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Abstract

It is well-known that atomic decomposition is an important tool to study the bound-
edness of some singular integral operators on Hardy spaces. Moreover, to study the
boundedness of an operator in the Journé class, Fefferman R. builded a criterion
by considering its action on rectangle atoms only. In this paper, we mainly estab-
lish atomic decomposition of multi-parameter mixed Hardy space which has been
developed recently.
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1 Introduction

Multi-parameter harmonic analysis containing multi-parameter function spaces and
boundedness of operators have been extensively studied over the past decades. We
refer readers to the work in [1, 2, 7-10, 12, 13, 15, 21-23, 25, 27, 29-32, 34-37,
39-47, 49-52].

The product Hardy space was first introduced in [25, 38]. Immediately after, Chang
and Fefferman R. developed this theory in [4-6]. At the same time, Fefferman and
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Stein studied product convolution singular integral operators which satisfy analogous
conditions of double Hilbert transform [18]. In [33], Journé generalized this result to
product non-convolution singular integral operators and proved the L*® — BMO
boundedness for such operators, which opened the door to prove the product H?”
boundedness of operators in the Journé’s class. Besides that, authors in [11, 37,
48] studied weighted multi-parameter Hardy spaces. For more results about multi-
parameter Hardy spaces, we refer readers to [1-3, 11, 12, 20, 21, 25, 26, 28-31,
35-37, 46, 48].

Recently, the theory of multi-parameter mixed Hardy space has been developed in
[14]. To be more precise, let w(l) v e S(R") with

suppyd) C (& € R ¢ 6] <2 yV@) = 1, if ] <1, (1.1)

and
suppy D € (5 € BN 1 2 < J§] <2, (1.2)

and
|¢W@|+§]wmaf@| . forall& € R™. (1.3)

j=1
Let v @ e S(R™) with

suppy D € (5 € B 1 2 < |51 <2, (1.4)

and
S @i =1, foralls € R™ \ {0). (1.5)

J€EZ

Then, for j,k € Z,j > 1, set that w](.l)(x) = 2/myD(Qix), tp(z)(x) =
2kn2y @) (2kx) and that vk (x, y) = ¥ P )Y ), Yo (x, ) = g @ ).

Denote that Sy (R*11"2) = {f € S(R™T™) : fan fxr, x2)x§dxy =0, V|| >
0, Vx; € R"}.Fori = 1,2and any j € Z, denote that H;” {I : I are dyadic cubes
in R" with the side length /(]) = 2~/ and the left lower corners of [ are x; = 277¢,
LeZ"), = H?l X HZZ, and that IT = U; 4z 11 .

The following discrete multi-parameter Calderén’s reproducing formula was
obtained in [16]:
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Theorem A Suppose that wél) 4D e S®M) and v @ e S(R™) satisfy
conditions in (1.1)—(1.3) and (1.4)—(1.5), respectively. Then

fanxy =Y Y U@k * &, x) X Yjate —xpx0—xp),  (1.6)

JENKEZIX TN i

where the series converges in L2(R"1+2), Sp(R™172) and S}, (R"72), the dual space
of Sp(R™M+72),

We recall some definitions of product weights in two parameter setting [24]. For
1 < p < oo, a nonnegative locally integrable function w € A,(R"! x R"?) if there
exists a constant C > 0 such that

(%/ w(x)dx)(%/ w(x)—l/(p—l)dx)P—l —c
R R

for any dyadic rectangle R, that is R € I1. We say that w € Aj(R"' x R"2) if there
exists a constant C > 0 such that

Mo (x) < Co(x), ae x € R,

where M is the strong maximal function defined by

1
M) = swp o /R 1 ()Idy.

xeRell

Finally, define that w € Ao (R™ x R"2) by

Aco(R" x R™) = U A,(R™ x R™).

