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Abstract

LetT = g g, be a formal triangular matrix ring with C a semidualizing (S, R)-

bimodule. It is proven that (1) A left S-module M in Bass class is C-torsionless (resp.
Homg(C, M)
M
module; (2) A left S-module M in Bass class is C-Gorenstein projective if and only
i Homg(C, M)
M
semidualizing (S, R)-bimodule, then a left S-module M is C-n-tilting if and only if
<H0ms (C, M)

C-reflexive) if and only if is a torsionless (resp. reflexive) left 7'-

is a Gorenstein projective left T-module; (3) If C is a faithfully

S M ) is an n-tilting left 7-module.
Keywords Formal triangular matrix ring - Semidualizing module - C-torsionless
module - C-Gorenstein projective module - C-n-tilting module

Mathematics Subject Classification 16D40 - 16D50 - 16E30

1 Introduction

Let R and S be rings and U an (S, R)-bimodule. T = is known as a formal

RO
Uus
(or generalized) triangular matrix ring with usual matrix addition and multiplication.
Formal triangular matrix rings play an important role in ring theory and the represen-
tation theory of algebra [3]. This kind of rings are noncommutative and are often used
to construct examples and counterexamples. As a consequence of the classical results
by Green [13], the module category over the formal triangular matrix ring 7 can be
constructed from the categories of modules over R and S. So one can describe classes
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of modules over T from the corresponding classes of modules over R and S. Thus the
properties of formal triangular matrix rings and modules over them make the theory
of rings and modules more abundant and concrete, and have deserved more and more
interest (see [1, 3, 7, 9, 13-15, 19, 30, 31)).

On the other hand, semidualizing modules were studied independently by Foxby
[10], Golod [12] and Vasconcelos [28] over a commutative Noetherian ring. Later,
Holm and White [18] extended the definition of semidualizing modules to general
associative rings. Recall that an (S, R)-bimodule sCr is semidualizing [18] if

(1) sC admits a projective resolution - -- — P; — Py — C — 0 such that each P;
is a finitely generated projective left S-module;

(2) Cg admits a projective resolution - - - — Q1 — Qo — C — 0 such that each Q;
is a finitely generated projective right R-module;

(3) The homothety map §Ss — Hompz(C, C) is an isomorphism;

(4) The homothety map g Rg — Homg(C, C) is an isomorphism;

(5) Exti(C,C) =0foralli > I;

(6) Ext(C,C) =0foralli > 1.

Examples of semidualizing modules can be found in [6, 18]. One basic subject on
semidualizing modules is to extend the classical results in homological algebra to the
relative setting with respect to a semidualizing module C. For example, C-torsionless
(C-reflexive) modules, C-Gorenstein projective modules and C-tilting modules have
been introduced and studied in [4, 17, 20, 25, 26, 29].

It is natural to ask what special properties the formal triangular matrix ring 7 =

C g admits when C is a semidualizing (S, R)-bimodule. In the present article, we
will exhibit the connections between C-torsionless (resp. C-Gorenstein projective,
C-tilting) left S-modules and torsionless (resp. Gorenstein projective, tilting) left 7'-
modules. For example, we prove that (1) A left S-module M in the Bass class B¢ (S) is
Homg(C, M)

M
reflexive) left T-module (see Theorem 2.1); (2) A left S-module M in the Bass class
Homgs(C, M)

M
projective left T-module (see Theorem 2.3); (3) If C is a faithfully semidualizing

(S, R)-bimodule, then a left S-module M is C-n-tilting if and only if <H°rggi’4M ))

C-torsionless (resp. C-reflexive) if and only if ( is a torsionless (resp.

Bc(S) is C-Gorenstein projective if and only if is a Gorenstein

is an n-tilting left 7-module (see Theorem 2.8).

Throughout this paper, all rings are nonzero associative rings with identity and all
modules are unitary. For a ring R, we write R-Mod (resp. Mod-R) for the category
of left (resp. right) R-modules. g M (resp. Mg) denotes a left (resp. right) R-module.
The character module Homyz (M, Q/Z) of amodule M is denoted by M ™. pd (M) and
id(M) denote the projective and injective dimensions of a module M respectively.
Add(M) (resp. Prod(M)) denotes the class of modules isomorphic to direct summands
of direct sums (resp. direct products) of copies of M.

