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Abstract

The main result of this paper is to establish a weighted second-order Adams-type
inequality on the whole set of R*. As an application of this result, we prove the
existence of a solution for a Kirchhoff-type equation involving non-linearity with
subcritical or critical exponential growth. In the critical case, the associated energy
loses its compactness. To avoid this problem, we add an asymptotic condition to the
nonlinearity
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1 Introduction and Main Results

We first give an outline of Trudinger-Moser inequalities in classical Sobolev spaces
of the first order. We also discuss Adams inequalities in higher-order Sobolev spaces.

In the literature, the notion of critical exponential growth is linked to Trudinger-
Moser inequalities. For bounded domains ¢ RY, and in the Sobolev space W(} o (2)
, these inequalities [32, 36] are given by

N
sup / el ™1 gy < 400 if and only if o < ayp,
JolVulN<1/Q

1
where ay = wx | with wy_1 is the area of the unit sphere S¥~! in RV Later, the

Trudinger-Moser inequality was improved to weighted inequalities [10, 12]. When
the weight is of logarithmic type, Calanchi and Ruf [11] extend the Trudinger-
Moser inequality and proved the following results in the weighted Sobolev space,

W, md(B p) = closure{u € C0 rad(B) | fB IVu|N p(x)dx < oo}, where B denote

the unit ball of RN, N > 2.

Theorem 1.1 [11]

(i) Let B €0, 1) and let p given by p(x) = (log |xl)ﬁ"v D then

/ " dx < 400, Y ue Wé”r]:id(B, p), ifandonlyif y <yng
B

_ N _ N’
S (N-DA-=-B 1-8

and

YN, J S

sup / AN gy c 100 o a<oaypg= [a)N LA =B1T
ueWy g (B.p) B

[z VulNw(x)dx<1

where wy_1 is the area of the unit sphere SN™' in RN and N’ is the Holder

conjugate of N.
(ii) Let p given by p(x) = (log & N1 then
& Tx]

L
/ e)cp{e| ufN-t }Jdx < 400, Y ue W(;’r]zd(B, 0)
B ,

and

L N
N-1I N=T
sup / exp{BeN1 MV iy < 00 & B <N,
ueWy' (B.p) B
llullp<1
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where wy_1 is the area of the unit sphere SN=' in RN and N’ is the Holder
conjugate of N.

These types of results are mainly derived from calculations involving integrals and
series. These types of calculations are currently at the heart of the mathematical news
(see [21, 22, 33, 34]). Also, we like to recall, for instance, the study made by [8], [9],
[14] and reference therein.

The Theorem 1.1 has allowed the exploration of second-order weighted elliptic
problems in dimensions where N > 2. As a result, Calanchi et al. [13] established
the existence of a non-trivial radial solution for an elliptic problem defined on the
unit ball in R?, where the non-linearities exhibit double exponential growth at infinity.
Following this, Deng et al. studied the following problem

{ —div(o (x)|Vu @)V 2Vu(x)) = f(x,u)in B (L1
u=20 on 0B, ’

where B is the unit ball in RY, N > 2 and the nonlinearity f(x, u) is continuous
in B x R and has critical growth in the sense of Theorem 1.1. The authors have
proved that there is a non-trivial solution to this problem, using the mountain pass
Theorem. Similar results are proven by Chetouane and Jaidane [15, 24] and Zhang
[38]. Furthermore, problem (1.1), involving a potential, has been studied by Baraket
and Jaidane [7]. Also, we point out that recently, Abid et al. and Jaidane [1, 25] have
proved the existence of a nontrivial solution for the following logarithmic weighted
Kirchhoff problem

fg<[ r(x)|Vu|N+V(x)|u|Ndx)div(r(x)|w|N—2w V@20 = foou)in B
? u=~0 on 0B,

B(N=1)
where B is the unitballin RN, N > 2, the weight T (x) = (log ﬁ) , with g =
1 or B €10, 1), the reaction term f (x, u) is continuous in B x R and behaves like
N

N
N—1 N—-1)(1— . =5
at { )) or eV ast s 4o, for some & > 0 and the potential V

exp (e
is a positive and continuous function on B. The authors proved that there is a non-
trivial solution to this problem using Nehari method and weighted Trudinger-Moser
inequality [11].

These Kirchhoff-type equations are inspired by the following well-known Kirchhoff
problem [26]

(B B ) e

pm | axz = f(-x1 u)1 (12)

h+io ax

where p, Py, h, E, L represent physical quantities. This model extends the classical
D’ Alembert wave equation by considering the effects of the changes in the length of
the strings during the vibrations. We call (1.2) a nonlocal problem since the equation
contains an integral over [0, L] which makes the study of it interesting. Later, Lions in
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his pioneering work [29] presented an abstract functional analysis framework to (1.2).
We mention that non-local problems also arise in other areas, for instance, biological
systems where the function u describes a process that depends on the average of itself
( for example, population density), see for instance [3, 4] and its references.

In recent years, Aouaoui and Jlel [6] have extended the work of Calanchi and Ruf
to the whole R? space, by considering the following weight

vp(x) = (log (lfc;\»ﬂ iflel < 1, (1.3)
x (x]) if |x| > 1,

where, 0 < 8 < 1 and x : [1, +00[—]0, 4+0o0[ is a continuous function such that

x(1) =1 and [%nf [ x(t) > 0. The authors consider the space Eg as the space of
tell,+o0

all radial functions of the completion of C§® (RZ) with respect to the norm

||u||%ﬁ = Az |Vu|2uﬁ(x)dx + /Rz uzdx = |Vu|i2(R2’Uﬂ) + |u|i2(R2).

The authors proved the following result:

Theorem 1.2 Let B € (0, 1) and wg be defined by (1.3). For allu € Eg, we have

2
f (elul L 1) dx < +o0.
]R2

Moreover, ifa < tg, then

2
sup / (e“"']ﬂ - 1) dx < 400 (1.4)
ueEp.llull gy <1 JR?

where tg = 2[27(1 — ﬁ)]ﬁ. Ifa > 14, then

2
-
sup / (e""“ - 1) dx = +o0.
uckp,llullpg <1 R2

We now give an historic of second order Adams inequalities. For bounded domains
Q c R4, in [2, 35] the authors extended the Trudinger Moser inequality to the higher
order space WO2 ’2(9) and obtained

sup/ (e““z) —Ddx <400 & «a<327°
Q

ues
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where

S={ueWriQ) | (/ |Auf2dx)? < 1),
Q

When Q is replaced by the whole space R*, Ruff and Sani [35] established the
corresponding Adams type inequality as follows:

sup f @) — dx < 400 & a < 327> (1.5)
Q

lully2,2 <1

where ||u||§V2,2(R4) :/R4|Au|2dx+2/4|Vu|2dx+/4u2dx.

