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Abstract

In this article, using variational methods, we obtain that the existence of a nontrivial
solution for a fractional (p, g)-Kirchhoff type problem with a generalized Choquard
nonlinearity, a critical Hardy—Sobolev term and magnetic field.

Keywords Fractional (p, ¢) Laplacian operator - Kirchhoff type problem - Choquard
nonlinearity - Critical Sobolev—Hardy exponent - Magnetic field

Mathematics Subject Classification 35A15 - 35B33 - 35J60 - 35R11

1 Introduction

In this paper, we consider the following fractional (p, ¢)-Kirchhoff type problem

*
‘u‘pu—Zu

M1} (=), yu+ (=AY yu = (Tyx F(ul) f(ulPyu+ ML 4 2k@lul e in
u=0 in RM\Q,

(1.1)

where Q is a bounded smooth domain of R" containing 0 with Lipschitz boundary,
l <qg<p0<a<ps <Nwiths € (0,1), A € CRY,R") is a magnetic
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potential, M : Rar — R is a Kirchhoff function, f is a continuous function, F (1) =
fou f(®)dt, here Z,,(x) = |x|~* is the Riesz potential of order x € (0, min{N, 2ps}).

* _ p(N—-q) PN

Pa = "Neps is critical Sobolev—Hardy exponent, when o = 0, p* = N—ps is

e
critical Sobolev exponent, 1 < r < p < p*, k(x) € L»"~ (2, C) and the fractional
p-Laplacian magnetic operator (—A)‘;’ 4 1s the differential of the convex functional

SO NACT) )
u»—)—[u] // Ju(x) — | u(y)l dx dy

X — y|N+ps

defined on the Banach space (with respect to the norm [u]), 4 defined above)
Woh(@.C)i={ue LP®RY,C) u=0 acinRN\Q and [u]), < +oo].

Let us first mention some results for A = 0. If p = ¢ = 2 in (1.1), the operator
(— A)S becomes the fractional Laplacian operator (—A)® without magnetic, which
arises 1n the study of several physical phenomena like phase transitions, crystal dis-
locations, quasi-geostrophic flows, flame propagations and so on. It can be seen as
the infinitesimal generators of Lévy stable diffusion processes [4]. Recently, there are
many works dedicated to study Kirchhoff problem with singular and critical terms but
without a Hardy potential and a generalized Choquard term, namely with « = 0 and
u=0.

Xiang and Wang [19] considered the existence, multiplicity and asymptotic behav-
ior of nonnegative solutions for a fractional Schrddinger—Poisson—Kirchhoff type
system

{ (@ +blulP)(=A) u+ V()ul + ¢k()|ulPu = Ah()|ul?"%u + ul>2u in R,

(=AY p = k(x)|u|P2u inR3.
When2p < g <2%,2F = N2N and A > 0 is large enough, existence of nonnegative

solutions is obtained by the mountain pass theorem. Then, via the Ekeland variational
principle, existence of nonnegative solutions is investigated when 1 < ¢ < 2 and
A > 01is small enough.

If p = g # 2, Chen [6] established the existence of positive solutions by finding
the minimizer of the corresponding energy functional for the following problem

|M‘Pa

M(u)? p)(= A)‘u—k(I * F(u)) f(u) + , u>0 inQ,
u=20 in RM\Q,

where M : Ra' — R is a Kirchhoff function, f € C I(R, R) fulfills the Ambrosetti-
Rabinowitz type condition, F(u) = ]6’ f(@)dtand 0 <o < ps < N withs € (0, 1).

If p # ¢, we can see that, for the classical setting, problem (1.1) reduces to a
fractional (p, ¢)-Laplacian elliptic problem
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(=AY u+ (—A)ju=gx.u) nQ, u=0 inRM\Q.