Let T = 5 g be a formal triangular matrix ring with R and § rings and U
an (S, R)-bimodule. By [13, Theorem 1.5], the category T-Mod of left T-modules
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. . . . M

is equivalent to the category 2 whose objects are triples M = ( M1> , where
2 M
[

M, € R-Mod, M, € S-Mod and <pM : U ®r My — M; is an S-morphism,

. M Ny . S

and whose morphisms from to are pairs such that
P (M2>¢M (N2>¢N P (fz

fi € Homg(My, N1), f» € Homg(Mz, N) and ™ (1 ® f1) = f29™. The regu-

lar module 7T corresponds to ,where 7 : U ®g R — U @ S is given

R
Uos of

/7
by o7 (u ® r) = (ur,0) foru € U, r € R. Note that a sequence 0 — <%}> —
2/ oM
( M, ) ( My ) . . .
— b — (O of left T-modules is exact if and only if both sequences
M; oM Mz WM”
0> M - M - M/ - 0and0 - M) - My — MJ — 0 are exact. Anal-
ogously, the category Mod-T of right T-modules is equivalent to the category T
whose objects are triples W = (W1, W3)y,,, where Wi € Mod-R, W, € Mod-S and
pw : W2 ®s U — Wi is an R-morphism, and whose morphisms from (Wy, W3),,, to
(X1, X2)py are pairs (g1, g2) such that gy € Homg (W1, X1), g2 € Homg(W>, X»)
and px (g2 ® 1) = g1ow. In the rest of the paper, we shall identify 7-Mod (resp. Mod-
T) with this category €2 (resp. I') and, whenever there is no possible confusion, we shall
M, the S-
(U ®r M) & M )’
morphism U ® g M1 — (U ®pg M) @ M> is just the injection and for the left 7-module
M1 & Homg (U, M>) .
M, ), the R-morphism M; & Homg(U, M>) — Homg(U, M>)
is just the projection.

omit oM (resp. gw ). For example, for the left T-module <

2 Modules over a special formal triangular matrix ring

A semidualizing (S, R)-bimodule C defines two important classes of modules. Fol-
lowing [18], the Auslander class with respect to C, denoted by A¢ (R), consists of all
left R-modules N satisfying

(1) Tor®(C, N) = 0 =Ext{(C,C ®g N) foralli > 1;
(2) The natural evaluation map uy : N — Homg(C, C @ N) is an isomorphism.

Dually, the Bass class with respect to C, denoted by B¢ (S), consists of all left
S-modules M satisfying

(1) Extg(C, M) =0 = Tor®(C, Homg(C, M)) forall i > 1;
(2) The natural evaluation map vy, : C @ g Homg(C, M) — M is an isomorphism.

Let C be a semidualizing (S, R)-bimodule. Recall that a left S-module M is C-
torsionless (resp. C-reflexive) if the biduality map é : M — Homg (Homg(M, C), C),
defined as §(x)(f) = f(x) foreachx € M and f € Homg(M, C), is a monomor-
phism (resp. isomorphism). If C = R = S, then a C-torsionless (resp. C-reflexive)
module is exactly a forsionless (resp. reflexive) module.
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We first exhibit the relation between C-torsionless (resp. C-reflexive) left S-
modules and torsionless (resp. reflexive) left T-modules.

Theorem2.1 Let T = (Ig, g) be a formal triangular matrix ring with C a
semidualizing (S, R)-bimodule and M € B¢ (S). Then

Homg(C, M)

(1) M is a C-torsionless left S-module if and only lf( M

left T-module.
(2) M is a C-reflexive left S-module if and only if (HomSA(/IC, M)> is a reflexive left

) is a torsionless

T -module.
Proof By [18, Theorem 6.4], we have
Hom gz (Homg(C, M), Homg(C, C)) = Homg(M, C).

