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Abstract

Leta, B € (—1, 00) such thata + B > —1. Given two continuous functions g € C(ID)
and f € C(T), we provide various Schwarz type lemmas for mappings u satisfying
the inhomogeneous (c, B)-harmonic equation Ly gu = ginDandu = f in T, where
D is the unit disc of the complex plane C and T = 9D is the unit circle. The obtained
results provide a significant improvement over previous research on the subject.
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1 Introduction and Main Results

Let D be the open unit disc in the complex plane C, let T = 9D be the unit circle, and
denote by

1 1
b= (0 —idy) and Bz = (3 +idy).
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For a differentiable function u# on D, we denote
| Du() || = [0;u(z)| + |0zu(2)].

1.1 (a, B)-Harmonic Functions

We consider L g, the family of differential operators on D, defined by
Lop:=(1- |z|2)~(@tp+D) <(1 — |z|2)8285+ azd, + Boz — a/g)’

where o, B are real numbers. There operators are essentially introduced by Geller [9],
see also [15]. In fact, Geller introduced the following family of operators on D

Agp = (1-— |z|2)<(1 — 12118, 8z + azd;, + BZd; — aﬂ) = (1 — |2 P+ 2L p.

We found that it is more convenient to work with the operators Ly g than Ay g as
for @« = B = 0, the operator L is the classical Laplacian operator. In addition, it
can be shown that

Lyo = 070y (Z)_laZﬂ

the operator for weighted harmonic functions with the standard weight wy (z) = (1 —
|z|2)°‘ studied in [4, 8, 16, 22, 24]. Recall that a function u is a-harmonic if L, ou = 0.
A function u € C*(D) is called («, 8)-harmonic if Ly pg(u) =0.

Let

Ol2 1

1 -
I, = _Zwa+1 + E(Lot,O + La0),

that is,

o

Ty = ——(1 — el
a 4 ( [z]7) )

_ o y—
(1—1|z1H ™ 178 + >0 —|z1H ™ 28,

+(1 — |25 78,85
Thus

T, =1L

IR
IR

Recall that a function u is T,-harmonic if T,u = 0. Remark that T,-harmonic
functions are exactly %, %)—harmonic functions, for more details, we refer the reader
to [6, 13, 14, 23].
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Let g € C(D) and u € C2(ID), we consider the associated Dirichlet boundary value
problem

Lypu=g in D,
{u:f on T. .1

If B = 0, Eq. (1.1) is the inhomogeneous «-harmonic equation studied in [4, 16,
17].

Theorem A [9] The Dirichlet problem
Lopu=0, u=fonT, feC)),

has a solution for all f € C(T) ifandonly ifa + B > —land o, f € R\ Z~. In this
case the solution is unique and is given by

1 2 . )
(@) = Pupl /1) = 5 / Pup(ce™ ) £ (7 )dy, (12)
7 Jo
with
B (1 — |z|?)tPH! T+ DrE+1)
Fap(@) = cap (1= (-t P~ "Tatp+1) (1.3)
Denote 5
1 2 . .
Pal 1) =Py 5 [f1(2) = - / Py(ze™'") f(e')dy, (1.4)
7T Jo
with 2ya+1 2
A=z CTHE+ D)
Pa(Z)—Coz |1—Z|0‘+2 k] o — F(a+1) . (15)

The Hardy theory of (o, f)-harmonic functions is studied in detail in [1]. The
authors proved the following

TheoremB [1] Let o, B € R\ Z~ such that o« + 8 > —1 and let u be an («, B)-
harmonic function. Then:

(1) u =Py plf]forsome f € LP(T), 1 < p < oo if and only if

2
sup / lu(re'?)|Pdo < +oo.
0

O<r<l

(ii) u = Py plu] for some measure u if and only if

2 .
sup / lu(re'?)|do < +oo.
0

O<r<l
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1.2 Hypergeometric Functions and Some Inequalities

