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Abstract

We give the alternative proofs to consider Fermat systems of complex differential or
difference or delay-differential equations. In addition, we also use value distribution of
meromorphic functions to consider the existence of meromorphic solutions of complex
differential or delay-differential systems.
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1 Introduction and Main Results
Let us observe Fermat-type functional equation

f@? 4+ =1, (1.1)
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where f(z) and g(z) are transcendental meromorphic functions. Iyer [12] and Gross
[7] obtained that all entire solutions of (1.1) are f(z) = sin(h(z)), g(z) = cos(h(z)),
where h(z) is any entire function, and there are no other entire solutions. If g(z) is a
differential polynomial of f(z) in (1.1), then this equation is always called Fermat-type
differential equation. Using the above Iyer and Gross’s result and a basic computation
on

f@*+ fl? =1, (1.2)

we can obtain that all meromorphic solutions f (z) = sin(z+ B), where B is a constant.
Further researches on Fermat-type differential equations with different forms can be
found in [25, 27] or [19, Chapter 6]. Some results on Fermat-type difference equations
can be found in [18, 20, 21] and Fermat-type differential-difference equations or partial
differential-difference equations can be found in [11, 18, 23, 24]. Of course, Eq. (1.1)
can be seen as the functional version of Fermat equation x> + y> = 1, where x, y
are rational functions, while the Fermat-type matrix equations X" 4+ Y" = Z" are
also considered in [1-3], where X, Y, Z are 2-by-2 rational or integer matrices and
n is a positive integer. The elementary notations and results of Nevanlinna theory,
such as the proximity function m(r, f), the counting function N (r, f), the reduced
counting function N (r, f), the characteristic function T (r, f), the order p(f) and the
hyper-order p,(f), can be found in [9, 26].

Recently, the present authors and Si [14, Theorem 2.1] considered Fermat-type
matrix differential equation

F@e@\ | (F@g@\ _ (10
<h(z) k(z)) + <h’(z) k’(z)) = (0 1)» (1.3)
where at least one of f(z), g(z), h(z), k(z) is a non-constant meromorphic function.

The properties on meromorphic matrix solutions are described in [14], where f and
g may satisfy the following bi-Fermat-type differential equation

@+ @D+ 8@+ ¢ @)% =1. (1.4)

Hence, the characteristics of meromorphic solutions f and g of (1.4) are important for
the meromorphic matrix solutions of (1.3). However, the meromorphic solutions or
even entire solutions of (1.4) are difficult to obtain presently. We see that the equation
(1.4) implies many questions indeed, such as the existence of meromorphic solutions
on systems of complex differential equations with different types. Some discussions
on

f(2)? + g(2)* = sin’ h(z),
(@)% + ¢ (2)* = cos® h(z),

have been considered in [14], where A (z) is any entire function. In this paper, we
observe the system
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f@*+4 ()= % +h(2),
(1.5)
f@f+g@2=%—h@y

It is obvious that all the meromorphic solutions of (1.5) solve the equation (1.4), where
h(z) is any meromorphic function. If 4(z) is entire in (1.5), then all meromorphic
solutions f(z) and g(z) are also entire. For example, if h(z) = sinz — %, then
(f,g) = (i% sin z, :I:“/TE cos z) solve (1.5). If h(z) is meromorphic with at least
a pole zp, then the multiplicities of the pole zg of f(z) and g(z) must be equal.
However, it is difficult to give all meromorphic solutions of (1.5) for the variability of
h(z). Without loss of generality, the right-hand sides of the system (1.5) are assumed
to be the unit if (z) = 0; in this situation, all the meromorphic solutions can be given
completely in Theorem 1.1.

Theorem 1.1 All the transcendental meromorphic solutions of the system of complex
differential equations

f@* 4@ =1,

1.6
f@)*+g@? =1, (1.6)

must satisfy one of the following cases:

(1) f(z) =sin(z + ), g(z) =sin(z+ B) and o — B = 2km;
(i) f(z) =sin(—z+ @), g(z) =sin(—z+ B) and o« — B = 2km + 7,

where k is an integer, « and B are constants.
Remark 1.2 (1) Itis easy to see that f(z) = sinz and g(z) = sin(—z) solve (1.6) also.
These solutions can be included in the case (ii) by taking f(z) = sin(—z + 7)

and g(z) = sin(—2z).
(2) It remains open for us to describe all the meromorphic solutions of

f@? +g®(2)? = Pi(2)e1@,
FP@)? + g(2)? = Pa(2)e?,

where k > 2 is a positive integer, x1(z) and k2(z) are any entire functions, and
P1(z) and P»(z) are any polynomials.