So [22, Corollary 2.3] implies that

Homryp (HomT <<H0mSA(/IC’ M)>, T) , T)

= Homy7 ((Homg(Homg(C, M), R),0), T)

= Homy ((Homg (Homg(C, M), Homg(C, C)),0), T)
= Homy ((Homg(M, C),0),T)

N <HomR(HomS(M, 0), R))

~ \ Homg(Homg(M, C), C)
(1) “ = " There is an exact sequence of left S-modules
0 - M — Homg(Homg(M, C), C),
which induces the exact sequence

0 — Homg(C, M) — Homg(C, Homg (Homg(M, C), C)).

Note that Homg(C, Hom g (Homg(M, C), C))=Homg (Homg(M, C), Homg(C, C))

= Homg(Homg(M, C), R).

Thus Homg(C, M) — Hompgr(Homg(M, C), R) is a monomorphism. Conse-
quently, § : (Homgﬂ(/IC, M)> — Homrp <H0mT <<Hom5]‘(4C, M)), T) , T) is

Homg(C, M)

Y is a torsionless left 7-module.

a monomorphism. So (
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“«" Since § : (HomS(C, M)> — Homrp (HomT ((Homs(C, M) ), T) , T)

M M
is a monomorphism, M — Hom g (Homg(M, C), C) is a monomorphism. So M is a
C-torsionless left S-module.
(2) “=" Since M = Homg(Homg(M, C), C), we get the isomorphisms

Homg(C, M) = Homg(C, Homg (Homg(M, C), C)) = Homg(Homg(M, C), R).

Hence § : (HomSA(/IC, M)> — Homrp <H0mT ((Homgﬂ(/lc, M)), T) , T) is an

Homg(C, M)
M

“«="Since$ : (HOII’ISA(lC, M)> — Homrp (HomT ((Homgﬁ(/IC, M) ), T) , T)

is an isomorphism, M — Hompg(Homg(M, C), C) is an isomorphism. So M is a
C-reflexive left S-module. |

isomorphism. Thus is a reflexive left 7-module.

Let C be a semidualizing (S, R)-bimodule. According to [18], a left S-module
is called C-projective (resp. C-flat) if it has the form C ® g M for some projective
(resp. flat) left R-module M. A left R-module is called C-injective if it has the form
Homg(C, Y) for some injective left S-module Y.

Proposition2.2 Let T = (g g) be a formal triangular matrix ring with C a
semidualizing (S, R)-bimodule, M € B¢ (S) and N € Ac(R). Then

(1) M is a C-projective left S-module if and only if <H0m5A(4C, M)) is a projective

left T-module.

(2) M is a C-flat left S-module if and only if <H0mS(C’ M)

iy is a flat left T -module.

(3) N is a C-injective left R-module if and only if (C é\’ N) is an injective left
R
T -module.
Proof (1) follows from [15, Theorem 3.1]. (2) holds by [9, Proposition 1.14].
(3) follows from [14, Proposition 5.1]. O

The origin of Gorenstein homological algebra may date back to 1960s when Auslan-
der and Bridger introduced the concept of G-dimension for finitely generated modules
over a two-sided Noetherian ring [2]. In 1990s, Enochs and Jenda extended the ideas of
Auslander and Bridger and introduced the concepts of Gorenstein projective and injec-
tive modules over arbitrary rings [8]. The notions of Gorenstein projective and injective
modules with respect to a semidualizing module were first introduced by Holm and
Jgrgensen in [17] and White in [29] for commutative rings. The noncommutative
versions of them were given by Liu et al. [20].

