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Abstract

Let Gg be the graph obtained by attaching a self-loop at every vertex in S € V(G)
of a simple graph G of order n. In this paper, we explore several new results related
to the line graph L(Gy) of Gg. Particularly, we show that every eigenvalue of L(Gy)
must be at least —2, and relate the characteristic polynomial of the line graph L(G)
of G with the characteristic polynomial of the line graph L(G) of a self-loop graph
G, which is obtained by attaching a self-loop at each vertex of G. Then, we provide
some new bounds for the eigenvalues and energy of Gs. As one of the consequences,
we obtain that the energy of a connected regular complete multipartite graph is not
greater than the energy of the corresponding self-loop graph. Lastly, we establish a
lower bound of the spectral radius in terms of the first Zagreb index M1(G) and the
minimum degree §(G), as well as proving two Nordhaus—Gaddum-type bounds for
the spectral radius and the energy of Gg, respectively.
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1 Introduction

Let G = (V(G), E(G)) be a finite simple graph, where V (G) is the set of vertices
of G, and E(G) is the set of its edges. If |V(G)| = n and |E(G)| = m, we say
that G is a graph of order n and size m. Let V(G) = {vy, v2,...,v,} and E(G) =
{e1,e2, ..., en}. The incidence matrix of G is the matrix B(G) = (b;j)nxm Whose
rows and columns are indexed by the vertices and edges of G, respectively. The (i, j)-
th entry b;; of B(G) is equal to 1, if v; is incident with ¢, and b;; = 0, if v; and e;
are not incident. The degree of the vertex v; will be denoted by dg (v;), for 1 <i <n,
while A(G) = 1r£1'21<x {dg(v;)} and §(G) = 1rgi£ {dg (v;)} will be the maximum and
I=<n I=<n

the minimum degree of G, respectively. When there is no confusion, we write A and
8. In addition, if dg (v;) = r, foreach 1 <i < n, G is called an r-regular graph. If
either dg (v;) = r or dg(v;) = k, foreach 1 <i < n, then G is an (r, k)-bidegreed
graph. If G is a graph that is bipartite and bidegreed, then G is an (r, k)-semiregular
graph.

Let A(G) = (aij)nxn be the adjacency matrix of G, whose (i, j)-th entry a;; is
defined by a;; = 1, if v; and v; are adjacent vertices, and a;; = 0, otherwise. The
characteristic polynomial Pg(x) = det (xI,, — A(G)) of G is the characteristic poly-
nomial of its adjacency matrix, where I, is the n x n identity matrix. The (adjacency)
eigenvalues A1 (G) > A2 (G) > - -+ > A, (G) of G are the eigenvalues of A(G). Since
A(G) is real and symmetric, the eigenvalues of G are all real. If A} > Ay > - -+ > A;
are the distinct eigenvalues of G, then the (adjacency) spectrum of G will be denoted

M A2 - A
by Spec(G) = avar - ar
of the eigenvalue A;. In particular, A1(G), as the largest eigenvalue of G, is called
the spectral radius (or index) of G, and when there is no confusion of what G is, we

, where a;, for 1 < i < ¢, is the algebraic multiplicity

n
shall only write A;. It is well-known (see, for example, [6]) that > A;(G) = 0 and

i=1

n

> Al.z (G) = 2 m. Another frequently used results related to the eigenvalues of a graph
i=1
are the Courant-Weyl inequalities and the Interlacing Theorem:

Theorem 1.1 [6, Theorem 1.3.15] Let A and B be n x n Hermitian matrices. Then,

Ai(A+B) <Aj(A)+Ai—j1(B), 1 < j<i=<n, (1.1)
AMA+B) > Aj(A) +Ai—ja(B), 1 <i<j<n (1.2)

Theorem 1.2 [6, Corollary 1.3.12] Let G be a graph with n vertices and eigenvalues
Al > Ay > -+ > Ay, and let H be an induced subgraph of G with m vertices. If the
eigenvalues of H are i1 > g > -+ > Wy, thenfori =1,...,m,

An—m+i = i = A
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The energy £(G) of G was first introduced by Gutman [9] to be the sum of all
absolute eigenvalues of G:

n

E(G) =) 1M(G)]. (13)

i=1

Despite a lot of research have been done on studying different aspects of this graph
invariant, graph energy still remains intriguing to researchers. For more details about
graph energy and its application in mathematical chemistry, we refer the readers to,
for example, [12—14, 18] and references therein.

Let S € V(G) and |S| = o, where 0 < o < n. For G a simple graph of order n
and size m, denote by G g the self-loop graph of G at S, i.e. G is the graph of order n
and size m, obtained from G by attaching a self-loop (or simply a loop) at each vertex
from the set S. For clarity, m always denotes the number of ordinary edges and the
number of loops ¢ is not incorporated in m. When o = 0, we write G instead of G,
while when ¢ = n, we will use the notation G. The adjacency matrix A(Gg) of Gg
takes the form A(Gs) = A(G) + Js, where Jg is the “almost” identity matrix, with
exactly o ones on the main diagonal corresponding to S and all other entries equal
to zero. The (adjacency) eigenvalues A1(Gg) > A2 (Gg) > --- > X,(Gyg) of Gg are
the eigenvalues of the matrix A(G ), and since A(G ) is square and symmetric, these
eigenvalues are reals.

Recently, Gutman et al. [15] has initiated the study of the spectral properties of
A(Gg), amongst which we have the following relations.