I<p<oco

In this paper, the classical Muckenhoupt’s weights on R” is denoted by A, (R").
Given a weight w on R", for 0 < r < oo, L] (R") is defined by

LL®) =7+ [ 17wl eeds < o)

Based on the discrete Calderén’s identity (1.6), weighted mixed Hardy spaces are
introduced in [14].

Definition 1.1 Let 0 < p < oo and w € A (R"! x R"2). Suppose that 1,05”,1//(1) €
S(R™) and ¥ @ e S(R™) satisfy conditions in (1.1)—(1.3) and (1.4)—(1.5), respec-
tively. The weighted multi-parameter mixed Hardy space H;Z (@, R X R"2)
is defined to be the set of f € 86(R”1+”2) such that ||f||H,5iX(w,R'1lan2) =

ISCHCON L2 gmi+n2y < 00, Where
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sHw=( 2 X WS Putoue)’. 1)

JENKEL [ jem! x11;2

It is well-known that atomic decomposition plays an important role in studying
the boundedness of singular operators, and it is much more complicated in multi-
parameter setting. In the present paper, we consider the atomic decomposition of
Hrf;x(a), R™ x R"2). The atoms of Hn’;x(a), R™ x R"2) are defined as follows.
Definition1.2 Let 0 < p < 1. A function a(xy, xp) is said to be an atom for

[7 . . . . . .

H,, (o, R" x R"™) if it satisfies the following properties:
(1) a(xy, x2) is supported in an open set  C R™*"2 with finite measure.
1_1

@) llallzz gri+m) < w(Q)? 7.
(3) a can be further decomposed as

a = Z ar
RCM(Q)
with

1-2
Y larls g, S @@, (1.8)
RCM(Q)

where ar are named as rectangle-atoms associated with the dyadic rectangles R =
I x J, and supported in 7 R for some positive integer T > 1 independent of a and ag,
and M(€2) is the set of all maximal dyadic rectangles in Q2. Furthermore, ag has the
following vanishing moment conditions:

(i) in the x, direction,
o 2 2n;
forae.x; € 1, | ar(x1, x2)x;3dx2 =0,0 < || =N, = | — —n2|.
P
(i1) in the x; direction, there exists a positive constant o, when £(/) < o,
B 1 2ny
forae.xy € tJ, | ar(xi, x2)xydx; =0,0=<[B| =N, =|— —ni|.
4

Theorem 1.1 Let 0 < p < 1, w € Ay(R™ x R"). Then there exists a constant

Cp,ni.ng,0 SUCh that for all Hrﬁix(a), R x R"2) atoms a,

”aHH,ﬁl.X(w,R”I xR"2) = Cp,nj,ny,o-

It has been proved in [14] that LZ)(R’“*"Z) N Hn’;ix (w, R™ x R™) is dense in
Hrf:l.x (w, R™ x R™) for all 0 < p < 0o. Once we obtain the atomic decomposition
in this dense set, it is easy to generalize to whole space.
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Theorem 1.2 Let0 < p < land w € A2(R" xR"™2). Then f € H,Zl.x(a), R™ x R"2)
if and only if there exist a sequence {ay} of H mp i (@, R" < R"2) atoms and a sequence

{Ak} of real numbers satisfying Y ;.7 | c|P < C||f||’;1,,> (0 R xR") such that

) =) Mar(x),in HY, (0, R" x R™),
keZ

where the series also converges to f in LZ)(R"H'”Z).

One will see that the above atomic decomposition theorem is very useful to prove
the boundedness of some kinds of singular operators, such as multi-pseudodifferential
operators, and those in mixed Journé class. It will be exhibited in our following papers.
As adirect application of Theorem 1.1 and Theorem 1.2, we have the following results.

