Bull. Malays. Math. Sci. Soc. (2024) 47:58 MALAYSIAN Mt
https://doi.org/10.1007/540840-024-01650-2 o O

hap:l/www springs

Check for
updates

On Certain Determinants and Related Legendre Symbols

Han Wang' - Zhi-Wei Sun’

Received: 16 August 2023 / Revised: 29 December 2023 / Accepted: 4 January 2024 /

Published online: 14 February 2024

© The Author(s), under exclusive licence to Malaysian Mathematical Sciences Society and Penerbit Universiti
Sains Malaysia 2024

Abstract D
Let p be an odd prime. For b, ¢ € Z, we study the Legendre symbol (#) where

D:‘, (b, ¢) denotes the determinant of the matrix [(iZ + bij + cj2)1’_3]15,-,j5p,1. For
example, we prove that if p = 2 (mod 3) then

Di(1, 1) = det[ = —x? (mod p)

(2 +ij+ j2)2:|1<i,j<p—1

for some integer x # 0 (mod p). We also show that

4 — (p+1)/8
( D ) B (3)( D

if p =7 (mod 8).
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1 Introduction
For an n x n matrix [a;;]1<; j<n Over a commutative ring with identity, we use

det|a;jl1<i,j<n OF |@j|1<i, j<n to denote its determinant.
Let p be an odd prime, and let b, ¢ € Z. Sun [4] introduced

) .. )
b
(b, ), = det [(M)}
p I<i.j<p-1

) bii )
b, cl, = det [(i)] ,
p 0<i,j<p—1

and proved the following results:

and

(%)=_1:>(b,c),,=0, (1.1)

and

p—1 : 2
c S—=(b,c)p ifp1b°—4c,
(—):1:>[b,c]p= 2,0 t i
» 2 boo)y ifp | 07— de,

where (;) denotes the Legendre symbol. Grinberg, Sun and Zhao [1, Theorem 1.3]

determined (W} in the case p 1 bc, where

%) b.2
Se(b, p) = det [(M)] .
p 1<i,j<(p—1)/2

For each prime p = 5 (mod 6), Sun [4] conjectured that

2det [—}
i2—ij+ j? 1<i,j<p—1

is a quadratic residue modulo p. This was confirmed by Wu et al. [8].
For any odd prime p and a p-adic integer x # 0 (mod p), clearly

1
= x”7% (mod p) and g = x?73 (mod p).

= | =

Let p be an odd prime, and let b, ¢ € Z. Sun [5] showed that for any integer n with
(p—1)/2 <n < p—1wehave

det[(i? + bij + ¢j*)"lo<i. j<p—1 = 0 (mod p).
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Sun [5] also introduced
Dy (b, ¢) = det[(i* + bij + ¢j)" li<i.j<p-1.
and proved that for any prime p > 3 with p = 3 (mod 4) we have

D,(b,—1) = D,(2,2) =0 (mod p).

By Wu et al. [8], we actually have (%1’1)) = (%) if p = 2 (mod 3). Recently,
Luo and Sun [3] have proved that

(Dp(1,1)>_ 0 if p=7 (mod9), (12)
p |1 if p=1,4 (mod9), '
and that
<Dp(2,2))={1 if p=1(mod §). (13)
p 0 if p =5 (mod 8).

Their tools include generalized trinomial coefficients and Lucas sequences. Similar
to (1.1), Wu and She [7] extended a result of Sun [5] by proving that D, (b, c) =
0 (mod p) if (%) =—1.

We first present a basic result which is similar to (1.1) and Sun [5, Theorem 1.2].

Theorem 1.1 Let p be an odd prime, and let b, ¢ € Z with (%) = —1. For any integer
n in the interval [1, p — 1], we have

det[(i* + bij + ¢j*)"i<i j<p—1 = 0 (mod p). (1.4)
Proof For j = 1,...,p — 1, let m.(j) = {cj},, the least nonnegative residue of

¢j modulo p. By Zolotarev’s Lemma (cf. [9]), the sign of . € S, is exactly the
Legendre symbol (%). Observe that

PV det[(i2 4 bij + ¢j ) i<ij<p1
= det [(ei® + bitep) + @]