R
Recently, Adams-type inequalities on the logarithmic weighted Sobolev space

We2 (B, w) = closure{u € C§%,4(B) | / (log(ﬁ)ﬂ|Au|2dx < o0}
, , - P

of radial function in the unit ball B of R* has been established. More precisely, in [37]

the authors proved the following result:

Theorem 1.3 [37] Let f € (0, 1) and let w = (log(%))?, then

2
=l 1
sup / AU gy c boo & a< ag = 4[87%(1 — B)]T7.
ueWg (Baw) VB
[ w0 AulPdx<1

This last result permitted the authors in [18, 23] to investigate the following weighted
problem

g([zw@AuP + [Vul? + V(@)uH)dx)[A(wEx)Au) — Au+ V(x)u)] = f(x,u)in B
U= g—: =0 on 0B,

when g = 1 or g is not constant and verifying some mild conditions and where
B = B(0, 1) is the unit open ball in R4, f(x, t) is a radial function with respect to x
and the weight w(x) is given by

|x|

o \5
w(x) = <log—> , Be(0,1)

The Kirchhoff function g : R™ — R™ is a continuous positive function and the
potential V is a positive continuous function on B and bounded away from zero in B.
The authors proved that this problem has a positive ground state solution. The existence
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result was proved by combining minimax techniques and weighted Trudinger-Moser
inequality.

It should be noticed that several works involving weighted elliptic equations of Kirch-
hof type with critical non-linearities in the sense of Theorem 1.1 or Theorem 1.3 have
been investigated (see [1, 23, 25]).

Recently, Meng et al. [30], studied the following fourth order equation of Kirchhoff
type namely:

A%u—(a +b/ |Vul?dx)Au + V(x)u = f(x,u) in RV, ue H*RY),
RN

with concave-convexe nonlinearities. The authors prove that there are at least two
positive solutions. They used the Nehari manifold, Ekeland variational principle and
the theory of Lagrange multipliers.

Now, we denote by E the space of all radial functions of the completion of C§° R
with respect to the norm

||u||2=f |Au|2w,3(x)dx+/ |Vu|2dx+f u’dx.
R4 R4 R4

where the weight wg(x) is given by

wp(x) = (log (lTe\))ﬂ ifxf <1, (1.6)
x (1x]) if [x| > 1,

with;lt < B <1,y :[1,+00[— [1, 4+00[1is acontinuous function such that x (1) = 1
and inf x(¢) > 1. Also, we suppose that there exists a positive constant M > 0

te[l,+o0o[
such that
1 r r t3
—8(/ t3x(t)dt> <f —dt>§M,Ver, (1.7)
r 1 1 x(@)
1 r
= (/ t3x(t)dt> <M,Vr>1, (1.8)
r 1
and
ma>‘(l x (1)
<t<<
= VI (1.9)
min x (1)
r<t<4r

We give some examples of functions x : [1, +oo[— [1, +o0[ satisfying the conditions
(1.7), (1.8) and (1.9):

e Any continuous function x suchthat y (1) = land 1 < in{ x () <supx(t) < +oo.
= t>1
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ex() =13, -4 <5 <4
o x(t)=1+logt.

Since the weight wg belongs to the Muckenhoupt’s class A, then C3° (R“) is dense
in the space E (see Lemma 1). It follows that the space E can be seen as

E= {u e L%, (R“) , /RA (1AulPwp(x) + |Vul?)dx < +oo},

endowed with the norm

||u||2=/ |Au|2wﬁ(x)dx+/ |Vu|2dx+/ u’dx.
R4 R4 R4

We note that this norm is issued from the Euclidean inner product scalar
(u, v) = / (w,g(x)AuAv + Vu.Vv + uv) dx.
B

We first prove a weighted second order Adams inequality which is similar to (1.5)
in the set of R* that is:

Theorem 1.4 Let 8 € (}1, 1) and let wg given by (1.6). Then
(i)
12
f (™ —1)dx < 400, VucE. (1.10)
R4
(ii)

2
—= 1
sup f (e()‘lm1 h_ 1)dx <400 & a=<og= 41872 (1 — BB,
HuﬁEl R4

ul|=

(1.11)

As an application of this last result, we study the non local following weighted
problem

g(/4(w,3(x)|Au|2 + [Vul? + u)dx)[A(ws(x) Au) — Au+u)] = f(u) in R,
R

(1.12)
where the weight is given by (1.6).The non linearity f(¢) is continuous in R and
behaves like exp{atT-#} as |t| — +oo, for some o > 0 . The Kirchhoff function

g : RT™ — R™ is a continuous positive function which will be specified later.
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In this paper, we set

2
V=TT B
We now give some definitions of the notion of the exponential growth for the non-
linearity f. In view of inequality (1.11), we say that f has critical growth at +oo if
there exists some ag > 0,

lim lf(i?' =0, Va suchthat ¢ > 9 and lim lf(i?' =400, V
Isl—>oo €% Isl>+oo €2
o < ap. (1.13)

According to inequality (1.10), we say that f has subcritical growth at 400 if

lim L@

Is|l—>+oo e*s”

=0, Va>0.

Letus now present our results. In this paper, we always assume that the nonlinearities
f(¢t) have critical growth with oy > 0 or that f(¢) has subcritical growth and fulfils
these conditions:

(Hp) The non-linearity f : R — R is continuous.

t
(H,) There exist fg > 0 and My > 0, such that 0 < F(t) = / f(s)ds < M0|f(t)|
0

fort > 1.

(H3) There exists @ > 4, suchthat0 < 0F(t) = 9/1 f(s)ds < tf(t), Vt e
R“?b 0

(Hy) lm — =0.