Let us recall the Gaussian hypergeometric function defined by

b), 7"
Fabien=3 D o cp,
=0 () n!
fora, b, c € Csuch thatc # 0, —1, —2, ... where
(@), = aa+1)...(a+n—-1) forn=1,2,3,...
Dn=11 for n =0,

which are called Pochhammer symbols.
We list few properties, see for instance ( [3], Chapter 2)

_ I'c)l'(c —a —b)

lim F(a, b; c; = , if c—a—b>0, 1.6
Jim Fla, b0 = g Te—p T cTamb> (1.6)
F(a,b:c;x) = (1 —x) " PF(c—a,c—b;c; x), 1.7)
d b
L Fabicin)=LF0+a1+b1+cx). (1.8)
dx c
['(a+Db) _
F(a,b; b; ~ —— " log(l — 17), 1.9
(a,b;a+b;x) T ®) og(l—x) (x—>17) (1.9)

The asymptotic relation (1.9) is due to Gauss, and its refined form is due to Ramanujan
[5,p. 71].

_ Tla+b)

F(a,b;a-l—b;x)—m

[R —log(l —x)+ O((1 —x)log(l —x))]asx — 17,

where R = —yr(a) — ¥ (b) — 2y, ¥(a) = %, and y denotes the Euler-Mascheroni
constant.
For A > 0, let

1 R dy
L) =— | —V1 . zeD.
@)= a0 /0 1= ze i °

Using hypergeometric functions, one can see that

1, A<
I,(z) ~ log# if A=1;

1 -— |z|£)H, if o> 1.
The notation a(z) &~ b(z) means that the ratio a(z)/b(z) is bounded from above and
below by two positive constants as |z| — 17.

Sharp estimates of [ are given in the following lemma.
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Lemma 1.1 [13] Let A > 0. Then for all z € D, we have
) Ifx > 1, then

1) < F((A /2)2)(1 )l
(1) If0 < A < 1, then
r(—5)
M= Faanr

(i) Ifx =1, then

1 1
Il(z)§1~|——log(—>.
T

1—|z]?

Fort > —1, c € R, let

2yt
@) = [ O dA)

dudv

where dA(w) is the normalized measure of the unit disc, given by dA(w) = ,
b4

w=u-+Iiv.
Recall that the well-known Forelli-Rudin [26] estimates states that

1, if ¢ <0;
Jei(t) ~ { log = Izg if c=0;
1 —=1z%) if ¢>0.

In [18], the author provided an estimate of the previous integral over the unit ball
B, in C" for n > 1. By taking n = 1, we get the following sharp estimates

Lemma 1.2 [18]
(1) Ifc < O, then for all z € D,

ra+n @) < (1 +HI(—c)
ratn =@ = r22H=c)

(ii) If ¢ > O, then for all z € D,

L+ rd+0T()

2\¢
NEET) S =z s(2) <

(1.10)
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(iii) If c = O, then for all z € D,

M < |Z|2 log
2(1 + %) -

—1 1
) Joi(z) < —— (1.11)

1—|z2 1+t

The monotonicity of the hypergeometric function F(a, b; a + b; x),a,b > 0 is
studied in [2, Theorem 1.3], extending the complete elliptic integrals of the first kind.
The authors proved the following

Lemma 1.3 [2, Theorem 1.3] For a, b € (0, 00), the function

1—F(a,b;a+b,x)
log(1 — x)

is increasing from (0, 1) into (ab/(a + b), 1/B(a, b)), where B(a, b) is the Euler beta
function.

1.3 Green’s Formula for L, g

Let
Cup(X) =B+ 1,8+DA-0)""PFU+a, 1+8;24+a+p;1—x), (1.12)

where B is Euler beta function. In [1], the authors showed that g, ﬁ(lzlz) is a radial
(o, B)-harmonic away from zero and playing the role of the Green’s function in the
classical potential theory, and the weighted Green function G g of the differential
operator Ly g could be written as

Gap(z,w) == (1 —z7w)*(1 — 20)’ go p (|- (W) ), (1.13)
where ¢ is the Mobius transformation of the unit disc given by

—w

(ﬂz(w)zl p—
—Zw

Remark that

(1= 1zH1 = w?)
[1 —zwl2 '