(3) The authors did not find the relevant results on (1.6), although we felt that this
system should have been studied, but we believe that the proof is different.

In addition, the present authors and Si [15] also considered Fermat-type matrix
difference equation

f@8@\, (fe+os+a) _ (10
h(z) k() hz+o kz+o ) =\o1)
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where at least one of f(z), g(z), h(z), k(z) is a non-constant meromorphic function
and c is a nonzero constant. The following bi-Fermat-type difference equation

f@*+ fe+0?+8@* +gz+o’ =1

are also presented in [15]. In this paper, we will obtain all the transcendental
meromorphic solutions of the system of complex difference equations

2 2
=1
{f(z) +g(iz+0) , (17

@+ fe+o? =1,
as follows.

Theorem 1.3 Transcendental entire solutions of (1.7) are expressed by f(z) =
sin(h1(z2)), g(z) = sin(ha(z)), where h1(z) and hy(z) are non-constant entire
functions satisfying one of the following cases:

(1) hi(z+c) =ha(z) + 5 +2nmw and hy(z + ¢) = h1(z) + 5 + 2mm;
() hi(z+c¢) =ha(2) + 5 +2nmw and hy(z + ¢) = —h1(2) + 5 + 2mm;
(3) hi(z+c¢) = —h2(2) + 5 + 2nmw and ha(z + ¢) = h1(2) + 5 + 2mm;
4 hi(z+c)=—h2@)+ 5 +2nm and ha(z + ¢) = —h1(2) + § + 2m,

where m, n are integers. Furthermore, if f and g are of finite order, then h(z) and
h2(2) satisfy one of the following two cases:

() h1(z) = pz + vy and hy(z) = pz + vo, where pc + vy = vy + 5 + 2nw and
puc+vy =vi + 5 +2mn. Then 2puc = w + 2(n +m)m;

(i) h1(z) = pz +v1 and ha(z) = —pz + v2, where juc + vy = —vy + 5 + 2nw and
—uc+ vy =—v + % +2mm. Then 2uc = 2(n — m)m.

2B1(2)

Transcendental meromorphic solutions of (1.7) are f(z) = THp1 o) and g(z) =
2
:—gig;” where B1(z) and B> (z) are transcendental meromorphic functions satisfying

one of the following three cases:

(@) Bi(z+c¢) = Ba(2), Bi(2) = Pa(z + ©), Bi1(2) and B2(z) are periodic functions
with period 2c;

b) Bi(z+¢) = Ba2), B1(z) = —Pa2(z + ¢), B1(z) and B(z) are anti-periodic
functions with period 2c¢;

(©) B <§+c> # B2(2), Pi(z+0)B2(2) = 1, Pa(2)*Ba(z+2¢)* = 1 and B1(2)*B1(z +
2¢)” = 1.

Remark 1.4 We give an example to show that all cases can occur in Theorem 1.3.
Meromorphic functions f and g below solve the system

f@*+gz+n)? =1,
¢+ fe+n)? =1
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(I) Taking the suitable integers m,n which may be different when they appear.
f(z) = sin(e¥? 4+ 5+2nm)and g(z) = sin(e?iz 4+ 5 +2mm), where h1(z) and
ho(z) satisfy the case (1); f(z) = sin(e% + % +2nm) and g(z) = sin(ie% +
2mi), where hl(;) and hy(z) satisfy the case (2); f(z) = sin(ie% + 2n)
and g(z) = sin(e% + % + 2mm), where h1(z) and hs(z) satisfy the case (3);
f(z) = sin(e!* — 5+ 2nm) and g(z) = sin(e'* + % + 2m), where h(z)
and h;(z) satisfy the case (4).