Lemma 1.3 [15] Let S € V(G) and |S| = o. Let G5 be a self-loop graph of order n
and size m. Let .1 (Gs) > -+ > A, (Gyg) be the eigenvalues of Gg. Then,

(i) Y %i(Gs) =o,

i=1
n

(ii) Z}\%(GS) =2m +o.
i=1

The energy £(Gy) of Gg [15] of order n and |S| = o is defined as

n

EGs) =)

i=1

o
2(Gs) — ;). (1.4)

Since the research topics related to the energy of self-loop graphs are relatively
new, we refer the readers to the several papers that have been published on this subject
so far: [1-3, 17, 19, 25, 26]. Application-wise, self-loop graphs have also classically
been found to manifest in mathematical chemistry, cf. [10, 11, 20].

In the paper, we adapt commonly used notations in Spectral Graph Theory. The
complement G of a graph G is the graph with the same set of vertices as G such that
two distinct vertices in G are adjacent whenever they are not adjacent in G. The line
graph L(G) of a graph G is the graph whose vertices are the edges of G, with two
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vertices in L(G) adjacent whenever the corresponding edges in G have exactly one
vertex in common. K, is the complete graph of order n, while the complete multipartite
graph Ky, n, . n, is the complement of the graph G = K, UK, U---U K}, , where
U stands for disjoint union. If ny = ny = --- = nx = p, we will use the label

n
Kixp- The first Zagreb index M1(G) of G is defined as [16]: M{(G) = ) dé(vi),
i=1
n
while the first Zagreb index M(Gs) of Gy is [26]: M1(Gs) = . dés (vj), where
i=1
dgg(v;) is the degree of the vertex v; in G. In particular, if v € S, then dgg(v) =
dg(v)+2.1In Sect. 4, we will also discuss semiregular graphs, for clarity, we explain the
notion of semiregular matrices, cf. [28]. A nonnegative matrix A is row-regular (resp.
column-regular) if all of its row (resp. column) sums are equal. A is row-semiregular
(resp. column-semiregular) if there exists a permutation matrix P such that PTAP =

co
A is said to be regular (resp. semiregular) if A is both row-regular and column-
regular (resp. row and column-semiregular). For the remaining basic terminology and
additional details, the reader is referred to [5] and [6].

The paper is organized as follows. In Sect. 2, we establish that £(G \ §) < £(Gy)
for a set S of independent vertices in G, and prove several results related to the line
graph L(Gy) of G. Here, we show that every eigenvalue of L(Gg) must be not less
than —2. The relation between the characteristic polynomials of the line graph L(a)
of G and its counterpart L(G) is derived. In Sect. 3, some bounds on the eigenvalues of
a self-loop graph are given, together with some lower bounds on its energy. Moreover,
we show that the energy of a connected regular complete multipartite graph is not
greater than the energy of the corresponding self-loop graph. In Sect.4, besides an
upper bound, we give a lower bound for the spectral radius of a self-loop graph in
terms of M1 (G) and §(G). We also present two Nordhaus—Gaddum-type bounds for
the spectral radius of Gs. In Sect. 5, a Nordhaus—Gaddum-type bound for the energy
of a self-loop graph in terms of its order and the number of loops is exposed.

(0 B) where B and C are both row-regular (resp. column-regular). Then, the matrix

2 The Line Graph of a Self-Loop Graph

Let M, , be the set of m x n complex matrices, and let M € M,, ,. We write M*
for the Hermitian adjoint of M. The singular values siy(M) > so(M) > --- > 5,(M)
of a matrix M are the square roots of the eigenvalues of M M*. Since A = A(G) is a
real and symmetric square matrix, it holds that s; (A) = |A; (G)|, for | <i < n, and
hence the energy of G of order n is the sum of the singular values of its adjacency
matrix [23].

In [8], the following theorem regarding the singular values of a matrix has been
proved:
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AX

Theorem 2.1 [8, Theorem 2.2] For a partitioned matrix C = (Y B

), where both

A and B are square matrices, we have:
D s+ s (B) =Y si(0).
J J J

Recall that vertices, or edges, of a graph are said to be independent if they are
pairwise non-adjacent.

Theorem 2.2 Let G be a graph of order n (n > 2), and let S be a set of independent
vertices in G, such that |S| = o, 1 < o <n — 1. Let Gg be the graph obtained by
attaching a loop at each vertex in the set S. Then,

E(G\S) <&(Gy),

where G \ S is the graph obtained from G by deleting all vertices from the set S.

Proof The adjacency matrix A(Gy) of Gy is of the following form

T
wy - (MGIUTY

where the matrix M = (m;;)ox(n—0o) satisfies that m;; = 1 if the vertex i € § is
adjacent to the vertex j € V(G) \ S, and m;; = 0, otherwise.
By Theorem 2.1, we find:

EG\S)+0 =Y [M(AG\N+ Y _ 1hilo) =Y si(AG\ ) + > _sily)
i=1 i=1 i=1 i=1

<Y si(A(Gs) =Y IM(AGs) =)

i=1 i=1 i=1

n
<2
i=1

o o
M(AGs) = 2+~

M(AGs) = 2| +0 = E(Gs) +o.

where the last inequality follows from the fact that A(G s) has at least one non-positive
eigenvalue [1, Theorem 2.6]. O

In a similar way, one can prove the following statement:

Theorem 2.3 Let G be a graph of order n (n > 2), and let Q be a set of vertices which
form a clique in G, such that |Q| = 0,1 <o <n — 1. Let Gg be a graph obtained
by attaching a loop at each vertex in the set Q. Then

E(G\ Q) <&(Go).
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Let G be a graph of order n (n > 2), and let G g be the self-loop graph of G such
that § € V(G) and |S| = o. Following [21], we can define:

Definition 2.4 The line graph L(Ggs) of Gg is a graph whose vertices are the edges
of G g, with two vertices in L(G s) adjacent whenever the corresponding edges in G g
have exactly one vertex in common. Each loop attached at a vertex v in Gy is the
vertex with a loop in L(Gyg), and this vertex is adjacent to those vertices in L(Gs)
which correspond to the edges of G s incident with the vertex v in Gg.