The above fractional (p, g)-Laplacian elliptic problem has been discussed widely in
recent years, see [2, 5] for more details. Particularly, using concentration-compactness
principle and the Kajikiya’s new version of symmetric mountain pass lemma, Ambro-
sio and Isernia [3] obtained the existence of infinitely many solutions to the fractional
(p, q)-Laplacian problem involving critical Sobolev—Hardy exponent. Moreover, Lin
and Zheng [14] considered the following fractional (p, ¢)-Kirchhoff type problem
involving critical Sobolev—Hardy exponent

— & —2 r=2 .
(a +bluly ") (= A)pu + (— A = M L plt in g,
u=20 in RM\Q,

where a,b > 0,c < sr + N(1 — %), 0 e, p_:;)‘ The authors proved that there are
at least two nontrivial solutions for small A > 0 by the mountain pass theorem and
Ekeland’s variational principle.

However, a lot of attention has been focused on the study of problems with magnetic
field in the last decades; both for the pure mathematical research and applications, we
refer to [1, 8-10, 15, 17, 18, 20] and references therein. If A is a smooth function and
p = q = 2, there are many results on Kirchhoff type problems with magnetic field
and involving nonlinear convolution terms, such as Choquard equations. Ambrosio
[1] studied the existence and concentration of nontrivial solutions for a fractional
Choquard equation with f is continuous and subcritical growth. Xiang et al. [18]
obtained the existence and multiplicity of solutions for the following critical fractional
Choquard-Kirchhoff type equation

F(lul?)

lx — y[¥

Ml D=8+ = [y Py 2 iR,

Fiscella and Pucci [11] proposed the nonlinear Schrodinger equations and related
systems with magnetic fields and Hardy—Sobolev critical exponents. Yang and An
[20] considered the existence of infinitely many solutions of a degenerate magnetic
fractional problem. By variational approach, Yang et al. [21] studied the existence of
the solutions for the following fractional Schrodinger-Kirchhoff equation involving
critical Sobolev—Hardy nonlinearities

|u|2;k(ot)—2

|x|*

M([[ull DI(=A)Yu + V (x)u] = +Af G fulu+ g, fupu inRY,

where 2} (o) = % with @ € [0, 2s) is the fractional Hardy—Sobolev critical
exponent. The main novelty is the presence of the magnetic field and critical term as
well as the possible degenerate nature of the Kirchhoff function M.

The fractional p-Kirchhoff type problems with magnetic fields have been studied
extensively. Liang and Zhang [12] obtained the existence of infinitely many solutions
for the p-fractional Kirchhoff equations with magnetic fields and critical nonlinearity
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by using the concentration-compactness principle and the Kajikiya’s new version

of the symmetric mountain pass lemma. By the variational methods, Song and Shi

[17] studied the existence and multiplicity solutions for the p-fractional Schrodinger—

Kirchhoff type equations with magnetic field and critical nonlinearity.

The aim of this work is to consider the existence of solutions for the fractional
(p, q)-Kirchhoff type problem with a generalized Choquard nonlinearity, a critical
Hardy—Sobolev term and magnetic field.

Now we give the following assumptions on the Kirchhoff function M:

(M) M Rg — R is a continuous function, and there exists mq > 0 such that
inf;>0 M(t) = mo.

(M) There exists 0 € [I,
M) = [y M(v)dr.

A typical example is M (1) = mg + bt?~—! where b > 0,1t > 0.
Moreover, we assume that f € C!(RT, R), which satisfies
(Fy) lim L8 =0,

t—=0 ;72—

}{,V_I‘j‘s) such that M(¢t)t < 6.#(t), Vt > 0, where

- 2N— 2N—
(F») tl_l)rgo % = 0 for some % <h< (2(N—l,?£’

(F3) there exists k € (p0,r) such that for allt > 0,0 < Kk F(t) < 4f(t)t, where
F(t) = [y f(r)dr.

Furthermore, we assume that
*

P
(K1) k(x) € Lr—(Q2,C) with I < r < p* and there are two positive constants
wi and wy such that 0 < w1 < k(x) < wy < 400, forall x € Q.

The main result can be stated as follows:

Theorem 1.1 Assume that 1 < g < p,0 <o < ps < N, 0 < u < min{N, 2ps},
(M1)—(M>), (K1) with p6 < r < pk and (F1) — (F3) hold. Then, there exists a
constant h, > 0 such that problem (1.1) has a nontrivial solution u for all A > A.