(D) f(z) =sinzand g(z) = sin(z + %), where /11 () and h2(z) satisfy the case (i);
f(z) = sinz and g(z) = sin(—z — 7), where /(z) and h(z) satisfy the case
@ii).

—(— 22

) f(z) = )

2tan §
1+4(—cot %)2 >

1+(tan %)2

case (a); f(z) =

and g(z) = where h1(z) and hy(z) satisfy the

1—(cos %)2
1+(cos §)2°

2sin 5

Tremn s where /1 (z) and hy(z) satisfy

and g(z) =

the case (b); f(z) = IZeL and g(z) = @2y where h1(z) and h2(2)
+

)
(gcos 5 )2 1+(esin 3 )2 ’
satisfy the case (c).

Furthermore, we recall that Gao [4, Theorem 1.1] proved the transcendental entire
solutions f(z) and g(z) with finite order of the following system of complex delay-
differential equations

f@*+gz+0*=1,

(1.8)

@+ feto’ =1,
are (f(z), g(z)) = (sin(z + by), sin(z + by)), where ¢ = kxn, k is an integer and by,
by are constants. In this paper, we will give a different proof and give the supplement
on the entire solutions of (1.8).

Theorem 1.5 The transcendental entire solutions of (1.8) are f(z) = sin(hy(z — ¢))
and g(z) = sin(h1(z —c)), where h'y(z — 0)? = h(z+ ¢)? and h(z— c)2h’l @) =1
Specially, the transcendental entire solutions with finite order of (1.8) satisfy one of
the following four cases:

(1) f(z) =sin(z +b), g(z) =sin(z + b+ krw +2mm) and c = kn;

(i) f(z) =sin(—z+b), g(z) =sin(—z+ b+ krwr +mm) and c = kn;
(iil) f(z) =sin(—z+b), g(z) =sin(z —b+ 5 +kn +2mn) andc = 5 + kn;
(iv) f(z) =sin(z +b), g(z) =sin(—z — b+ 5 +km +mm) and c = 5 + km,

where k, m are any integers and b is a constant.

In the following, we will consider the system (1.5) from the point of view of value
distribution of meromorphic functions. Theorem 1.1 implies that both f (z)2 + g'(z)2
and f'(z)? + g(z)* can have no zeros. If 4(z) has no zeros or finitely many zeros in
(1.5), then both f(2)> + g'(z)*> — % and f/(z)? + g(z)> — % can have no zeros or have
finitely many zeros. If 2 (z) is a transcendental entire function in (1.5), then at least one
of % + h(z) and % — h(z) admits infinitely many zeros by the second main theorem
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of Nevanlinna theory; in this case, it means that for the entire solutions f(z) and g(z)
of (1.5), then at least one of f(z)> + g'(z)*> and f'(z)> + g(z)> must have infinitely
many zeros.

The above observations inspire us to consider the zeros of a pair of complex differ-
ential polynomials f(z)" +B1(2)g® (2)™ —a1(z) and g(2)" + B2(2) f P (2)™ —2(2),
where B1(2), B2(2), a1(z) and p(z) are nonzero small functions with respect to f(z)
and g(z) and k, m, n are positive integers. These considerations can be seen as the
variations to the classical results given by Hayman [10, Theorems 8 and 9], namely
the zero distribution of f(z)" f'(z) —a or f(z)" +bf’(z) — a, where a, b are nonzero
constants. We agree to say that a meromorphic function f(z) in the complex plane is
properly meromorphic if f(z) has at least one pole.

Theorem 1.6 Let f(z) and g(z) be transcendental meromorphic functions, B1(z),
B2(2), a1(z) and ax(z) be nonzero small functions with respect to f(z) and g(z)
and k, m, n be positive integers. If one of the following conditions is satisfied

(a) atleast one of f(z) and g(z) is a transcendental properly meromorphic function
andn > 2mk + 1) + 4;
(b) f(2) and g(z) are all transcendental entire functions and n > 2m + 2,

then at least one of f(2)" + B1(z)g® (2)" —a1(z) and g(2)" + B2(2) f © ()" — a2 (2)
have infinitely many zeros.