Theorem1.3 Let 0 < p < 1 and w € Ay(R™ x R"). Assume that T is a lin-
ear singular integral operator bounded on LCZU(R"'J“”Z). Then T is bounded on
H?. (w,R" x R") if and only if

mix

(0, R" x R™)} < 00. (1.9)

SUP{”T(a)”H,ﬁ,.X(w,R”I «Rm2) : @ IS any atom of Hnlzix

We now describe the strategy of this paper. In Section 2, we mainly prove the uni-

form boundedness of atoms on H,fl7 i (@, R" xR"2). Comparison with the unweighted

case, the uniform boundedness of atoms on weighted mixed Hardy spaces is much more

involved. In Section 3, we establish atomic decomposition on H ,f: i (@, R™ x R"2).
The proof of Theorem 1.3 is also placed in this section.

2 The Uniform Boundedness of Atoms

In this section, we mainly discuss the uniform boundedness of atoms on H, n’: i (@, R x

R"2) when 0 < p < 1. Firstof all, let’s recall a key theorem discovered by Journé. For

this, given any open set  C R"1"2_ denote that M () the collection of all dyadic

rectangles R = I x J € 2, R € I1, which are maximal in the x; direction. Define

M5 (2) similarly. It is easy to see that M (2) € M () and M(2) C My(R2).
Define that

FO)

_ ni+ny . w _—
= {x e RM™2 . M (xo)(x) > (107)m+m2 } ’

and similarly for ?2, SzZ Here, M{(g)(x) is a weighted strong Maximal function defined
by

1
0 /R g 0(dy.

M (g)(x) = sup
XeR @
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Obviously, 52 - ?2 SzZ - 5 By the weighted strong maximal theorem (see [17]),

one has w(§~2) S w(Q).
For any R € M(Q), let I € R™ be the largest dyadic cube containing / such

that R=1x J C €, and J be the largest dyadic cube contalmng J such that
R=1IxJC Q Define y = y(R) = f;g; and y' = y'(R) = ﬁg; The following
weighted version of Journé’s lemma is in [19].

Lemma 2.1 Let Q be an open set in RMT™2_ [f o € Axo(R™ x R"™), then for any
n>0

Y. o®y®R)" < CoQ).
ReM>(2)

Proof of Theorem 1.1: Let a be any Hmm
set @ € R T2 with () < oo.

Firstly, by Lz) boundedness of operator S and condition 2 in the Definition 1.2, it
is easy to have that

(w, R" x R") atom supported on an open

/ S@)@) o@dx < w(@)'" PRIS@ O gy

< Co ()P ||a)? <C.

L2 Rn1+n2) =

Then this theorem will be proved if we obtain that
/y S(a)(x)’w(x)dx < C, 2.1
Q

where C is a positive constant independent of a. According to the Definition 1.2, there
are some rectangle atoms ag such thata = ) ReM(Q) 9R- Then (2.1) follows from

Z /Nr S(ar)(x)Pw(x)dx < C. (2.2)
RCM(Q)

For any R € M () centered at (xg, yg), we now estimate 5 S(ag)(x)Pw(x)dx.
Note that R € M1(§~2), Ii’ € /\/lz(Sz?) and 10113 C 5 Hence one has that
| St@ntorowax < /  S@RmPe)dx
Q (107 1)e xR"2
+f ~ S(ar)(x)Pw(x)dx
R"1 x (107 J)°

=I1+1I.
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To estimate the first term, we split it into two terms as follows:

1 =/ ) S(aR)(x)Pw(x)dx+/ ) S(ag)(x)Pw(x)dx
(10t x (107 J)¢ (10t e x (107 J)
— U(R) + V(R).

