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Abstract

The shadowable points of dynamical systems have been well-studied by Morales in his
recent paper (2016). This paper aims to generalize the main results obtained by Morales
to free semigroup actions. To this end, we introduce the notion of shadowable points
of a free semigroup action. Let G be a free semigroup generated by finite continuous
self-maps acting on compact metric space. We will prove the following results for G
on compact metric spaces. The set of shadowable points of G is a Borel set. G has the
pseudo-orbit tracing property (POTP) if and only if every point is shadowable point
of G. The chain recurrent and non-wandering sets of G coincide when every chain
recurrent point is shadowable point of G. The space X is totally disconnected at every
shadowable point of G under certain condition.
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1 Introduction

The shadowing theory is an important component of the qualitative theory of dynami-
cal systems, producing many interesting and profound results. If any pseudo orbit with
sufficient accuracy approaches a certain precise trajectory, then the dynamical system
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has the shadowing property or pseudo-orbit tracing property(POTP). So far, many
researchers have studied homeomorphisms with shadowing property, for examples [1,
17]. Recently, Morales [15] introduced the concept of shadowable points by decom-
posing shadowing property into points and studied the properties of the shadowable
points set. Subsequently Kawaguchi [11] extended the notion for continuous maps
and gave a quantitative version of a Morales’result in [15]. In addition, Kawaguchi
[11] also obtained more and better results. Afterwards, Aponte and Villavicencio [2]
transferred the notion of shadowable points for homeomorphisms to the context of
continuous time flows. Jung, Lee and Morales [10] introduced the concept of the per-
sistent shadowing property, leading to the derivation of several compelling theorems.
Besides the classical theory of dynamical systems (which studies actions of Z and
R), shadowing for actions of all kinds of groups and semigroups were studied. For
instance, Pilyugin and Tikhomirov [18] studied the shadowing property for action of
the higher rank groups Z” x R?. Afterwards, Osipov and Tikhomirov [16] introduced
the notion of shadowing property for actions of finitely generated groups and study its
basic properties. Very recently Kim and Lee [12] introduced the notion of shadowable
points for finitely generated group actions on compact metric space and extended the
theorems of [15] to finitely generated group actions. Jung, Lee and etc. [9] defined
robust expansivity and the shadowing property for random group actions and proved
the rigidity of actions enjoying these two properties. Barzanouni [5] introduced the
notion of persistent shadowing property for finitely generated group actions and stud-
ied it via measure theory. Bahabadi [3] introduced the definitions of shadowing and
average shadowing properties for iterated function systems, and also proved that an
iterated function system has the shadowing property if and only if the skew-product
transformation corresponding to the iterated function system has the shadowing prop-
erty. Hui and Ma [8], Zhu and Ma [21] introduced the definitions of §-pseudo-orbit
for free semigroup actions and the pseudo-orbit tracing property for free semigroup
actions, where they considered the §-pseudo-orbit under free semigroup actions sim-
ilar to a random route, which is different from the case of finitely generated group in
[12]. What’s more, Huang, Wang and Qiu [7] studied the relation between the two
different definitions of shadowing property.

In this paper, we study the shadowing property for free semigroup actions based on
[8] and [21] and introduce the notion of shadowable points of free semigroup actions.
The main work is to extend Theorem 1.1 and Theorem 1.2 of [15] to free semigroup
actions, and improve the proof process of Lemma 2.1, Lemma 2.3 and Theorem 1.2 in
[15] using Lemma 2.2 in [11] and new conditions. By studying relationship between
free semigroup actions and skew-product transformation corresponding to the free
semigroup action, we find out relation between the shadowable points of free semi-
group actions and the totally disconnected points. Let X be a compact metric space,
fo, -+, fm—1 continuous self-maps on X. Denote G the free semigroup generated by
Gi={fo, -, fmo1}onXand F : £} x X - T} x X a skew-product transfor-
mation, where ;)" denotes the one-side symbol space. The main results of this paper
are:
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Theorem 1.1 Let (X, d) be a compact metric space. If fo, f1,--+ , fm—1 are contin-
uous self-maps on X and G is the free semigroup generated by { fo, f1, -, fm—1}
then

(1) G has the POT P if and only if Sh(G) = X;

(2) Sh(G) is a Borel set;

(3) if CR(G) C Sh(G), then CR(G) = Q(G),

where POT P is the abbreviation of pseudo-orbit tracing property, Sh(G) denotes
the set of shadowable points of G, C R(G) denotes the set of chain recurrent points of
G, and Q2(G) denotes the set of non-wandering points of G.