Let us notice that vertices with loops in L(Gg) form a set of independent vertices,
as well as that the line graph L(G) of G is an exact (i.e. induced) subgraph of L(Gyg).

From the definition, it follows that the adjacency matrix A(L(Gg)) of L(Gyg) is of
the following form

T
A(L(Gs)) = (A(L(G” M )

M1,

Here, M stands for the loop-edge adjacency matrix. Precisely, if Gy is a self-loop
graph of order n, size m and |S| = o, then M = (m;;)yxm, where m;; = 1 if the
loop i is adjacent to the edge j in L(Gy), and m;; = 0 otherwise. Observe that when
o = n, then M = B(G), where B(G) is the incidence matrix of G.

Corollary 2.5 Let G be a graph of order n (n > 2). Suppose § = S C V(G). Then,
E(L(G)) < E(L(Gy)).

Proof The proof follows from Theorem 2.2 applied to the set S of vertices with loops
in L(Gg). O

The incidence matrix B(G g) of G g can be defined in full analogy with the incidence
matrix B(G) of G. Suppose that G is a graph of order n and size m, with the set of
vertices V(G) = {v1, v2, ..., v}, and the set of edges E(G) = {e1,e2,...,en}.
Let £ = {em+1,€m+2, - - - €m+o} be the set of loops of Gs. The incidence matrix
B(Gys) = (bisj) of Ggisann x (m + o) matrix defined as

bS — 1, ifv; ande; are incident;
ij 7] 0, otherwise.

Actually, B(Gs) = (B(G) | N), where N can be interpreted as the vertex-loop inci-
dence matrix of Gg. Precisely, N is a n x o matrix, such that in each column of N
there is exactly one 1, and all other entries are equal to 0.

We find it is convenient to define the incidence matrix of a self-loop graph G in this
way. Namely, if we were to define the signless Laplacian matrix Q(Gs) = (gij)nxn
of G g by analogy with how the Laplacian matrix of a self-loop graph is defined in [2],
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i.e.

1, if vertices v; and v; are adjacent,
o 0, if vertices v; and v; are not adjacent,
= ) dg(vi) + 1, ifi = jandy; € S,
dG(v,-), ifi =j andv,- ¢ S,

we would obtain that B(Gs)B(Gs)! = Q(Gs). An analogous relation holds for the
corresponding matrices of graphs without loops, i.e., B(G)B(G)T = Q(G), where
0(G) is the signless Laplacian matrix of G, see [6, Equation (7.29)].

Theorem 2.6 For every eigenvalue A of L(Gg), A > —2.

Proof Let NT = (Mij)oxn and B(G) = (bjx)nxm- The (i, k)-th entry of the matrix

NTB(G) is equal to Z;:l 0;pbpi. The addition n;,b ., forevery p = 1,2, ..., n,is
equal to 1 when n;, = 1 and b, = 1, which means that both the loop i and the edge

k are incident with the vertex p in G, i.e. that the loop i is adjacent to the edge k in
L(Gyg). Since there is at most one loop attached at each vertex of G, it follows that
NTB(G) = M. So, we have:

B(G)TB(G) B(G)TN m MT
B(GS)T B(Gs) = ( (@) B BC) ) (A u )
= A(L(Gs)) + 2T,
since B(G)T B(G) = A(L(G)) +21,, (see [6, Equality (1.2)]). Here, J,, is the square

matrix of order m 4+ o with exactly m ones on the main diagonal, and all other entries
equal to zero, i.e.

For any vector x € R we find
x"B(Gs)" B(Gs)x = (B(Gs)x)" B(Gs)x = 0,

which means that B(Gs)? B(Gs) is a positive-semidefinite matrix. By applying
Inequality (1.2) from Theorem 1.1 to matrices B(Gs)T B(Gg) and —27J,,, we obtain

domto (L(G8)) = Anto (B(G) B(Gs)) + hmyo (—2Tp) = 2.

The following statement will be used in the proof of Theorem 2.8.
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Lemma 2.7 [6, Equation (2.29)] Let M be a non-singular square matrix. If Q is also
a square matrix, then,

det (1\131 g) = det(M)det(Q — P M~ ' N).

Theorem 2.8 Let G be a graph of order n and size m. Then,

_ R )
PL(G)()\.) = (X — l)n m)\.mPL(G) (T) .

Proof Since the adjacency matrix A(L(a)) of L(a) is of the form

S I, B(G)
A(L(G)) = <B(G)T A(L(G)))’

by Lemma 2.7, we obtain:

P () = det (Mlin — A(L(G)))
= det (> — 1)1,,) det (u,,, — A(L(G)) — B[G)T ((n — l)In)’lB(G))

= —1)" det ()Jm —A(L(G)) — k_ilB(G)T B(G))

= —1)" det (llm — A(L(G)) — )LIT] (A(L(G)) + 2Im)>

= —1)" det AZ—A—ZI - A(L(G
= )e( e ()))

B AM—x=2
= — 1" det (flm - A(L(G)))

AM—r-2
=A\- 1)n7mAmPL(G) (f) .

3 Some New Bounds for the Eigenvalues of Self-Loop Graphs and its
Energy

In this section, some bounds for the eigenvalues of a self-loop graph are exposed,
together with some lower bounds for the energy of such a graph. We start with the
following statement:

Theorem 3.1 Let G be a graph of order n, whose eigenvalues with respect to the
adjacency matrix are A (G) > 2 (G) > - -+ > Ay (G). Let G s be the self-loop graph
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of G, such that S C V(G) and |S| = o (0 < o < n). Then, for the eigenvalues
Ai(Ggs), 1 <i <n, of Gg the following holds

2i(G) = 4i(Gs) =2 (G)+ 1, 1 =i =n. (3.1

The left-hand side inequality in (3.1) is attained for o = 0, while the right-hand side
inequality for o = n.

