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Abstract
In this paper, we consider the following nonlinear Schrodinger equation with an L2-
constraint:

—Au = hu~+ plul?2u + (ulP"2u in RV,
Jgv lulPdx = a®, u e H'RV),

where N > 3,a,u > 0,2 <gq <2+% <p<2%2¢g+2N—pN <Oand 1 € R
arises as a Lagrange multiplier. We deal with the concave and convex cases of energy
functional constraints on the L2 sphere, and prove the existence of infinitely solutions
with positive energy levels.
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1 Introduction

In [21, 22], Soave considered the existence and properties of ground states for the
nonlinear Schrodinger equation with combined power nonlinearities

—Au=u+ plul”2u+u??u inRY,N>1, (P)

having prescribed mass

/ |u|2dx =a°,
RN

under different assumptions ona > 0, u € R and
4 *
2<q=2+45=p=2. q#p

i.e. the two nonlinearities have different characters with respect to the L2-critical
exponent p =2 + %. The cases p > p and p < p are called mass L2-supercritical
and mass L2-subcritical, respectively, which comes from the Gagliardo-Nirenberg
inequality (see [23]). We recall that, for every N > 1 and p € (2, 2%), there exists a
constant C,, depending on N and on p such that

lullfy < €5 IVulls* a5 forallu € H'(RY), (1.1)
where §, = w and we denote by Cy, , the best constant in the Gagliardo-

Nirenberg inequality.

Here and in what follows, 2* denotes the critical exponent for the Sobolev embed-
ding H'(RN) < LP(RV) (that is, 2* = 2N/(N —2) if N > 3 and 2* = oo if
N =1,2).

We look for solutions of problem () having a prescribed L2-norm, which are often
referred to as normalized solutions. More precisely, for given a > 0, we look for a
couple of solution (uy, Aq) € H'(RY) x R to problem (P) with

/N |ua|2dx =a’.
R

The solution u,, to the problem () corresponds to a critical point of the following C'!
functional 7 : Hr1 (RM) > R

1 nw 1
J@) = = IVul — = lullh — = lulld

restricted to the sphere in L2(RN):
S(a) = {u e H'®RY) : ul? = az}.
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h(t)

Fig.1 The relationship between functional h and t.

It is clear that for each critical point u, € S(a) of J|s(4) corresponds to a Lagrange
multiplier A, € R such that (u,, A,) solves problem (P). Therefore, to obtain such a
solution, it is necessary to find the critical point of (7 on the constraint S(a).

In recent decades, the question of finding solutions of nonlinear Schrédinger equa-
tions with prescribed L2-norm has received a special attention. This approach seems
particularly meaningful from the physical point of view, since, in addition to being a
conserved quantity for the time dependent equation, the mass has often a clear physical
meaning; For instance, it represents the power supply in nonlinear optics, or the total
number of atoms in Bose-Einstein condensation, two main fields of application of
the nonlinear Schrédinger equations. For more related results on normalized solutions
of nonlinear Schrédinger equations, we refer to [1, 5-7, 1417, 20, 25, 26] and the
references therein.

Notice that, for the case of 2 < p < p < g < 2%, Soave [21, 22] applied the
Gagliardo-Nirenberg inequality (1.1) to create the corresponding energy functional
h e C3(RT,R)

c? a1-8q c? qU=8p)p
h(t) == Bl X g8 _ —N.p 1Pop
2 q p
such that
1 MC;IV a(lfaq)q s C[’\’/ a(lfsp)p s
T @) > Enwn% - +nwn2 ‘- ”’fuwnz ? = h(|Vull).

Recalling that 2 < ¢ < p < p < 2%, so that g6, < 2 and 2 < pd, < 2*. Under
certain conditions of a > 0 and u > 0, function % has a concave-convex structure
(see Fig. 1).

Naturally, it is known that 7 has local minima and mountain path geometric struc-
tures on the constraint S(a). Therefore, Soave proved the existence of mountain pass
solutions and local minimum solutions. After that, Alves, Ji and Miyagaki [3] studies
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problem (P) with p € (2 + %, 2*), g = 2" and N > 3, there exists ©* > 0 such that
problem (P) admits a couple (u4, Ay) € H LRNY) x R~ of weak solutions, where u,, is
a radial, positive ground state solution of problem (P) on S(a). In particular, replace
wlu|P~2u+u|12u by f(u) such that f satisfies some critical growth conditions with
N = 2, then problem (P) admits a couple (u,, A,) € H 1(R2?) x R~ of weak solutions.
Subsequently, Alves, Ji and Miyagaki in [2] introduced a truncation function in 7.
Precisely, they considered the truncated functional

x (IVull2)

1 jz
Jx(u)=§||Vu||§—;||ullf’,— llully,

where x € Cgo (R, [0, 1]) is nonincreasing and satisfies

1, tel0,Rol,
x(@) =
0, t € [Ry, 00).