(Hs) There exist p, p > 4 and A > 0 such that

|7|?
F(t) > A— forall r € R.
p

We give an example of such non linearity f.Let f(¢) = AP~ + Aap(y — 1) — ’Vﬁl e’

with £ (1) = Ofort < 0.Itisclearthat F(r) = A%—l—%e“o‘['y.Since lim ——= =
then (H) is satisﬁed Also, the conditions (Hy) and (Hs) are verified. It is clear that
1

fort > (————— 0( — )7 the condition (H3) is satisfied.
Now, we define the Kirchhoff function g and set out the conditions for it. The
function g is continuous on R™ and fulfils the conditions :

>

(G1) There exists gg > 0 sucht that g(¢r) > go for all t > 0 and

Git+s)=>Gt)+G(s) V s,t>0;

@ Springer
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where

t
G(t)=/ g(s)ds,
0

t
(G2) %) is nonincreasing for ¢ > 0.

t
The assmption (G7) implies that ? < g(1) for all ¢t > 1. Also, as a consequence

of (G3), a simple calculation shows that
1 1 . .
EG(t) — Zg(t)t is nondecreasing for ¢ > 0. (1.14)

Consequently, one has
1 1
zG(t) — Zg(t)t >0, Vi >0. (1.15)

A typical example of a function g fulfilling the conditions
(G1) and (G») is given by
e g(t) =go+at, go,a>0.
eg(t) =1+1In(1+1).
We say that u is a solution to the problem (1.12), if u is a weak solution in the
following sense.

Definition 1.1 A function u is called a solution to (1.12) if u € E and

g(||u||2)(u,<p) = /R4 fu) ¢dx, forall ¢ € E. (1.16)

It is straightforward to see that finding weak solutions to the problem (1.12) is
equivalent to finding non-zero critical points of the following functional on E :

1
T(w) = —G<||u||2)—/ F(x, u)dx, (1.17)
2 R4
where F (1) = ' f(t)de.

0
We prove the following results:
In the critical case, we prove

Theorem 1.5 Assume that the function f has a critical growth at +00 and satisfies
the conditions (Hy), (H»), (H3) and (H4). In addition, suppose that (G1) and (G7)
are satisfied. Then, there exists Ay > 0 such that problem (1.12) has a nontrivial weak
solution for all A > Ay.

In the subcritical case, we have :

@ Springer



106 Page 100f34 S. Baraket et al.

Theorem 1.6 Assume that the function f has a subcritical growth at +00 and satisfies
the conditions (Hy), (Hy) and (H3) . In addition, suppose that (G1) and (G3) are
satisfied. Then, problem (1.12) has a nontrivial weak solution.

In general, the treatment of fourth-order partial differential equations is an interest-
ing subject. An interest in the investigation of these equations has been stimulated by
their applications in the following fields: in micro-electro-mechanical systems, phase
field models of multi-phase systems, thin film theory, surface diffusion on solids, inter-
face dynamics, flow in Hele-Shaw cells, see [16, 19, 31]. However many applications
are generated by elliptic problems, such as the study of traveling waves in suspension
bridges, radar imaging (see, for example [5, 28]).

This paper is organized as follows. In Sect. 2, we present some necessary prelimi-
nary knowledge about functional space. In Sect. 3, we prove some preliminary results
that will be useful in our proofs. Section 4 is devoted for the proof of Theorem 1.3.
Section 5 concerned the variational framework of problem (1.12). In Sect. 6, we give
the proof of Therems 1.5 and 1.6.

Through this paper, the constants C or ¢ may change from line to another and we
sometimes index the constants in order to show how they change.

2 Weighted Lebesgue and Sobolev Spaces Setting

Let @ ¢ RY, N > 2, bounded or unbounded, possibly even equal to the whole RV
and let w € L'(Q) be a nonnegative function. To deal with weighted operator, we
need to introduce some functional spaces L” (2, w), W™ P (2, w), W(;"’p(Q, w) and
some of their properties that will be used later. Let S(£2) be the set of all measurable
real-valued functions defined on 2 and two measurable functions are considered as
the same element if they are equal almost everywhere. Following Drabek et al. and
Kufner in [17, 27], the weighted Lebesgue space L (€2, w) is defined as follows:

LP(Q,w) = {u : @ — R measurable; / wx)|ul? dx < oo}
Q

for any real number 1 < p < oo.
This is a normed vector space equipped with the norm

1
il o = (fgwomuv’ ax)".

Form > 2,let w be a given family of weight functions w,, |t| <m, w = {w.(x) x €
Q, [t| =m}.
In [17], the corresponding weighted Sobolev space was defined as

WnP(Q,w) ={ueLP(Q),Duecl’Qw) VY 1<|t|<m—1,Du
e LP(Q,w) ¥ |t| =m)
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endowed with the following norm:
1
P
||u||WmvP(§z,w)=( > /|D’u|f’dx+ > / w(x)|Dfu|de) :
T jel=m <
where w; = 1 forall |t]| <k, w; = w forall |t| =k.

If we suppose also that w(x) € L}OC(Q), then C§°(£2) is a subset of WP (Q2, w) and
we can introduce the space

ng’p(Q, w)
as the closure of C3°(£2) in WP (2, w). Moroever, the injection
WP(Q, w) < W™ LP(Q) is compact.

Also, (LP(2, w), || - | p,w) and (WP (2, w), || - [lwm.r(Q,w)) are separable, reflexive
=

Banach spaces provided that w(x)»-T € L }OC(Q). Then the space
E={uel?,R"Y | / (wg )| Aul* + |Vu|*)dx < +oo)
R4

is a Banach and reflexive space.
We have the following result

Lemmal Cg ., (R4) is dense in the space

{u e L%, (R“) / (18uPws ) + |Vul?)dx < ~|—oo}.
]R4

Proof it suffice to see that wg belongs to the Muckenhoupt’s class A> (we also say
that wg is an Az-weight), that is

1 1 _
sup (E/Bwﬁ(x)dx) (ﬁflg(wﬁ(x)) ]dx) < 400,

where the supremum is taken over all balls B C R*.
Let r > 0 and xo € R*. Denote by B (xo, r) (resp. B(0, r)) the open ball of R* of
center xo and radius r (resp. of center 0 and radius r ).

o First case: Suppose that B (xg,7) N B(0,r) # @. Thus, B (xg,r) C B(0, 3r)
which implies that
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106 Page120f34 S. Baraket et al.