= det [(ciz—i-binc(j)—i-nc(j)z)”] N
I<i,j<p-1

p—1
= Y sign(o) [ [(ci® + bime(o () + me(a(i))*)"
oES,_1 i=1
p—1
= sign(m,) Z sign(7) l_[(ci2 +bit(i) + ()"

TES)—1 i=1
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Cc
= (;) det[(i? + bij + cj*) " i<i j<p—1 = —det[(i* + bij + cjH) " li<i j<p—1-

Thus, with the aid of Fermat’s little theorem, we obtain (1.4). O

Let p be an odd prime, and let b, ¢ € Z. In contrast to the notation D, (b, c), we
introduce

Db, ¢) = det[(i* + bij + ¢j*)P i<i j<p-1- (1.5)

If(%) — —1,theni2 + bij +¢j> £ 0 (mod p) foralli,j = 1,..., p — 1, and
hence,

1

S o (mod p).
G2+ bij+ cﬂ)z} 1<i,j<p-1

D;(b, ¢) = det |:

The notations D (b, ¢) and D; (b, ¢) are motivated by Wolstenholme’s congruences

(cf. [6])

p—ll p—ll
_ 2 _
kZZ;zZO(modp) and ;k—zzo(modp)

provided p > 3.
Now we state our main results.

Theorem 1.2 Let p be an odd prime. Then

* -1 P
(Dp(l,l)) _ {(p?) if p =2 mod 3). 06
p (g)orO if p=1 (mod 3).
Consequently, when p = 2 (mod 3) the p-adic integer
1
—det| ———55
|:(l2 +ij+ J2)2:| I<i,j<p—1
is a quadratic residue modulo p.
Theorem 1.3 Let p be an odd prime. Then
Oorl if p=1 (mod 8
D:2,2) . . ..fp ( )
- )= (5)(=DF if p="7 (mod ), (1.7
0 if p =43 (mod 8).
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Remark 1.1 Note that for any prime p = 3 (mod 4) we have

D;(Z, 2) = det |: (mod p).

G+ )*+ ]'2)21|1<i,j<p—1

Letn e N={0,1,2,...} and b, ¢ € Z. The generalized trinomial coefficients

n
(k)b,c (k © Z)

b+ <) = (”) £ 1.8
(x+0+2) g% o), (1.8)

We will make use of generalized trinomial coefficients to prove Theorems 1.2 and 1.3
in Sects. 2 and 3, respectively. Note that Theorems 1.2 and 1.3 cannot be deduced from
Luo and Sun’s results (1.2) and (1.3), and their proofs are somewhat sophisticated.

are given by

2 Proof of Theorem 1.2

Lemma 2.1 ([2,Lemma 10]) Let R be a commutative ring with identity, and let P (x) =
n—1 i
izo aix' € R[x]. Then

det[P(X;Y)li<i jen = aoar - --an—1 || (Xi = X)X = Y)).

1<i,j<n
Lemma 2.2 (Luo and Sun [3, (3.2)]) For any odd prime p, we have
11 2
[T -5 <f - —.) = (=PI TTGH @.1)
1=ij<p-1 tJ il

Lemma 2.3 ([3, Lemma 2.1]) Let p be an odd prime, and let b,c € Z. For k €
{—p+2,..., p—2}, we have

(4> — b) (p . ) = ("o + (70 — b (mod p) ifk =0,
k' Jbe &+ 1)(?:]1)[“ —(k— 1)0(2:11)&0 (mod p) otherwise.
2.2)

Lemma 2.4 Let p be an odd prime, and let b, c € Z. Fork € {—p+3,...,p — 3},

we have
p—2 p—2 p—1
(k+3)< ) —(k—3)c< ) —2( )
k=1/p. k+1/). k' Jbe
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=2(4c — b) (p . 3) (mod p). 2.3)
b,c

Proof Forn € Nand k € Z, we simply write [;] for (), ..
Taking derivatives of both sides of the following identity

p—1
—1 p—1
3 L e
k X
k=—p+1
we get
p—1
—1 c\pr—2 c
3 k[”k i|xk_1=(p—l)(x+b+—> (1——2>. (2.4)
X X
k=—p+1

Comparing the coefficients of x*~! on both sides of (2.4), we obtain

7 =e-o (02105 ]) @5)