Here Rop and R; are given as in Fig. 1. Also by applying the Gagliardo-Nirenberg
inequality (1.1), one shows that

Ty W) = hi(||Vull2),
where

1 /ch a(lfﬁq)q Cp a(]*ap)p
hl(l) = 51‘2 — N’thng — N’pfx(t)tpsp'

Under certain conditions of @ > 0 and i > 0, from Fig. | the image of & is as Fig.2,
which implies that Alves, Ji and Miyagaki in [2] use a minimax theorem for a class
of constrained even functionals that is proved in Jeanjean and Lu [16] to obtain the
multiplicity of the solution of the energy functional 7, at the negative energy level.
In fact, if 7, (u) < O then ||Vull2 < Rp, and J(v) = Jy(v), for all v in a small
neighborhood of u in H'! (RN ) Therefore, here the critical points of 7, are also are
actually the critical points of 7.

In addition, this approach turns out to be useful also from the purely mathematical
perspective, since it gives a better insight of the properties of the stationary solutions
for (P), such as stability or instability, can see [9, 10, 21, 22] and the references therein.

Moreover, we refer to [8], where Bartsch and Willem considered the model problem

_ -2 -2
{—Au Tululq u+ Mu|P~*u, (1.2)
u e Hy(Q2),

where € is a domain of RV and 1 < ¢ < 2 < p < 2*. The corresponding energy is
defined on H] (Q2) by

IVul>  plul?  Aul?
O, (1) :=/ |: — — dx
ol 2 q p
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h (0

Fig.2 The relationship between functional /2 and t.

Then they showed that

e Forevery A > 0, u € R, problem (1.2) has a sequence of solutions {u;} such that
@ () = 00,k — o0;

e Forevery u > 0, A € R, problem (1.2) has a sequence of solutions {vg} such that
©iu (vk) < 0and @, (vg) = 0,k — oo.

Inspired by above results, a natural guess that problem (P) also possesses an
unbounded sequence of solutions {(ux, i)} € H'(RY) x R~ with ||uk||% = a?
foreach k € NT, ||Vuk||% — +ooand J (uy) — +o00ask — +00. So, in this article
we attempted to provide a positive answer. The main results of this paper are stated
as:

Theorem 1.1 Assume that2 < g < p < p < 2% 2q+2N — pN <0and N > 3.
Fora > 0 and > 0 let us also suppose that

(W(1—sq)q)”‘s"_2 (a(l—ap)p>2_q‘3q

pSy,—2 2—g$ A.l
(_aws =\ pe—asp v A
2C% (@84 — pép) 2Cy ,(@8q — pdp)

and

p8,—2 —gs pop=2 1%
(Wu—sq)q) ! (au—sp)p) “ ( q . _> ( ’; ) . (A2)
ﬂmuxCN,q 2C]\/,p

where Byqx defined in (2.1), then problem (P) possesses an unbounded sequence
of pairs of radial solutions {(uy, i)} C H'(RN) x R~ with ||uk||% = a? for each
k e NT, [Vugll3 - +oo and J (ur) — 400 as k — +oo.
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It is reasonable to assume (A.1) and (A.2) in the Theorem 1.1, because when we
have (pd, —2)(1 — 84)q — q8,(1 — p)d, > 0at2g +2N — pN < 0, then there is
a > 0 satisfying both assume (A.1) and (A.2).

Compared with [8], which works in a bounded region and has some compactness,
while we work in the whole space and lack compactness, so additional restrictions
are needed to ensure compactness. In addition, our method of proving is different,
we are not a direct generalization of [8]. Compared with [2], we both adopted the
truncation method, but the parts we truncated were different. On the one hand, the
energy functional has an extra local term by truncating, which brings some difficulties
to our subsequent estimation and compactility proof, while in [2], we can clearly see
that when ||Vu ||% is bounded, J, = J is satisfied, that is, the local term has no effect
on the proof. On the other hand, ||Vu ||% has at least k solutions at the negative energy
level, and we have multiple solutions at the positive energy level.