1= lg:(w)” =
The weighted potential of a function g can be represented by
Go,pl81(2) = /D Go,p(z, w)g(w)dA(w). (1.14)
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Following Riesz-type decomposition formula [1], we see that all solutions u €
C%2(D) N C(D) of (1.1) such that

/ lg(w)|(1 — |w|)*PHdA(w) < 400, (1.15)
D

are given by

u(z) = Pa gl f1(z) — Ga,plg1(2), (1.16)

where Py gl f1 and G[g] are given, respectively, by (1.2) and (1.14). Clearly the
condition (1.15) is satisfied if u € C2(D).

In the case of (0, «)-harmonic functions, Behm [4] showed that the weighted Green
function G of Ag 4 could be written as

Galzow) i= (1 =Zw)%h (1= [ (w)?),

where

X tﬁt
h(x):/ de. 0<x < 1.
o 1

Using the zero-balanced Gauss’s hypergeometric function. One can see that

(1= zH*H A = Jw]?)et!
a+1 (1-—zw)(1—zw)et!
(A —1z»Ha - |w|2>>

|1 — zw|?

Gu(z,w) =

xF(l,a—i—l;a—i—Z;

Hence Gy = G o-

1.4 Schwarz and Schwarz-Pick Lemma

The Schwarz lemma for analytic functions plays a vital role in complex analysis, and it
has been generalized in various settings; see [10, 13, 14, 16, 19-21] and the references
therein.

Heinz [10] generalized it to the class of complex-valued harmonic functions. That is,
if u is a complex-valued harmonic function from D into itself with u(0) = 0, then for
zeD,

4
lu(z)| < - arctan |z|.

Moreover, this inequality is sharp for each point z € .
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Hethcote [11] and Pavlovi¢ [25] improved the above result of Heinz by removing the
assumption #(0) = 0 and showed that for harmonic function « from ID to D, then

L=l o] < £ arctanla (1.17)
u < — arctan |z], .
14 |z|? b4

u(z) —

holds for all z € D.

Recently, Chen and Kalaj [7] established a Heinz-Hethcote type theorem for the solu-
tions of the Dirichlet boundary value problem of the laplacian operator. In [13], we
established a Heinz-Hethcote theorem for T,-harmonic functions.

Let o > —1, define

Ua(2) :="Pg «[x1 — x111(2), (1.18)

where
T ={z€T:Rez>0}, and T ={z € T:Rez < 0}.

Notice that U, is a Ty-harmonic function on D with values in (—1, 1) such that
U,(0) =0.

TheoremC Leta > —1 and u : D —> D be a T,-harmonic function, then

(1 _ |Z|2)Ol+l

- mu(o) < Uu(lz]),

for all z € D, where Uy is the function defined in (1.18).

This theorem extends the estimate (1.17), indeed, for « = 0, we have Uyp(|z]) =
% arctan |z|. Recently, a Heinz-Hethcote type theorem is proved for «-harmonic func-
tions, see [12].

TheoremD [12] Let o > —1 and u : D — D be an a-harmonic function. Then

(D) Ifa > 0, then

(1 _ |Z|2)(x+1 a+2

<
1+ z|?

u0)| <

’u(z) — arctan |z| + 271 (1 —|z)) (1 — (1 — |z)%).

) Ifa <O, then

1 — |Z|2)Dt+]

( 4
‘u(z) - u()| < ;(1 — |z arctan |z| + ((1 — [zD* = 1).

1+ |z/?

Other variants of Schwarz lemma for o-harmonic functions are considered in Li and
Chen [16] for mappings u in D satisfying the «-harmonic equation Lyou = g,
extending previous results of Li et al. [17].

Here, we should point out that the inequalities obtained in the case & < 0 are not
convenient due to the factor (1 — |z|)® which goes to infinity as |z| — 1.
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In this paper, we extend and improve the above estimates and obtain a Schwarz
type lemma for solutions to the («, 8)-harmonic equation (1.1). Our first main result
is the following theorem.