Proof The adjacency matrix A(Gs) of G is of the form A(Gg) = A(G) + Js, where
A(G) is the adjacency matrix of G, while Jg is a matrix with exactly o ones on the
main diagonal and all other entries equal to zero. The eigenvalues of Jg are [1]° and
[O]n—a .

Let us suppose that 0 < o < n. Then, for i = j, from Inequality (1.1), we find

Ai(Gs) =Ai(G)+ 1, 1 =i <n,
while from Inequality (1.2), we obtain
2i(Gs) = 2i(G), 1 <i <n.

For the equalities, we adopt the argument of [15, Lemma 1, proof]: the case when
o = 0is clear because G g coincides with G; when o = n, 1;(Gs) = A;(G) + 1 due
to A(Gs) = A(G) + 1. O

Remark 3.2 Since 11(G) < A, using Theorem 3.1, we obtain 11 (Gs) < A+ 1, which
is given by [1, Theorem 5.1].

Corollary 3.3 Let G be the self-loop graph of a graph G of size m, and L1(Gg) be
the spectral radius of Gs. Then,
1
r(Gg) < 5(1 + 14 8m). (3.2)
Proof By Stanley’s Inequality in [27], 11(G) < %(—1 + /1 4+ 8m). The inequality
(3.2) follows immediately from Theorem 3.1. O
Let us recall the following statement.
Theorem 3.4 |1, Theorem 5.2] Let G be a connected graph of order n and size m. If
S C V(G) with |S| = o, then
2m o
M(Gs) = — + —.
n n

If G is a (k, k + 1)-bidegreed graph for some k € N, such that

k, ifvels,

do(v) = {k 1, ifveVG\S,
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2
where dg is the degree of vertices of G, then A{(Gg) = om + g.
n n

Theorem 3.5 Let G be a graph of ordern (n > 2) and S C V(G), |S| = o. Then,
20
E(Gs) = 211(Gs) — -

The equality is attained if Gs = K, where K7 is a graph obtained by attaching a

loop at each of o (0 < o < n) chosen vertices of the complete graph K.

Proof Let A1(Gs) > 2(Gg) > --- > A,(Gg) be the eigenvalues of Gg, and let k
n

(1 < k < n) be the greatest integer such that 1, (Gs) > 7. Since ) 1;(Gs) = o, we

i=1

n

n
have > (Ai(GS) — g) = 0. So,
i=1

n

E@Gs) =Y [ = 2| =23 (MG = Z) 22 (M(Gs) - ).

i=1 i=1

since according to Theorem 3.4, it holds that ;(Gs) > <. The second part of the

e
statement can be verified by the direct computation using the results of Theorem 4.12
in the next section. O

Using Theorems 3.4 and 3.5, it follows:

Corollary 3.6 Let G be a connected graph of order n (n > 2) and size m, and let
SCV(G)and |S| =0 (0 <o <n). Then

4
£(Gs) = 2.
n

Now, let us recall the statements which we will use in the proof of Corollary 3.9.

Theorem 3.7 [6, Theorem 3.2.1] Let 11(G) be the index of a graph G, and let d be
its average degree. Then d < A1(G) < A. Moreover, d = A1 (G) if and only if G is
regular. For a connected graph G, A (G) = A if and only if G is regular.

Theorem 3.8 [5, Theorem 6.7] A graph has exactly one positive eigenvalue if and only
if its non-isolated vertices form a complete multipartite graph.

Corollary 3.9 Let G be a regular complete multipartite graph. Then, for every S C
V(G), E(Gs) = E(G).

Proof If we suppose that G has k classes of p vertices, i.e. the ordern of G isn = k p,

then the spectrum of G is (see [5], p.73): Spec(G) = (n I p " gk k_—p1> . So we

find £(G) = 241(G) = 2(n — p). Since G is an (n — p)-regular, |E(G)| = 222,
which means £(G) = %|E (G)|. Therefore, the proof follows from Corollary 3.6. O
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Next, we provide an analogous result to Theorem 3.5. Consequently, the regularity
condition in Corollary 3.9 can be relaxed under certain conditions.

Theorem 3.10 Let G be a graph of order n > 4. Let S C V(G), where |S| = o and
1 <o < 5. Ifthe induced subgraph on S is not a complete graph, then

E(Gs) = 211(Gys).

Proof Ttholds Y_7_, 2;(Gs) = o, so

t
£Gs) =2 (MG~ ~). (3.3)
i=l1

where 7 is the greatest integer such that A;(Gs) > 7. Since the induced subgraph on
S is not a complete graph, there are two non-adjacent vertices in S, i.e., 2K is an

induced subgraph of Gs. By Theorem 1.2, we get
2(Gs) =z @K =1, i=1.2,

Thus, it follows from (3.3) and o < % that

E(Gs) = 201(Gs) +2 (1 - 2%) > 211(Gys).

m}

Corollary 3.11 If G is a complete multipartite graph of order n > 4 and S C V(G),
1 < |S| < %, and the induced subgraph on S is not a complete graph, then £(Gg) >
E(G).

4 Nordhaus-Gaddum-Type Bounds for Spectral Radius of Self-Loop
Graphs

In this section, we establish Nordhaus—Gaddum-type bounds, as well as some lower
and upper bounds, for the spectral radius of G 5. Precisely, we give a new definition of
the complement G of Gg (see Definition 4.3) and find bounds for the sum of some
particular eigenvalues of G and Gy.