Taking derivatives of both sides of (2.4), we get
p—1

Y k- 1)[” . 1}/“2 =(p-D(p -2 (x+b+ C)”_3 (1- %)2

W X X
2c c\p—2
+—3(p—1)(x+b+—) . (2.6)
X x
Comparing the coefficients of x¥~2 on both sides of (2.6), we deduce that
p—1 p—3 p—3 2P =3
k(k —1 =(p—1 -2 -2
( >[ h } (- Dy >([k_2] [ ) }+c r
L2cp—n|P T2 @7
«p k+1] '
Forn e Z* ={1,2,3,...} and k € Z, we have the recurrence
n| n—1 Yb n—1 n n—1
kT k=1 kol lk
by Luo and Sun [3, (2.3)]. With the aid of this, we have
-3 -3 -3
P —2¢|” +¢? P
k—2 k k+2
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[p—2] [p — 3] p—3 p—3

- —b - —2
k—1] k-1 C[ k ] c[ k

-2 -3 -3
+c b —p|? —|?

k+1 k+1 k

(p—21 [p-2] -3 - p —
—|? +cp —4c|? -b p3+cp3
|k —1] | k+ 1] k k—1 Lk+1
m D 9 s _ . -
e P e B E ] B DAl A R
k—1] " |k+1] k k |k
[p=2] [p—2] p—2 2 p—3]

—-b b° — 4
k-1 7k |7 [k+l}+( Nk
[p—2] p—1 p=2]_ [p-2
|k —1] k k—1 k+l

p=2 2 p=3
+c[k+1]+(b 40)[ L ]

and hence,

[p_S}_ZC[p_3]+CZ[p_3}

k—2 k k+2

_ |r-1 2 2 2 p—3

= [ . ]+2[k_1}+2 |:k+l:|+(b 4c)[ L } (2.8)

Combining (2.5), (2.7) and (2.8), we get

w0 (-] e o

kf:__;)[ k —2c(p—1)[£;ﬂ

=o-o (o)) o]
—o-a (T el e )

Hence, we have
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that is,
p—2 2 p—1 2 [P —3
k+3 k—73 -2 =2(4c—>b d p).
(+)[k ] ( )[k+1} [k} (4c ) k (mod p)
2.9
This concludes the proof. O
Proof of Theorem 1.2 Let b, ¢ € Z. By Luo and Sun [3, (2.2)], we have
n N
= foralln e N and k € Z. (2.10)
—k b,c k b,c

Thus,

-3
(x4 bx +c)P73 — (p ) xP3
b,c

0
p—3
Z (p . 3) x P73tk
k=—p-3 k b.c
k0

k k ; .
p
_ <P - 3) P14 < p—3 ) 1=k ) k=2
k=2 k b,c p—1- k b,c
-3 -3
+(? 2y (P ) exP4, @2.11)
1 b,c 1 b,c

Letk e {—p+3,..., p—3}. Taking b = ¢ = 1 in Lemma 2.4, we get

p—3 _ p—2 _ 2 _ p—1
o("0), = (o), oo (), (), e

(2.12)
Putting b = ¢ = 1 in (2.2) and noting (2.10), we obtain
- 2(P7H, . — 1 (mod ifk =0,
3<P 2) = ( 1 )1,11)7] (mod p) 1 (2.13)
k)i (k+1)(k_1)1‘1 —(k— 1)(k+l) (mod p) ifk #0.

Combining (2.12) with (2.13), we see that
5(")
ko Jia
_ p=2y p=2 p—1
=), e (), (),
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—2(”7*3‘)1‘1 +8(”;1)LI — 4 (mod p) itk =—1,
=1{-2("3"),, +8(°7"), , — 4 (mod p) ifk=1,
kk+3(75), —2(k2—3)(P D1 +kGk=3)(07), , (mod p) ifk # =1,

Foreachk € {0, ..., p — 3}, we have

p—1 _(k
(724),, = (5) et

by Luo and Sun [3, (2.14)], and hence,

p—3 p—2 p—2 p—1
=3(k —3(k — _
( k )1,1 3 +3)<k*1)|,1 3 3)<k+1>1,1 6( k )1,1

_ |25 +8(%5) — 4 (mod p) k=1, 2.14)
T ke +3) (252 — 26 - 3) (555 + k(k - 3)(252) (mod p) if2<k<p—3.