Recall that S(ag)(x1,x2) = (ZjeN,keZ > [k * ag(xp, x ;1)

I'xJ'ell}! xIm2

XI,(xl)X]/(xz))j. Note that, for any fixed j, k, the rectangles in 1'[;51 x I} are
disjoint. Hence one can rewrite S(ag) as follows:

SaR)Cer,x) =1 Y. 1 > Wikxary, xp)xr ) xs (k)

JENKEZ [y yen’ xIT2
J

According to side length of 7, there are two cases: £(/) > ¢ and £(I) < o.
We now discuss the first case: £(I) > o. For U (R), using the cancellation condition
of ap in the x, direction and the Taylor’s Theorem, one has that

s anterxl =1 [0 G =t =
= > 200 = )" (D P
loe| <N}
(xyr = yo)lar(y)dy|
= |/w;“(xp — )
> 20—y (DY Py
le|=N2+1

(xgr — yo — 0(y2 — yo)lar (y)dy]

for some 6 € (0, 1). Set N = le, + 1. It implies that

[Vjk*xar(xp, x5 S
24/"11 2k(nz+N)e(J)N

(1427 xp — yiDm+L (14 2K|x ;0 — yo — 6(y2 — yo)l

IR ()ldy

for any positive integer L. Note that |x;: — x2| < 2% if x, € J’, which yields that
1+ 290 = 30 = 002 = yo)l & 1+ 28102 — 30 = 0(y2 = yo)| = 1 + 2|2 — yo
since xp € (IOEJ)C. Similarly, 1 + 2/|x; — yi| = 1 4+ 2/|x; — xo|. Hence when
(x1,x2) € (10T1)¢ x (10T J)°,
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[k *ar(xp, xy)|

jni k(ny+N) N
< 2 2 sl lag (y)ldy (2.3)
~ (1427 ]x1 — xo))MHL (1 + 2K [xp — yol)n2tL
2—jL 2k(n2+N)£(J)N

-1 1
a ni+noy (@ R))2
T Jxp — xolMHE (14 2K|xp — yolyr2tL larll Lz @) (@ (R))

by Holder’s inequality. Moreover, by a standard estimate, if L > N, one has that

2k(n2+N) 1

< .
ié (14 2K|xy — yol)2+L ™ |xp — yo|2tN
Therefore,

b
U(R) :/ [k ar e x )P xr () xr (x2)) @ (x)dx
(10D x(107J) Z Z / )

JENKEZ prx pren’}l xm?

N,
< / ! AChi w(xy, x2)dx
(

4D e 1oy 1x1 = xo]M1FDP [xy — yo| (NP

—1 L4
-||aRn§2(RW2)(w (R)
=3y / :
=52 w2 Jia—yorasey 1x1 = xo MEDP

o)V

— P
Ww()ﬂ , X2)dx - |lag ”LZ (Rn1+112)(w I(R)) 2

0o 00
i S — _ — L
~ ZZ(ZJZU)) (711+L)P(25Z(J)) (nz+N)P€(J)Np||aR||ZZ)(]R,,]+,,2)(Q) l(R))z

i=0 s=0
,ﬂ s
e w)l x 25J)
S D@ D)@ )T U NP ag )] gy sng (@ (RD
i=0 s=0
; o)
n2in1n2sny ( Z\ ) \2ny
22in1p (E(I)) ol x J)
~ \ 2np
(mi+L)p nap -1 2 [ L)
e ™ eJ)” ||aR||L2 @y (@ (R)) 2 ) w(l x J)

by choosing L such that (n; + L)p — 2n > 0. Hence,

V4
UR) < (LD )t Dp-200 g P g

D s oy @ (R T (T x )
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since £(1) > o. At last, since ' (R) < |R|?w(R)™! when w € Ay(R™ x R™), we
have that

_ _ _pr
UR) < y (R HDP=200 (R) 2 lag 17 oy

where y (R) = %.

We now discuss V (R). In a fashion similar to obtain (2.3), one has that

[Vjx*xarxp, xp)| < f [V — yDll / Yr(x g — y2)ar(y1, y2)dy2|dy;

+2/]xp — yiymtL |

2iJn

S / a /llfk(xw — y2)agr(y1, y2)dyz|dy
jn

< 2

/ I/Ilfk(xw — y2)ar(y1, y2)dys|dy;.
Tl

~ (14 2/|x; — xo)mtL
It yields that
Y iaxalxp) @)X ()
l/xj’en’j’.l xI1,2
2Jn

~ (1427 |x; — xoym+L

f > / Yi(xgr = y2)ar (i, y2)dyalxs (x2)dyi.
o J'ell)?