Remark 1.7 (1) In a recent paper, Gao and Liu [5, Theorem 1.1] considered the zero
distribution of another paired complex differential polynomials f(z)"g® (z)—a(z)
and g(z)" f®(z) — a(z), where a(z) is a nonzero small function with respect to

f(z) and g(2).
(2) Remark the following system

f@"+ g% (@) = Pi(2)e9'@,

1.9
g@)" + P @) = Py(x)e 2@, (1.9)

where P1(z), P2(z), Q1(z) and Q»(z) are any non-constant polynomials. If n = 1,
then the system (1.9) changes into
F(2) + F(k)(z) — Pl(Z)te(Z) + PZ(Z)eQz(z)

by letting F'(z) = f + g and summing the two equations of (1.9). If n > 2, by the
sum of two equations, then (1.9) changes into

F@?+ 8@+ (f@ + 8NN = Pi@)e? + Py(2)e @@

A natural question is to describe all the entire or meromorphic solutions of the
above equation which is similar as the differential equation of Tumura—Clunie

type

f)" + f(k)(z) = P (Z)te(Z) + PZ(Z)eQQ(Z).
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The above equation was considered frequently, such as [16, 17] and their
references.

Combining the similar proofs of Theorem 1.6 with the important result [8, Lemma
8.3] in difference, we can obtain the following result without giving the proof details.

Theorem 1.8 Let f(z) and g(2) be transcendental meromorphic functions with hyper-
order less than one, B1(z), B2(z), a1(z) and ar(z) be nonzero small functions with
respect to f(z) and g(2). If one of the following conditions is satisfied

(a) n > 2m(k+ 1)+ 4 and at least one of f(z) and g(z) is a transcendental properly
meromorphic function;
(b) n=>2m+ 2, f and g are all transcendental entire functions,

where n, k and m are positive integers, then at least one of f(z)" + B1(2)g® (z +
)™ — a1 (z) and g(2)" + B2(2) P (2 + ¢2)" — a2 (2) have infinitely many zeros.

Corollary 1.9 Let s1(z) and s2(z) be nonzero polynomials, t|(z) and t(z) be entire
functions. If n > 2m(k 4+ 1) + 4, then the system

F@" + B1(2g® @)™ — a1(z) = s1(z)e" @, 110)
@+ B @ PR - (2) = 52(2)e?, '
has no any transcendental meromorphic solutions and
F@"+ 1Rz + )" —ai(z) = s1(2)e"@, G
8"+ B f Pz + )™ — aa(z) = 52(2)e? @, '

has no any transcendental meromorphic solutions with hyper-order less than one.

2 Proofs of Theorems

Proof of Theorem 1.1 Firstly, we confirm that all meromorphic solutions f(z) and g(z)
must be entire from (1.6). Otherwise, assume that z is a pole of f(z) with multiplicity
m, then zg is a pole of g(z) with multiplicity m — 1 from the first equation of (1.6).
From the second equation of (1.6), zg is a pole of g(z) with multiplicity m 4 1, which
is impossible. Combining the first equation of (1.6) with Iyer and Gross’s result in the
introduction, we assume that

{ f(z) = sin(h1(2)), @1

§'(2) = cos(h1(2)),

where %1(z) is a non-constant entire function. By the second equation of (1.6), we
assume that

(2.2)

f'(@) = cos(ha(2)),
8(z) = sin(h2(2)).
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Using the first equation of (2.1) and the first equation of (2.2), we have
h(z) cos(h1(z)) = cos(h2(z)). 2.3)
The second equation of (2.1) and the second equation of (2.2) imply that
I (z) cos(ha(z)) = cos(hi(z)). 2.4)
By (2.3) and (2.4), we conclude
R\ (2)h(z) cos(h1(2)) = cos(h1(2)),

which implies that A (z)h%(z) = 1. Since h1(z) and ha(z) are non-constant entire
functions, then there are two possibilities only:

(1) hi(z) =¢* @ and hy(z) =e™* @) where s(z) is a non-constant entire function.
(2) hi(z) = z+aand hyr(z) = %Z + B, where X is a nonzero constant, & and 8 are
any constants.