Theorem 1.1 Suppose that g € C(D) and f € C(T). If u € C*(D) satisfies the («, B)-
harmonic equation (1.1) for a, B € (—1, 00) such that ¢ + B > —1, for z € D,

() Ifa+ B > 0, then

(1 _ |Z|2)Ol+f3+l

Wpa,ﬂ[f](o)'
o + |81

a+p

'u(z) —
2
< 2”*5“|ca,,3|[; arctan |z| + (I—]zh(1—(1— |z|)“+ﬁ)}||f||oo
+da p(1 = 121 PP g oo
(i) Ifa+ B =0, then

—|z|?

T P10

‘M(Z) - < |ca,—al [— arctan |z| + L(1 —lz |)i| I flloo
+dy o1 — |Z| M glloo-

(i) Ifa + B <0, then

(1 _ |Z|2)a+/3+1
u(z) — - Pa,pl f1(0)
' (1+ [z 3!
Ca+pB 4

+do g (1 — 121D PP gl oo,

where [ floe = supeer [f@®1 lglo = supoep 2@ dyp = 2012 4
—F(ﬁ;?ﬂfi” Usp is defined by (1.18) and cq.p. o are defined in (1.3) and (1.5).

Next, we give the Schwarz—Pick inequality for the solutions of the (¢, 8)-harmonic
equation extending [16, Theorem 1.2]

Theorem 1.2 Suppose that g € C(D) and f € C(T). Ifu € C*(D) satisfies the («, B)-
harmonic equation (1.1) for a, B € (—1, 00) such that « + B > —1, then for z € D,

ILf 1
IDu@N = Tap = "5 |°‘|’2+oa,s<1 121 llgllcos

where

|aﬁ|
ot+;3

Tap = (lof + o+ 1|+ Bl + B+ 1) ——
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and

0w p =5 (ol + BN 2T 4 29HP 2 (¢ 4 B+ 1)B(a+ 1,8+ 1)
+20HP 2 (o 4+ B+ 2).

2 Schwarz Lemma for (a, 8)-Harmonic Functions

To prove Schwarz lemma, we will distinguish two cases:

2.1Casea+B=>0

In this case, we write the generalized Poisson kernel P, g in the following form:

Py p(z) = he,p(2) P(2),
where

(1 — |z|?)etP

e e T

and P is the Poisson kernel. As o + > 0, we have

I, p(M) los i= sup  |ha,p(re’)| < lca,p2%TP. (2.1)

0<6<27

Let u be an («, B)-harmonic mapping from the unit disc to itself. Then, we can
write

27
u(z) = % /0 Py p(ze ) f(e9)d,

where f is the boundary function of u.
Let

1 2w . .
Hup@ = hapl 10 = 5= [ huptee™) )6, 22)
As in [12], we prove the following lemma.

Lemma2.1 Leta,f € R\ Z~ such that « + B > 0 and u be an («, B)-harmonic
function from the unit disc to itself. Then

|2a+ﬁ+2

1=z
arctan |z].

1+ |z]?

o,

u(z) — Ha,ﬁ(z)‘ <
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Proof We have

u(z) — ﬂHaﬁ(Z) < L /ZH P(Ze*ie) — ﬂ |haﬁ(ze*i9)|f(ei9)ld9.
1+ 2127 27 Jo L+ z)2 ™
4
< ;Ilha,ﬂ(lzl)llooarctan |zl,
and the conclusion follows from (2.1) and (1.17). m]

Next, we prove

Lemma2.2 Leta,B € Randr € [0, 1). Then
(1) Ifa+ B #0, then

1 2 ) )
_ I _relt)—ot(l _re—tt)—ﬂ —|dr < l| + [ Bl ’(1 _r)—“—ﬂ _1l.
2 Jo o + B

2) Ifa+ B =0, then

1 2 . .
L0 2 ety e — peminyB — 1pdr < 12T
27‘[ 0 4

Proof Let
gr, )= —re")y (1 — re A,
Differentiating g with respect r, we get
agr,t)y=0—reH)™ 1A —re ™ PN e + Be™ — r(a + B)).
(1) For « 4+ B # 0, we have
18:8(r. D] < (lal + [BDIT = re! |77 < (o + BN (A — 1)~ AL