Let C be a semidualizing (S, R)-bimodule. Recall that a left S-module M is C-
Gorenstein projective [20] if there exists an exact sequence of left S-modules

~~~—>P]—>P()—>C®RP0—>C®RP1—>~~-
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such that all P; are projective left S-modules and P’ are projective left R-modules,
M = coker(P; — Py) and Homg(—, C ® X) leaves the sequence exact whenever
X is a projective left R-module.

A left R-module N is called C-Gorenstein injective [20] if there exists an exact
sequence of left R-modules

..~ — Homg(C, E|) - Homg(C, Ep) — E' > E!' > ...

such that all E; are injective left S-modules and E' are injective left R-modules, N =
ker(E? — E') and Homg (Homg(C, Y), —) leaves the sequence exact whenever Y
is an injective left S-module.

If C = R = S in the above definitions, then we recover the categories of ordinary
Gorenstein projective and injective modules in the sense of [8].

Next we give the Gorenstein version of Proposition 2.2.

Theorem2.3 Let T = gg) be a formal triangular matrix ring with C a
semidualizing (S, R)-bimodule. If M € B¢ (S) and N € Ac(R), then
(1) M is a C-Gorenstein projective left S-module if and only if < HomSA(/IC, M) ) isa
Gorenstein projective left T -module.
(2) N is a C-Gorenstein injective left R-module if and only if (C @i\’ N) is a
R

Gorenstein injective left T-module.

Proof (1) “=" There exists an exact sequence of left S-modules
@:O—)M—)C@RPO—>C®RP‘ NG

such that all P? are projective left R-modules and the sequence Homg(®, C ®z X)
is exact whenever X is a projective left R-module.

Since M € B¢ (S), Extg(C, M) = 0foralli > 1. Since P! € Ac(R) by [18,
Lemma 4.1], Homg(C, C ®g P') = P and Ext{(C, C ® P') = O foralli > 1. So
we get the exact sequence of left 7-modules

) Homg(C, M) PO P!
T.0—>< iy >_><C®RP0 — C &g P! —

Aj
(C®r A S A2
is a projective left R-module and A, is a projective left S-module, by [18, Theorem
6.4], we have

P Al ~ i
Hom7 <<C®R Pi)s ((C Qr A1) @A2>> = Homg(P', Ay)

>~ Homg(C ®g P',C ®g A1),

On the one hand, for any projective left 7-module ( , where A
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M (C®r A1) ® A2
= Homg(M,C ®p Ay).

HomT((HomS(C’M)>, ( Al )) >~ Hompg (Homs(C, M), A1)

Ay
(C®r A A2
On the other hand, by [21, Lemma 3.2], for any i > 1, we have

Ext) ((Homs(c’ M)),< Al )) = Exth (Homg(C, M), Ay)

So the sequence Hom7 (Y, )) = Homg(®, C ®r Aj) is exact.

M (C®r A1) DA,
= Exti(M, C ®g A;) = 0.

Homg(C, M)

It follows that W

) is a Gorenstein projective left T-module by [16,

Proposition 2.3].
“<" By [15, Theorem 3.1], there exists an exact sequence of left 7-modules

(%)
v (eorhon) ~ (corfrac)
' (C ®r Po) ® Qo (C®r PY o Q°
Pl
<<C®RP1)@Q1>*”'

0 .
such that (Homgﬁ(/IC, M)) = ker( {gco ) all P; and P' are projective left R-modules,

Q; and Q' are projective left S-modules and the sequence Homz (A, W) is exact
whenever W is a projective left T-module.
Therefore we get the exact sequence of left S-modules

0
Ao > (CORPY®Q)—~ (CORPHDO' S (CRrPHOQ — -

such that M = ker(g®). For any projective left R-module X, ( c g X> is a pro-
R
jective left T-module. By [18, Theorem 6.4], the sequence Homg(A, C Qg X) =

X
Homyp (A, CorX

by [20, Theorem 2.9].
(2) “ = " There exists an exact sequence of left R-modules