The main feature and difficulty is the presence of (p, ¢)-Laplacian magnetic oper-
ator and Kirchhoff function M. The appearance of the magnetic field brings extra
difficulties to the problem. Second, It is difficult to get the Palais—Smale [(PS) for
short] condition due to critical Sobolev—Hardy nonlinearity. For this purpose, we use
a p-fractional version of concentration-compactness principle with magnetic field to
show that the energy functional satisfies local (P S). condition for ¢ less than some
critical level when the parameter A is large enough.

This paper is organized as follows: In Sect.2, we give some preliminaries. The
proof of Theorem 1.1 will be given in Sect. 3.

2 Preliminaries

In this section, we briefly recall the relevant definitions and notations. The fractional
Sobolev space Wy} (R, C) is defined by

Wb (Q,C) = {u e L’®RY.C) u=0 acinRN\Q and (], < +oo},
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where [u] . 4 denotes the magnetic Gagliardo semi-norm defined by

[ulp.a = // ) =N P
e RN r — y Vs g

According to [8], for p > 1, WS,’Z (2, C) is a separable reflexive Banach space
with the norm || - || = [-], 4 and the completion with respect to the norm || - || =[], 4

of C2°(R2, C). The topological dual of Wy} (2, C) will be denoted by W, " (@,0)
with the corresponding duality pairing (-, ) = Wy, AP (Q,0) x WiH(R,C) - R.

Due to reflexivity, the weak and weak * convergence in Wo, A 7' (2, ©) coincides.
Forl < g < p,letusset W = WS,’QI(Q, C)n WS’Z (2, C) endowed with the norm
[ulyy = [ulp 4 + [uly, 4. Moreover, set W' = W(;;’p/(ﬂ, o n W&i’q/(Q, O).
. x+y
According to the diamagnetic inequality ||u(x)] — [u(y)]| < |u(x) —e Ay
(y)|, for a.e.x, y € RY, in [9], we have the following inequality.

Lemma 2.1 For every u € WO P, ), we get |lu| € WO P(Q). More precisely,

Ulle < [l where ull, = ([ fon M0 g1dy) .

Lemma 2.2 Assume that 0 < o < ps < N. Then, there exists a positive constant C
such that

P €
(/ Jul dx) " < Clulp,a foreveryu e WS’X(Q,(C).
& :

N x|

Proof Combining the results of Lemma 2.1 and [7, Lemma 2.1], we can get the result.
O

In particular, WO fj (22, C) embeds continuously into L"($2, dx/|x|%) for all « €
[0, psTand h € [1, p}]. Moreover, if i € [1, p}), the embedding is compact. Thanks
to the previous lemma, we can define for any o € [0, ps] the positive numbers, when
o =0, S, becomes the best Sobolev constant S.

l(x—\')A(m P Pa
S, = inf // luatr) - ) ddy s ue Wor@, 0 with [ gl
R2V lx — y|N+ps ' Q x[*

Next, we recall the following Hardy-Littlewood—Sobolev inequality

Lemma 2.3 [13] Assume that 1 < v, t < 00,0 < u < N and L >t T Ly “ = 2. Then,
there exists C(N, ., v, t) > 0 such that

b
[, B vy < v v nlelh bl

lx —y

forall g € L"(RN,C) and b € L'(RY, C).
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In particular, F () = |¢|" for some h > 0, by the Hardy—Littlewood—Sobolev inequal-

ity, the integral
F 2)F 2
/[ (lu)1?) F (Ju(y)l )dxdy
R2N lx — yl#

is well defined if F(lu|?) € L'(R") for some t > 1 satisfying 2 + & = 2, that is,
r=5 1%,N . Hence, thanks to the fact that the fractional Sobolev embedding theorem,
ifue Wo A(Q C), we must require that th € [p, p}]. Thus, for the subcritical case,
we must assume

- QN —wp

2N —
B = G D)

N 2N — ps) - Pwes
Hence, p,, s is said to be the lower critical exponent and p ; 1s called the upper

critical exponent in the sense of the Hardy-Littlewood— SoboleV mequahty
The energy functional J; formally associated with problem (1.1) is

Tn(u) = ®(u) — W(u) — Hy(u) — 1K (),

with
1 1 F(lu@) ) F(lu(y)?)
) = ;///([u];A) + = [u]q 4 V) = Z/Q/Q x| dxdy,
Hy(u) = 1 wdx, K@) = l/ k(o) |u|"dx.
ry Ja Ix|¢ rJa

Let Ne and the bar denote the real part of a complex number and the complex
conjugation, respectively. We have the following results.