Theorem 1.2 Let fo, -, fin—1 be continuous self-maps of a compact metric space
X, G the free semigroup generated by { fo, - - - , fmn—1} and F the skew-product trans-
formation corresponding to { fo, - -+, fm—1}. If there exists § > 0 satisfying
B(y(Sh(F)),8) C R(F), then Sh(G) C X9,

where y (Sh(F)) denotes the union of all connected components of X whose intersec-
tion with Sh(F) is non-empty, X4¢8 denotes the set of all totally disconnected points of
X, B(y(Sh(F)), 6) denotes the § neighborhood of set vy (Sh(F)), and R(F) denotes
the set of recurrent points of F.

This paper is organized as follows. In Sect. 2, we give some preliminaries. In Sect. 3,
we prove our main results. These results extend and improve the work of Morales [15].

2 Preliminaries

We first introduce some basic notions. Let (X, d) be a compact metric space and
f : X — X be a continuous map. A sequence {x;}7° is called a §-pseudo-orbit of f

if foreachi > 0,

d(f(xi), xiy1) <96.

The continuous map f is said to have the pseudo-orbit tracing property(POTP) if
foreache > 0, there exists 8 > 0 such that every §-pseudo-orbit {x; }7°, is e-shadowed
by the orbit of some point y € X, i.e. for alli > 0,

d (fi(y),xi) <e.

We say that a point x € X is shadowable point of f if for every ¢ > 0, there
is 6(x, &) > 0 such that every §-pseudo-orbit {x;}7° for f with xo = x can be
e-shadowed. We denote by Sh(f) the set of shadowable points of f. In [11], the
author defined quantitative shadowable points. For b > 0, a point x € X is called
b-shadowable point of f if there exists § > 0 for which every §-pseudo-orbit {x;}7°
for f with xo = x is b-shadowed by some point of X. Denote by Sh;“( f) the set of
b-shadowable points of f. Then, for ¢ > 0, defined

Shi (f) =) Shi ().

b>c
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Denote by F,j the set of all finite words of symbols O, 1,--- ,m — 1. For any
w € F,', |w| stands for the length of w, that is, the number of symbols in w. We write
w < w' if there exists a word w” € F, such that w’ = w"w.

Denote by Z;n" the set of all one-side infinite sequences of symbols 0, 1, --- ,m—1,
ie.

Z;;:{a)z(wo,wl,-nﬂwi6{0,1,---,m—l}foralliZO}.

Letw € £f, w e F ab > 0,anda > b. We write o|jgp) = w if w =
WeWail - Wh—1wp. For = (wo, wy, -+ ) € E,F, denote (w); = w;, i > 0.

Let w € F,;‘{,w = wiwy---wg, where w; € {0,1,---,m — 1} forall i €
{1,---,k},anddenote w = wrwi—1 - - - wy.Let fi, = fip,; 0 fu, 0 - -0 fuy, . Obviously,

Jww = fwo fu,and fz = fwk o fwkfl ©0---0 fwl-

In [3], the author introduced the shadowing property of the semigroup action gen-
erated by two continuous maps on compact metric space X. Here we can generalize it
to general case. Let (X, d) be a compact metric space and fy, f1,- -, fin—1 be con-
tinuous self maps on X. Denote G the free semigroup acting on the space X generated
by Gi = {fo. -+, fm—1}. For o = (wo, wy,---) € I,\, an orbit of x € X under G
for w is a sequence { /] (x)}7°,, where

fa’j(x)=fw,,,1Ofwn,zo"'ofwlofwo(x)- n>1
fg(x)=x. n=0

The following definition of pseudo-orbit and pseudo-orbit tracing property for G
are refer to [3] and [8].