Therefore, we have
,
gr,r) — g, t)=/ Oxg(x, )dx.
0
Then

1g(r. 1) — g(0,1)] S/O |0xg(x, )|dx

IA

frﬂal FIBD( — x) =By
0

_ B G ey,

a+p
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Hence
I ; ; loe| + |B]
—/ (1= re) (1 —re ™P —1jdt < ——Z 1 —r)* P —1).
2 0 |a +'ﬁ|
(2) For o + B = 0, we have
0,80 1)) < 2|a|| sint| 2|a|| sint|
r, n = .
r8 =N —re'? = 1—2rcost +r2

Thus

. 1 dx
lg(r, 1) — g0, )| < 2|a||sint|

One can check the following two integrals

2 |'sint| 1 1+x
——dr=—-1In ,
o 1 —2xcost+ x2 x l1—x

X 1 —x

where Lij is the polylogarithm function. By Fubini theorem, it yields

2 | |j'[

o I(1—re)y™(1 —re™H)* — 1|dt<—4 :

o 1 —2xcost+x2’

1 1+x . . 72
—1In dx = Lip(1) — Lia(—1) = R
0

O

We establish the following Schwarz lemma for («, §)-harmonic functions in the case

a+ B =0

Theorem 2.1 Let o, B € R\ Z~ such that « + B > 0 and u be an («, B)-harmonic

function from the unit disc D into itself, then
(D) Ifa+ B > 0, then

(l _ |z|2)ot+/3+1

u(z) — T+ P u(0)
a+p+2 a+p+1

- lca,p12 arctan |2] + 2 Ic;:,il(;al + 18D (=12 (1 = (1 = |z2p**P) .

(2.3)
Q) Ifa+ B =0, then
2
Z 4
u(z) — — u(0)| = |Cot —o|arctan |z| + L(1 1z[%).

1+||2
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Proof Let

Hop(2) Cap /2” [
0

)\ = = : -
@p(@) (1 — |z]?)e+B 27 (1 — ze= i) (1 —Zel0)B

where H, g is defined by (2.2) and

2
D p(2) 1= W p(2) — u(0) = 2P /O (1 —ze™) (1 =z P — 1) f(e'%)d6.

2
2.4)
It yields that
a- |Z|2)a+ﬂ+1 1— |Z|2 1- IZlZ)a+ﬂ+l
—~ = — —— > H, Do p(2).
u(z) 111212 u(0) u(z) FNEE @)+ 1+122 82
Since @ + B > 0, by Lemma 2.1, we get
1 — 2Na+B+1 » 2a+ﬂ+2
u@e) - L2 u<0)‘ < LT ctan 2] + (1 — 122Dy 4 ),
1+ |z
and the conclusion follows from Lemma 2.2 to estimate ®y g. O
2.2 Casea+ B € (—1,0)
In the case —1 < o + B < 0, we write the kernel P, g in the following form
ka,p(2)
Pup(z) = 2L Py 502), 2.5)
a+p
where e -
ko p(z) i =cap(l—2) 27 (1=2)7 2 (2.6)

and P, g is the Poisson kernel for T4 g-harmonic functions defined by equations
(1.4) and (1.5). Remark that |ky g (2)| = |ca,gl.
Let

1 2 . .
Kup @) = kgl 10 = 5 /0 ks (ze™1%) £ (¢1%)d6,

First, we prove the following lemma.