Hence

S DD Wik farx)xr e xs ()

JENKEL iy yren’y x1m,?
J

s X
jeNkeZ
2

2Jni 2
- Xy — y)a , y2)d (x2)d
((1+21|x1—x0|)”l“) /;I Jan:w |/1/fk( 7= y2)ar(y1, y2)dya|x g (x2)dy

Then,

2Jni

V(R) 5/ ( ( ; )2
(1071)¢ x (10t J) jGNZk:GZ (1427 |x; — xoym+L

p/2

x f > / Vi (xyr — yD)ar (v, y2)dyalx ()dyn)? | w(xr, xp)dx
ol J/EHZZ
D3] B )
—~ Jixi—xol~2ieD) J10eg \|x1 — xo|M+D)

i=0
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2\ P/2

f Z | / Yi(xyr — y2)agr (1. y2)dya|xy (x2)dyi o(x1, x3)dx
kez \'t! Je

S
IZ(I)LP x1 —xol~2i e(T) J 107 J

r/2
x(Z(m / > / Vi (xyr — y2)ar (v, y2)dya|x g (x2)dy1) )

keZ N 1‘1"2

w(xy, xz)dx

7Lptv/ /
@(I)Lp Z 1 —xol~2ie(Dy J107J

r/2
(Z (MO / Vi (X —y2)ag (- y2)dyalx (x2)) (x1>) o (x1, x2)dx,

kel Je "2

IA

where M) is the Hardy-Littlewood maximal operator associated with the first
direction x1. By Holder’s inequality and L? boundedness of M), one has that

~/|‘x1—xo%2"€(1~) /107:] (Z (

keZ

MO |/x/fk(xw—yz)ak
’ ny

9 r/2
(-, y2)dyalxyr (x2) (Xl)) o (x1, x2)dx

<2%(1) )1“5
<w 1,100
L)

( f / DM“)( | / Yk (xy — y2)ar
keZ Je

2 p/2
G yz)dy2|XJ'(X2)) (Do (xy, xz)dx)

(—15(1)1 10cJ)' 2
eI
2 p/2

( / / Z( | f Yi(x g —yz)aza(xl,yz)dyzm(xz)) w(xl,xz)dx>

keZ 2

k

_ (2D -4 »
Nw WI 10 ‘] ||aR||Lt20(Rnl+"2)

2 ”aR "LZ Rn|+n2)

P 2n1(1-4)
S <—2 “”) w(R)' 72
e
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It gives that

e, 2i5<1~) 21 (1-4) o )
_Lpi _r
0 i ) e
i=0

_ _P
< ¥(R) (n1+L)P+2nla)(R)1 2||aR”iZ)(R"1+”2)’

since £(I) > o.
For the second case £(I) < o, in a fashion similar to case one, using the cancellation
condition of ag in two directions and Taylor’s Theorem, one has that

|k *ar(xp, xy)|
2]("1+N/)K(I)N/ 2k(nz+N)£(J)N

~ (1 + 27 |x1 — xol)m L (1 + 2K|xp — yo)r2tL

_ 1
larll 22 @minay (@™ (R)7,

where N’ = N ; + 1. It follows that

U(R)S/ 7 QO 7 un w(xq, x2)dx
(B 1yex10z)e [x1 = x0|MFNIP |y — yo| 2 HNIP
P
Nagll? @ '(R)Z
L ®"MT2)
!
<§:i / “pe Untr (x1, x2)dx
T S S m—xolr2ie i —yole2s e 1xp — xo|HNDP [xy — yo| (2 NP
P -1 4
MR s gy (@ (R
o0 X0 ( N/) N/ ( N) N 1 P
iperyy—(n1+N")p P s —(np+N)p 4 P - 5
52)2(:)(2 Uy NP N P @ )TN Ry Ly @ (RD
1=0 s=l