Definition 2.1 ( [8]) Given § > 0, a §-pseudo-orbit(3-chain) {x;}7° for G is defined
as

min{d(fo(x;), Xi+1), -+, d(fu—1(x;), Xi31)} < 8 for everyi > 0. (D

Also, we can express the above expression as follows: there exists w = (wg, wi, --+) €
% such that

d(fuw; (xi), xix1) <8 for everyi > 0. 2)

We say that a §-pseudo-orbit {x;}7°, for G is e-shadowed by a point z € X if for
some o satisfying (1) or (2), it holds that

d(fh(2), xy) <& foralln>0. (3)
Definition 2.2 ( [8]) The free semigroup action G has the pseudo-orbit tracing prop-

erty(POTP) if for any ¢ > 0, there is 6(¢) > 0 such that every é-pseudo-orbit for G
can be ¢-shadowed by some point of X.
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Remark 2.3 The strict inequality in (2) and (3) can be relaxed to an inequality without
affecting the proof of the following lemmas and theorems except for Lemma 3.5. So
the following default definitions are strict inequalities, except for Lemma 3.5.

Remark 2.4 1f G has the POTP, then maps fo, f1, -, fm—1 all have POTP by The-
orem 1.4 of [3], but the converse is not true. Please refer to Example 1.5 of [3] for
specific example.

Example 2.5 ([3] Example 1.2) Define two continuous maps fo, f1 on E;‘ as follows:

Sfo(sos1sa--+) = 0sos1s2 -+, fi(sos1s2---) = lsosysz -+ .

Denote G the free semigroup generated by G| = { fy, f1}, then G has the POTP.
Next, we introduce two new definitions based on [15] in this paper.

Definition 2.6 A point x € X is called shadowable point of G if for every ¢ > 0,
there is §(x, &) > 0 such that every §-pseudo-orbit {x;}7°, for G with xo = x can be
e-shadowed. We denote by Sh(G) the set of shadowable points of G.
Remark 2.7 Clearly, if G has the POTP, then Si(G) = X (i.e.every pointis shadowable
point of G). The converse is true on compact metric spaces by Theorem 1.1.

Let X be a compact metric space. We say that a sequence {x; }7°
K CXifxgeK.

o 18 through subset

Definition 2.8 The free semigroup action G has the POTP through K if for every
e > 0 there is § > 0 such that every §-pseudo-orbit for G through K can be &-
shadowed.

For G, we assign the following skew-product transformation F : X5 x X —
%5 x X defined as

F(w,x) = (oa), fwo(x)) ,

where v = (wo, wy,---) € Z,J,g and o is the shift map. Here f,, stands for fp if
wo = 0, and for f} if wyp = 1, and so on. Let w = (wo, wy,---) € Z;Q, then

Fn(wvx) = (anw’ fwnq o fwn,Z ©0---0 fwo(x))
= (0", f,(x)).

The metric on X! is defined as

1
di(w, o) = 5%

where k = min{j : w; # w}},a) = (wo, wy,--+), @ = (wy, wi,--+) € T A
metric on X7 x X is defined as follows:

D ((w, x), (&', x")) = max{d (o, &), d(x, x")}
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for (w, x), (o', x) € E;j x X, where d; and d are metrics on Z,ﬁ and X respectively.

The following definitions refer to [19] and [21].
We say thatapointx € X isanon—wandering pointof G if for every neighbourhood
U of x there is w € ¥, and k € N such that (fcfj)_1 U)NU #0.

For w = wow; ---w,,—1 € F,,J{, a (w, ¢)-chain (or (w, €)-pseudo-orbit) of G from
x to y is a sequence {xop = x, X1, ,X, = y} such that d (fw,- (x,-),xi+1) < ¢ for
i €{0,---,n—1}. We say that x is a chain recurrent point of G if for every ¢ > 0,
there is a (w, &)-chain from x to itself for some w € F,}.

A point x € X is called a recurrent point of G if there exist @ € £} and an
increasing sequence {n;};>o of positive integers such that liT f,ﬁ" (x) = x.

1 —>1+00

Denote by Q2(G), CR(G) and R(G) the set of non-wandering, chain recurrent and
recurrent points of G, respectively. Clearly, we have R(G) C 2(G), 2(G) C CR(G).

On the other hand, the space X is totally disconnected at p € X if the connected
component of X containing p is {p}. As in [4], we denote

xdes — {p € X:Xistotally disconnected at p}.