We will start with an upper bound for the spectral radius of Gg.

Theorem 4.1 Let G be the self-loop graph of G of order n > 2, size m > 1, and
|S| = o. Then,

on — 1)2(}1 —0) n 2m(n — 1).

ans%+/ (4.1)

n n

Proof In the following, for simplicity, we write A; = A;(Gg),i = 1,...,n. By
Lemma 1.3(i),
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AM—0=—Q2+- -+ Ly). 4.2)
Thus, by Cauchy-Schwarz Inequality, we have

A —o0)?
Btz B2 43)

Lemma 1.3 and equation (4.3) imply that

2m+o =r+ G+ +12)
(M —0)?
n—1
nk%—2ak1+a2
- n—1

> A+

’

or equivalently,
nal —20i + 0% —(n—1)2m +0) <0. (4.4)

The roots of n)»% — 200 4+ 62— m—1)2m+ o) =0 are as follows:

_gi\/cr(n—l)(n—o) +2m(n—1)'

n n? n

It follows from (4.4) that

A<l +\/0(n — 1)2(n —0) N 2m(n — 1)‘
n n n

]

2mn —1) .
Corollary 4.2 When o = 0, (4.1) reduces to {(G) < ,| ——— given by Nosal
n

[24].

Definition 4.3 Let G g be the self-loop grﬂ)h of G of orde_r n, sizem, and S C V(G)
with [S| = o. Define the complement G5 of G to be Gy, i.e., the graph obtained
from G by attaching loops at (its) vertices belonging to the set S.

This definition of Gy satisfies the property G:g = Gg. There is another possible
definition of G g recently considered in [26], by taking G5 := Gy\s. Despite the latter

definition also satisfies G5 = G5, our definition of G5 gives a natural generalization
of a Nordhaus—Gaddum-type bound for A;(Gs) and A1(Gg), in the sense that we
recover the classical case when o = 0, see Remark 4.5.
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Theorem 4.4 Let G5 be a connected self-loop graph of order n > 2, sizem > 1, with
|S| = o, such that its complen@t G of size m is also connected. Let A1 and L1 be
the spectral radius of Gs and G, respectively. Then,

P _ 2 o= D)(n =
n—1+—askl+kls—0+ﬁ\/ aln ;(" D —12 45
n n n

Proof Recall that

-1
m4m = % (4.6)
2m o
By Theorem 3.4, we have .| > — + —, thus
n n
_ 2 m 2 2
)L1+)»12M+—o=n—l+—o. 4.7
n n n
This gives the lower bound of (4.5).
Next, we show the upper bound of (4.5). Let
on—1)n—-—0o) 2mn-—1)
= 5 + ,
n n
on—1)(n—-—0) 2mn-—1)
= 5 + .
n n
Then, by the property (4.6) again,
20n—1)(n—o
xy =22 ng( L (4.8)
Obviously, we have
VX + .y SV2/x Fy. (4.9)
Thus, combining (4.1),(4.8),(4.9), we obtain
— 20
MR < 7+\/§«/x+y
2 2 —D(n—
== +J§\/ o= D =0) | o,y
n l’l2
This completes the proof. O

Remark 4.5 When o = 0, (4.5) reduces to the classical Nordhaus—Gaddum-type
bound for the spectral radius of a simple graph G of order n, given by Nosal [24]

n—1<i4+xr <20 —1. (4.10)
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Now, we will expose the upper bound for A1 + A1 in terms of A(G) and §(G).

Theorem 4.6 Let G be a graph of order n and 11 and X1 be the spectral radius of G g
and G, respectively. Then, we have

A+ A <n+ 1+ (AG) —8(G)). 4.11)

Proof By Theorem 3.1, A1 < A(G) + 1, X < (n —1—8(G)) + 1. Thus, we find
4.11). O

Remark 4.7 The upper bound of (4.11) improves the upper bound of (4.10) for suffi-
ciently large n and small ¥ := A(G) — §(G). More precisely, n + 1+« < \/E(n —1)
when

n>4x +9.

The next result asserts a lower bound of the spectral radius of G in terms of the
first Zagreb index M (G) and the minimum degree & (G). Before that, let us recall the
following theorem.

Theorem 4.8 [28, Theorem 3.2] Let A = (a;;) be an n x n non-negative symmet-

ric matrix with positive row sums ri,ra, ..., rn. Then, A1(A) > 1/2?:1 ri2/n with

equality if and only if A is regular or semiregular.

Theorem 4.9 Let G be a connected graph of order n, size m, and |S| = o. Let
M (Gygs) be the spectral radius of Gs. Let M\(G) and §(G) be the first Zagreb index
and minimum degree of G, respectively. Then,

M(Gs) = \/M‘;G) +2256) + 1), 4.12)

In particular, when

(i) Gs = K,, or
(ii) Gisa (k, k+ 1)-semiregular graph such that dg (v) = kifv € S, dg(v) =k+1
ifve V(G\S,

then, the equality holds.

Proof By Theorem 4.8, we have /n11(Gs) > /> '_, ri>, where

Yot =) )+ 1D*+ Y di(v)
i=1

ves veV\S

=M (G)+2) dc(v) +o

ves

= Mi(G) +0(25(G) + 1). (4.13)
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Thus, we obtain Inequality (4.12). To see that the equality is attainable, we discuss
two cases. e
Case 1: Gs = K,,. By [1, Theorem 5.1] that asserts that A1 (G s) = n if and only if

e~

Gs = K,, it suffices to check the right side of Inequality (4.12):

\/Ml(Kn) n2n—1+1)
+ =n
n n

Case 2: Suppose G is a (k, k + 1)-semiregular graph such that dg (v) = kifv € S,
dg(v) = k+ 1if v € V(G)\S. (Such graphs exist, e.g. (K32)s with S = M,
|[M| = 3.) By Theorem 3.4, we have 11 (Gs) = 2'”% = k+ 1. Now, observe that for
such graphs,

Mi(G)=0ck>+(n—0)k+1)?=nk>+ (n— o)k + 1).