Lemma 2.3 Letw, B € R\Z™ suchthata+ B € (—1,0) and u be an («, B)-harmonic
function from the unit disc to itself. Then

P |z A Ko p(0)| < 12!
A4z T casp

Uap(I2])-
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We omit the proof as it is similar to Lemma 2.1 and uses Theorem C, a Heinz-
Hethcote theorem of T,-harmonic functions.
Next, we show

Theorem 2.2 Letw, B € R\Z™ suchthata+p € (—1, 0) andu be an («, B)-harmonic
function from the unit disc to itself. Then

1 12\at+B+1
‘u(z)—“ <) u(0>'

UZED
(1+]z2) = !

lo — Bl
Ua+,s<|z|>+—ﬂ (1 —[gH*rhrt],
Ca+pB 4

=< |C0t,,5| |:

Proof Using the triangle inequality, we have

1— 2\Na+pB+1 1— 2\a+pB+1
u@ - S )] < u - S k)
(1425 ! (1 4z !

+ (1= PP Ko 5 () —u©] . 27)
We observe that

|P g o (2)] = [ Kap(2) = u(0)

’

where @, g is given by (2.4). Thus we can use the second case in Lemma 2.2 to obtain

’Ka,ﬁ(Z) - M(0)| = |Ca,ﬂ|w- (2.8)

Then, with an immediate consequence from Lemma 2.3 and the inequality (2.8) we
obtain the desired result. O

2.3 Estimates of G4 glg] and Its Derivatives
Lemma2.4 Lety € Rand z, w in D. Then

(1= 1z»HA = [w)r+!

b4
<
|1 —zw|7’Jr2 20

A= zHA = JwHr !
Proof Let us denote by F) (z, w) = Tz 2

If y > 0, then

(1 — w7

Tz SO lwl)” <27,

Fy(z,w) = (1 — lou(2)%)
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If y <0, then

11— zw|”

_ _ 2yy+1 -y -y
Fy(z,w) = (1 — |gw(2)[7) (1_|Z|2)y§(1+lz|) <27"

First, we estimate the Green functions g, g and G g.

Lemma25 Leta, B € (—1, 00) such that « + B > —1. Then, the functions g4 g and
Gy, p satisfy the estimates

0 < gup(x) < (1 —x)*FH! <B((x +1,8+1)+1log %) xe©,1. (2.9

and

2
+B(a+1, B+1) ).
(2.10)

|Ga,p(z, w)| <

(1- |Z|2)(x+ﬂ+1(1 _ |w|2)a+ﬁ+l o 1 —zZw
1 —Ewl‘“‘ﬁ“ g w

The estimates (2.9) and (2.10) extend [16, Lemma B] and [16, Lemma 4.2], respec-
tively.

Proof From Lemma 1.3, we observe that the function

Fl@a+1,B+1a+B+2,%)—1
X = 1
logm

@+ (B+1) 1
«ip+2 > Blar1,p4n)- Then

is increasing from (0, 1) into (

1 1
F 1, 1; 2, < 1 1. 2.11
(x+1,B+ 1L+ B4+2,x) BarlBrD Ogl—x+ ( )

Hence
1
Gap(x) < (1 —x)*HAH (IOg —+Ba+1,B8+ 1)).
X

The estimate of G 4, g follows immediately from (2.9)

Remark The inequalities (2.9) and (2.10) hold for «, 8 € R\Z™ suchthata+ 8 > —1

where the constant B(a++ﬁ+1) in (2.11) should be replaced by

Fa+1,8+La+8+2,x)—1
xe(0,1) logﬁ .

Ma”g =
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Faoa+1,8+1La+B8+2,x)—1
log ﬁ

(0, 1) having finite limits at 0 and 1, see (1.9). Lemma 1.3 says simply thatif o, § > —1

and o + 8 > —1, then M,

My, g is finite as the function is continuous on

_ 1
B = BGrl A"

Proposition 2.1 Let o, B € (—1, 00) such thata + g > —1 and g € C(D). Then

|Ge pl81(2)| < dap(1 — 121 P Ig s,
where

Fle+DI'(B+1)

dop = pletpl=2
FQ(a+/23+4)

Proof Combining (2.10) and Lemma 2.4, we get

1—7zw

=)

(1 _ |Z|2)a+ﬂ+l(l _ |w|2)a+/3+1

|G p(z, w)| < 2Pl — |z|2>°‘+ﬁ(log

+B@+1,8+1) TR

Hence

|G pl21(2)] < /];)IGa,,s(Z, w)||g(w)|dA(w)

1—zZw
w

2
dA(w)

< lglloc2™Pl(1 — |z)2)*+F / log
D -

(1 — w2y tFt!