Recall that X is totally disconnected if it is totally disconnected at any point(i.e. X =
X4¢8). We denote ¥ (A) is the union of all connected components of X whose inter-
section A is non-empty.

The following lemmas and theorems are all from references that need to be used in
the proof process of this paper.

Lemma 2.9 ([11] Lemma 2.2) Let f : X — X be a continuous map. If x € Shi]r(f)
with ¢ > 0, then for every b > c, there exists § = §(x, b) > 0 such that every §-pseudo
orbit {x;}72, with d(x, xo) < 8 is b-shadowed by some point of X.

Lemma 2.10 ([15] Lemma 2.1) A homeomorphism of a compact metric space has the
POTP through a subset K if and only if for every ¢ > O there is § > O such that every
8-pseudo-orbit of f through K can be e-shadowed.

Lemma 2.11 ([15] Lemma 2.2) Let f be a homeomorphism of a compact metric space.
Then, for every z € Q(f)NSh(f) and every s > O there arek € NT and y € X such
that fP*(y) € Blz, ] for every p € Z.

Lemma2.12 ([15] Lemma 2.6) If f : X — X is a homeomorphism of a compact
metric space X, then Sh(f) = Sh(f¥) for every k € Z\{0}.

Theorem 2.13 ([15] Theorem 1.2)If f : X — X is a pointwise-recurrent homeomor-
phism of a compact metric space X, then Sh(f) C X%°8.

Lemma 2.14 ([6] Chapter IV Lemma 25) If f : X — X is a homeomorphism of a
compact metric space X, then for any positive integer m, we have R(f) = R(f™).

3 The Proof of the Main Result

In this section, we give the proof of Theorem 1.1 and Theorem 1.2. Before our proof,
we must give the following lemmas.
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Lemma 3.1 If x € Sh(G), then for every ¢ > 0, there exists 5(x, €) > 0, such that
every §-pseudo-orbit {x;}{°, for G with d(xo, x) < 8 is e-shadowed by some point of
X.

Proof Since x € Sh(G), then take ¢ > 0. For% > (0, there exists 0 < 81(x, &) < &,
such that every §;-pseudo-orbit {z;}72, for G with zp = x can be %-shadowed. Take

8 < 2 such that d(a, b) < & implies d (fj(a), f;(b)) < 2 for every a,b € X,
j € {0,1,---,m — 1}. Given §-pseudo-orbit {xi}f.’oo with d(xp, x) < §. Define

{yi}2y by yo = x and y; = x; for i > 1. Assume d(fwi(Xi),Xi+]) < 8w =
(wg, wi, ---) € =, then

m>

d (fu; (xi), xip1) i>1

d(fw,»()’i)s yi+1) = d(fwo(x),m) i=0

and

d(fwi(xi),xl'+1) <8 <4y,

S
d (furo @), x1) < d (i), Fuo (x0)) + d (fwy (x0), x1) < 31 +5 < 8.

so {yi}72, is a 1-pseudo-orbit for G with yp = x, then there exists y € X, such that
d (f2(y), ya) < § forevery n > 0. Then, we have

d(y. x0) < d(y,x) +d(x, x0) < g +5<e,

and

d(fa 00 %) =d (F30).m) <5 <e
for all n > 1. Hence, y is a e-shadowing point of {x; }ioiO‘ O
Lemma3.2 If fy, -, fm—1are continuous self-maps of a compact metric space and

G is the free semigroup generated by { fo, - - - , fm—1}, then G has the POTP through
a compact subset K if and only if every point in K is a shadowable point of G.

Proof By the previous remark we only have to prove the sufficiency. Now we use the
finite cover theorem to prove the conclusion. Takee > 0,x € K.Thereexists§, > Oby
Lemma 3.1. Consider the open cover { B(x, §,) |x € K}, obviously itis the open cover

of K. Since K is compact, there exists a finite open cover {B(x1, §1), - - - , B(x, 6,)}
n
such that K C |J B(xj,8;). Let§ = 1m‘in {6,}. Take 8-pseudo-orbit {x;}7°, for G
j=1 <jsn

with xg € K, then there exists | < k < n such that xg € B(x, 8). Obviously {x; ?io
is also a §x-pseudo-orbit. Then {xi}l‘.’io can be e-shadowed by Lemma 3.1. So G has
the POT P through K. O
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Lemma3.3 If fy, - - -, fin—1are continuous self-maps of a compact metric space and G
is the free semigroup generated by {fo, -+ , fm—1}, then CR(G) (| Sh(G) C Q(G).