1

oo

When 2 <k < p — 3, we have

-3 -3
18<p ) +18< P )
k 1,1 p—1—k 1,1

zk(k+3)<p_—+2>+(p—1—k)(p+2 k)( :3)

pye _3><"T‘k> Sk £ 1)? —3)( gl)
p—k—=2
+ k(k—3)<#> +(p—1—-k((p—4- k)( 3 ) (mod p),
and hence,

-3 -3
18(” ) +18< P )
ki1 p—1—-k/,

_ [(—3k2 + 3k + 6) () 4+ 3k + 9%) (£2) (mod p) if p = 1 (mod 3),

2.1
—6k(*+) + 6(*+2) (mod p) if p =2 (mod 3). @15

In view of (2.11) and (2.14), we obtain

18(x2 4+ x4+ P73

-3
-3 R -3 -3
518(" ) Y 18(” ) +18( P ) xk=2
0 /i1 = ko /i1 p=1-=k/1,

-3
+18<"’1 ) (xP~2 4 xP™H
1,1

p = p—3 p—3
= 6<—>x1’3 + 18( ) + 18( ) xk=2
3 g k 1,1 p—1—k 1,1
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+ (_z@ + 8(—" . 2) - 4) (P2 4+ x4 (mod p).

Thus, with the aid of (2.15), we have

18(x2 +x + 1P
6 (%) (P73 —xP72 P

{18 Y ( (R () o KEE3) (542)) k=2 (mod p) if p = 1 (mod 3),

18075 (- ‘(k+1)+%(¥)) =2 (mod p) if p =2 (mod 3).
(2.16)
Let F(x) = (x> +x+ 1)?3.For1 <i, j < p—1, wehave
-3
G +ij+ 573 <i2 i )p‘ <l>
+-+1 =F|-),
]2(17 3) J ]
and hence,
<D}§(L 1)) _ (|F(i/j)|15i,j§p—l> (2.17)
p p

by Fermat’s little theorem.

Case 1. p =1 (mod 3).

Applying Lemma 2.1 with P(x) = F(x), X; =i and Y; = 1/, and noting the
identity (2.1), we get

(5)
F\-

J 1<i,j<p-—1

3

_ 1 (k+1)(k 2) (k+1 k(k+3) (k+2

:21:[( ()52 (5)
1
< 11 “‘”(“7)

I<i<j<p-1

k(k +3)
1‘[ S Ed

——( DT (=)' H(]') <

ke{2+3a: 0<a<P5")
k+ 1Dk —2 K +k—1
% 1—[ (k+ 1)( ) % +

6 3
ke{4+3a: 0<a§PT*7} ke(3+3a: 0<a<23’}

3
P41, b k(k +3)\>
v [ ()

j=1 ke(2+3a: 0<a<23")

@ Springer



On Certain Determinants and Related Legendre Symbols Page 110f 19 58

x 373 r] k> +k—1)
3<k<p—4
3k
p—2 2
_pis prl p—d k(k +3)
= T (=) 2 T3 i1)2
(—1) /:1(1) x I1 ( 3 )

ke{2+3a: 0<a<23"}

x [ E+k=D(p-1-*+@p-1-b-1

and hence,

k(k +3)\>
< (75

kef2+3a: 0<a<23")

< [ & +k-1?(mod p). (2.18)
3§k<%
3|k

Observe that

DR RN NERESE
p p p) \p p
5

Combining (2.17)-(2.19), we obtain

(D;;(L 1)) _ <|F<i/j>|1§,-,,-§,,_1> _ (g) o
p p p

Case 2. p =2 (mod 3).
By Lemma 2.1 and the identity (2.1), we have

i L2k (k+1\ 1 (k42 T
P B S e (5)

1si<jzp-1 J

1 P p=5 n’
=0T EST IO ]
j=1

ke{2+3a: 0<a<?33)

1
3
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k k+1
* 1 3 [ 3
kef4+3a: 0<a<3?) kef3+3a: 0<a<3?)
p—2
=373 T H () x K2,

kefd+3a: 0<a<23)

Combining this with (2.17), we finally obtain

(D;‘;(L 1)) _ (|F(i/j>|1§,~,,,~§,,_1) _ (g)!’“ (—_1)”2“*”55“
4 p 4 p
)\ B —1
) =6)