Lemma 2.4 [6, Lemma 2.3] Let (M1) hold. Then, ® is of class C' and

1 ) AR _
@) =] e [ e~

x (1) = () (o) — T () )dxdy

, 1 i (x—y) A2 _
+ Ne //2N m“{(){) — el(X NA( q )u(y)|q 2
R —

. x+) e Xty
x () = D) (o) — I () )dxdy,

forallu, ¢ € W. Moreover, ® is weakly lower semi-continuous in V.
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Lemma 2.5 [7, Lemma 2.3] Let O < @ < ps < N. Then, Hy is of class Cl with
| |pa
(H)(u), ) = Ne —dx foreveryu, ¢ € W A(Q C).

_ /
Moreover, the operator H], Wg ’ Z(Q, C) — W, Z’p (2, C) is sequentially weak-to-
weak continuous.

Lemma 2.6 [6, Lemma 2.5] Assume (F) and (F>) hold, we have

F(I (y)l )

Fu@)P) ) dx dy <C([u] A+ )

and

F(lu@)?) F(lu(y)? ) 4

P < C(ul)ly + [l )

Lemma 2.7 [6, Lemma 2.6] Let (F1) — (F2) hold and 0 < < min{N, 2ps}. Then,
W and V' are weakly strongly continuous on Wg”g (2,0).

From Lemmas 2.4-2.7, and conditions (F;)—(F3), we have that 75 (1) is of class
C!. We say that u € W is a weak solution of problem (1.1), if

F 2 _
M([M]QA)W, ©)p.Aa+ U, @lga= Eﬁe/Q /9 Sli;yy)lyf(lu(x)lz)u(x)w(ﬂdx dy

P24 )
Mw/ lulPe uex)
Q

|x]*

+ Mﬁe/ ko) ul” 2up(x)dx,
Q
where (u, ¢); 4 with t € {p, g} is defined by

1
(, @) a = Ne //Rzzv mﬂt(x)

_ ei(x—y)A(ﬁ)u(y)V—Z (u(x) _ ei(x—y)A(ﬁ)u(y))

x (o) — eI (3) ) dady.

for all ¢ € W. Clearly, the critical points of 7, (u) are exactly the weak solutions of
problem (1.1).
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3 Proof of Theorem 1.1

We start by showing that functional 7, has the geometric structure of the mountain
pass theorem.

Lemma 3.1 Assume that (M) — (M3) and (F1) — (F3) hold. Then,
(i) there exist ¥, p > 0 such that J)(u) > 9 for allu € W with [ulyy = p.
(ii) There exist e € VW and p > 0 such that [elyy > p and J,(e) < 0.

Proof (i) From Lemma 2.6, (M) — (M>), and by Holder inequality and the fractional
Hardy—Sobolev embedding, we get

1
To(u) = —//([u]PAH [ul} A

// F<|u(x>| 2 F(Ju(y))?) dxdy

[x — y[*

P A
L (L —/ () || dox
rJo

po{ Q |x|0(

1
= g Muly Olul] - C(ul?,

+ ]y ) = Cluly, — Cllk)l| Tl

mo
zﬁ[u]; C([u] A )

— Clulb?y = ClIk)]_p_[ul), 4.
pr—r

Since% h<%andp&<r<p§,wehavep<2h,p<rand
p < pp, and then the claim follows if we choose p small enough.
(i1) Assume ug € W, (M>) and (F3) implies that

1 1
Ji(tug) < ;///([tuo];A) + C—I[tuo]Z)A

1 / / F(|tuo(x)[*) F (Jtuo(»)|?)