Thus,

=k+1.

\/Ml(G) Lo@G+D _ \/k2 L =0)@k+1) ok +D)
n n n n
[m}

Remark 4.10 (1) When o = 0, Inequality (4.12) reduces to the classically known
bound A1 (G) > /M;(G)/n between the spectral radius and the first Zagreb
index of G.

(2) Recently, Shetty and Bhat [26] have obtained many results regarding M (Gy). In
particular, [26, Theorem 7] asserts that

AM(Gs) > \/MI(GS) —4(m +0) iy

n

under the same assumption as in Theorem 4.9. One oughts to compare these two
inequalities but with some cautions: our Inequality (4.12) only requires M1(G).
First, observe that

Mi(Gs) =Y dg () =) (de)+2)*+ Y diw) =M(G)+4) d(v)+4o.

veV ves veV\S ves
Thus,

Mi(Gs) —4(m+o0)+n _ M;(G) n 4% esdc(v) —4m +n

n n n

It suffices to compare 4 Zves dg(v) —4m + n and o (26 + 1). Observe further
that

43 do) —4m =23 "dg() =2 Y dg(v) <20A +208 — 2né.
ves vesS veV\S
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Thus,

4Zd(;(v)—4m+n—a(28+l) <20A+206—2n6+n—208 —o
veS
=2(cA —nd)+n—o.

For 0 < o < n, as long as

o _ 25(G) -1
n = 2AG) -1’

then we have

Mi(Gs) —4(m +0) +1< \/Ml(G) +o@+1) < Ar(Gy),

n n

i.e., our bound is better than [26, Theorem 7].

Remark4.11 If Gg = KQ,Z is the edgeless full-loop graph of order n, then the equality
in (4.12) holds.

Next, we establish a relation between the eigenvalues of G g and Gs. Let us recall
the following statement.

Theorem 4.12 [1, Theorem 2.2] Let (K,)s be the self-loop complete graph of order
n and |S| = o. Then, Spec((K,)s) is determined by the following three cases:

(i) Ifo = 0, then Spec((Ky)s) = (" N ! n__11> .
(ii) If0 < o < n, then

(n—D+~/(n—1)2+40 0 . (n=D)—+/(n—1)>+40
Spec((Ky)s) = 2 2 :

oc—1ln—o—1 1
n 0
(iii) If o = n, then Spec((K,)s) = (1 " 1) .

Theorem 4.13 Let G be a graph with self-loops of order n and |S| = o. Then, for
j=2,..n,

-1, o0=0,

1j(Gs) 4+ An—j12(Gs) <
]( s) + An j+2( S)_{l, 0<o <n.

Proof Let A = A(Gs), B = A(Gs), and C = A + B. By (1.2) in Theorem 1.1, for
i=2and j=2,..,n,

Li(A) + Ay—jp2(B) < 22(0).
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Observe that C can also be expressed as A’ + B’ where A’ = A((K,)s) and B’ = Jg.
Then, by (1.1), for i = 2, we have for j' = 1 or j = 2,

2(C) < Aji(A)) + A3 j(B).

By Theorem 4.12. A’ = A((K,)s) has 3 distinct spectral cases:

Case 1: Wheno =0, A’ = A(K,) and B’ = 0,,5,,. Thus, 12(C) = A (A(K,)) =
—1.

Case 2: Wheno =n, A’ = A(I/(;) and B’ = I,. Then, C = J + I,, where J is the
all-ones matrix. Thus, A, (C) = 1.

Case 3: Suppose 0 < o < n. If j/ = 1, then,

22(C) = M(A) +22(B)) = @“’ l<o<n,
(O =M@ TLE) =) (S
2 ’ = 1.

If j/ =2, then, A2(C) < A2(A") + A1 (B’) <0+ 1= 1. Thus, when 0 < o < n, we
have A, (C) < 1. O

Theorem 4.14 [22, Theorem 11] Fori = 2,...n, Aj(G) + A_iz2(G) = —1 —
2V25(G), where s(G) = 3, cv(q) ldG (v) — ZTm .

Thus, a lower bound for A;(Gs) + An—j+2(Gs) follows immediately from Theo-
rems 3.1 and 4.14.

Corollary 4.15 Let G be a self-loop graph of order n and |S| = o. Let Gy be the
complement of Gs. Then, for j =2, ...,n, Aj(Gs)+dy—j42(Gs) = —1—24/25(G).

5 Nordhaus-Gaddum-Type Bounds for the Energy of a Self-Loop
Graph

In this section, we present a Nordhaus—Gaddum-type bound for the energy of a graph
with self-loops, in terms of its order n and the number of loops o.

First of all, let us recall some statements that we will use in the proof of Theorem
5.3.

Theorem 5.1 [7] Let X, Y and Z be square matrices of order n, suchthat X +Y = Z.
Then

oS+ s = si(2),
i=1 i=1 i=1

where s;(M), i = 1,2, ..., n, are the singular values of the matrix M. Equality holds
if and only if there exists an orthogonal matrix P, such that PX and PY are both
positive semi-definite.
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Theorem 5.2 (Corollary 1.3.13 and Theorem 1.3.14 from [6]) Let A be a real symmet-

ric matrix whose rows and columns are indexed by {1, 2, . . ., n}, and with eigenvalues
A = Ay = oo+ > Ay Given a partition {1,2,...,n} = AjUAU---UA,, with
|Ai| = n; > 0, consider the corresponding blocking A = (A;j), where A;; is an

n; X nj block. Let e;j be the sum of the entries in A;;j and set B = (e;j /n;) (note that
ejj/n; is the average row sum in A;j). Let us suppose that the block A;; has constant
row sums b;j, and let B = (b;;). Then the spectrum of B is contained in the spectrum
of A (taking into account the multiplicities of the eigenvalues).