In view of the above, we have completed our proof of Theorem 1.2. O

3 Proof of Theorem 1.3

Lemma 3.1 Let p > 5 be a prime, and let b, ¢ € 7. Then

(D;;(b, c)> _ <5>("”§”3) (o) T0e | (WED TS W2
p p p p ’
(3.1)

where

p—3 p=3 —1—k
W(k) = P .
( ) < k )h,c+ (p_l_k>b,cc

Proof Let G(x) = (x> +bx +c)? 3. For1 <i,j < p — 1, we have

(i2 + bij + cjr—3 <i2 )p <z>
+b +C =G =1,
e J J

-3

and hence,

(D*(b C)> (IG(I/J)Im j<p- 1)
p P

by Fermat’s little theorem. In view of (2.11), and Lemmas 2.1 and 2.2, we see that
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(), 0,00,
I/ Ni=ij=p—1 0 Jpe\ 1 Jpe
p—3 p—3 p—3
X c +< ) Pk
B(( k )b p—1-k),,

1 1
< T i-n(5-5)

1<i<j<p-1

p—3 p—3
( 0 )b( : ) ]'[W(k)x( n'T 1_[(]')

be k=2

=3

-3 -3 2 —1 2
(p 0 ) (l’ 1 ) W (pT) [Twwowp —1-k)

b,c b.c i

x (=) ]‘[(1')2

j=1

Since

W(p—l—k):( p=3 > +ck(”_3> = *W (k) (mod p)
p_l_k b,c k b,c

forallk =2,...,(p — 3)/2, we have

p=3 p=3 =3
e =k 2 Yk (p—3)/2 2
" W(k) ¢\ ~k=2 _ W (k)
[[wowep-1-0=]] (—> = <_) (Hk—2—
k=2 k=2 p p p
2 4,
B (C)Pgl5 (P 3)/2 W(k)2
p p
Combining the above, we immediately obtain the desired identity (3.1). O
Proof of Theorem 1.3 Applying Theorem 1.1 with ¢ = 2, we see that ( Dp . 2)) =0if

p = 13 (mod 8). Below we assume that p = 41 (mod 8).
Letk € {0,..., p —3}. Taking b = ¢ = 2 in Lemma 2.4 and (2.2), we get

p—3 2 p—2 p—1
8( k )22 (k+3)(k—1> _Z(k_3)<k+1)2,2_2< k )2,2(m0dp)

(3.2)
and

-2
)
k 2,2

(3.3)

("), +2("7 1), — 2 (mod p) ifk =0,
(k+1)(07)),, — 2k = D(!7]),, (mod p) otherwise.
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Combining (3.2) and (3.3), we have

") =) (tir),, (")
32 =4k + 3) — 8(k —3) -8
(k 2.2 k—=1/5, k+1/5, k)22

_[20(771),, = 8(75") — 8 (mod p) ifk=1,
Tkt + 3)({?:2')2,2 — 4k 4+ 2)(k — 2)(”;')2,2 + 4k (k — 3)(;;;2‘)2,2 (mod p) otherwise,
3.4

and also

-3 1 —1
32( p ) z(kz—k—2)< p ) —4(k2+2k—3)( P )
p=1-k/s p=3-k/y, p=1-k/s,

P ) (mod p) (3.5)
2,2

4(k* + 5k + 4
+4k” + +)<p+l—k

if2<k<p-3.
Forany 2 < k < p — 3, define

p—3 p=3 —1—k
W(k)=( ) +< ) 2r-1k,
k oo \p—1-k/y,

Then

~3 -3
RW (k) = 32(p ) Y 32( P )
k Jan p—1-k/y,

= k(k+3)(‘,’{’:21) — 4k DGk —2)(" . 1) + 4k (k —3)(‘;:;;)
2,2 2,2 2,2

- p—1 2 p—1
+ 2r7! k((kz—k—2)< ) —4(k +2k—3)< )
p—3—k/y, p—1-k/y,

—1
+4(k2+5k+4)( P ) )
p+1l—k/y,

Define the sequence (u,),>0 by
up=0, uy =1, and wupy1 = —2u, —2u,—1 forn=1,2,3,....