lx — y|*

dx dy
tPa |ug|Pa
ry Ja IxI®

1
9 9
A O ][y + i Lol

,pa |u0|p3§

Dy x|

dx - —o0, ast — +o00,

sinceg < p < 6p < pi. Thus, there exist e € V¥V and p > 0 such that [e]yy > p and
Ji(e) < 0. O
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Lemma 3.2 If conditions (M) — (M>2) and (Fy) — (F3) hold. Let {u,} be a (PS),
Py
1

sequence of functional [J, with c; < (ﬁ — %) (moSy) Pa—7. Then exists a subse-
[*3
quence of {u,} strongly converges in V.

Proof Since J;.(u,) — c; and J;(u,) — 0in W', by (M), (M>2) and (F3), then
there exists C > 0 such that

1
C+oMulpa > Tn(un) — ;(J{(un), Un)

1 1 1
= ;/ﬂ([un]z’A) + g[un]Z’A - ;M([un]z’A)[un];A

1 q 1 1 ,
__[Mn]qA'i‘A - =~ k(x)|un|"dx
K ' k 1) Ja
1 1
4 [ (B P (—f<|un|2>|un|2 - —F(|un|2>) dx
Q K 4
1 1 Py
+ (_ _ _) |un| dx
K py)la Ix|®
1 1
> (% - ;) M([u"][[;,A)[u”]Z,A
- 1 1 P
= E - ; mO[un]p’A-
This implies that {u,} is bounded in W with « > p6 > gq. By the concentration-
compactness principle [8], there exist u € W, two Borel regular measures p and v, at

most countable set {x;}; C Q, and non-negative numbers {jtjes,{vjtjes C [0, 00)
such that, up to subsequence, u,—u in W, u,, — u a. e. in 2 and

u, — u in L"(Q,dx/|x|*) for p <r < pk, 0 <a < ps, 3.1
as n — 00. Moreover

*
* lun|Pe %
Mn—"H, x| -V,

o Xty
lux)—e' ATy ()P

H= fRN [x—y[VFps dy + Zje] Wjdy; + 1, = pu({x;}),

|u|Pa
V=T + Y vidy. vj=v({x,), (3.2)

jeJ

< *‘E

Hj = SaV"n .

~

Fix ip € J, we are ready to prove that either v;, = 0 or

Py

Vig = (moSe) 77 . (3.3)
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In fact, let g € C§°(Bae (xiy)) satisfy 0 < ge < 1, 9B, () = 1 and || V gelloo < <.

Clearly {g.u,} is bounded in W and (7} (u,), eu,) — 0 as n — oo. Thus
M([”n]ﬁﬁ)(”na (paun)p,A + (up, (paun>q,A

2
— Jhe / / EQn O 1 ()2 ttn (1) e () ) dix dy
olo |lx—y

lun (x)|Pa—2 —
+ Re o Tun () @e (X)up (x) dx

—l—)ni)'ie/ k(x)|un(x)|r_2u,,(x)(p€(x)un(x)dx. (3.4)
Q

On the one hand, (u,, g.u,); o Witht € {p, q} is defined by

(Un, Qelin)r,A
= Ye ;W (x) — &6~ y)A(‘“)u D2 (un (x) — €O MACE) Dun(y)
ran |x — y|N+s T y Y
x (e ooun () = e’“‘ﬂ*f‘(f’(pe(y)un(y))dxdy

_ // n (1) = A, ) e )
]R2N

|xfy|N+”

— Xty — i(x— Xty
| e () = A, () Z(Mnm—e'(" DA, () )
v [, = IV

% e AT L (1) (e (x) — e (1)) dxdy. (3.5)

First,

dxdy

I ) = €A, 091072 (,0) = €A, () g0
R2N

|x _ y|N+ps

- / (pé(x) dlva
RN

as n — oo. Taking € — 0, we obtain at once that

(e ) A (SR B A 2
o () = &M, ()IP2 (1 () = T, (1)) e )
elir})n]ggo //RZN |x — y|N+ps drdy
— . (3.6)