- <f w (x)dx> </ dx )
|B (x0, )I* \JB(xo.r) g B(xo,r) W(X)
c 3r 3 3r l3
< 3 </o wg ()t dt) (/0 w/g(t)dt) . 2.1

If 3r < 1, then

([ o) ([ )
r8 \Jo e o wg(®)
3r 3r 3
S <f A - logt)ﬁdt) (/ t—dt)
r8 0 0 (1 — log l)ﬂ ’

But, a simple computation gives

c 3r 3 p 3r t3
lim sup — t°(1 —logt)Pdt ——dt | < +o0. 2.2
R (/o ( gt ) </0 (1 —logr)P ) @2

If 3r > 1, then

c 3r 3r l3
— / (t)t3dt> (/ d:)
r8 ( 0 @8 o wp()

c 1 3r
== (/ a4 —1ogt)/3dt+/ t3)((t)dt>
r 0 1
1 t3 3r t3
(/0 —(1_logt)ﬁdt+/l mdr). (2.3)

Since inf x (¢) > 1, then
>1
1 3r t3
lim sup —8/ —dt =0 < 400- 2.4)
rotoo T J1 X ()
On the other hand, by (1.8), we infer

1 3r
lim sup — By @)dt < +oo- (2.5)
1

r—+oo I
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Hence, in view of (2.4), (2.5) and (2.3), it remains to show that

1 3r 3r t3
lim sup — </ t3x(t)dt> (f —dt) < 4o0.
r—too I 1 1 x®

But this fact can immediately be deduced from (1.8). Combining (2.2) and (2.3),
we deduce from (2.1) that there exists a constant Dy > 0 independent of x¢ and » such
that

sl ([ ) e
|B (x0, 1> \JB(xo.r) P Blxo.r) @p(x) )~ 0 '

e Second case: Suppose that B (xo, ) N B(0, r) = @. In this case, we have

|xo!
— < |x| <2lx0l,VYx € B (xo,7).

Hence,

. (/ w (x)dx) </ dx >
|B (xg, r)|2 B(xo,r) P B(xg,r) WB ()C)

SUP Ll | <oy WB (D) -5 (Supt5t54r Wﬁ(f)> ‘ @7
Inf gl |y <o) W) >0 \ Infr<; <47 wp (1)
If 4t < 1, then
Sup, ;<4 wpt) (1 —log 7)P .
infr<<4r wp(t) (1 —log(4r))?
In view of the fact that
( 1—logt >ﬁ
sup _ < 400,
0<r<} 1 — log(47)
it follows that
su weg(t
sup (M> < +00. (2.8)
1\ inf7 <t <47 wp(2)

O<t<y

@ Springer



106 Page 14 0f 34 S. Baraket et al.

Ifz—llst<1,then

SUP; <;<4r wg () - Sup%5t54 wg(1)

- == < to0,
inf;<;<4r wg(?) mf%g54 wg(t)
and consequently,
su wep(t
sup ( Pr<idr ﬁ()> < 400 (2.9)
121 lnfTSt541— wﬁ(t)

i=

If ¢ > 1, then it follows

SUPy </ <40 @) SUP <y <47 X (1) <
infr</<4: wg () infrercar x (1)

’

and consequently,

sup
>1

< SUP; <; <47 wB (1)

. < +4o00. 2.10
inf;</<47 wg (1) ) ( )

Combining (2.8) and (2.9), we deduce from that there exists a constant C; > 0
independent of x( and r such that

1 dx
_— d < (Cy. 2.11
| B (xo, r)|2 (/B(xo,r) wﬂ(X) x) (/f;(xo,r) wﬁ(x)> =7 ( )

This completes the proof.

3 Some Useful Preliminary Results

In this section, we will derive several technical lemmas for our use later. First we begin
by the radial lemma.

Lemma2 Letu € E. Then

1
lull2 for |x| =1,

3

1
lu()] < —
T |x2
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Proof We prove the lemma for all u € Cg7, d(R4) and use density arguments to
conclude. Let ¢ (s) = u(x), |x| = s. For r > 1, using the Holder inequality, Young
inequality one has

+oo +00 s
@) =2 / ¢/ ($)(s)ds <2 / 16/ (5)p ()53 T |ds

+00 +o0 2
<o [ Tworsa)i([ P )

S
1 Fo0 1 +oo 2 1
= —2(2n2/ |¢’(s)|zs3ds)2(2712/ wfds)z
T . - s
< —— ul“dx u-dx
23 |x|>r |x|>r
11
= r—3p||’4||'

We recall that

Wo2 (B, w) = closure{u € CZ ,4(B) | / (1og(|i|)ﬂ|Au|2dx < oo}.
, , . <

We have the following results.
Lemma 3 Let u be a radially symmetric function in Cg (B). Then, we have
(i) [37] Forall |x]| < 1,

1
1 ogGel' =F =112

ulx)| < wg (x)| Aul*dx
|()|_2ﬁn N Bﬁ()| |
1 Illog(EHI'=# — 112
< l ]|
T 2V2n JI—8
@ii) e dx < +oo, Yue Wy (B, w).

lx]<1
(iii) The following embedding is continuous

E < LY(RY) forall q > 2.

(vi) E is compactly embedded in L9 (R%) forallg > 2.
Proof (i) see [37]
(i7) From (i) and using the identity log(ﬁ) — |log(]x])] = 1 Vx € B and the fact
that /t — 1 < /1, Vt > 1, we get
1
=P

1 e B 1
@)’ < —|llog(—)I""F — 1| Jull” < —(1+|log(x]]|) lull”.
ag |x| ag
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llull” (1+|logr|)
Hence, using the fact that the function r > r3e “p is increasing, we get

) S ! 5 WZ0tieer) p2 g -
/ " dx<2m / e T drs—-e ™ < too. ¥ ue Wy, (B.w).
|x|<1 0 ’

Then (i7) follows by density.
(iii) Since wg(x) > 1, then by Sobolev theorem, the following embedding are
continuous

N N
E s W22 (R wg) = W2 ([RY < LIRY) Vg > 2.