By Luo and Sun [3, (4.3)],

p—1
( ) = ui (mod p) (3.6)
P—k/yn

forallk =0,1,..., p — 1. Thus,

3R2W (k) = k(k + 3)up_rr2 — 4k +2)(k — 2up_i + 4k(k — 3y
+ 27K ((k + D) (k — 2)uy3 — 40k — Dk + Bugrr + 4k + Dk +Dug—1)
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(3.7)

forallk=2,...,p—3.
Clearly, (3.5) with k = (p — 1)/2 yields that

—1 1 p+s Y3 p-5s 1 op7
32W(” ): p—__. P uﬁ—4p—~p7um pal= =7,
2 2

2 2 2 "4 2 2 2
2\ (p+1 p-=5 p—3 p+5
+(p>< I S S L
+1 p+7
ILAS Aa 7) (3.8)

By Luo and Sun [3, (4.9)], for any k € N we have

0 ifk=0 (mod 4),
ifk = 1 (mod 4),

— (—alh 3.9
U= O k= 2 (mod 4, 39)
2 ifk =3 (mod4).
Case 1. p =1 (mod 8).
By (3.4) and (3.6), we have
<p—3) =l<p—1) zu_pzl(_4)L%J
0 ), 200 ), 2 2
Lot L2 2L od ) (3.10)
= —. = —|— ] = = (Mo . .
2 2\p) T2 P

Write p = 8¢ + 1 with ¢ € N. In view of (3.8) and (3.9), we have

-1
2w (%) =2 (4q(4q + 3usqs3 — 4(4q + 2)(4q — Duagy1 + 4(4q)(4q — Dusg—1)

= 8q(4q +3) x 2(—4)7 — 8(4q + 2)(4q — 2)(—4)1
+32q(4g — 3) x 2(—4)77!

and hence,
-1
w <pT> = (_l)q (2q(4q + 3)22q—2 _ (4q + 2)(4(] _ 2)22q—2 _ 2q(4q _ 3)22q_2)
= (=1)72%72 (847 + 69 — 164" + 4 — 84" + 64)

p—9_p+1
8 2

p=1 1\ § /—
RO N R
P p p

@ Springer
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Note that

(2)-2)-

by (3.10). Combining this with Lemma 3.1, (3.12) and (3.11), we obtain

D*(2,2
(L) Y
p
Case 2. p =7 (mod ).

In this case, we write p = 8¢ +7 withqg € N.For2 <k < p—3,writek =4s+r
with s € Nand r € {0, 1, 2, 3}. We will first show that W (k) # 0 (mod p) for any
ke{2,3,...,p—3}

Subcase 2.1.r = 0.

In this subcase, by (3.7), (3.9) and Fermat’s little theorem, we have

32W (k)
= k(k + 3t pip2 — 4k +2)(k — 2up—g + 4k(k — 3)up_g—2
+ 27K (G + Dk = Dupyz — 4k — Dk + 3upr1 + 4k + Dk + Hug_1)

p—k+2 I’*k*ZJ

=k(k+3)(-HL J—8(k+2)(k—2)(—4)l”%”+4/<(k—3>(—4)L 7

+ 275 (20 + Dk =2 (~HUF 4k = Dk +3) (4T
+8(k + 1)k + 4)(—4)L%J)
= ds(4s + 3)(=H)25H2 _ 8(4s + 2)(4s — 2)(—H) X 4 165(4s — 3)(—4)2—5H]

+ 275 (2045 + s — 2 (—4)° — 4(ds — D(ds +3)(=4)° + 8k + Dk +4)(-4) ")

= 2k(k +3)(—4) " x (E) Ak DE=DET <g> ks 3)<3>(_4)7S
p p P
+ 278k Dk —2)(—4)°
— 2782 — Dk +3)(—4)° — 275k + D) (k + 4)(—4)°
=2(—4)""(—4k — 8) # 0 (mod p).