From [16, Lemma 2.6], we have

P
lim lim sup/ / [$e(0) = ¢ ) |ty (x)|Pdxdy = 0.
€=0 nsoo JRV JRV  |x — |N+ps
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Then, using the Holder inequality, we get

F— V) A (T _ P r— ) A (SR
‘/f lun (x) — & VAT 0, ()P 2(un(x)—e’(x VA )un(y))
]RZN

lx — y[Ntps

i(x—y)A (XY
x eI, (0) (@) = e () dedy|

4 iz
=< [un] (/RN /]RN |¢€|)(Cxi |ﬁ€+(1))}s)| |u n(y)|dedy> — 0,

(3.7)

as n — oo and € — 0. For the second term on the left-hand side of (3.4), similarly,

we obtain

i i, )~
By the continuity of M (¢) and (3.5)-(3.7), we have
lim lim [M([”n];A)Wna @elln) p, A + (Un, (/’8“n>q,A] = M(dp),uio,

e—>0n—o0

where d = lim;,_, [u,]p, . On the other hand,

F n
n_)oof/ (|u (y)l )f(l 2 OOt () @e (X)1ty (x) dx dy

F
// ('”(y)')fu (@) 2) () e (x) dx dy

and

F 2
HO/ / Mf(l (@) [) | (x)*e (x) dx dy = 0.

Then, we have shown that

lim lim / / F('””(”' )f(l 2 ()2t () e (1)1t () dx dy = 0.

e—~>0n—00

Meanwhile,
lim lim [ k()| (0] ™2 (X)@e (X)tn (x)dx = 0.
Q

e—~>0n—0o0

Furthermore, turning to (3.2), we deduce that

Pa
lim lim / %un(x)goe(x)un(x)dx— hm/ Ye dv = vj.

(3.8)

(3.9)

(3.10)

3.11)
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Therefore, taking the limit for n — oo and € — 0 in (3.4), from (3.8) to (3.11), one
has M (d?)pi, < vi,. This together with (M) implies that

mofhip = M(dp)/"“i() = Vip-

] *"’3

It follows from p; > Sqv ;’ for all j € A that

o < S (@)” (3.12)
i = Pa . .

Hence v;, = 0 or v;, > (mSy) %7 .

Next, we conclude that (3.3) can not occur; hence, v; = O forall j € A.

By contradiction, we assume that there exists ip € A such that (3.3) holds. By
T(uy) = ¢ and J) (u,) — 0in W, we have

1
¢, = lim (jk(un) — —(J{(un),un>>- (3.13)
n—00 po
From (M») and (F3), one has

1 !
T (un) — E(jx(un), Up)
1 1
> ;///aun]’;,A) - EM([un];A)[un];A
2 L 2 2 _1 2
+/Q(I,L*F(|un| ))(pgf(w g = 3 F (l| >)dx
<1 1) || P (1 1)/ .
+|{— - — dx +A | — — - k(x)|u,|" dx
po  py)Ja |xI* po r)Ja
( 1 1 ) it |Pa
> — - — L dx
ro py/)Ja IxI®

(L | (x)d (3.14)
R — x)dx, .
“\po ) o e ¥

since @ > 1, pf < p¥,and 0 < ¢ < 1, where ¢, is defined as above. From (3.2),
(3.13) and (3.14), we find

1
6= lim Ju,) = lim. <jx(un) — g (T, un>)

(5 2)
> —=-— /(Pe(X)dv-
po  pi) Ja
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Letting € — 0 and using (3.3), it holds that

> ! ! > ! ! ( S)%
C — = — |V — = — | (m =P,
PE\pe ) T \pe pp)

which contradicts the assumption. Hence v; = 0 for all j € A and then

lunPa |u|Pa

—_—
x| x|

, asn — oo. (3.15)

Finally, we show that u,, — u strongly in W. In fact, for simplicity, let ¢ € WV be
fixed and Bé, be the linear functional on qu’z (2, C) defined by

By, (v)

() = 0T ()2 (o) — I (1)) (vr) =TI () )
= Ne /[ dxdy,
R2N

‘X — y‘N‘H‘A‘

forallv e W.
By the Holder inequality, we have |Bé7 (v)| < [(p]ﬁ;l [v]p,a, forall v € W. Hence,
(3.1) gives that

Jim (M (a1, ) = M1}, ) BY n — ) =0, (3.16)

since {M([un]iﬂ) - M([u];A)}n is bounded in R.