The embedding £ — L4 (R%) is compact. In fact, set Q(s) = |s|? and P(s) =

|s]9F€0 4 |s|97€, where 0 < €y < g — 2. Clearly, % — 0 as |s| = 400, and
s

0(s)

P(s)

up(x) > 0 a.ex € R*. By the continuity of the embedding E < L4+¢0 (R*) and

E <> L1790 (R%*), we obtain that

— 0 as |[s|] — 0. Let (#,), € E be such that u, — 0 weakly in E and

sup/ |P(uy)| < +o0.
n JR4

On the other hand, by Lemma 2, u,(x) — 0 as |x| — 400, uniformly in n € N.
Therefore, we can apply the compactness Strauss Lemma, to deduce that Q(u,) —
0 strongly in L'(R?).

This concludes the lemma. O

Lemma4 [20] Let @ C RN be a bounded domain and f Q x R a continuous
function. Let {u,}, be a sequence in L' () converging to u in L' (Q). Assume that
f(x,uy) and f(x,u) are also in LY(Q). If

/ | f(x, upuyldx < C,
Q
where C is a positive constant, then

Fx,un) = fx,u) in LY(Q).

4 Proof of Theorem 1.4

We first show the first point of the theorem 1.4. We have forall u € E,

M= _/
(e — Ddx =

[x[>1

2 2
(""" — Ddx + / 7" — Ddx. @.D)

R4 lx|<1
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On one side,

/ (el!"? —l)dx_zk'/ u| P dx. 4.2)
|x|>1 |x|>1

From Lemma 2, we get

/ |7 d 1|I 177 /+oo L 1|I |7 1
ull- x < —|ull'- —_—dr = —||ul|| ' ——
— 3k
lx|>1 T (I T o —4

1-g
1 1—
< —|lu| -5 15 '31, forall k > 1;
jT —
1
7 <B<l. 4.3)
Associating (4.2) and (4.3) gives us
25 11— B s
|u| TP —1d -8B ||u|| 1 llu|| TR 4.4
[ = Z Trapoic SO
We will now approximate the second integral in (4.1). Set
u(x) —uey), 0 < |x| <1,
o(x) = {0,( ) —ue) . z| 1' 4.5)
where e; = (1,0, 0,0) € R*. Clearly v € Wg’rzad(B, weg).
For all ¢ > 0, we have
2 2 2 1 - 2
TP = o+ u(en| TP < (1+ )77 + (1= ————) " luen)| 77
(14¢6)TF
Then, from Lemma 3 (ii), we have
148
EEY} s
N o) (i) P
/ M dx < f SIHONITF oY e 57 dx
[x]<1 [x]<1 B (46)
() B
hEv 1+¢)|v| -8
<e (+)TTF / el dx < +oo-
|x]<1

Using (4.1), (4.4), (4.6) and Lemma 3 (ii), we conclude that

2
" — 1)dx < +oo, foralluc E.
R4
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This ends the proof of the first point .
By (4.4) we have

2 _ 1 _
sup / @' _dx < sup li lul 7=F < 11=p e.
uek ull<1Jx|>1 wek, Jul<1 T 4B —1 T4 -1

Furthermore, by using (4.6) and the radial lemma 3(i7), we obtain

2 1
-8 1 — 1—-8 1 —
sup / (e‘)‘l"‘l - Ddx < sup C—'Be”"”1 ? <C p e.
uek Jul<1 Jix|=1 uek Juj<t 4B —1 4 —1

(4.8)

On the other hand, by (4.6) and using the radial lemma 3(7), we get

2
sup / ' Ddx
lx|<1

uek, |lul<1
I+

=

4

(1— =5 \u(el)lm 2
|x]<1

ek, ful<1

iz
=l

1— 1

1—
< sup / e (14+¢) T+
uekE,|lull<1J|x|<1

s
<l_+—ﬁ> ©TF

22
<o’ ol sup f LRI TP g 49)
uekE,||lul<1 J|x|<1

U elul ™ 5

|

2
cUHOI=? 4

=

X

Let @ < ag. Itis evident that there exists ¢ > 0 such that a(1 + &) < ag.
Having in mind that for all u € E u # 0 with ||u]| < 1, we have

2 € P
Av log | — dx
” ” Omd(B) /B| | ( g(l‘xl))

=/ | AuPws(rdx < full? < 1, 4.10)
B

then,

2
sup / 2 HOPITP gy < sup {/ “(HS)‘”' dx Ve Wg’rzad(w, B),
|x|<1 ’

uek, |lufl<1 lx[<1

<
”””W&fad(B,w) <1}.
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So by (4.9) and Lemma 3 (ii), there exists a positive constant C(f) depending only
on f such that

_% )
2 1- lﬂ) en=F
sup f M dx <6 e TP C(B). (4.11)
|x]<1

uek, |lull<1

Combining (4.9) and (4.10), we get

2
sup / @@ Ddx < +o0.
|x]<1

uek, lull<1

Furthermore

(e v dx —io o | TP dx (4.12)
Ix|=1 k=1 ' '

Combining (4.3) and (4.12), we infer
IL
sup / @' _ Ddx < +o0. (4.13)
uek, ull<1 Jx|=1

It follows from (4.9) and (4.13) that

sup (e”"“'m — 1)dx < +oo, foralle < ag.
uek, ull<1 JR*

Let’s consider the case o = ag. It is clear that (4.8) holds for @ = ag. So, we get

_2
sup / (1 "? _ Ddx < +oo. (4.14)
uek,Jull<1 Jix|=1
We shall show that
li
sup / P _ 1ydx < +o0. (4.15)
uek,|lul| <1 J|x|<1

For this, we consider u € E, u # 0 such that ||u|| < 1 and ¢ > 0 such that

1
(IIX\<1 |Au|>wgp(x)dx +f|x\<1 |Vu|2dx +f\x|<1 lv[?dx)

(1+e)!7F =
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Moreover, we have a similar inequality to (4.6) that is

2 2 ‘1/3(1— lﬂ) lu(en)| T=F =
[ et gy 5/ eep I+l 7, (+e) 4P dx
1 1
i< Il < el . (4.16)
-8 2
ag (1—7'1_ﬁ) lu(en)| T=P 2,
I / p(easlul 7
|x]<1

where v is given by (4.5). On the other hand, we have from the proof of the radial
Lemma 2,

1
%5 2 2 _ 2 =h
lue|=% < Cy4 (wplAul” + |Vul|* + |u+ u(er) — u(er)|”)dx
[x|>1
< C4(/4 (wplAul® + |Vul* + |u|?)dx
R
1
3
—/ (wﬁ|Au|2+|W|2+|u—u<e1>+u(e1>|2)dx)
[x]<1