Proof Take x € CR(G) () Sh(G). Since x € Sh(G), for every ¢ > 0, there exists
8 > 0 such that every §-pseudo-orbit {z; };’io for G with zop = x can be e-shadowed.
Since x € CR(G) and § > 0, there is a (w, §)-chain from x to itself for some w € F,f,

assume the (w, 8)-chain is {xo = x, x1, - -+ , x, = x} with d(fy, (x;), x;i+1) < & for
0<i<n-—1andw = (wy, wy, -, wy—1). Define the sequence &,y = X,
where 0 <r <n—1landk € N. Let v = (wg, wy, -+ , w,—1)°°. Then we obtain

d(fv; &), &+1) < 6. So {Ei}?io is a §-pseudo-orbit for G with §y = xo = x, then
there exists y € X such that d(f{/ (y), &j) < ¢ for every j € N. Then we have

d(y. &) =d(y,x) <e,

and

d(f) (), &) =d(f)(y),x) <e

that is (flf’)’lB(x, &) B(x, &) #0,s0x € Q(G). We obtain CR(G) [ Sh(G) C
Q2(G) by the arbitrariness of x. O

Remark 3.4 From the proof process of Lemma 3.3, we can know that the point y
satisfies d( flf‘” (y), x) < e forevery k € N, so the orbit of point y will periodically
enter the neighbourhood of x.

Lemma 3.5 Let fy, - - -, fin—1 be continuous self-maps of a compact metric space and
G the free semigroup generated by { fo, - - -, fm—1}, then Sh(G) is a Borel set.

Proof Given ¢ > 0, let Sh.(G) be the set of points x € X satisfying for ¢ > 0, there
exists 8, > 0 such that every §,-pseudo-orbit {z; }{°, with zo = x can be e-shadowed.
Also, given ¢ > 0 and 6 > 0, let S5 (G) be the set of points x € X satisfying for
every pseudo-orbit { yi}?io with yo = x and d(fy,; (i), yi+1) < 6 foralli > 0 where
o= (wy, wy,--+) € E,ﬁ,there exists y € X such thatd(f(j;(y), yi) <eforalli > 0.
Clearly from the definition of Sh(G) we easily have

Sh(G) = ) Shy(G). (4)
keN+t
and for every k € NT
Shy(G) = U S1 1(G). 5)
meN+

For any given k, m € N*, we prove that S 1 1 (G) is aclosed subset of X forall m €

m’

NT. Assume {z,}neny C S1 1(G)and lim z, = z forsome z € X. Next we show z €
m’k n—o0o

1
m

S%) 1 (G). Given %—pseudo—orbit {xi}72, for G with xo = zand d( fu, (xi), xi+1) <
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where v = (wop, wy, - -) e %5, For every n € N, consider sequence {x(")}

satisfying x(()n) = z, and xi = x; for i > 0. Since d( fy,(x0), x1) < E’ there
exists ¢ > 0 such that d(fy,,(x0),x1) < t < % We can choose § > 0 such that
d(a,b) < é implies d(fj(a), f; (D)) < % —t forevery j € {0,1,--- ,m — 1} and

everya, b € X. Since lim z, = z, we have d(z,, z) < § for sufficiently large n € N,
n—oo

$0 d(fwo(zn), fu(2) < % — t. Then we have

Ao ™), 2 = d(fug (2n)s ¥1) < d(Fug @n)s Fung (D) + d(furg (2D x1)

1 1
<——t+t=—,
m m

and fori > 0

1
d(fo, ") 22 = Ay ) xign) <
when 7 is large enough For such n € N, the pseudo-orbit {)cl(")}<>Q

orbit for G with xo =z,€8 1 1(G) and d(fy, (x(")) xl(i)l) < E’ so there exists

yu € X such that d(f! (y, ,xl.(")) < ]i for every i > 0. Take s subsequence {y,,}jeN
and assume lim y,; =y for some y € X. Then we have
J—>00