; 170))
n2in|H2sny 2n
2 2 ([(1)) w(l x J)

< ~[n +N" p—2n1] 1-£ P
SyR) OR)' T2 ar N> Gyiny)s

since (ny + N')p — 2n| > 0.
For V(R), let x; € (107 1)¢. Similarly, for any positive integer L,

2/(m+N)g(yN
(1427 x — xohm+E

[Wjx*apxp, xS /1 Ifllfk(xjf — y2)agr(y1, y2)dyz2|dy;.
T

It yields that
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Y Yakalon xp)xr ) xs ()
I’xJ’eI‘I';lxl'IZZ
2/+N) ()N
~ (1427 |x — xo)mtL

/ > I/l/fk(xw — y2)agr(y1, y2)dyz2[x (x2)dyi.

J' l'[

Then

2
E | E Yk x fp,xp)xp D) x ()l
jeNkeZ I/XJ’EI—I’]{I XHZZ

2/m+N)g(yN

2
S Y G X 1wty = arn sl o
JjeNkeZ 7 l'[

Thus

V(R)

Jj(ni+N) N 2
<o 2 (= )
10ehex(10e) \ ; {7ez (14 27|x; — xo))m+t

2\ p/2
( f 1 > / wk(xj’—)’Z)GR()’ls)’Z)dy2|XJ’(x2)dyl)) o(x1, x2)dx

o]

2, o ()
™ = i —xor2iedd Jroes \ |1 — x| 1N

2 p/2
( </ Z I/l/fk(xw —yz)aR(yl,Y2)dY2|X1/(X2)dy1> ) w(x1, x2)dx

keZ

N\pP X
() B2 )
(DN /) lv1—xol~2i 6Ty J1027

2 /2
(Z(M“)( | f Yi(xy — y2)ag(, yz)dyzlxw(m)) <x1)> o(x1, x2)dx

keZ Je H
P
CDONN' S w (20 -7
< _ 27V [ =—=1,10tJ L
~ <£(1)N ; w 1205 ”aR”L(ZU(]R 1412

< )/(R)_("'+N)p+2"'a)(R)l 5 ||aR||L2 2 (@)

Hence, we obtain that

LD | ey pe2 1-2
S G R Ll gy
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Similarly,
11 < y/(R)*(n2+N)p+2n2w(R)17%

P
”aR ”LZ)(RnlJrnz)'

By weighted version of Journé’s Lemma 2.1, one has that

> /5 1S(ar) ()P w(x)dx

ReM(Q)
— " iy
< ) v R ar]] s gy,
ReM(Q)
_ _ _r
+ Z y! (R)~(m2ptNp=2m2) ()] 2||aR||€2(Rn1+nz)
ReM(Q)
p/2
_ 1o ’ 1/p
5( Z y(R) (mp+N'p=2n1)p a)(R)) /p Z ”aR”ig,(R"I*’LZ)
ReM () ReEM(Q)
p/2
_ _ 1/p'
+( Z y/(R)™ (2P +Np 2n2)a)(R)) /p Z ”"R”ig(wﬁﬂz)
ReM>(Q) ReM(R)
p/2
So@"P2 D larly gniny | =< C
ReM(Q2)
where p’ = % satisfying % + % = 1. Thus we obtain (2.2) and then finish the
proof. O

3 Atomic Decomposition

To discuss the atomic decomposition of H ,ﬁ i (@, R" x R"2), we need a new discrete

Calderén-type identity composed by some test functions with compact supports which

was obtained in [ 14]. To do this, given a positive integer M large enough, let ¢él) Lo e
S(R™) satisfy that

supppy) € fx € R™ : x| < 1}; /gbé” — 1, 3.1)
and

suppp' C {x e R" : |x| < 1}; /¢(1)(x)x“dx =0, forall || <M, (3.2)
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and