1
-8
§C4<1 —/ (w,s|Au|2+|W|2+|u—u<e1)|2+|u<e1>|2)dx)
|x]<1

1
1-B
(1 Cs — (wglAul® + |Vul* + |u—u(e1)|2)dx>
\x|<l
1
2 2 -F
< Cy4l1- wﬁ|Au| 4+ |Vul” + |u — u(ey)| )dx
|x|<1
1
< C4(1 - (1+5)1 ﬁ) =B 4.17)

Also,

2 2
f |(1+e)*ﬂAv|2wﬂ(x)dx+[ |(1 4 &) TF Vu|*dx
[x]<1

[x]<1

2
+f |(1+ &) TP v|?dx = 1.
|x]<1
Then, by Theorem 1.3, there exists C > 0 such that

2
f Aol ™=F 40 (4.18)
|x]<1
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Using (4.17), we get,

/ aﬂ|u\ﬁd C ( 1 1 _}J—i(] 1 )ﬁ
e x < expa(——_) - )
Ix|<1 P (1 +8):+J (1+¢e)l-8
_ 4B L
. 1 1=F 1\
But the function Y : ¢t — (1 — 1—ﬁ> <1 - zl_ﬂ> defined on (1 +
t TFB

€0, +00), &y > 0 is decreasing and verifies . lirll Y (t) = 1. It follows that Y
—+00

is bounded and consequently we get
2
f P gy < foo. (4.19)
[x]<1

Consequently, (4.15) is valid.

In the next step , we show that if « > ag, then the supremum is infinite. Now, we will
use particular functions [37], namely the Adams’ functions. We consider the sequence
defined for all n > 3 by

¥ 2(1-$)
<4logofe5/z)) - l|x| R 1 0= 4
? 2(52)7 (loge/m) 7 2(5)7 (logley/n)) 7
1-p
wn (x) = (IOg(‘;ﬁ)>
—— if 4 < x| <3
<‘%"log(e3/5))y
Zn if x| >3
(4.20)
where ¢, € Cgf’m 4(B) is such that
1 1 —p 3ty 1 —2(1-p) _
tn(5) = (log2e) ™. 22(5) = T (log(2e)) ™"

ag 1
(76 log(e*m)” (‘%" 1og(eé/ﬁ)> '

0
—1> .Here, ﬁ denotes
[log(ey/n)]”

the first derivative of ¢, in the radial variable » = |x]|.

Wy, )
Let v,(x) = TR We have, v, € E, ||v,|| = 1.
Wy

() = aai:(l) = 0and§,, V&,, A&, areallo(
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We compute Aw, (x), we get

—(1 — — —28

(1 pmzm@41msmfﬁ

(33)7 (log(e/m) 7

A _ﬁ -

n = log(& 2 log &
= g (lsti) (+M%ﬂ)>ﬁL<M<l
|x|2 Y 1 Vn = =2
(Tﬂlog(e{‘/ﬁ))
NGy iflx] = g

So,

1 1
Y e 2
lAw, I3, =2n2/ P3| Aw, () (log ;)ﬂdr+2n2/

P3| Aw, (x) 2 (log < )P ar
0 r

-

I
1 S

1 +00
e
+27r2/: r3\Ag‘,,(x)|2(log;)/3dr+2712/ [AL, 2% (F)r3dr
E 1
2

I3

By using integration by parts, we obtain,

1
(1—PB)4—2p)? o e
I = 272 p 'Bz(y_l) /0[ P 4ﬁ(log ;)ﬁdr

(5)" (logtem) >
_ o2 (=P =287 F““ ey}

Ele

-1 (log -

(52)7 (logtem) 7 LA=47

1= 4P .

- op2 BU=pE=262 /f " (log $)Far
o 4—4B' Cr

:0(

0

()7 (togte ) 7
1

loge(‘/r—z).

Also,

— 2 T
=22 1P /% l(log 5@+ p(logS) ) ar
()7 (logles/m)? T4z 7 T '
e (=P z[ﬁ
)J/
1
2

<[
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1

=1l+o(—7)
(logey/m)7

and I3 = 0(;) Then || Aw,[3 ,, = 1 + o(—

—).
(log ef)r (logeYm)r

Lemma5 The Adams’ function given by (4.20) verifies lirf lwa > =
n——+00

Proof We have

lw, |2 :/ w(x)|Awn|2dx+[ |Vw,,|2dx+f wldx
R4 R4 R4

wldx +/ wldx +/ ¢2dx
Yn=ix|<3 x|>1

-

1
=1+o(——) +/
(loge/m)v  JO=ki=

+ |Vw,,|2dx+/ |Vw,,|2dx+/ |V§n|2dx
05|x|54¢ﬁ Yn<ixl=3 x>
I L L
We have,
_ B)2 +
I{:Zn 5 1-p )/%r4_2ﬂdr
(%) (tog(eym) 7 |
o2 (1-B)* P2
=2 2 [5—2,3
(52)7 (tog(e/m) 7 0
52 (1—ﬁ>2
(5—2/3)11‘”r ( ) (IOg(ef)) o
1

Also, using the fact that the function r + r ( log f)_zﬂ is increasing on [0, 1], we get

()7 (log(e/m)7 /45
2 )2
E% - ;(1 B)  (log2¢) 28
()7 (log(e )7
=0 —
[log(ey/n)]”
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and I = 0(;2). For |x| < —

(loge/m)7

22 << 1og(ef)> 1 )2'
o 2(%)7 (logle ) 7

Q}

Then,

Also,

/L wldx =27 ! T /7 (log( ))

<lxl=3
e <%‘3 log(ef/ﬁ)> T
Using the fact that (log(f))2 < (5)2, we obtain
1
1 2 2
/ wldx <27 - f e*rdr = * ¢ T
Fshiss ag N ag )
~ log(e/n) 2( 7 log(ey/n)
=o0,(1).
Finaly,
f wldx = / t2dx = o0,(1).
\X|2§ WZE
Then, || wal? = 1 + o(——).
(loge Ym) 7
From the definition of wy,, it is easy to see that
|x|2(1*ﬁ) 1 1
+ >0 forall 0 < |x]| < —-
r=1 \4/,;