In the proof of Theorem 1.1 we shall work on the space Hrl (RN), because it has a
compact embedding. Moreover, by Palais’ principle of symmetric criticality, see [18],
we know that the critical points of 7 in H,1 (RM) are in fact critical points in whole
H'(RM). To prove the Theorem 1.1 we shall adapt for our case a truncation function
found in Peral Alonso [19, Chapter 2, Theorem 2.4.6].

2 Preliminaries

We recall the functional /:

c? qU=8p)p
thq _ N.p tpt?p.
q p

| wCl a1=39a
h(t) = 17— Mg

Since a > 0, u > 0 and gd; < 2 < pép, we have that h(0FT) = 0~ and h(4+00) =
—o00. The following proposition states the role of assumption (A.1).

Proposition 2.1 ([21, See Lemma 5.1.]) Under assumption (A.1), the function h has
a local strict minimum at negative level and a global strict maximum at positive level.

Moreover, there exist 0 < Ry < R; < 00, depending on a > 0 and v > 0, such that
h(Ro) =0 =h(Ry) and h(t) > 0ifft € (Ro, R1), (see Fig.I).

Under assumptions to (A.1), the function h has a global strict maximum at positive
level, and there exist 0 < R; < Ry < 00, depending on a > 0, such that 7(R,) = 0,
where

R 1 Cp a(l_Bp)p
O T G\ A— L
2 P

and

1

p PSp—2 _U=3p)p
R2 — — a P2,
2C

N.,p
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For0 < Ry < Ry < o0, fix T : RT — [0, 1] as being a C* function that satisfies

0 if x < Ry,
T(x) = .
1 if x > R;.

From proposition 2.1 we know that for the function /, we have Rg and R dependent
of a > 0 and ;& > 0 such that &1 (Rg) = 0 = h(R;) and h(¢) > 0iff t € (Ro, Ry).
For any fix u > 0, we define the following functional H, denoted by

q (1-84)q P (1-8,)p
B nCy a =% R _ Cy, a7

q p

1
H(R,a) = ER2 RP% = h(R).

For any ay, ax > 0 that satisfies a; > ay, there is obviously
H(Ro(az),a1) > H(Ro(a2), a2) = 0= H(Ri(a2), a2) < H(Ri(a2), ay).
According to the structure of functional /2, we can obtain
Ro(az) > Ro(a1) and Ri(az) < Ri(ar),

therefore, a — R(a) := Ri(a) — Rop(a) is non-increasing and under the assumption
(A.1) R(a) has alower bound o > 0. Now, under assumption (A.1), forany a > 0 we
can take T such that T/ has a uniform upper bound, and we remember that the uniform
upper bound is 81, where we have t/(x) € [0, 81) when x € [0, c0) (Rule out that if
a > 0 is small enough it may not be possible to find T such that 7/ has no uniform
upper bound).

By the same token, we have a similar conclusion for any fixeda > 0, forany 1 > 0
we can take 7 such that t/ has a uniform upper bound B,. Therefore, for any a > 0
and u > 0 we can take t such that 7" has a uniform upper bound under the assumption
(A.1), which we remember

IBmax = max{ﬁl’ ﬂZ} (2])

Thus we have 7/(x) € [0, Bnax) When x € [0, 00).
In the sequel, let us consider the truncated functional

1 v
Trw) = 31Vull3 - pr(Ivelz)

1
el = = llullp
p

Thus

Jr ) = hy(IIVull2),
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h(t)
R
i £
o
Fig.3 The relationship between functional /5 and t.
where
g (1=8,)q P (1-8,)p
1 uCy a =% Cy ,a = .
ho(t) = 5;2 — =4 () — L¢P (see Fig. 3).
p

The truncated functional Jr and the relationship between [J7 and 7 are noteworthy.
By reference [2, See Lemma 3.1] we get the following lemma.

Lemma 2.1 Assume that N > 3,2 < q < p < p < 2* and (A.1) holds, then the
functional Jr has some important properties:

(i) Jr € C'(H!RY),R).
@@i) If Jr < Othen ||Vu||% > Ry, and J (v) = Jr (v), forall v in a small neighborhood
ofuin H,1 (RM).