Since J; () — 0in W' and u,—u in W, we have (J; (u,) — J; (1), up —u) — 0,
asn — 0o.

o(l) = <L7)i(un) - J}i(u), Uy — u)
= M([un1} ) Bi, (un —u) = M([ul) ) B (uy — u) + By, (n — ) — B ( — 1)

= e [ [T FQP) 7t Pt = P £ Pty = i

*_ *_
_ % 14| P 2l'tn . |u|Pa 2u ﬁd
ne o |x|a |x|a Uy u X

- Athe/ [k | |" 21y — k() |l %] (uy — u)dx
Q

= M(un1) )| BE, G — 1) = B iy — )
(M (At} ) = M) 1)) BE Guy = ) + B, = ) = B (= )

= e [ [@ux P P = e PO PGy = w3

* *
s P 2wy P2
— Ne — (ty, — u)dx
Q x|« x|

- mte/ [k |n "2 — k(o) | *u] (wy — uw)dx. (3.17)
Q
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From Lemma 2.7, we have
/Q [Tt F Qa0 £ Gt Pt = T (). el | Gt = wrdx 0,
asn — o0. (3.18)

Moreover, from (3.15) and the Brezis—Lieb Lemma, we have

|y — ulP |y |P Ju| P
—adx= adx— adx—}—o(l)—)O, asn — 00.
o x| o Ix| Q x|

This together with the Holder inequality implies

|x]® x|

pE=2 Pa2y |
/ |:|u,,| un  Jul u] Gn —mdx — 0. asn — oo. (3.19)
Q

%

Since k € Ll’g‘%f (2, C), by the Vitali convergence theorem one can deduce that
nli)n;o/ﬂk(x)|un|rdx = /Qk(x)|u|’dx. (3.20)
This together with the Brezis—Lieb Lemma yields that
/Q [k(x)|u,,|’*2un — k(x)|u|’*2u]mdx 50, asn—oo.  (321)

Let us now recall the well-known Simon inequalities. There exist positive numbers ¢,
and C), depending only on p, such that

& — P < {cpuw—zs — P72 (& = ) ) for p > 2,
~ | BpC,[E1P2E — 1P 2E = ] (81 + ) 2 for 1 < p <2,
(3.22)

forall &£, n € RY . Therefore, to the third term on the right hand side of (3.17), we
obtain

By (un —u) — Bjl (uy — u) > 0. (3.23)
From (3.16) to (3.23) and (M), we obtain

Jim M ([un], 4)[Bi, (un — 1) = Bi/ (up — w)] < 0.
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Since M([u,,]; WOIBE (up —u) — By (uy — u)] < 0 for all n by convexity and (M),
we have

lim [Bfn (y — u) — BY (u — u)] <0. (3.24)
n— 00

According to the Simon inequality, we divide the discussion into two cases.
Case I p > 2, from (3.22) and (3.24), we have

0<[u, — M]Z’A
o Xty o Xty
_// |un(x)_u(x)_el(x MA( 7 )un(y)+el(x V)A( 7 )u(y)|pdx
o R2N

|x — y|NFps

dy

. Yy A m _ . _ A m
i () = €A, ()72 (10 () = O, ()
=0 Jfu. ;
- x =y [P
. | m . .y m
) = ¢ U2 () — G ()

|x — y[N+ps ]

i(x— Xty i (x— Xty
x (100 (0) = @) = /AT, () 4+ (y) )axdy

=cp[B,fn(un —u) — B (u, —u)] <0, asn — oo.

) A (S
Case I 1 < p < 2, taking § = u,(x) — &'y, (y) and = u(x) —

. x+y
g’(x_y)A(T)u(y) in (3.22), as n — oo, we have

SIS

Z_J
([un]ﬁ,A + [u]ﬁ,A) 2
P _ r2=p)
Qa0 Tl F )

< C[Bi, (up — u) — By (u, —u)]*> <0.