2(%2)7 (logedm) T 2(%)7 (log(ed/m) T
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1 4
Then, for all 0 < |x| < =, w? > GM

4 -
n n op
/Osl)cls

and using the fact that the function r > r3 ( log(%))2 is increasing on [0, %], we get

2
Y
> - So, we get

2
1 y v (R
wldx > 2n2<4—0g(6\/ﬁ)) ’ / "R 3dr = op(1)
1 “p 0
i

1
1 2
/ dex > 27?2 5 / r3(log(f))2dr
2=<lx<} o v J4= r
v <7ﬁ log(ei‘/ﬁ)) i
> 72 ! = 0,(1)
- ; n

2}1(0% log(e(‘/ﬁ)) ’

Consequently, 1 + o1 (——

5) < llwal> < 1+ 0o(——
(loge Yn)7

). The Lemma is

(logei‘/ﬁ)%
proved.
w log(ed/n
Letv,(x) = —— and@ = . We have forall 0 < [x| < 4=, v} > <4 g( f)>.
lwy, || B In ”wn”VOlﬁ
So when o > ag, forany u € E, |lu]| < 1, we have
= v 28
sup (eﬂllu\ —1dx > lim (ea\v,1| — Ddx
uek, |ull<1 JR4 n—s> 400 lx‘lf%\/z
> lim ¥ (r3e4610g (e(‘/ﬁ) _ r4)dr
n—s—+00 0
. T2 et 1
> lim —(— )—+OO
n—o0 20 n 5p3

Then,

2
sup (e =

— Ddx =+o00 V a > ag.
uekE,|lull<1 JR*

O
5 The Variational Formulation for the Problem (1.12)
Note that, by the hypothesis (Hy), for any ¢ > 0, there exists §9 > 0 such that
If()] <elt], VO <]t] <. (5.1
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Moreover, since f is critical at infinity, for every ¢ > 0, there exists C, > 0 such that
Vi > Ce |f()] <eexp(alt]” —1) with a > ap. (5.2)

In particular, we obtain for g > 2,

&

1
C!

lf() < 11197 exp(a |t]” — 1) with a > . (5.3)

Hence, using (5.1), (5.2), (5.3) and the continuity of f, for every ¢ > 0, for every
q > 2, there exists a positive constant C such that

IfO] <elt]l +Clel9 (e —1), VieR, Ya>a. (5.4)
It follows from (5.4) and (H3), that for all & > 0, there exists C > 0 such that
F(t) <elt? +Clr|?(e* " — 1), forall 1,Va > (5.5)

So, by (1.11) and (5.5) the functional 7 given by (1.17), is well defined. Moreover,
by standard arguments, J € C 1 (E,R).

5.1 The Mountain Pass Geometry of the Energy

In the sequel, we prove that the functional J has a mountain pass geometry.

Lemma 6 Assume that the hypothesis (Hy), (H), (H3) and (Hy) hold. In addition,
assume that (G1) and (G7) are satisfied, then,
there exist p, Bo > 0 such that J(u) > Bo for all u € E with ||u|| = p.

Proof From (5.4), for all & > 0, there exists C > 0 such that
F(t) <elt?+Clej?(e* """ —1), forall r e R.
Then, using the last inequality, we get
J () = %G(nunZ) - E/w juldx — wa uf (e — 1) dx.
From the Holder inequality and using the following inequality
(=1 <e”—1, Vs>=0Vv=>1,

and the condition (G ), we obtain

80 a lul” 3
J(u)z7||u||2—e/R4|u|2dx—C(/R4 (1 = 1)dx )l (5.6)
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From the Theorem 1.1, if we choose u € E such that
2allull” < ag, (5.7)

we get

]

/ (62“ lul? 1)dx = / (eza el ()™ 1)dx < 4o0.
R4 R4

On the other hand from Sobolev embedding Lemma 3, there exist constants C; > 0
and C2 > 0 such that |[ulloy, < Cyllul and ||lu]3 < Cy]lull? . So,

80 80 _
T ) > Enun2 —eCyllull* = Cllullf = ||u||2(3 —eCy — Cllul?7?),

1
for all u € E satisfying (5.8). Since ¢ > 2, we can choose p = |ju|| < (;—ﬁ)?

and for e such that 28?0 > ¢, there exists By = ,02(% —eCyp — Cquz) > 0 with
1
Ju) = Bo > 0. o

Lemma 7 Suppose that (Hy), (H3), (Hs), (G1) and (G3) hold. Then there existse € E
with
J() <0and |e| > p.

Proof Letu € E\{0}, |[u|| = 1 .From the condition (G»), for all > 1, we have that

G) <

%l)tz. (5.8)

It follows from the condition (H3) and (H4) that there exist two positive constants
C; and C> such that
F(r) > Ci|t|? — Cat?, Vi eR.

Therefore

__ g .
J i) = ==t = Culally, 1 + Cor® ull3.

Since, 6 > 4, we get that

lim J(tu) = —o0.
t—+00

We take e = i, for some > 0 large enough. So, Lemma 7 is proved. O
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5.2 Palais-Smale Sequences

Consider a (P S). sequence (u4,) in E, for some c € R, that is
T (un) = %G(Ilunll2) - /R4 F(up)dx — ¢, n— +o0 (5.9
and
{T (un), 9)| = ’g(llunll M, @ / fx up)dx| < eqllell,  (5.10)

for all ¢ € E, where ¢, — 0, as n — +o0.
It follows from (H3) , (5.9), (5.10) with ¢ = u,, and (1.15) , that

1 1 1
g0(3 = GMunll® = T ) = (T @), n) <+ 0n(Dljunll, ¥ €N,

So the sequence ||uy, || is bounded in R and

D=

46
lim sup i, || < (——— (5.11)

n—~+00 go(0 — 4)) ’

By the mountain pass theorem of Ambrosetti and Rabinowitz, we know that

= inf 1)) > 0
c= ]}IEIAZIEI%)%J(V()) p >

where
={y € C([0,1], E) suchthat y(0) =0 and J(y(1)) < O}.

We now look at the behaviour of level ¢ as a function of parameter A, which is given
by the hypothesis (Hy).

Lemma8 Forall € > 0, there exists Ac > 0 such thatc < € ,VA > A..