In the following, we will affirm that the case (1) cannot happen. Taking the first
derivative of (2.3), we have

Ry coshy — b sinhy = —hY sin hy. (2.5)
Taking derivative again for (2.5), we have
Ry cos hy — 3h|h) sinhy — h'? coshy = —hS sinhy — hZ coshy.  (2.6)
Substitute cos &, and sin &y into (2.6), we conclude that
((h’{’h’2 — WP hy — Wyn + W) + GhiR Ry — h’fh’z’)2> cos hy
= (3hn|hy — WER5)2. Q2.7
By [26, Theorem 1.46] and (2.3), we have that | and &, are small functions with
respect to cos 1. Using the Valiron—-Mohon’ko lemma [13, Theorem 2.2.5] to (2.7),
then
3h{h\hy — W =0 (2.8)
and
(h'Hy — W2 Ry — WS + W5 R + Bh{ k| — hEhy)? =0,

otherwise T'(r, cosh1) = S(r, cos hp). Integrating (2.8), we have uh’> = Iy, where
w is a nonzero constant. Combining the above with 4} (2)h}(z) = 1, we get that &)
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and h/2 are constants, which is impossible in (1). Now, we will show that A = +1
within the case (2). From (2.5), we have

1 1
A2 sin(rz = —sin( - .
sin(Az + «) . sin (AZ + ,3)
By a basic computation and (2.3), we have
4 2 1 2
A1 —cos“(Mz+ ) = Vi cos“(Az + ).

Hence, A2 = 1. From (2.3),if L = 1, we have o« — 8 = 2km, if A = —1, we have
o — B = 2km + m, where k is an integer. The proof of Theorem 1.1 is completed. O

Proof of Theorem 1.3 Firstly, suppose that f(z) and g(z) are transcendental entire func-
tions. Combining the system (1.7) with Iyer and Gross’s result again, we assume
that

f(2) =sin(h1(2)), 2.9)
g(z +c¢) = cos(h1(z)),

and
g(z) = sin(h2(2)), (2.10)
f(z+¢) = cos(ha(z)),

where h1(z) and hy(z) are non-constant entire functions. From the first equation of
(2.9) and the second equation of (2.10), we have

fz+c) =sinhi(z 4+ ¢) = cosha(z) = cos(—h2(z)) = sin (ihz(z) + %) .
Hence,
hl(z+c)::|:h2(z)+%+2nn, .11

where 7 is an integer. From the second equation of (2.9) and the first equation of (2.10),
we have

. . i
g(z+c) =sinhy(z+c) =coshi(z) =sin (:I:hl(z) + §> .
Hence,
bid
ho(z4+c¢) = thi1(z) + 0 + 2mm, (2.12)
where m is an integer. There exist four possibilities as follows:

@ Springer



196 Page 100f17 Y. Li, K. Liu

(D) I hi(z +¢) = ha(z) + 5 4 2nmw and hy(z + ¢) = h1(2) + 5 + 2mm, then we
have

hiGiz+c)=hi(z—c)+n+2n+mm,
and

ha(z+¢) =ha(z—c) + 7 +2(n+m)m.
If f and g are of finite order, then /1 (z) and /> (z) are first polynomials by Pélya’s
theorem [22] or [9, Theorem 2.9], then the above two equations imply that % (z)
and /7 (z) must be linear polynomials by a basic computation. From & (z + ¢) =
hy(z) + % + 2nm, we have hi(z) = uz + vy and ha(z) = uz + v2, where
pc+vy = v+75+2nm and pue+vy = vi+5+2mm. Then, 2puc = 7 +2(n+m)m.

() If hi(z+4¢) = ha(z) + § + 2nm and ha(z 4 ¢) = —h1(z) + T + 2mm, then we
have

hiiz+o)=—-hiiz—c)+7+2n+mm,
and
hao(z+c¢) = —ha(z —¢) +2(m — n)m.
Obviously, there are no polynomials 41(z) and h>(z) satisfying the above two
equations for the reason that /11 (z+c) and —h 1 (z—c) have the opposite coefficients
of the highest degree. Thus, f and g cannot be entire functions with finite order
in this case.