168" @©F + Y 60 IE)P = 1. forall § € R, (3.3)
j=1
Let 9@ € S(R™) with

suppp® C {x € R™ : |x| < 1}; /qb(z)(x)x“dx =0, forall o] <M, (3.4)

and

S 9P g2 =1, forallg € R™ \ {0}, (3.5)
JEZL

Theorem3.1 For 0 < p < 1, let qb(()l), o e SR™M) and ¢ € S(R™) satisfy
conditions (3.1)~(3.3) and (3.4)—(3.5), respectively. Suppose that w € Ar(R™ x R"2),
Then for any f € Lz)(R”I"'"Z) N Hnlzix (w, R™ x R™), there exists [ € Lz)(R”I"'"z) N

p
H,. (o, R" x R"™) such that
o = Z Z 11171(¢; Hxr, xp) x Gjk(xy —xp,x2 —x7),
JENKEL [ jem \ <2
3.6)

where the series converges in LZ,(R"H‘”Z) and H”. (o, R™ x R"), and N is some

mix
large positive integer independent of f. Moreover,
||f||L§)(Rn1+nz) ~ ||f||Lg)(Rn1+nz)

and

”f”Hlﬁ[x(w,R”lXR"Z) ~ ||f||H,51.x(w,R”1 xR"2)*

Proof of Theorem 1.2: For f € L?U(R”1+"2) N H"’;.x(w, R™ x R"), let S(f)(x) =

3 > |(¢j’k*f)(XI,XJ|2X[Xj)]/2, where ¢; i satisfies the con-

jeN keZ ]
J IxJem)

ditions of Theorem 3.1. Firstly, rewrite (3.6)as follows:

nz
Iy

fo=Y 2. 1@ k% P xp) X @ k1 = X1, %2 = %))
J=OKEL s jemt <2y
+ X Do HI@kx D0 xp) X @ k(e = xp 02— )

j n ny
J>LkeZ [xgenl yxma

= fi(x) + fo(x).
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We now decompose f] into atoms. For any i € Z, set that
Qi = {x e R : §(f)(x) > 2'}.
Bi={R:R¢e l'I;fLrN X HZiN,jzo,keZ,

w(RN;) > %w(R), w(RN Qi) = %w(R)},

and

1

O, — nitny . g
Qi ={xeR M (xe;) > TONGir )

}.
Obviously, Ugc R € ;. For R € H';LFN X I'IZiN, denote ¢g = ¢, 1. Then one can
rewrite f; as following

+00

A = D" Y IRI@r * f)xr,x5) x pr(x1 —x1,x2 = x7) = Y _ Miai(x).

i=—00 ReB;

Set

~ 1
— ni+ny . - -
Q,-_{xe]R 'MS(XQi)> ION(”IJF”Z)}'

Note thatif (x1, x3) € supp ¢r(-—xj, -—x;), one has that |x; —x1~| <27, [xo—xy] <
2%, which implies that supp ¢r(- — x7,- — x;) € 10NR C Q,. By the weighted
boundedness of M, one has that w(Q;) ~ w(fzi). Denote that

1
~, 11 ~ 2
ri=Co@r (Y 1or Fexr ) xrP) iz @),
ReBB;

and

»()—i RI( F)( )PR( )
ai(x) =+ D IRI(pr * )xr, x)pr(x1 — X1, X2 — X7).

! ReB;

Then one has that

[ = diai(x).