) is exact. Thus M is a C-Gorenstein projective left S-module

Vv :... > Homg(C, E;) > Homg(C, E1) - Homg(C, Eg) > N — 0

such that all E; are injective left S-modules and the sequence Hom g (Homg(C, Y), W)
is exact whenever Y is an injective left S-module.
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Since N € Ac(R), Torl.R(C, N) = Oforalli > 1. Since E; € Bc(S) by [18,
Lemma 4.1], C ® g Homg(C, E;) = E; and TorlR(C,Homs(C, E;)) = 0 for all
i > 1. So we get the exact sequence of left 7-modules

S s <H0m5(c, E2)> N (Homs(c, E])) N (Homs(c, Eo))
E Ey

By @ Homg(C, B>)
B

Bj is an injective left R-module and B; is an injective left S-module, by [18, Theorem

6.4], we have

On the one hand, for any injective left T-module ( , where

B; E;
= Homg(Homg(C, B>), Homg(C, E;)),

HomT<<B‘ ® Homs (C, BZ)), ( N )) ~ Homg(By. C @z N)

HomT<<Bl @ Homg(C, Bz)), (Homs(C, Ei)) ~ Homg(By. E;)

By CQ®rN
= Homg (Homg(C, By), N).

B1 @ Homg(C, B>)

Therefore the sequence Hom7 ( ( B
2

), ¥) = Homg (Homg(C, By),

W) is exact.
On the other hand, by [21, Lemma 3.2], for any i > 1, we have

i By @ Homg(C, B2) N ~ Tyt
Extl. (( B, N copn )) = Exts(B2 C @1 N)
= Exti (Homs(C, B,), N) = 0.

N . S
Therefore ( C ® N) is a Gorenstein injective left 7-module.

“«&” By [14, Proposition 5.1], there exists an exact sequence of left 7-modules

G! @ Homg(C, HY)
( s .

N - fo ' ; . :
such that ( C ®r N> = ker( gO >, all G; and G' are injective left R-modules, H;

and H' are injective left S-modules and the sequence Hom7 (K, E) is exact whenever
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K is an injective left 7T-module. So we get the exact sequence of left R-modules

0
®: .- — Go® Homg(C. Hy) — G° @ Homg(C., H®) >
G' ® Homg(C,H') — - --

such that N = ker(f?). For any injective left S-module Y, (HomS;C, Y)> is an

injective left 7-module. By [18, Theorem 6.4], the sequence

Hom g (Homs(C, Y), ®) = Homy ((Homséc’ Y)>, :)

is exact. Thus N is a C-Gorenstein injective left R-module by the dual of [20, Theorem
2.9]. O

Let C be a semidualizing (S, R)-bimodule. A left S-module M is said to be C-
Gorenstein flat if there exists an exact sequence of left S-modules

---—)Fl—>F0—>C®RF0—>C®RF1—>~-~

such that all F; are flat left S-modules and F' are flat left R-modules, M =
coker(F1 — Fp) and Homg(C, Y) ®s — leaves the sequence exact whenever Y
is an injective right R-module.

Recall that a semidualizing (S, R)-bimodule C is faithfully semidualizing [18] if it
satisfies the following conditions for all modules s M and Ny: (1) f Homg(C, M) = 0,
then M = 0; (2) If Homg(C, N) =0, then N = 0.

Lemma 2.4 Let R be a right coherent ring and C a faithfully semidualizing (S, R)-
bimodule. Then a left S-module M is C-Gorenstein flat if and only if M is C-
Gorenstein injective.

Proof “=" There exists an exact sequence of left S-modules

i > Fl > Fp—> CQrF' > C@r F' - ---
such that all F; are flat left S-modules and F' are flat left R-modules, M =
coker(F1 — Fp) and Homg(C,Y) ®s — leaves the sequence exact whenever Y
is an injective right R-module. Then we get the exact sequence

> (CORFHYT - (COR FOT - Ff - FF - -+ (»

such that M+ = ker(FO+ — F1+) and Homg(Homg (C, Y), —) leaves the sequence
exact. Since () is equivalent to the exact sequence