In order to recover some compacity, we will work in £ = Hr1 (RN), provided with
the standard scalar product and norm: ||u ||%1 = ||Vu ||% + |lu ||%. Here and in the sequel
we write ||u||ﬁ to denote the LP-norm. For convenience, Cy, Ca, - - - denote various
positive constants.

3 Proof of Theorem 1.1

To prove our conclusion, we use the proof technique in [5], but here our nonlinear
term does not satisfy the conditions in [5]. The main theorem’s proof will follow from
several lemmas. We fix a strictly increasing sequence of finite-dimensional linear
subspaces V,, C E such that Un V, is dense in E.

Lemma 3.1 ( /5, See Lemma 2.1.]) For 2 < r < 2* there holds:

Vul? + |u)>)dx ull%
Un(r) = inf fRN(' | | 2| ) = inf I ”1;1 — ooasn — 00.
wevi g ald0?r = eyl ull?

n—1
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Here we give the following definition

pr(iVuli2) 1
/ Fuydx = ———|lullg + —lull}. (3.1)
RN q p

We introduce now the constant

Jrn Fuw)dx

K = Ay P q°
ueH!®RN) [lullp + llullg

which is well defined when combined with (3.1). For n € N we define
Mrll?/ (r=2)
Pn="T2/-2

where

2\p/2
_ —q/2 —p/21=2/p _ (a+067)
M, = [un(q) + un(p) ] and L =3K max — or

By Lemma 3.1 we have p, — oo as n — oo0. We also define
Byi={ue Vi nS@ : IVul} = p,

here Vn{ | is the orthogonal complement of V,,_1. Then we have:

Lemma3.2 b, = inf,cp, Jr(u) — coasn — oo.

Proof For any a > 0 and u € B, because of p, — 00 as n — o0, we have
||Vu||% +a% > 1 whenn is large enough. Since 2 < ¢ < p < p < 2* we deduce
using the preceding lemma with r = p and r = g,

! \
Tr() = ~pvup - Vel

1
q p
3 llullg — ;Ilullp

1
Euwnﬁ — Kull§ — Kulb

v

> %lqu”% — W <||Vu||§ +a2>4/2 B ﬁ (IIVMII% +a2)p/2
> %uwn% = K (1@ + (7] (1Vul3 + az)”/2

> %uvung - ﬁ (IIVu||§ +a2>”/2

> %IIVMII% - 3ML7 (||Vu||§ +az)

> %pn - 31‘2,/2/)5/2
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1 1

The proof of the lemma is complete. O

Lemma 3.3 Assume that N > 3 and2 < q < p < p < 2% Then there exists
0<py < R(z) such that

0 < sup Jr(u) < by := inf Jr(u), (3.2)
ueM ueMo

where
My = {u e S@. 1Vuld < po/2} . M2 = fu e S@. IVul = po .

Proof Now, using equation (3.1) and Gagliardo-Nirenberg inequality (1.1) and taking
into account that ||u||% =a?
pur([Vull2) 1
/ Fuwydx = ———|lull§ + —[lull}
RV q p

uC4  a(=50a P q=8p)p

N, qs N, pé
< +IIVMII2 T(IVull) + pTIIVMIIZ "

Then we have for ||Vull2 < Ry small enough,

Cp a(175p)p
/ Fuydx <~ v} (3.3)
RN p

Next, let 0 < p < Ry be arbitrary but fixed and suppose u, v € S(a) are such that
||Vu||% < p/2 and ||Vv||% = p. Then, for p > 0 small enough

1 1
i) = Trw = 5190l = 31VulB = [ Fwdx+ [ Fads

2 2 RN RN
P

> — —/ F(v)dx
4 RN
p 8

> — — CpPor

= P

P

-8

using (3.3) and pd, = N(qT_z) > 2. The proof of the lemma is complete. O

In order to set up a min-max scheme, let
9o :RxE—E, o(s,u)=s*u,
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be the action of the group R on E defined by
(s xu)(x) = N ?u(e'x) fors e R,u € E,x € RV.
Observe that s x u € S(a) if u € S(a), and that for u € S(a)
IV (s * u)||% — 0, Jr(sxu) — 0 as s — —oo. (3.4)