The matrix B from Theorem 5.2 is known as the quotient matrix (see, for example
[4]). Besides, in case the row sum of each block A;; is constant, then the partition is
called equitable [4].

Theorem 5.3 Let G be a graph of order n > 2, sizem > 1, and S C V(G), where
S| =0,0 <o <n. Then,

En,a fg(GS)+g(G_S) fun,cra
where
20 20 1 4o
ﬁn,a=(cr—1)‘1——‘—i—(n—a—l)(l—i——)—i-f‘n———i— (n—2)2+80|+
n n 2 n

1 4
7‘n——6—\/(n—2)2+80
n

2

)

and

Uno = 2\/5\/20'(11 — D —o0)+ (n2 —n)2.

Proof Let 11(Gs) > A(Gs) > -+ > Ay(Gs) and A1(Gg) > 22(Gg) > -+ >
2 (Gs) be the eigenvalues of G and G g, respectively.

For the upper bound U, », let k1 and k2, 1 < ki, k2 < n, be the greatest inte-
gers such that Ax, (Gs) > 2 and Ay, (Gg) > 2. Since Y1 4i(Gs) = o, we have

i1 (2i(Gs) — 2) = 0, and therefore

EGs) =2 (M(Gs) - T) =2

i=1 i

k] k]
(e o
(MG =) =2n (MG - 2).
— n n
Similarly, we find £(Gg) < 2n (A1(Gg) — 2), and so

E(Gs) +E(Gs) < 2n(11(Gs) + 11(Gs)) — 4o.

By Theorem 4.4, we get

E(Gs)+E(Gs) <2v220(n — 1)(n — o) + (12 — n)2.
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For the lower bound, £, », let us denote

o _ o
X:A(GS)_;In =A(G)+J5—;1n,
J— o _ - o ~ o
Y =A@Gs) - — n=A(G)~I-J5—;In=J—A(G)+J5—<1+;)In,

20
M=X4+Y=J+2Js—(14+— ) I,.
n

Therefore, the matrix M is of the following form:

M=<J+(1—27")1(, J )

J J+ (-2 - 1)

i.e.

2
o o1
: 1
1 12-%2 1 1
MZ 2
11 1 o
11 1 1 —2

n

Since null (M + (1 — (2 — 27")) I,) = o — 1, M has eigenvalue 1 — 27", with multi-
plicity at least o — 1. Similarly, M has eigenvalue —1 — 27", with multiplicity at least
n — o — 1. Let us determine the remaining two eigenvalues, x; and x», of the matrix
M.

The quotient matrix B which corresponds to the matrix M is

B_(a—i—l—zT" n—o )

20
o n—o—l—T

while the characteristic polynomial of the matrix B is
5 4o 402
bx)=x"+|——n x+—2—4o—1+n.
n n

According to Theorem 5.2, the roots of the polynomial b(x) are the two remaining
eigenvalues of the matrix M, i.e. x12 = % (n — 47” +v(n—-2)?2+ 80).

@ Springer



117 Page 20 of 22 S. Akbari et al.

Now, we have:

i=1 i=1

z - 20 20
Y siM)y =" L(M)| = (o - 1)‘1——‘+(n—a—1) <1+—)
n n

1 4o
+-n——+vVn—-2)2+8c
2 n

Ll
2

4o
n———+n-272%+8
n

’

ie. > !, si(M)= L, ,.By Theorem 5.1, we obtain
n n n n n
Lyo =) siM) <Y si(X)+ Y si(¥) =Y [LX)|+ Y [n(Y)]
i=1 i=1 i=1 i=1 i=1

=Y " 1i(Gs) = T+ Y 1hi(Gs) — 2| = £(Gs) + EGs).
i=1 n i=1 n

The proof is complete.

Remark 5.4 If % < o <nandn > 2, then the following holds:

e 1-2 <0,

e nt+y/(n—22+8 -2 >nt [(n—22+8 2t n=nt+Vn2+4-4>
244/8—-4>0,

o Xt /n—-22480-n>224 /n—22+8 - 2—n=2+Vn+4-n>
2+ +vn?2—n>0,

so the lower bound £,, , reduces to
20 20 1 4o
Ln.o :(o—l)(— —l>+(n—6—1) (1+—>+7(n+\/(n—2)2+80— —)
n n 2 n
+l(4—a+ (n—2)2+80—n),
2\ n
iLe. Log=n—2+/(n—2)2+380.

Remark 5.5 If0 <o < % and n > 2, then the following holds:

el—2>1-_2.2_y,
n no 2
on—“n—“Zn—i-%zn—ZZO,

and therefore the lower bound £, , reduces to

20 20 1 4o
Ly.o =(071)<1f—>+(n7071)<1+f)+ (nfer (n72)2+80)
n n 2 n

1 40
+-ln———-vVn-22+80
n

2

)
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ie. Lo = 3 —2+420(1-2-2) 4+ 1 /n—-22+8 + Jn—-2%

n n
—/(n =22+ 80‘, since the function f(o) =n — 47" —/(n —2)2 + 8o does not

have a constant sign on the interval [0, §].