--+ — Homg(C, (F)") — Homg(C, (F)") — Fjf — F}t — -
and all F;" and (F')* are injective, M is C-Gorenstein injective.
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“«” For any injective right R-module Y and any i > 1,

Torf (Homg(C, Y), M)™ = Ext(Homg(C, ¥), M) = 0.
Thus Torl.S(HomR(C, Y), M) =0.

There exists an epimorphism Homg(C, Eg) — M™ with E( an injective right
R-module, which yields the monomorphism M™+ — Homg(C, E)T = C ®r
E{ by [24, Lemma 3.60]. Since there is a monomorphism M — M**, one gets a
monomorphism M — C ®pr EaL. Since EO+ is flat by [5, Theorem 1], M has a monic
C-flat preenvelope M — C @g F with F a flat left R-module by [18, Proposition
5.3(d)]. Thus we get the exact sequence

0> M- C®rF'— L' —o0.

For any injective right R-module Q, Q7 is flat by [5, Theorem 1]. So we get the
exact sequence

0 — Homg(L',C ® 0T) — Homs(C @ F°,C ®r 0T) —
Homg(M,C @z Q) — 0.

Since Homgz (C, Q)T = C ®r O, one gets the exact sequence

0 — Homg(C, Q) ®s M — Homg(C, Q) ®s (C ®r FO) —
Homz(C, Q) ®s L' — 0.

[18, Theorem 6.4(c)] implies that
Tor} (Homg(C, Q), C @ F%) = Tork (0, F%) = 0.
Thus we have Torls(HomR C, 0), L") = 0. Note that
Exts(Homg(C, Q), (L1)") = Tor} (Homg(C, Q), L)* = 0.
Since (C ®g F°)* and M+ are C-Gorenstein injective, the induced exact sequence
0— (L1)+ — (C Qg FO)+ > M >0

implies that (L')* is C-Gorenstein injective from the dual version of [29, Corollary
3.8]. Thus the above proof gives rise to the exact sequence

0—>L1—>C®RF1—>L2—>0

such that Homz (C, Q) ®s — leaves it exact, F! is flat and (Lz)+ is C-Gorenstein
injective. Continuing this process yields the exact sequence

O—>M—>C®RF0—>C®RF1—>C®RF2—>~~
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such that Homg(C, Q) ®s — leaves it exact and each F" is flat.
It follows that M is C-Gorenstein flat. O
RO

Theorem 2.5 Let T = Cs
coherent rings and C a faithfully semidualizing (S, R)-bimodule. If M € B¢ (S), then
M is a C-Gorenstein flat left S-module if and only if ( Homgﬁ(lC, M)
flat left T-module.

be a formal triangular matrix ring with R and S right

) is a Gorenstein

Proof Since R and S are right coherent rings and Cr, is finitely presented, 7 is a right
coherent ring by [9, Corollary 2.3]. So M is a C-Gorenstein flat left S-module if and
only if M is a C-Gorenstein injective right S-module by Lemma 2.4 if and only if
(M* ®g C, M) is a Gorenstein injective right T-module by Theorem 2.3 if and only

if (HOms A(/[C M )) is a Gorenstein flat left 7-module by [16, Theorem 3.6]. O

The following lemma is a noncommutative version of [27, Theorem 2.8].

Lemma 2.6 Let C be a faithfully semidualizing (S, R)-bimodule. Then

(1) M € B¢ (S) if and only if Homg(C, M) € Ac(R).
(2) N e Ac(R) ifand only if C g N € B¢ (S).

Proof (1) “=" Tt follows from [18, Proposition 4.1].

“<” Since Homgs(C,M) € Ac(R), UHomgc,m) : Homg(C,M) —
Homg(C, C ® g Homg(C, M)) is an isomorphism. Note that

Homg(C, vy) iHomg(C, M) = idHomg(C,M)-
So Homg(C, vyy) is an isomorphism. The exact sequence
0 — ker(vy) — C ®g Homg(C, M) Mom

induces the exact sequence

0 — Homg(C, ker(vy)) = Homg(C, C ® g Homg(C, M)) Homs(C.vu)
Homg(C, M).

Thus Homg(C, ker(vys)) = 0. Since C a faithfully semidualizing (S, R)-bimodule,
ker(vyr) = 0. So we get the exact sequence