0 isa —-pseudo-

: . ; 1
d(y,x0) =d(y,z) = lim d(z,;, y»;) = lim d(x(()n"), Ynj) <+,
Jj—00 Jj—00 k

and for every i > 0

(n])) < -

d(i), x0) = Jim d(fhm,). x
Hence {x;}7°, can be k—shadowed that is z € S1 1 (G). From this we know that
S L1 (G) is a closed subset of X, and therefore we obtam Sh 1 (G) is aBorel setin X
for every k € N* by (5). Thus Sh(G) is a Borel set in X by (4) O

Lemma3.6 If fy, -, fm—1are continuous self-maps of a compact metric space X
and G is the free semigroup generated by {fo, -, fm—1}, F is the skew-product
transformation corresponding to {fo, -+ , fm—1} which satisfies Sh(F) = (Z,} x
X)4¢8, then Sh(G) = X 9.

Proof Firstly we prove Sh(G) C X% Take x € Sh(G) and ¢ > 0. There exists
k € N such that zlk < ¢ and 8’ > 0 such that every &'-pseudo-orbit {z;}°°, for G with

zop = x can be e-shadowed. Let § = mln{ 7,0}, 0 € . Now take a §-pseudo-
orbit (£}, of F with & = (0, x;) and & = (w, x), where 0@ = (w, wl", . -).
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Therefore
D(F (&), &+1) = max{di (00®, V), d(f, o (xi), xi41)} < 8 for all i = 0.
0
So we have

dl(O’a)(i),a)(i+l)) <4 < W

;’il = wg.iH) forevery 0 < j < k+1,i > 0. Consider v =
(wy " wg g +). Since d(f,0 (). x141) < 8 < &' by D(F(E). &i1) < 3,

and xo = x € Sh(G), there exists y € X, such that d(f]'(y), x,) < e foralln > 0.

In addition for this v, one can see that d;(c”" (v), w(")) < 2k1+3 < ¢gforalln > 0.

Therefore we have

That is w

D(F"(v,y),&) <& foralln>0.

Hence (w, x) € Sh(F) = (£, x X)4eg Next, we will prove that x € X498,

Suppose by contradiction that x ¢ X?¢¢. Then the connected component E of X
containing x(which is compact) has positive diameter diam(E)>0. Obviously {w} x F
is also a connected component of £, x X containing (w, x). This contradicts with
(w, x) € (I} x X)%8. Hence Sh(G) C X%,

On the other hand, for any x € X deg we claim that for any € E,j; we have
(w, x) € (2,5 x X)?8 Tf not, there exists v € X, such that (v, x) ¢ (X} x X)4.
Then we obtain a connected component E of £} x X containing (v, x) and
E\ (v, x) # . We divide into two cases:

Case 1: If E |x= {x}, we have E = A x {x} where A C . Since X, is totally
disconnected, there exists open sets Uy, U, C E,Jg such that (U1 NA)NU;NA) =0
and A C U; U Uy, then we have [(U; x {x}) N E]N[(U x {x}) N E] = @ and
E C (U x {x}) U (Uy x {x}). According to the definition of connectivity we know
that E is not connected. It’s wrong.

Case2: If E |x \{x} # 0, E |x is not connected by x € X?¢8 There exists open sets
Vi,Vo C Xsuchthat (ViNE |[x))N(VbNE |x) =@%and E |xC Vi U V5, then we
have [(Z,) x VD NEIN[(Z, x Vo)NE]=@and E C & x ViUZ} x V2. So E
is not connected. This contradicts the fact that E is connected.

In all, we obtain E = {(v, x)}, therefore (v, x) € (X} x X)?e8 Tt is conflicts
with (v, x) ¢ (7 x X)9¢, so we have (w, x) € (£ x X)%¢ = Sh(F) for every
weXt. 1

Next, we show x € Sh(G). Take w € ,f and 0 < & < 5. we have (w, x) €

Sh(F) according to the above proof. For 0 < ¢ < % there exists &, > 0 by Lemma
2.9, such that

Tt c U B(w, 84).

w62$
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Actually =7 is compact with respect to metric d; by Tychonoff theorem. So there
exists finite open covers such that

n
= JBw@?.8).
i=1

where o) € %5 and (0, x) € Sh(F). Let § = 1m'in {8;}, given §-pseudo-orbit
<i<n

{x;)2, for G with xo = x and d(fy, (x;),xi+1) < & for all i > 0 where v =
(vo, v1,-++) € E;f. Consider sequence {£}%°, with & = (o'v,x,), & = (v, x).
Obiously {Si}?io is a §-pseudo-orbit of F. Since v € E,,Jg, there exists 1 < k < n,
such that v € B(w®, 8;). Also we have

D(&, (0™, x)) = max{d(x, x), d1 (v, 0} < &.