(3) Ifhi(z+¢) = —h2(z) + 5 + 2nm and ha(z 4 ¢) = hi(z) + § + 2mm, then we
have

hi(z+c¢)=—hi(z—c)+2(n—m)m,
and
ha(z+¢) = —ha(z —¢c) + 7 +2(n +m)m.
In this case, f and g cannot be entire functions with finite order by the same
method used in (2).

4) Ifhi(z+c¢) = —h2(z) + 5 +2nm and ha(z 4 ¢) = —h1(2) + 5 4 2mm, then we
have

hi(z+c¢)=hi(z—¢c)+2(n —m)m,
and

ha(z +¢) = ha(z — ¢) +2(m — n)m.
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Using the similar method in (1). We can get that h(z) = pz 4+ vy and hp(z) =
—pz + vz, where uc +vy = —vy + 5 4 2nm and —pc + vy = —vy + 5 +2mm.
Then, 2uc = 2(n — m)m.

Secondly, suppose that f(z) and g(z) are transcendental meromorphic functions.
By Gross’s result in [6], we assume that

_ 2812
f@)= T2 80 et
) (2.13)
1—B1(2)
g(z+c)= H——ﬁf(z)’
and
2B2(z)
fz+o) = m,
” (2.14)
@) = 1 —p(2)
ST T R

where B1(z) and B> (z) are non-rational meromorphic functions. From the first equation
of (2.13) and the first equation of (2.14), we obtain

Bi1(z +¢) = B2(z) = Bi(z + )2 () (Bi(z + ¢) — B2(2)). (2.15)

From the second equation of (2.13) and the second equation of (2.14), we have

B1(2)* = Pa(z + )% (2.16)

The basic discussions are stated as follows:

(D) If B1(z +¢) = B2(z) and B1(z) = Ba(z + ¢), then B1(z) = B1(z + 2¢) and
B2(2) = P2(z + 20).

(2) If Bi(z + ¢) = B2(z) and B1(z) = —P2(z + ¢), then B1(z) + Bi1(z + 2¢) = O and
B2(z) + B2(z +2¢) = 0.

3) If B1(z 4+ ¢) # B2(2), then B1(z + ¢)B2(z) = 1 follows by (2.15). Furthermore,
B2(2)*Ba(z + 2¢)* = 1 and B1(2)*B1(z + 2¢)* = 1 follows by (2.16). o

Proof of Theorem 1.5 Using the Iyer and Gross’s result again, we assume that

{ f'(@) = costhn 2)). 017
g(z+¢) = sin(h1(2)),
and
{ §/(2) = cos(ha(2)). o)
f(z+ ¢) =sin(hy(2)),
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where /1 (z) and h,(z) are non-constant entire functions. By a basic computation from
the above two systems, we obtain

1 (z) cos(h1(z)) = cos(ha(z + ¢)), 2.19
h(2) cos(ha(2)) = cos(hi(z + ). '
Shifting the first equation of (2.19), it follows
Iy (z + ¢) cos(hi(z + ¢)) = cos(ha(z + 2¢)), 2.20)
h(z) cos(ha(z)) = cos(hi(z + ¢)). '
Hence, we have
h'(z + c)h5(2) cos(ha(z)) = cos(ha(z + 2¢)). (2.21)

We will affirm that h/1 (z+ c)h/z(z) =+1.LetA(z) = h’1 (z+ c)h/z(z). Taking the first
derivative of (2.21), we have

A(z) cos(ha(z)) — A(2)h)(2) sin(ha(2)) = —h5(z + 2¢) sin(ha(z + 2¢)).(2.22)
Combining the square of (2.22) with (2.21), we have

A'(2)% cos(ha(2)) + A2)*h)(2)* sin® (ha(2))
—2A(2) A (2)h}5(2) sin(ha(z)) cos(ha(z))
= hy(z 4 2¢)? sin (ha(z + 2¢))
= hh(z +2¢)%(1 — A(2)? cos? (h2(2))).

Hence, we have

(A'(2)* — A)*(hh(2)* — hh(z + 2¢)?)) cos? (h2(2)) + A(2)*h5(2)* — s (z + 2¢)?
= 2A(z2) A’ (2)h(2) sin(h2(z)) cos(h2(2)).