0 — C ®g Homg(C, M) 2% M — coker(vy) — 0,

which induces the exact sequence

Homg(C,vy)

0 — Homg(C, C ® g Homg(C, M)) — Homg(C, M) —
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Homg(C, coker(vys)) — O.

Thus Homg(C, coker(vys)) = 0. So coker(vy) = 0. Hence vy, is an isomorphism.
Therefore M € B¢ (S).
The proof of (2) is similar. O

Recall that a left R-module M is n-tilting [11]if pd(M) < n, Ext,(M, M®) =0
forany i > 1 and any cardinal «, there exist an integer » > 0 and an exact sequence of
left R-modules 0 — xR — X% — X! - ... > X" — 0 with each X’ € Add(M).
Dually we have the concept of an n-cotilting module.

Recently, the notion of tilting modules with respect to a semidualizing module
over a commutative ring was introduced by Salimi in [25]. Here we extend it to the
noncommutative setting.

Definition 2.7 Let C be a semidualizing (S, R)-bimodule.
A left S-module M is called C-n-tilting if it satisfies the following conditions:

(1) pdgr(Homs(C, M)) < n;

(2) Extlz(Homg(C, M), Homg(C, M) ) =0 for any i > 1 and any cardinal «;

(3) There exist an integer r > 0 and an exact sequence of left S-modules 0 —
sC - X% — X! - ... - X" — 0 with each X € Add(M).
Dually, a left R-module N is called C-n-cotilting if it satisfies the following

conditions:

(1) ids(C ®g N) <n;

(2) Exts((C ®g N),C ®g N) =0 forany i > 1 and any cardinal «;

(3) There exist an integer » > 0 and an exact sequence of left R-modules 0 — X, —
.. = X1 - X9 — CT — 0 with each X; € Prod(N).

The following theorem establishes the connection between C-tilting left S-modules
(resp. C-cotilting left R-modules) and tilting (resp. cotilting) left 7-modules.

RO
CcS
semidualizing (S, R)-bimodule. Then

Theorem 2.8 Let T = be a formal triangular matrix ring with C a faithfully

Homg(C, M)

(1) M is a C-n-tilting left S-module if and only 1f< S®M

> is an n-tilting left
T -module.

+
(2) N is a C-n-cotilting left R-module if and only if (5 ®® x> is an n-cotilting left
R
T -module.

Proof (1) “=" Since pdgr(Homg(C, M)) < n, Homg(C, M) € Ac(R) by [18,
Corollary 6.2]. So M € B¢ (S) by Lemma 2.6.
Homg(C, M)

S®M = pdr(Homg(C, M)) < nby [23, Theorem 2.4].
By [21, Lemma 3.2], for any i > 1 and any cardinal x, we have

Byt [ (Homs(C. M) (Homs(C, M) @)
Xr SseM ) SeM

Note that pdr
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= Exth (Homs(C, M), Homg(C, M)®)) = 0.
There exist an integer r > 0 and an exact sequence of left S-modules
0-C—-X"> x5 ... X >0

with each X’ € Add(M). Since Exty(C, M) = 0 = Exti(C, C), we get the exact
sequence of left R-modules

0 — Homg(C, C) - Homg(C, XO) — Homg(C, Xl) — ... — Homg(C, X") — 0.

Thus there is an exact sequence of left 7-modules

R Homg(C, X°) Homg(C, X")
0—>(S@C>—>< S X0 )—)( ¥! - .

.
<H0ms)(((r},X )> 0

.. {Homg(C, X% Homg(C, X) Homgs(C, M) )
W1th< s@ X0 s i € Add S®M 1 <i<r.

Homg(C, M)\ . -
It follows that ( SoM ) is an n-tilting left 7-module.
“&” Note that pdg(Homs(C,M)) < pdr Horgseéi’lM) < n. Thus

Homg(C, M) € Ac(R) by [18, Corollary 6.2]. So M € B¢ (S) by Lemma 2.6.
By [21, Lemma 3.2], for any i > 1 and any cardinal «, we have

Ext, (Homg(C, M), Homg(C, M)®))
~ Exi, [ ((Homs(C. M)\ (Homs(C, M) @\ 0
- T Se&M ’ SeM -

There exist an integer r > 0 and an exact sequence of left 7-modules