For above & and Lemma 2.9, we know {£; }7°

2o can be e-shadowed. There exists (u, y) €
%,f x X such that

D(F'(u, ), &) <,

that is dy (o'u, o'v) < & and d(f}(y), xi) < & forevery i > 0. Since di(0'u, o'v) <
e < % we obtain u = v. Hence d(f,,(y), x;) = d(f;(y), x;) < e foralli > 0, that is
x € Sh(G). Therefore X9¢¢ C Sh(G). O

The following lemma is an improvement of Theorem 2.13 and with some modi-
fications on the proof process of Theorem 2.13.

Lemma3.7 Let f : X — X be a continuous map of a compact metric space X. If
there exists 8 > 0 satisfying B(y (Sh(f)),8) C R(f), then Sh(f) C X9e8.

Proof Take z € Sh(f) and suppose by contradiction that z ¢ X“¢¢. Then the con-
nected component y ({z}), denoted by E, is compact and diam(E)>0. Take 0 < ¢ <
min{ﬁdiam(E), 8}. Obviously z € B(y(Sh(f)),8),s0z € R(f) C Q(f). There
exists k € NT and y € X such that f"%(y) € B(z, ¢) forevery n > 0 by Lemma 2.11.
Define g = f*. Then

g"(y) € B(z,¢) foralln > 0. 6)

Ontheotherhand z € Sh(g) by Lemma?2.12. Then for above ¢,there exists §’ > O by
Lemma 3.1. We can assume §’ < ¢. Since E is compact and connected, we can choose

a sequence y = pi, p2,---, py € E such thatd(p;, pi+1) < %forl <i<N-1
and

N
Ec|JBpi.o). 7

i=1
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Also R(g) = R(fk) = R(f) by Lemma 2.14, and p; € E C B(y(Sh(f)),d) C
R(f) = R(g). From this we can find positive integers c(i) (1 < i < N) such that
N

d(pi, gD (pi)) < ‘%for alll <i < N.Sincez € E C U B(pi, §'), there exists

i=1
00

pi. (1 <i; < N)suchthatz € B(p;_, §"). We define the seq;ence {172, as follow

& =g (pi) ifO<i<c(,)—1,
Ecinti =& (pip1)  IfO0<i<c(i;+1)—1,

EclitteN—2+i = & (py—1)  HfO<i<e(N—-1)—1,
EcliytteN-nti =8 (py)  IfO<i <c(N)—1,
Eciyttey+i =& (py—1) O <i<ec(N—-1)—1,

Ec(1)ttelis—D+2{eli, )+ te(N—D)4e(N)+i = & (P1) ifi >0.

Obviously {&;}7°,, is a 8’-pseudo-orbit of g with &y = p;. € B(z, §'). Then there exists
x € X suchthatd(g"(x), &,) < ¢ foreveryn > 0by Lemma 2.10. From the definition
of {&;}72, we conclude that there exists integers ny, - - - , ny satisfyingd (g" (x), p;) <
eforeveryl <i < N.Takec = c(1)+- - -+c(i;—1)+2{c(i;)+: - -+c(N—1)}+c(N),
we obtain

d(g"t(x), &' () <& (fori=0).
This combined with (6) yields
¢' (x) € B(z,2¢) whenever i > c.
Since d(g"(x),pi) < € < 8 and p; € E forevery 1 < i < N, we have
g"(x) € B(y(sh(f)),8) C R(g). Thus for g"i (x), there exists k; > ¢ such that
d(gki (x), g"(x)) < e. Now take w € E. It follows from (7) that d(w, p;) < &' for
some | <i < N.Thend(g" (x), w) < d(g"(x), pi) +d(pi,w) < &+8§ < 2e.

