+Hu+ {1 —1)v. (6)
Note that, [lu + v||€5(5§) =|lv— u||eg(€§) = 2. We now prove that
||w||€g(€§) =2+2t. @)
Observe that
w={0+0Du+1—-t)v=>_0+1)a+b)+ (1 —1t)(a—>b)=2a+2tbh.
Therefore,
w;j = 2a;j + 2th;j = 2x;x; + 2ty;y;.

@ Springer
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Using the definition of {x;} and {y;}, we have

wig = 2x; +2ty; =32 —2¢, i=n
0, i ¢1{0,n}
and
2-2t i=0
Win =2x; —2ty; = {2+2t, i=n
0, i ¢1{0,n}.

Consequently, [[wiolle; = lwinller = 2 + 2¢. Using this fact, we obtain
Mwijlleiller j =12 +208x e j = Q+201xjHp ; =2+ 21,

as desired. Thus, it follows from (7) that

lu+oll+llwll| u+v — w ”_4+2t ut+v w
tv —ull lu+oll  wl 2t 2 242t
242+ +tv) —w
ot 242t
2+t 4t + 212 442t
= ———2tvll = slvll = :
2t + 2t 2t + 2t 141t
Taking ¢ — 0T, we find that Cpw (¢] (¢4)) = 4. O

2.2.3 Convexity Properties

Besides the geometric constants, we also obtain the following results about the
convexity properties of mixed Morrey double-sequence spaces.

Recall that a normed space X is strictly convex if for every x, y € X with |x|| =
lyll = 1 and x # y we have ||x + y|| < 2, and is uniformly convex if for every
€ € (0, 2] there exists a 6 € (0, 1) such that for every x, y € X with ||x|| = ||y|| =1
and ||x — y|| = € we have ||x + y|| < 2(1 — §). Note that, by definition, uniform
convexity is stronger than strict convexity.

For mixed Morrey double-sequence spaces, we have the following theorem.

Theorem2.6 If1 < p <qg <ocoand1 <r < s < o0, then Z,‘;(Z;) is not strictly
convex. Consequently, Eg (£%) is not uniformly convex.

Proof Let the sequences a = {a;;} and b = {b;;} be defined as in the proof of Theorem
2.5. Note that, a # b, ||a||(5(e,‘) =1, ||b||[5(e,) =1, and |la + b”eﬁ,’(e’) = 2. Thus,

Zg (£%) is not strictly convex, and accordingly is not uniformly convex. O
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We now discuss the lack uniformly nonsquarenes of mixed Morrey double-sequence
spaces. Let us recall the following definition.

Definition 2.7 [13] A Banach space X is called uniformly nonsquare if there exists a
8 > 0 such that for every x, y € X with ||x|| = ||y] = 1 and ||x — y|| = 2(1 — ) we
have ||x + y|| < 2(1 — ).

A necessary and sufficient condition for uniform nonsquareness of a Banach space is
given by the following theorem.

Theorem 2.8 [23] A Banach space X is uniformly nonsquare if and only if Cy j(X) <
2.

Based on Theorems 2.5 and 2.8, we obtain the following corollary.

Corollary29 If1 < p <q <ocand1 <r < s < oo, then 65(6;) is not uniformly
nonsquare.

2.3 An Additional Result: Relation with Continuous Morrey Spaces

As shown in [18], there is a relation between Morrey sequence spaces and Morrey
spaces. From now on, Mcf denotes Morrey spaces over R.

Theorem 2,10 [18] Let 1 < p < g < o0. Foreverya = {a;} € 08, define

1/p

ay = > lajl” xij.j+n @

JEZL
Then, there exist positive constants Cy and C», independent of a, such that
Cillallyy < 1@llyy < Callallyr.

Remark 2.11 A relation between Morrey spaces and Morrey sequence spaces is also
given in [12, Remark 2.4].

A relation between mixed Morrey double-sequence spaces and Morrey spaces with
mixed norm is given in the following proposition. Let us recall the definition of mixed

Morrey spaces. The mixed Morrey space M,f (M )(R?) is the set of all measurable
functions f on R? for which

WA gz aary = WL Ces ) Wl gz

is finite. In the next proposition and its proof, the notation || x| ,,» < x| ¢p Means that
there exists a constant C > 0 such that ||f||M5 < C||x||(g.
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Proposition2.12 Let1 < p <g <ooand1 <r <5 < o0. For x = {x;;} € Z,’;(Kg),
define

1/p

plr
x(11,12) = Z (Z |Xij|rX[i,i+1)(tl)> Xij.j+1(12) , h,n€eR

JEZ \i€Z
Thenx € MY (M?)(R?) with % a2 arry < 15 ez ery-

Proof Observe that, for every r, € R, we have

1/r
1XC, 22l = (Z |xij|rX[i,i+l)(‘)> XU, j+1(#2)
i€Z .
JRer iy
1/r
< (Z |xij|rX[i,i+l)(‘)> X j+1(2)
i €7 -
l M; Jler
Applying Theorem 2.10 to a; := {x;;}; for each j, we have
1/p
%G, )l S H {6l s 20002 H = ST it a2
$? Jllep - s
JEL
Applying Theorem 2.10 once again to b := {b;} and
1/p

b() == | Db xij,j+1) (1)
JEZ

with bj = ||{x,'j}||g§,,', we obtain

¥l prz oy < H H{H il xu,m)(o} S Mxijllerillep ;= 12l ery:

Jller My

as desired. O

Remark 2.13 At this time we do not know whether or not we have the inequality
< x| 4pp <p< <r<
||x||eg(€§) < ”x”Mé(M;) forl<p<g<ocandl <r <s < o0.

Future works It is interesting to investigate a generalization of our results to mixed
Morrey double-sequence spaces defined on Z"! x Z"? and the case of quasi-Banach
spaces. In addition, the generalization of our results to other extension of Morrey spaces
such as weak Morrey spaces and generalized Morrey spaces is worth investigating.
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