12y +B+L
+lIglloeBle + 1. § + (1 — [z*) T dAW).
Let denote by
1— % 2
I:= / log v dA(w)
D _
and
. (1- |w|2)a+,ﬁ+l
As T is the Green function of the Laplacian operator, we deduce that
1— 2
roUZED) o
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Now we estimate 7. By using the estimate (1.10) in Theorem 1.2 fort = o + g + 1
and ¢ = —1, we have

Mo+ pB8+2)

J =J 10441 = T aiBid
Fz(a+§+ )

and, we reach our conclusion. O

Next, we estimate |0, Gq,g(z, w)|.

Lemma 2.6 Leta, B € (—1,00) such thatx + B > —1. Then

.
10:Gar p (22 )] < [BRIEFAIH (1 — o)A fog | — 2
—w
(1 — |zH)oth
o p—— .
Yo,B |Z — wl

where
Vap i= (IB121TPI 420 A (o 4 B+ 1) B+ 1, B+ 1) +2°P T (@ 42). (2.13)

Proof Using the chain rule and (1.8), we get

__ Gy p(z,w)
9:Gap (2 w) = —pB—L2 1z wH (1= lou (@)
—zZw
where
(1—[zH*PA — |w»H* P @ -2)
I(z, w) ;== — — )
(1 —zw)B+1(1 — zw)e+2
and

H) =B+ 1+ 1D(@+B+DF@+1,p+La+p+2)

x(@+D(B+1)

+Bm+Lﬂ+D< TTh

Fm+zﬂ+za+ﬁ+&n)

Claim: N
H(x)g(a+ﬂ+2)m+(a+ﬁ+l)B(a+1,ﬂ+1). (2.14)

Indeed, using (1.7), we have

1
Ha+lﬂ+2a+ﬂ+3m)=Tj;Na+Lﬂ+ha+ﬂ+&x)
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As the function F(e + 1, 8 + 1; ¢ + B + 3;.) is increasing on (0, 1), then by (1.6),
we have

x(e+ DB+
a+pB+2
<(ot+l)(,3+l) MNa+p+3) X
a+p+2 TNae+2)I'B+2)1—x
1 X
T B+ LB+Dl—x

Fla+2,86+2;a+B8+3;x)

(2.15)

On the other hand, by Lemma 1.3, we have

1 1
log
Bla+1,8+1) ~1-

F(a+1,ﬂ+1;a+,3+2;x)§< +1). (2.16)
X

Hence, by combining (2.15) and (2.16), we obtain

Hx)<(a+ B+ 1)(log1 !

X
+B(a+1,ﬁ+1))+—.
—X 1—x

Using log(t) < t — 1 for all + > 1, one can see that log I < 1 for all
—X —x
x € [0, 1). Thus the proof of the claim is complete.
It follows from the inequality (2.10) and Lemma 2.4 that
g les@w)| g (= 2P — Jw Pyt i
_ L 77
l—zw |~ |l — zw|eth+3
1—zw|
log + B+ 1,8+ 1)
Z—w
1 2 -1 1—zw|’
< [BREFPFA — [2)*HF Hog
1—|z 2ya+pB
BB+ 1+ DO 27
Also, we have
l (= 2P — w ) Az —
| (Z, w)| - |1 _ Zw|0!+/3+3
- a1- |Z|2)Ol+/3 (1 _ |w|2>0!+/3+1 —w ’
|1 — zw] [1 — zw] 1 —zw
1 — 2ya+p
< gebprt LD 1 |—Z|z)m (2.18)
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By the claim (2.14), we have

(1= [z = Jw]?)

H(l—lpz,w)*) <@+B+2) +@+B+1DB@+1,8+1).

|z — w|?