Moreover, [y F(u)dx > %||u||£ forallu € H'(RV), and therefore

Tr(s xu) = l||V(s*u)||§—/ F (s % u)dx
2 RN

< 1||V( )13 1|| Iy
= S kU — —lls*u
=5 2 » P

2s 5 —Ns ,(Nsp)/2
= 7||Vu||2 — —————lull, > —oc0 as 5 — o0,

because —Ns + (Nsp)/2 > 2s. As a consequence we obtain for u € S(a) that
V(s % u)||3 — 0o, Jr(s*u) — —0o0 as s — oo. (3.5)
Due to (3.4) and (3.5), there exists s,, > 0 such that
Vn 2 [0, 11 X (S@@) N Vi) = S(@), yu(t, u) = 2sut — sp) * u,
satisfies (with pg, bg from Lemma 3.3, b,, from Lemma 3.2):
1970, w13 < po < pus V7 (1,113 > pn,

and

0 < Jr(¥n(0, u)) < max{bo, b}, Tr(¥a(1,u)) < bn, (3.6)
uniformly for u € S(a) N V,,. Now we define

r [0, 1] x (S(@) N V,) — S(a) y is continuous, odd in u,
=13V : s X a > a 3 ]
n n yO0,u) = y,0,u), y(1,u) = y,(1, u)

Clearly we have y, € I'),. Here we define the mountain pass value

¢, = inf max Jr(y(t,u)).
n = inf  max (v, u))
ueS(a)Nvy

For the sake of subsequent lemmas, in the following we recall some properties of
the cohomological index for spaces with an action of the group G = {—1, 1}. This
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index goes back to [11] and has been used in a variational setting in [12]. It associates
to a G-space X an elementi(X) € Ny U {co}. We only need the following properties.

(I1) If G acts on S"~! via multiplication, then i (S*~!) = n.

(I>) If there exists an equivariant map X — Y, then i (X) < i(Y).

(I3) Let X = Xo U X be metrisable and Xg, X| C X be closed G-invariant sub-
spaces. Let Y be a G-space, and consider a continuous map ¢ : [0, 1] x Y — X
such that each ¢; = ¢(t,:) : ¥ — X is equivariant. If ¢o(Y) C Xo and
¢1(Y) C X1, then

i(Im(p) N Xo N X1) = i(Y).
Properties (1) and (1) are standard and hold also for the Krasnoselskii genus. Property

(13) has been proven in [4, Corollary 4.11, Remark 4.12].
We now need the following linking property, and it is proved by the above properties.

Lemma 3.4 For every y € I'y, there exists (t,u) € [0, 1] x (S(a) N V,) such that

Proof Let7,_, : E — V,_1 be the orthogonal projection, and set
hy 2 S(a) = Vaoy x RY, ws (Ty_qu, | Vul3).
Then clearly B, = h;] (0, pn). We fix y € '), and consider the map
¢ =hyoy:[0,1]1 x (S@)NV,)— V_i xRt =: X.
Since
$o(S(a) N V) C Vi1 x (0, pp] =2 Xo
and
$1(S(a) N Vy) C Vit X (pp, 00] =: X1,
it follows from (/) to (/3) that
i(Im(p) N Xo N X1) > i(S(a)NV,) =dimV,.
If there would not exist (¢, u) € [0, 1] x (S(a) N'V,) with y (¢, u) € B,, then
Im(¢) N Xo N X1 C (Va—1\0) X {pn}.
Now (I7) and (I2) imply that
i(Im(¢) N Xo N X1) < i((Ve—1\0) x {pp}) = dimV,,_y,

contradicting dimV,,_ < dimV,,. O

@ Springer



Multiplicity of Normalized Solutions for Schrodinger... Page130f18 113

It follows from Lemma 3.3 that

¢y, = inf max Jr(y(t,u)) >b, = mf Jr (1) — oo. 3.7
yel'y, t€[0,1] u€By
ueS(a)Nvy

Clearly by (3.2) and (3.6) there also holds
cn > bo > 0. (3-8)
We recall the stretched functional from [15], see also [13]:
Jr :Rx E—>R, (s,u) — Jr(s xu).
Now we define

y is continuous, odd in u,

Fn:={ 1[0, 1] % (S(a) N V,) — R x S(a) ser
@ o n

where ¢(s, u) = s * u and

¢y = inf  max  Jr(7(t, u)).
ser, 1€0.1]
ueS(a)ﬁV,,

Reference [5, Lemma 2.5], we also have conclusions ¢,, = ¢, for ¢, and ¢,.
Next, we will show that ¢, is a critical value of Jr, which is an important part of
the proof of Theorem 1.1. We fix n from now on.