Subcase 2.2.r = 1.
In this subcase, by (3.7) and (3.9) we have

R2W (k) = k(k +3up_ki2 — 4k +2)(k — Dup_j + 4k (k — 3up_i—2
+ 27K ((k 4+ 1)k = Qugqs — 4k — Dk + 3ugs1 + 4k + Dk + Dug_1)
= 8k +2)(k = 24T 4275 x 8k — 1)k + 3) (1T
= 8(k 4+ 2)(k — 2)(=4)2—5H 4 27K 8(k — 1)(k + 3)(—4)°

— -5 2 —4s+42 s
=4k +2)(k —2)(—4) » +2 (k— Dk +3)(—4)

= (—4)~*t1(—=1 — 2k) # 0 (mod p).
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Subcase 2.3.r = 2.
In view of (3.7) and (3.9), we have

32W (k)
= k(k + 3up_ri2 — 4k +2)(k — up_g + 4k (k — 3)up 12
+ 27K (ke 4+ D (k — 2)upgs — 4k — D (k + a1 + 4Kk + Dk +Dug_1)

p—k+2 pok=2

= 2k(k + 3D Ak + 2k — 20— T 4 8k(k — 3)(—4)L "

+ 275 (k4 D=2 (HF =80 — Dk +3) (45

+ 4Gk + Dk +4) ()15 )
= 2k(k + 3) (=92 — 4k 4+ 2)(k — 2)(—4)2975H! £ 8k (k — 3)(—4)20~*

+ 275 ((k + Dk = 2) (=4 = 8(k — D (k + 3)(=4)* +4(k + Dk + D (—4D)*)
= —(—4) " k(k +3) +2(—=H) " (k + 2)(k — 2) + (=) " k(k — 3)

+ 27572 (—Alk + D)k = 2)(—=4)° — 8k — D) (k + 3)(—4)* + 4(k + )k + 4 (—4°)
= (=) (k — 1) # 0 (mod p).

Subcase 2.4.r = 3.
In this subcase, by (3.7) and (3.9) we have

32W (k) = k(k + 3)up—ir2 — 4k +2)(k — 2up—i + 4k (k — 3)up—i—2
+ 275 (k4 Dk = Durys — 4tk — Dk + Bugpr + 4%k + Dk + D)

p—k+2 p—k—ZJ

= —2k(k +3) (=M = Bk(k —3)(-Hl

+ 27520+ Dtk = (=T =8+ Dk + H(—HLT)
= —2k(k + 3)(—4)% 5+ — 8k(k — 3)(—4)%~*

+ 278 (k4 Dk = 2(=H" = R+ Dk +H(—4)")
= k(k 4+ 3)(—=4) ™ — k(k —3)(—4) ™" + (k + 1)(k — 2)(—4)~

— (k+ Dk +4)(—4"°
= —6(—4)"* # 0 (mod p).

In view of the discussions for all the four subcases, we do have

W(k) #£0 (mod p) forany2 <k < p —3. (3.12)

@ Springer



58 Page180f19 H. Wang, Z.-W. Sun

By (3.4) and (3.6), we have

-3 —1 —1
2", =2, o),
1 2,2 1 2,2 3 2,2

= 20up_1 — Sup_3 — 8 = —40(—4) LT — § = 10(—4)%+2 — 8

p— 2
=10 x 2%+ _g =20 x 27 —8:20(—)—8:12(m0dp)
p

and
("67)..=3(")
0 /op 2 0 Jos
__up LEJ AJ__ 1/2
=—=(-dHHFH=—-27 = ——|—)=—= d
> (=4 25 (mod p)
Therefore,
p—3 p—3
(—( ! )2*2> £0 and <—( 0 )2*2> =1 (3.13)
p p

By (3.8) and (3.9), we have
—1
32w <pT> =2(4q + 3)(4q + O)usaq+6 — 8(4q + 5)(4g + Duag1a + 8(4q + 3)4quag+o
= 16(4g + 3)(4q + 6)(—4)? — 16(4q + 3)4q(—4)? (mod p),
and hence,
p—1
w (T) = (49 +3)2q +3) (=7 — (4q + 3)2q(—4)?

= (=1)((4q + 3)(2q + 3)2% — (4q + 3)2¢2%%) = 3(—1)‘122‘1"77_1 (mod p).

Therefore,

p—1 . _ +
<W( : )) _ <§>(_1)187<P_1) (E) _ <i>(_1)"sl_ (3.14)
» » r J\p)

Combining Lemma 3.1, (3.12)—(3.14), we finally obtain

(D:z(z, 2)) _ ((”53)2,2)(W<PT1 ) —1x (E>(—l)”§1 _ <£>(—1)ps“.
p p p 3

p

In view of the above, we have finished our proof of Theorem 1.3.
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