Taking the square of above equation, we obtain

2
((A’(z)2 — ARy (2)? = Ry (z + 20)%)) cos? (hy(2)) + A(2)2hy(2)2 — Hy(z + 20)2>

2
= <2A(Z)A/(Z)h/2(z) sin(h2(z)) COS(hz(Z)))

= 4A(2)2A'(2)%hh(2)? cos? (ha(2))(1 — cos? (h2(2))).

Observe the coefficients of cos* (ha(z)) and cosz(hz(z)), for avoiding a contradiction
with Valiron—-Mohon’ko lemma [13, Theorem 2.2.5], we have
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A)2hy(2)% — Hy(z +2c)2 =0,
4A(2)*A'(2)*h)(2)* =0, (2.23)
A' () = AR)*(hy(2)* — hy(z +20)%) = 0.

Since A(z) and h)(z) are nonzero entire functions, then A’(z) = 0 follows by the
second equation of (2.23) and

hy(2)* — hh(z +2¢)* =0
that is
hy(z —¢)? —hy(z+¢)* =0
follows by the third equation of (2.23). So A(z)? = 1 that is
RS (2)2h) (z 4 ©)* = hy(z — ©)*h|(2)* = 1. (2.24)
Furthermore, if f and g are finite order, then A and h; are polynomials. From (2.24),
we can assume h1(z) = a1z+ B1 and ho(z) = arz+ B2, where (a1a2)2 = 1. Next, we

will affirm oy = %1 and oy = £1. Taking the first derivative of the second equation
of (2.19), we have

5(2) cos(h2(2)) — hy(2)? sin(ha(2)) = —h)(z + ¢) sin k1 (z + ¢).
Namely,
—a% sin(apz + B2) = —ay sin(ayz + ajc + By).
Combining the square of above equation with the second equation of (2.19), we have
oé[l — cos?(arz + Bo)] = 0{%[1 — a% cos>(azz + B2)]-

From (¢ja2)? = 1, we have

1
5[l — cos®(@az + B2)] = — — cos’(aaz + B2).
£}

By a basic computation, we have oz% = 1and a% = 1. From (2.21) and (2.19), we
have the following four cases:

(i) Ifay =landay = 1, then ¢ = kmr and B = B + km + 2m;

(i) fay = —1l and ap = —1, then ¢ = km and By = B + km + m;
(iii) fa; = land ay = —1,thenc = F +km and B1 = —f2 + 5 + km + 2mm;
(iv) Ifa; = —landay = 1,thenc = 5 + km and By = —B2 + § + kmr + m.

Then, the corresponding entire solutions with finite order of (1.8) are:

@ Springer



196 Page 140f 17 Y. Li, K. Liu

(1) f(z) =sin(z+b)and g(z) =sin(z+ b+ kx +2mm), c = km;
(i) f(z) =sin(—z+b) and g(z) = sin(—z + b + km +mm), c = km;
(i) f(z) =sin(—z +b) and g(z) = sin(z — b+ 5 +km + 2mm), c = 5 + km;
(iv) f(z) =sin(z +b) and g(z) =sin(—z —b+ 5 +kn +mn),c =5 +km,
where k, m are any integers and b is a constant. The proof of Theorem 1.5 is completed.
]

Proof of Theorem 1.6 Let

_ PP @" —ai2)

1
f@" *

v (2)

and

_ B2(2) P ()™ — a2 (z) ey

¢(2) 2@

Then, we will discuss the following three cases.

(1) If f(z) and g(z) are all transcendental properly meromorphic functions, using the
first main theorem of Nevanilnna theory and [9, Theorem 3.1], then we have

Y(z)—1
" B1()gP @)™ — a1 (2)

<TG @) +T <r

) + o)

1
" B1()g® @M — a1 (2)
<T@+ T, g® @™ +50r)
<TG (@) +mk + DT (r, g2)) + S, (2.25)

nT(r, f@) =T, ") =T (r

)+ o

where S(r) = o(T(r)) and T(r) = max{T (r, f(2)), T(r, g(z))}. Hence, we
conclude

T(r,¢(2)znT(r, f(2) —mk+ DT (r,g@)+ Sr). (2.26)
Similarly, we conclude

T'(r,¢(2)) =nT(r,g(2)) —mk+ DT (r, f(z)) + S(r). (2.27)
In addition, we can obtain the following inequality by the expression of 1 (z),