We now check that every a; is an atom H”. (w, R" x R"?). Firstly, suppa; SNZ;

mix
Moreover, by the duality argument,
1 ~
laill gy = sup [ (X RI(¢r % )
1

i |‘gHL271(R”l+’12)§ ReB;
w
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(xr, x))pr(x1 — x7, X2 — x7))g(x)dx|
1

= sup |/ D @r* 01, x7) X $r* g(xr, x7) xR (X)dx]
L ||g||L271(R”1+"2) ReB;

1 -

s / (3" 1@r * D1 xDPrr®o@)'?

i “gHLZ (Rn|+n2) REBI‘

A

(3 1@k * ) @r x) P xr@)o™ (1) 2dx,

RebB;

~ 1_1
which yields that ||a; 2 @nitn2y < (@),
Furthermore, for Q € M(;), if we set that

1 ~
aio() = Y 10I@r* )0r, x)bR (1 —x1, 30 = xp),

' ReBi, RSO

then a; = ZQEM(Q,') a;,0,and suppa; g C 2N+4 0. Moreover, the side length of Q
in the first direction is 2~ denoted by o since Q € B;, and there is no any vanishing
moment in this direction. While a; ¢ satisfies vanishing moment in x; direction. On
the other hand, by the duality argument again,

I, QN33 oy < 5 / Y 1@k * P x)Prr@o()dx.

ReB;,RCQ

It gives that

Z lla:, Qlle R S 2 / Z [(pr * F)xr, x ) xr ()@ (x)dx
QeM(Q) i ReB;

Se@)'

For 3°; A7, using @(R N Q:\Qi11) > 1w(R) when R € B;, one has that

1(D 1ok * Forr x)xr@)l ) [R—

ReB;

> o@®)(gr * H. xpI?

ReB;
2 ) o(RNQ\Qi)|@r * ) xr 2

ReBB;

= 2 bt , 2 d
ffz.\g Z [(@r * f)(x1, x)I" xR ()@ (x)dx

i+1 RGB[

IA
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< 22(i+1)+1w(§2i)'
Hence

D_x =€ Y 2"0(@) = CUSON gy = CUF I (ot oy B
L 1

with a constant C independent of f.

Similarly, one can obtain the atomic decompositions of f;. Different from the
above, the rectangle atoms decomposed from f;, have desired vanishing moment both
in two directions. The results that Y A;a;(x) — f in H,‘Zix(w, R™ x R"2) and in

i
LCZU(R”IJ”“) are followed from (3.7) and duality argument, respectively.

For f € H?. (w,R" x R™), by the density, there are { f};=o € L2(R""2) N
Hpi (@, R" x R™) such that || fill g mn ) <27 g2 o mm xenn) and
FO) =Y 20 fil)in HY, (o, R" xR™). Since f; € LA R T2)NH), (0, R" x
R"2), we can decompose f; into atoms to obtain that

£ =>"1a (), in H), (@, R" x R™), and
k
i)p P
2= CUANG (o
- }
where C is a absolute constant, which yields that
_ M @)
fx) = ZZ,\k a” (x).
i>0 k

Moreover,

@ p
ZZ 17 = ZCHfiHH,ﬁ[X(w,R”lxR”Z)

i=0 k i=0

<cy 27 SruY :
H. (0R" xR"2) H. (0, R" xR"2)

i>0

The converse is obvious by Theorem 1.1.
This completes the proof. O

Proof of Theorem 1.3: If T is bounded on H rfl’i (@, R" x R"), then (1.9) is obtained
by Theorem 1.1 directly. For the converse, let f € LZ)(R”1+"2) N Hnl;.x (w, R™ x
R"2), then by Theorem 1.2, there exists a sequence atoms {ax} such that f(x) =
Y kez Mear(x) in Lz)(R"1+”2), where the real numbers sequence {A;} satisfies
Y iez IMlP S ”f”Z,f;-x(w,R"‘ R Since T is bounded on L2 (R"*"2), one

has T(f)(x) = > AT (ax)(x) in Li(R”1+"2), which implies that this series
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(subsequence) converges almost everywhere. Hence,

”T(f)”p =< Z |)»k|p||T(ak)||p ) < ”f”I’ )
Hyip (@ R xR"2) H?, (@ R" xR"2) HY, (@, R" xR"2)

by (1.9).

This completes the proof. O
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