Lemma 3.5 There exists a Palais-Smale sequence {uy } for Jr at the level c,, satisfying
P(up) — 0ask — oo, where

wt' ([ Vull2)
P(u) = ||Vull3 — Sqnt(IVull) ulld — TIIVullzlluIIZ — 8pllully.
(3.9)

Proof For y € T, there holds by (3.6), (3.7), (3.8), and the definition of I',,:

cnzmax{bo,bn}>ma><{ max Jr (y,(0,u)), max JT(%(LM))}
ueS(a)Nv, ueS(a)Nv,

=max{ max  Jr(y(0,u)), max jT()/(LM))}~
ueS(a)Nv, ueS(a)Nv,

Using the fact ¢, = ¢, we obtain a sequence {y,f} in [, such that

max Jr (0, v") = c,.
[0.1]% (S(@)NVy) T (0.71) > e
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Now Ekeland’s variational principle implies the existence of a Palais-Smale sequence
{(sg, up)} for ‘7T|]RXS( ) atthe level ¢, such thats?” — 0. From Jr(s, u) = Jr (0, s *

u) and for every ¥ € H'(R") we deduce

(9 T1) (s.u) = (3,T7) (0, s xu) and (3, T7) (s, W] = (3,Tr) (O, s 5 u)[s * ]

so that {(0, s} * u})} is also a Palais-Smale sequence for Jr |]R>< ¢ atthe level ¢, Thus

we may assume that s;/ = 0. This implies, firstly, that {uZ} is a PalaisSmale sequence

for Jr at the level ¢,, and secondly, using 9y Jr (0,u}) — 0as k — oo, that is
P(uy) — Oask — oo. O

Lemma 3.6 Assume that N >3 and2 < q < p < p < 2% (A.2) is satisfied for any
a > 0and p > 0, if the sequence {u} in S(a) satisfies Ty (up) — 0, Ir (ur) —
¢ > 0,and P(uy) — 0 as k — oo, then it is bounded in E and has a convergent
subsequence.

Proof Claim 1: The sequence {uy} is bounded in E.
Suppose {uy} is unbounded, that is, ||Vuk||% — oo as k — o0o. As P(uy) — 0 as
k — 00, we observe that

1 wdg T (I Vugll2) wt' ([ Vugll2)
lukllhy = —IVuells — ————llugls — ——————Vugll2 lullF + o(1).
(Sp ap C](Sp
Whence
1 1 " qé
Jr () = (— - —) I Vugll3 — = (1 — =L ) (I Vurll2) lue
pdp q pdp
wt' (| Vugll2)
+ —————— I Vugll2llurlld + o(1),

qrdp
by the Gagliardo-Nirenberg inequality (1.1) and t’(x) € [0, Bnax) We have that

1 1 nw qé _ 5
c+ 1> Tru) > (— - —) IVugl3 — = (1 < ) (| Vurll) €Y a0 | Ve |37,
2 péy q pdp

this implies that
IVuil3 < Call =309 (| Vuy |13 Vue 15
since g, < 2, the boundedness of {u;} follows also in this case.
As {u}isboundedin Hr1 (RN, and H,1 (RV) — LIRN) compactly forl € (2,2%),
there exists u € Hr1 (R™) such that up to a subsequence
Up—u in Hr1 (RN), Up —> uin LI(RN) and uy — u a.e.in RV,

Claim 2: The weak limit u« is nontrivial, that is, u # 0.
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Since Jr(ug) — ¢ # 0, using the fact that P(ux) — 0 and 7/(x) €
[0, Binax) forallx € R, we had ury — 0 we would find by strong L?(RN) and
L?(RN) convergence that

pt'([Vugll2)

Vu u |2
2 Vg2 llukllg

)
Tr(ug) = g (%" - 1) t(IVugll2) luelld +

1 )
- (% - 1) luellZ + o(1) = 0,

that is a contradiction.

Claim 3: Ay — X < 0.
By Willem [24, Proposition 5.12], there exists {A;} C R such that

/ Vug - Vipdx — pt (| Vug ) / lug|? 2 upprdx — / lug| P 2ugprdx
RN RN RN
(3.10)

, 1
pT I Varel2) (f Vuk-wdx>2 =/ hugwrdx + o(1) [ .
RN RN

— lluxly

for every ¥ € H! (RM), where o(1) — 0 as n — oo. The choice Y = uy provides

pt'(IVugll2)

IVuell; — pr(IVuel) luelg — IVuellzlluell§ = luklly = xa® + o(1).