T, () < T, fF@Q")+ T, AP @™ —ai1(2) + 0(1)
<T@, f@QY+Tr, gP@™ +S0r)
<nT(r, f(@))+mk+ 1T (r, g@)+ Sr). (2.28)

The next inequality can be proved as the above by the expression of ¢ (z)

T(r,¢(z) <nT(r,g(z) +mk+ DT (r, f(z)) + S{). (2.29)
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Thus, S(r, ¥(z)) = o(T(r)) and S(r, ¢ (z)) = o(T(r)). Using the second main
theorem of Nevanlinna theory and [9, Theorem 3.1], we obtain

_ _ 1 — 1
T(r,¥() < N(r, W(z))-l-N(r, W(Z)) +N<r, W) + S(r, ¥(2)

_ 1 — — 1
N|r, — N(r, N|(r,
= ( f(z)>+ e ( f(Z)"‘f—ﬁl(Z)g(k)(Z)m—Oll(Z)>

_ 1 _
N|r, N(r, S(r,
+ (r 5P = al@) + N, f(2)+ S, ¥)

o 1
2T (r, +N|r,
< (I’ f(z)) (}" f(Z)n + ﬂl(Z)g(k)(Z)m — al(Z))

+mk+ 1)+ DT, g@)+ S, (). (2.30)

Similarly, we have

_ 1
TG () < 2T(r. g(2) + N (r, R OW))

+(mk + 1)+ DT (r, f(2)) + S(r, ¢(2)). (2.31)

Hence, if £ (2)" 4 B1(2)g™ (2)" — 1 (2) and g(2)" + B2(2) f P (2)" — @2 (2) have
finitely many zeros, we have

(n=2m(k+1) =3)(T(r, f(2) +T(r,g(2)) = SF),
which is impossible with n > 2m(k + 1) + 4, our conclusion is proved.
(2) If only one of f(z) and g(z) is transcendental properly meromorphic function,
without loss of generality, let f(z) be properly meromorphic and g(z) be entire.

By removing the counting function of poles of g(z), then Eq. (2.27) remains true
and Eq. (2.26) changes into

T(r,y () =nT(r, f(z)) —mT(r, &) + S(r), (2.32)

and (2.30) changes into

_ 1
2
T v@) =216, f) + N (” Q"+ B1@)g® ()" —a (z))

+mT(r, g(2)) + S(r, ¥ (2)), (2.33)

and (2.31) changes into

_ 1
Tr.6@) < T(r.g2) + N (r, e az(z))

+(mk+ 1)+ DT (r, f(2)) + S, ¢(2)).
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Hence, if £(2)" + B1(2)g® (2)™ —1(z) and g(2)" + P2(2) f ) (2)™ — a2 (z) have
finitely many zeros, we can get

(n—=2mk+1)=3)T(, f2)+®m—-2m—1T(r,g() <SF),
which is impossible with n > 2m(k + 1) + 4.
3) .If f(z) and g(z) are all transcendental entire functions, then Eq. (2.27) changes
nto
T(r,¢(2) =znT(r,g(x) —mT(r, f(2))+ S(r),
and Eq. (2.26) changes into
T(r,y(2) =nT(r, f(z)) —mT(r, @)+ S(r),

and (2.30) changes into

_ 1
Te @ =10 ot N <r’ F@"+ AP - al(z))

+mT(r, g(2)) + S(r, ¥ (2)),

and (2.31) changes into

— 1
T T
(o) =T g@)+ N (r’ s+ RO PE) - az(z))
+mT(r, f(2)) + S, ¢(2).

Hence, if f (2)" + B1(2)g™ ()™ —o1(2) and g(2)" + B2(2) f ¥ (2)" — @2 (2) have
finitely many zeros, we can get

(n=2m —D[T(r, f(2) +T(r,g@)] =S,

which is impossible with n > 2m + 2. The proof of Theorem 1.6 is completed. O
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