Now we have two cases:
Case 1: If 0 < n; < ¢, then

d(w,z) <d(w, g"(x)) +d(g" (x), g (x)) + d(g" (x), " ~(p1)) + d(&"(p1), 2)
<2e4+et+e+e¢
= S¢.

Case 2: If n; > ¢, then

d(w,z) <dw, g" (x))+d(Eg" (x), 8" “(p1) +d(Eg" “(p1), 2)
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<T2e+¢e+e¢
= 4e.

We conclude that E C B(z, 5¢) by the arbitrariness of w and adove cases, so diam(E) <
10s. This contradicts the choice of ¢ therefore z € X9°%. As z € Sh(f) is arbitrary,
we obtain Sh(f) C X498, O

Remark 3.8 Since F is not pointwise recurrent, we need to change the condition to
Lemma 3.7, which only focuses on the local properties of the shadowable points, and
we can prove thatif f is a pointwise recurrent continuous map, then there exists § > 0
such that B(y (Sh(f)),5) C R(f).But the inverse may not necessarily hold true. For
example, let a, b, c, p € R satisfying a # p and a, p ¢ [b, c]. Consider compact
metric space ([b, c] U{a} U{p}. d), where d is Euclidean metric. Define map:

p x=p
fx)=3b x=a
x xe€l[b,c]

Then we have Sh(f) = {p} by Theorem 2.13, so it holds for B(y (Sh(f)), ) C R(f),
but f is not recurrent by f"a = b for everyn > 1.

Proof of Theorem 1.1 Let fo, f1, -, fiu—1 be continuous self-maps on compact met-
ric space X and G the free semigroup generated by { fo, f1,--- , fin—1}. We have that
Sh(G) is a Borel set by Lemma 3.5. Take K = X in Lemma 3.2, then we obtain that
G has the POTP if and only if Sh(G) = X. Finally, since Q2(G) C CR(G) we have
that if CR(G) C Sh(G), then CR(G) = ©2(G) by Lemma 3.3. O

Proof of Theorem 1.2 Let fy, f1, -+ , fm—1 be continuous self-maps on compact met-
ric space X, G the free semigroup generated by {fo, f1, -, fm—1} and F the
skew-product transformation corresponding to { fo, - - - , fiu—1}. If there exists § > 0
such that B(y (Sh(F)), 8) C R(F), we obtain Sh(F) C (X} x X)deg by Lemma 3.7.
From the proof process of Lemma 3.6, it can be seen that Sh(G) C X9¢8. ]
The following example will state the rationality of the condition in Theorem 1.2.

Example 3.9 LetX = S! is one-dimensional torus, fo, f1areallirrational rotation with
irrational independence. Assume fy(x) = x+oq (mod 1) and f1(x) = x4+ (mod 1)
with @p + @1 € R\ Q. The periodic point v = (0, 1)* is a minimal point in the
dynamical system (23, o). For minimal sub-system (Orb(w, o), o), define skew-
product transformation F : Orb(w, o) X S! > Orb(w, o) x S! corresponding to
{ fo, f1}. There exists § > 0 such that B(y(Sh(F)),8) C R(F) according to the
following proof.

Clearly Orb(w, o) = {w, o(w)}, then we prove that R(F) = Orb(w, o) x St.
Take x € S!. For (w, x) € Orb(w, o) x S', define go(x) = fi o fo(x) = x +ap +
a1 (mod 1). Since ag + o] € R\ Q, we obtain gg is minimal, that is R(go) = S!. For
x € R(go), there exists an increasing sequence {ny x>0 of positive integers such that
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lim gy*(x) = x, then we have
k— 00

lim F2"(w, x) = lim (62" (w), f2"(x)) = lim (o, g5* (x)) = (o, x),
k—o00 k— 00 k— o0

thatis (w, x) € R(F).For (o (w), x),define g1 (x) = foo f1(x) = x+a1+a; (mod 1).
Similarly we have R(g;) = S!. For x € R(g1), there exists an increasing sequence
{n;}i>0 of positive integers such that lim g'l“ (x) = x, then we have

11— 00

fim F2 (0 (@), x) = lim @2+ (@), f70,00) = lim (@ (@), g} () = (@ @), 2),

that is (o (w), x) € R(F). In all we have R(F) = Orb(w, o) x S!, so there exists
8 > O such that B(y (Sh(F)),8) C R(F).
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