Therefore,

1—|z 2\a+p
l(z, w)IH( = lp(z, w)*) < 22T (@ + g + 2)%

1— 2ya+p
L2 (g 4 p 4 DB+ 1, 4+ T
|1 — zw]

The proof of the lemma is complete. O

Theorem E [27] Suppose that X is an open subset of R, and 2 is a measure space.
Suppose, further, that a function F : X x Q — R satisfies the following conditions:

(1) F(x,w) is ameasurable function of x and w jointly, and is integrable with respect
to w for almost every x € X.

(2) Foralmosteveryw € Q, F(x, w) is an absolutely continuous function with respect

to x. [This guarantees that W exists almost everywhere. |

3) % is locally integrable, that is, for all compact intervals [a, b] contained in X :

[

Then, fQ F(x, w)dw is an absolutely continuous function with respect to x, and for
almost every x € X, its derivative exists, which is given by

ad ad
—/ F(x,w)dw = / —F(x, w)dw.
ox Q Q dx

Proposition2.2 Let«, f € (—1,00) suchthata + B > —1and g € C(D). Then

ad
—F(x, w)‘dwdx < 00.
ox

|DGIg1(2)] < 8 p(1 — 121 Pliglloc-

where 5o, p = 21 tBI=1 (la| + 8] + 2(Va,p + VB,a) and yo g is defined in Eq. (2.13).
Proof Using Lemma (2.6), we have

2

.
O dAw)

fD 10: G p(z, w)|dA(w) < B2 FAIFL (1 — |72y +h-T fD log

1
+ Va1 — |z|2)“+ﬁ/
D 1z — w|

dA(w).
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Using [28, proof of theorem 1.1], we have

1
/ dA(w) < 2,
D |z — w|

and by (2.12), it yields

| — 2w
/log
D _

Thus 9;Gg, g(z, w) is integrable on D x D and by Theorem E, we have

8.01g](z) = fD 0.Gop(z, w)g(w)dA(w).
‘We conclude that
19.61612)| < liglloo /D 19, G (2, w)|dA w)
< (B2 2 ) (A = 12 Pl g lloo-
Similarly we obtain
0:01812)| = (lel2 17! 4 2950 ) (1= 12 gl

Thus, the proof is complete. O

3 Proofs of Main Results

Proof of Theorem 1.1
The proof of Theorem 1.1 follows immediately from Theorems 2.1, 2.2 and Proposition
2.1.

Proof of Theorem 1.2
Differentiating Py g with respect to z and z, we get

1
BZPa,ﬁ(Z)=< @+p+ D7 | B +(a+1)1—_Z)Pa,ﬁ, (3.1)

and
&ZPO,,;;(Z)=( (a—i—ﬂ—i—l) | E +(/3+1)—Z> o, 8- (3.2)

Therefore
1 % ) ) .
Pupl 1) = 5= [ 0cPup(ze e pel) do,
0
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and
1 o i0\ if i0
0zPo gl f1([2) = 2 o Oz Py p(ze™"")e' f(e')do.
Hence, by using (3.1) and (3.2), we obtain

1 [ o
|8Z'Pa,ﬁ[f](z)| < g/o azPa,ﬂ(Ze_le)e_’Of(el") do

S llso /2” (@ + (1 —ze?) — pze'(1 — ze7"%) —i
=7 )y (1 = ze0)(1 — 2]?) |Fap(ze 146
= ”f”m;/h(laJrllJrlﬂl)lP p(ze?)|do
2 1—1zI2 Jo *
I flloo (e + 1+ 1BI) leapl 27 (1= [z[H*HPH!
= 1—|z|? 27 Jo |1 —zei? |°‘+/3+2d9' (3-3)
By using the first inequality in Lemma 1.1, we obtain
lcapl ISl
18:Pa gL A1 < (Jor + 1] + |y 222 2120 (3.4)
Catp 1 — 2]
Similarly,
lcagl ISl
10 gL 1N = (B + 1] + faly el I oo
Catp 1 — 2]
[Du()|l < IDPa,gl f1II + I1DGIgI).
3.5

Combining Proposition 2.2 and (3.4) and (3.5), we get our conclusion and the proof
of Theorem 1.2 is complete.
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