0 < [u, — M]Z’A = Cp[BLfn (up —u) — Bzf(un —u)

]
< Cp[ Bl un = w) = BY (uy — w)]
14
2

Here, we use the fact that [u, ], 4 and [u] 4 are bounded, and the elementary inequal-
ity

2-p 2-p 2—p
(a+b)2 <a2 +b2 foralla,b>0and1 < p < 2.

In conclusion, u;, — u strongly in W, the proof is complete. O

Lemma 3.3 If conditions (M1)—(M>) and (F1)—(F3) hold, then there exists Ly > 0
such that

1 1 _ra_
¢, = inf max J,(y (1)) < (— - —) (moSq) P, (3.25)
yel 0=t<l1 po  pi

o

forall . > hy, where T = {y € C([0, 1], W) : y(0) = 0, (1) = e}.
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Proof We choose vg € W with [vol, 4 = 1. Then, lim;—¢ J3(tvo) = 0 and
lim;—, o0 J3(tvg) = —00, and then, there exists 7, > 0 such that sup,. J5(tvo) =
J (t,vo). Hence, t, satisfies

F(t.v0l)
Mtl] ool o+ lool] = [ [ S oo drdy
QJIQ -

*
t)hv po{
|£3.v0] d

Q |x[¢

+ )»/ k(x)|tvol dx. (3.26)
Q
By (M») and (F3), we have

0.4 (w0l 4) + [l 4 = M([Bvol) DIty 4 + [Hvol] 4
F
= [ D el axay

t P
ol 4 H/ k() |t3.v0 " dx
o lxl*

_ Ef/ F(tav0(x)12) F ([t vo(0)[%)
~ 4

|x — y[#

dxdy

+of |IOII°‘ dx +x/ k(x)|t,vol”dx
« fo
> 2 [ 1ol (3.27)
o |x|*

Without loss of generality, we assume that ¢, > 1 for all A > 0. Using (M>) again,
(3.27) gives that

/'”°| dx < 0.4t + 1] [ol? .

with ¢ < Op < p¥, thus {,} is bounded. Thus, there exists 7o > 0 and a sequence
Ap — 00 as n — oo such that

t, — to asn — oo.

By Lemma 2.6 and the Lebesgue dominated convergence theorem, we get

F
//‘ (|tx,lvo(y)| )f(It,\nUO(x)| )3, vo(x)|* dx dy

lx—y

F
/f (|tovo(y)l )f(ltovo(X)I YNiovo(x)|?> dx dy,
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as n — oo. Thus

An/ k(x)|t, vo(x)|"dx — oo, asn — oo.
Q

Hence, (3.26) implies thatM([tovo]iyA)[tovo];A+[t0v0]Z,A = 00. This is impossible.
Thus, t, — 0 as A — oo. From (3.26) again, we have

lim A/ k(x) |t vo(x)|"dx = 0.
A—00 Q

This together with (F3) implies that

- / / F(n000F) F (1000F) 0o
QJIQ

A—>00 [x — y|*

Therefore,

lim sup J,.(tvg) = lim J, () vo) = 0.
2—00 t>() A—>00

Then, there exists A, > 0 such that for any A > A,

1 1 g
sup Ji(tvg) < (— - —*> (moSe) ra=r.
>0 Y

o

Taking e = Twvg with T large enough to verify J)(e) < 0, we obtain ¢, <
max;efo,1] J1(y (¢)), with y (t) = tTvg. Therefore

*

1 1 _Pa__
< N<|—-— S,)Pa—p
¢ < trerllgﬁljx(y( ) < <p9 p;;) (moSe)

for A large enough. Thus (3.25) holds. O
Proof of Theorem 1.1 Lemmas 3.1-3.3 and the mountain pass theorem guarantee that

there exists A, > O such that functional 7 has a critical point for all A > A,, so u is
a solution of (1.1) with J; (1) > 0. O
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