Proof Let ¢ € E \ {0} be such that ¢ > 0 and ¢t > 0. Based on the fact that
g =g()+gr, VvVi=0,

we get,

1 1 1
JO@SEGOWM%—AWWWSEﬂDﬂWW+ZﬁDﬂWV—AWWﬂ
=Y (t).
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Let,
1 20 2, 1 20012 PP
Y1) = Eg(l)t lell” + Zg(l)t lell® — AtP|plp for t €0, 1]
and
1 4y 2, 1 4y 2 PP
Yo(t) = Eg(l)t lel +Zg(1)t lell” — AtPlel, for ¢ > 1.
We have,
supy(t) < sup Yi(#) or supy(r) < supyn(r)
>0 1e[0,1] >0 >1

. . . . . 3eMllel* P2
The function y| achieves its maximum at the point Ty = (%) forr € [0, 1]
P

ine 7y = (3elel? )"
and Y, at the point 71 = > Aol . On the other hand, we have
P

3
¢ <supJ(ty) < sung) = Zg(l)Tozllfpllz — AT plh

>0 >

2
3 3elgl*\ 7=
Zg(l)<u oI = 0 as 4 — +oo,

= P
P A|€0|p
or
3
¢ <supJ(tp) < sup¥a(t) = 4—1g(1>Tf‘||<p||2 — AT |plh
t>0 >0
3 (3sllgl?\ 7
< —g(1)<—p> lpl*> - 0 as A — +oo-
4 P Al(p|p
The lemma follows. O

6 Proof of Theorems 1.5 and 1.6

Proof of Theorem 1.6.
Since J has mountain pass geometry, then there exists a Palais-Smale sequence
(un) C E at the level c. For n large enough, there exists a constant C > 0 such that

1
26 (lunl?) < c+/ Fx. uy)dx-
2 s

From (Hy), it follows that
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1
/ F(x,uy)dx < —/ SO, up)uydx
R4 0 R4

Using (5.10) with ¢ = u,, we obtain
/R4 fun)undx < enllunll + g len 1) l1en .
Therefore,
L Gun® < €+ junll + lg(||un||2>||un||2~
2 0 0

It follows from (1.16) that

1 1 e 1
Zg(ﬂunnz)nunuz < EG(nunnZ) < g”nunn + 5g(||un||2>||un||2.

Using the condition (G 1) and since 6 > 4, we get
0< g0(x = Dy P < C+ gl
= &0 4 9 Un = 9 Un

We deduce that the sequence (u,) is bounded in E. As consequence, there exists
u € E such that, up to subsequence, u,—u weakly in E, u,, — u strongly in L7 (R%),
for all ¢ > 2 and u,(x) — u(x) a.e.in R4,
Our goal is to prove that u,, — u strongly in E. It is sufficient to prove that

n——+00

lim / fun) (W, —u)dx =0. 6.1)
R4
Let R > 0, we have

/ | f )y — w)|dx = / | f (un) un — w)|dx +/ | f (un) un — u)|dx.
R* [x|>R |x|<R
6.2)

Using the Holder inequality, we get

1 1

/ |f<un)(un—u)|dxs( / (f(un»zdx)z( f (un—u)zdx)z-
[x|>R [x|=R [x[>R

(6.3)
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By (5.3), we have

f (f (un))?dx < s/ uldx + C(e) (Xl _ 1ydx
¥[>R

[x|=R [x|=R

+C'(e) ek lun]? (™ — 1)dx 6.4)
X|=

Once again, using the Holder inequality, we obtain

1

2 2
/ il (0 — 1)y < ( / |un|2‘Idx> ( / (lal” _ l)dx>
x|=R IK|=R x|>R

Now, by Lemma 8, there exists A1 > 0 such that

1
(—496 )P < (%), vas A,
w06 —4" =\24

By (5.11), we have

1
. ag\7
VA > Ay, limsup flunll < (5= ) -

n—+00 2a

It follows that
/ " _ 1)dx < +oo.
R4

Hence, using (6.4) and the last result, we get

/| R | f(un)(y — w)|dx < Ce + C’sf || > dx- (6.5)

[x|>R

Using the radial lemma we get

1
lun|*9dx < ¢ dx <CR*31 - 0 as R — +oo-
Ix|>R lx|=R X137

Then, for all ¢ > 0, there exists R, > 0 such that

/ lun|*ddx < e.
[x]=Re

It follows from (6.5) that there exists a positive constant C such that
/ | f un)(up — w)|dx < Ce, ¥n eN. (6.6)
[x|>Re
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Furthermore, we have

1 1
/ | f )t — 1) dx < ( / (f(un))zdx) i ( / (tn — u)zdx>2_
|x|<Rg |x|<Rg |x|<Rg

Since Bp, is bounded and using the compact embedding E < — L*(B R.), We get
lun —ul2ppy — 0 as n — +oo.

Also, do not forgot that

sup/ (f(u,,))zdx < +o0.
[x|<Rg

n

It follows that
/ | f(un)(uy — u)|dx — 0 as n — +oo. 6.7)
|x|<Re
Choosing R = R; in (6.2) and combining (6.6) and (6.7) we get

lim sup/ }f(un)(un — u)}dx < Ce.
R4

n——+o00o

Since ¢ is arbitrarily chosen, we deduce that (6.1) holds.

As a direct result, we can state that the point u is a critical point of 7 at level ¢ > p.
Consequently, problem (1.12) has a non-trivial weak solution.

Proof of Theorem 1.5. The energy 7 has mountain pass geometry, then there exists
a Palais-Smale sequence (u,,) C E at the level c¢. Then, as in the critical case, there
exists u € E such that, up to subsequence, u,—u weakly in E, u, — u strongly in
L2(R*), forall ¢ > 2 and u, (x) — u(x) a.e. in R*.

1
In the subcritical case (5.2) and (5.3) hold for alla > 0. By takinga < (%;4)) z,
its easy to deduce by (1.10) that

sup/ (f(u,,))2dx < 400
n JR4

and using the compact embedding E << L?(R*), we get
lun — ulp2@ay — 0 as n — +o0.

So,

lim supf |f(un)(un — u)’dx =0.
R4

n—-+00
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Remark 6.1 In the subcritical case, the energy 7 satisfies the Palais-Smale condition
at all level ¢ € R. But in the critical case, the energy functional loses its compactness
go® —4) ( ap )2

for all levels ¢ such that ¢ >
460 2000
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