Acknowledgements The third author acknowledges the support from the Ministry of Higher Education
Malaysia for Fundamental Research Grant Scheme with Project Code: FRGS/1/2021/STG06/USM/02/7.
The second author thanks the Serbian Ministry of Science, Technological Development and Innovation, for
the support through the Mathematical Institute of the Serbian Academy of Sciences and Arts. We thank the
anonymous reviewers for their constructive suggestions that improve the presentation of this paper.

Data availability This manuscript has no associated data.

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

References

1. Akbari, S., Al Menderj, H., Ang, M.H., Lim, J., Ng, Z.C.: Some results on spectrum and energy of
graphs with loops. Bull. Malays. Math. Sci. Soc. 46(3), 18 (2023)
2. Anchan, D.V,, D’Souza, S., Gowtham, H.J., Bhat, P.G.: Laplacian energy of a graph with self-loops.
MATCH Commun. Math. Comput. Chem. 90(1), 247-258 (2023)
3. Anchan, D.V,, D’Souza, S., Gowtham, H.J., Bhat, P.G.: Sombor energy of a graph with self-loops.
MATCH Commun. Math. Comput. Chem. 90(3), 773-786 (2023)
4. Brouwer, A.E., Haemers, W.H.: Spectra of graphs, 1st edn. Springer, New York, NY (2011)
5. Cvetkovi¢, D.M., Doob, M., Sachs, H.: Spectra of graphs - theory and applications, 3rd edn. Johann
Ambrosius Barth, Heidelberg (1995)
6. Cvetkovi¢, D. M., Rowlinson, P., Simi¢, S. (2010) An introduction to the theory of graph spectra,
London Mathematical Society Student Texts, Vol. 75, Cambridge University Press, Cambridge
7. Day, J., So, W.: Singular value inequality and graph energy change. Electron. J. Linear Algebra 16,
291-299 (2007)
8. Day,J., So, W.: Graph energy change due to edge deletion. Linear Algebra Appl. 428(8-9), 2070-2078
(2008)
9. Gutman, I.: The energy of a graph. Ber. Math. -Statist. Sekt. Forschungsz. Graz 103, 1-22 (1978)
10. Gutman, I.: Topological studies on heteroconjugated molecules. Theoret. Chim. Acta 50(4), 287-297
(1979)
11. Gutman, I.: Topological studies on heteroconjugated molecules VI. Alternant systems with two het-
eroatoms. Zeitschrift fiir Naturforschung A 45(9-10), 1085-1089 (1990)
12. Gutman, L., Furtula, B.: Energies of graphs: survey, census, bibliography, Center for Scientific Research
of the Serbian Academy of Sciences and Arts and the University of Kragujevac, Kragujevac (2019)
13. Gutman, I., Li, X.: Graph energies - theory and applications. Univ. Kragujevac, Kragujevac (2016)
14. Gutman, 1., Ramane, H.: Research on graph energies in 2019. MATCH Commun. Math. Comput.
Chem. 84(2), 277-292 (2020)
15. Gutman, L., RedZepovié, I., Furtula, B., Sahal, A.: Energy of graphs with self-loops. MATCH Commun.
Math. Comput. Chem. 87, 645-652 (2022)
16. Gutman, I., Trinajsti¢, N.: Graph theory and molecular orbitals, total w-electron energy of alternant
hydrocarbons. Chem. Phys. Lett. 17, 535-538 (1972)
17. Jovanovié, .M., Zogi¢, E., Glogi¢, E.: On the conjecture related to the energy of graphs with self-loops.
MATCH Commun. Math. Comput. Chem. 89, 479-488 (2023)
18. Li, X., Shi, Y., Gutman, I.: Graph energy. Springer, New York (2012)
19. Lim, J., Chew, Z.K., Lim, M., Thoo, K.J.: Quantization of Sombor energy for complete graphs with
self-loops of large size. Iran. J. Math. Chem. 14(4), 225-241 (2023)
20. Mallion, R.B., Schwenk, A.J., Trinajsti¢, N.: A graphical study of heteroconjugated molecules. Croat.
Chem. Acta 46(3), 171-182 (1974)

@ Springer



117 Page 22 of 22 S. Akbari et al.

21.
22.
23.
24.
25.
26.
27.

28.

Marczyk, A., Skupieni, Z.: General approach to line graphs of graphs. Demonstratio Math. 18(2),
447-465 (1985)

Nikiforov, V.: Eigenvalues and degree deviation in graphs. Linear Algebra Appl. 414(1), 347-360
(2006)

Nikiforov, V.: The energy of graphs and matrices. J. Math. Anal. Appl. 326(2), 1472-1475 (2007)
Nosal, E.: Eigenvalues of graphs, Master’s Thesis, University of Calgary (1970)

Popat, K.M., Shingala, K.R.: Some new results on energy of graphs with self loops. J. Math. Chem.
61, 1462-1469 (2023)

Shetty, S.S., Bhat, A.K.: On the first Zagreb index of graphs with self-loops. AKCE Int. J. Graphs
Comb. 20(3), 326-331 (2023)

Stanley, R.P.: A bound on the spectral radius of graphs with e edges. Linear Algebra Appl. 87, 267-269
(1987)

Zhou, B.: On the spectral radius of nonnegative matrices. Australas. J. Combin. 22, 301-306 (2000)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable

law.

@ Springer



	Line Graphs and Nordhaus–Gaddum-Type Bounds for Self-Loop Graphs
	Abstract
	1 Introduction
	2 The Line Graph of a Self-Loop Graph
	3 Some New Bounds for the Eigenvalues of Self-Loop Graphs and its Energy
	4 Nordhaus–Gaddum-Type Bounds for Spectral Radius of Self-Loop Graphs
	5 Nordhaus–Gaddum-Type Bounds for the Energy of a Self-Loop Graph
	Acknowledgements
	References