0—>< R )—)(X(l)> —><X}) —>—>(XI) —- 0
SecC X3 ) 0 X3 ) X5 )

i
with each X € Add Homs (C, M) . So we get the exact sequence of left
X5 o SeM

R-modules
O—>R—>X?—>X%—>~~—>X{—>O
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with each X’1 € Add(Homg(C, M)). Since ToriR(C, Homg(C, M)) =0foralli > 1,
we obtain the exact sequence of left S-modules

0>C—>CRrX)—>C®X| > --—>C®X; =0

with each C @ X! € Add(M).
Thus M is a C-n-tilting left S-module.
(2) “=" Since ids(C ®g N) < n, C Qg N € Bc(S) by [18, Corollary 6.2]. So
N € Ac(R) by Lemma 2.6.
.. (RT®N ,
Note that idr =ids(C ®r N) < n by [23, Theorem 2.4].
C®rN

By [21, Lemma 3.2], for any i > 1 and any cardinal «,

. R+®N K R+@N .
! o~ l K _
Exty <<C®RN) ’(C@RN = Exti((C ®g N),C®r N) =0.

There exist an integer » > 0 and an exact sequence of left R-modules
0> X, > > X »>Xo—>C" >0

with each X; € Prod(N). Since TorlR(C, N)=0= ToriR(C, CT) foranyi > 1by
[18, Theorem 6.4], we get the exact sequence of left S-modules

0> CQRrX,—> - >CQrXI > CQrXo— CRrCT = 0.

Since C®g C* = Hompg(C, C)T = ST, we get the exact sequence of left 7-modules

0— Xr - o= X — RY ® Xo — RT®CY -0
C ®r X, C®r X1 C ®r Xo st

. RT @ Xo X; RT@®N .
Wlth<C®RX0>’<C®RX,' € Prod C®xr N 1 <i<r.
RteN

- Rt®CH\ L o +
Since t ):(RGBC,S) = (Tr)7, C®r N

T-module.

) is an n-cotilting left

+
“ Note that ids(C ®g N) < idT(]g, ®® ]’0 < n.Thus C ®g N € Be(S) by
R

[18, Corollary 6.2], which implies that N € A¢(R) by Lemma 2.6.
By [21, Lemma 3.2], for any i > 1 and any cardinal x, we have

; ; RTH N « RT® N
1 K ~ 1
Exts((C®R N)*,C ®r N) _—ExtT <<C N> ’(C N =0.

There exist an integer r > 0 and an exact sequence of left 7-modules

0 X1\ L X1 N X! N RtecCt 0
x5, X)) X3 ) o st
%4 4 4
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L CQ®rN

i +
with each (? ) € Prod( R™® N). So we get the exact sequence of left S-
2/ ¢

modules
O—>X§—>~~—>X%—>X(2)—>S+—>O

with each Xé € Prod(C ®g N). Since ExtiS(C, C®rN)=0foralli > 1, we get the
exact sequence of left R-modules

0 — Homg(C, X5) — -+ — Homg(C, X%) — Homg(C, Xg) —
Homg(C, §7) — 0

with each Homg(C, X3) € Prod(N).
Since Homg(C, S7) = (S ®s C)* = C*, N is a C-n-cotilting left R-module. O

Finally, we give a computing formula of the self-injective dimension of a formal

triangular matrix ring 7’ = (g g) with C afaithfully semidualizing (S, R)-bimodule.

CcS
semidualizing (S, R)-bimodule. Then

Proposition2.9 LetT = (R O) be a formal triangular matrix ring with C a faithfully

(1) idT(g> = max{id(sC), id(gR) + 1).
(2) id(rT) = max{id(sC), id(sS), idg (Homg(C, S)) + 1}.

Proof (1) follows from [23, Theorem 2.4].
(2) By [23, Theorem 2.4], idy ( Ig,) =id(50C).

Next we prove that idr g =max{id(sS), idg(Homg(C, §)) + 1}.
() Ifid(sS) < oo, then S € B¢ (S) by [18, Corollary 6.2]. Therefore [23, Theorem
2.4] implies that idT(g) =max{id(sS), idg(Homg(C, S)) + 1}.

(i) If id(5S) = oo, then it is clear that idr<g> = o0.

. . R . R\ . 0
It follows that id (7 T) = ldT(C @ S) = max{sz<C>, sz<S>}
=max{id(sC), id(sS), idg(Homg(C, S)) + 1}. O
Remark 2.10 Recall that a semidualizing (S, R)-bimodule C is dualizing if id(sC) <
oo and id(CR) < oo. By Proposition 2.9, if id(7T) < oo and id(Tr) < oo, then C

is dualizing.
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