Recalling that P (ux) — 0, we have
aa? = @y — DI Vugll) lulld + @S, — Dllugllh + o(1), (3.11)
since 0 < 84,8, < 1, we deduce that {A;} is bounded and A; < 0. We now claim that

lim [[Vuglo = A > 0.
k— 00
If not, from Gagliardo-Nirenberg inequality (1.1) we obtain

lim lug|'dx — 0 for I € (2,2%),

k—o0 JrN
then

pnt(IVugli2)

. . 1 1
0#c= lim Jr(ux) = lim |:—||V“k||% - llug g — —||Mk||§] =0.
n—00 n—oo | 2 p

Next, we proved that up to a subsequence Ay — A < 0. Using the strong L? (R")
and L9 (R"N) convergence of {uy}, by (3.11) we have that

ra® = (g — DT (A)ull§ + 6, — Dllul),
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since 0 < 84,8, < 1 and T(A) > 0, we must have A < 0.
Claim 4: u; — u in Hr1 (RM).
Up to a subsequence, let lim;,—, o ||Vuk||% = A% > 0. Then, u satisfies

pt'(A)

IVull3 — e (A)uld — IVullollall§ = llull)y = Aluls. — (3.12)

By (3.10) and (3.12), we obtain

ut'(A)
IVl — wr(A)luld —

2
IVul2llullg — Aulz
p : pr
= llullp = lim flugl)
k— 00

. nt' ([ Vug )
= lim [IIVukII% — pr(IVugll) lug§ — ——————
k—o00

ut'(A)

q 2
Vurll2llurlly — llluklb}

> A® — p(A)ulf - Alull§ = Mu3.

We claim that 1 — ||u||2% > 0.If not, then ¢ < p7/(A)||u||7. From the properties
of function 7, we have the following two cases.
Case 1: If A € (0, Rg] U [R}, +00) then t/(A) = 0, we get a contradiction

0<gq < npt'(Wlulg =0.

Case 2: If A € [Rg, R{]then 7/(x) € [0, Biuax), by Proposition 2.1 and Gagliardo-
Nirenberg inequality (1.1) we have

— Ly
q < ut' (Wlullf < phnaxCly a0 Vul3

_ qs
= M,Bmaxc;qv’qa(l Sq)qu !

9%q

Pép—2 (1=8p)p

q P —q8q 5555 (1—8,

< M,BmaxCN’q (ch ) a =2 g q)q’
N,p

this contradicts condition (A.2).

Then we can deduce that A = || Vu||; and IIMII% = a?. Uptoasubsequence, u, — u
strongly in H!(RV). O
Remark 3.1 When the formulas (A.1)) and (A.2) are satisfied, according to (3.7),

Lemma 3.5 and 3.6 we know that the functional J7 has an unbounded sequence of
pairs of radial solutions {(ug, Ax)} C H'(RN) x R™.

Proof of Theorem 1.1 From Remark 3.1, we know the functional /7 has an unbounded
sequence of pairs of radial solutions {(uy, Ax)} C H LRN)xR~, where || Vi ||% — 00
as k — oco. By Lemma 2.1 we can see that J7 (1) = Jr () when ||Vu||% > R;.Thus,
we can obtain an unbounded subsequence, still denoted as {(uy, Ax)}, which is an
unbounded sequence of pairs of radial solutionsan of the problem (P). O

@ Springer



Multiplicity of Normalized Solutions for Schrodinger... Page170f18 113

Acknowledgements The authors thanks the editors and reviewers for their valuable comments and sug-
gestions, which greatly improved the manuscript.

References

10.

12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.
25.

26.

. Alves, C.O.: On existence of multiple normalized solutions to a class of elliptic problems in whole

RN . 7. Angew. Math. Phys. 73, Paper No. 97, 17 (2022)

. Alves, C.0., Ji, C., Miyagaki, O.H.: Multiplicity of normalized solutions for a Schrodinger equation

with critical growth in RN Differ. Integ. Equ. (2023), to appear

. Alves, C.0,, Ji, C., Miyagaki, O.H.: Normalized solutions for a Schrodinger equation with critical

growth in RN Calc. Var. Part. Differ. Equ. 61, Paper No. 18, 24 (2022)

. Bartsch, T.: Topological Methods for Variational Problems with Symmetries. Lecture Notes in Math-

ematics, vol. 1560. Springer-Verlag, Berlin (1993)

. Bartsch, T., de Valeriola, S.: Normalized solutions of nonlinear Schridinger equations. Arch. Math.

(Basel) 100, 75-83 (2013)

. Bartsch, T., Molle, R., Rizzi, M., Verzini, G.: Normalized solutions of mass supercritical Schrodinger

equations with potential. Commun. Partial Differ. Equ. 46, 1729-1756 (2021)

. Bartsch, T., Soave, N.: A natural constraint approach to normalized solutions of nonlinear Schrodinger

equations and systems. J. Funct. Anal. 272, 4998-5037 (2017)

. Bartsch, T., Willem, M.: On an elliptic equation with concave and convex nonlinearities. Proc. Am.

Math. Soc. 123, 3555-3561 (1995)

. Bellazzini, J., Jeanjean, L., Luo, T.: Existence and instability of standing waves with prescribed norm

for a class of Schrodinger—Poisson equations. Proc. Lond. Math. Soc. (3), 107, 303-339 (2013)
Cazenave, T., Lions, P.-L.: Orbital stability of standing waves for some nonlinear Schrodinger equa-
tions. Commun. Math. Phys. 85, 549-561 (1982)

. Conner, PE., Floyd, E.E.: Fixed point free involutions and equivariant maps. II. Trans. Am. Math. Soc.

105, 222-228 (1962)

Fadell, E.R., Rabinowitz, P.H.: Bifurcation for odd potential operators and an alternative topological
index. J. Funct. Anal. 26, 48-67 (1977)

Hirata, J., Ikoma, N., Tanaka, K.: Nonlinear scalar field equations in R¥: mountain pass and symmetric
mountain pass approaches. Topol. Methods Nonlinear Anal. 35, 253-276 (2010)

Hirata, J., Tanaka, K.: Nonlinear scalar field equations with L2 constraint: mountain pass and symmetric
mountain pass approaches. Adv. Nonlinear Stud. 19, 263-290 (2019)

Jeanjean, L.: Existence of solutions with prescribed norm for semilinear elliptic equations. Nonlinear
Anal. 28, 1633-1659 (1997)

Jeanjean, L., Lu, S.-S.: Nonradial normalized solutions for nonlinear scalar field equations. Nonlinearity
32, 49424966 (2019)

Jeanjean, L., Lu, S.-S.: A mass supercritical problem revisited. Calc. Var. Partial Differ. Equ. 59, Paper
No. 174, 43 (2020)

Palais, R.S.: The principle of symmetric criticality. Commun. Math. Phys. 69, 19-30 (1979)

Peral, 1.: Multiplicity of solutions for the p-laplacian. second school of nonlinear functional analysis
and applications to differential equations. Int. Cent. Theor. Phys. Trieste 1-113

Shibata, M.: A new rearrangement inequality and its application for L2-constraint minimizing prob-
lems. Math. Z. 287, 341-359 (2017)

Soave, N.: Normalized ground states for the NLS equation with combined nonlinearities. J. Differ.
Equ. 269, 6941-6987 (2020)

Soave, N.: Normalized ground states for the NLS equation with combined nonlinearities: the Sobolev
critical case. J. Funct. Anal. 279, 108610 (2020)

Weinstein, M.I.: Nonlinear Schrodinger equations and sharp interpolation estimates. Commun. Math.
Phys. 87, 567-576 (1982/83)

Willem, M.: Minimax Theorems, vol. 24. Springer Science & Business Media, New York (1997)
Yang, Z., Qi, S., Zou, W.: Normalized solutions of nonlinear Schrédinger equations with potentials
and non-autonomous nonlinearities. J. Geom. Anal. 32, Paper No. 159, 27 (2022)

Zhang, Z., Zhang, Z.: Normalized solutions of mass subcritical Schrodinger equations in exterior
domains. NoDEA Nonlinear Differ. Equ. Appl. 29, Paper No. 32, 25 (2022)

@ Springer



113 Page 180f18 Y.-C.Lv,G.-D. Li

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer



	Multiplicity of Normalized Solutions for Schrödinger Equations
	Abstract
	1 Introduction
	2 Preliminaries
	3 Proof of Theorem 1.1
	Acknowledgements
	References




