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Abstract

Recall that a subgroup A of a group G is called G-permutable in G if for every subgroup
B of G there exists an element x € G such that A and B* commute. The following
question was posed in the Kourovka Notebook: is there an integer n such that for all
m > n the alternating group A, has no non-trivial A, -permutable subgroups? We
give a positive answer to this question. Moreover, in the case of prime p we prove that
A, has no non-trivial A ,-permutable subgroups except p = 5.
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1 Introduction

Recall that a subgroup A of a group G is permutable with a subgroup B if AB = BA.
If A is permutable with each subgroup of G then A is called a permutable [1] or
quasinormal [2] subgroup of G.

Ore proved that each quasinormal subgroup of a finite group is subnormal [2]. Since
then his result has been generalized in different ways (see [3-5]).
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Given two subgroups A and B of a group G, a common situation is that AB # BA
but there exists an element x € G such that AB* = B¥A. A minimal example of
such case is the symmetric group S3 with two different subgroups of order 2 in S3.
Following [6, 7], we mention the following cases.

(a) Let G = AB be a finite group. Let A, and B, be Sylow p-subgroups of A and
B respectively. We have A, B, # B, A in general, but A, By, = B A, for some
element x € G.

(b) Let A and B be Hall subgroups of a solvable group G. Then there exists an element
x € G such that AB* = B*A.

(c) Let A and B are normally embedded subgroups of a finite solvable group G. Then
there exists an element x € G such that AB* = B* A (see [1,1]).

(d) Let A be a maximal subgroup of G and |G : A| is a prime power. Then every
conjugacy class of Sylow subgroups contains a subgroup that permutable with A.

In order to study the situations of such kind the following natural definitions were
introduced in [8].

Definition Let A, B be subgroups of a group G and ¥ # X C G. Then

(1) A is called X-permutable with B if there exists an element x € X such that
AB* = B*A;

(2) A is called hereditarily X-permutable with B if AB* = B*A for some x €
XN (A, B);

(3) A is called (hereditarily) X-permutable in G if A is (hereditarily) X-permutable
with all subgroups of G.

The concept of a X-permutable subgroup has been intensively studied in recent
years in the papers of various authors. We recommend the monograph [9] for back-
ground and results in this direction. However, the further application of this concept
in solving various problems was restrained by the lack of information about G-
permutable (hereditarily G-permutable) subgroups that are in composition factors
of groups. Therefore, in the Kourovka Notebook the following question was posed.

Problem 1 [10, 17.37] Is there an integer n such that for all m > n the alternating

group A, has no non-trivial A,,-permutable subgroups?
A.F. Vasil’ev, A. N. Skiba

It is clear that by a non-trivial subgroup in Problem 1 we mean a subgroup distinct
from the identity group and the group itself, i.e., a proper subgroup.
Problem 1 is part of a more general question, also posed in the Kourovka Notebook.

Problem 2 [10, 17.112] Which finite non-abelian simple groups G possess

(a) a non-trivial G-permutable subgroup?
(b) a non-trivial hereditarily G-permutable subgroup?

A. N. Skiba, V. N. Tyutyanov
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Problem 2(b) was answered in the negative for the alternating groups and for the
sporadic groups in [11, 12], respectively. The authors are not aware of examples of
hereditarily G-permutable subgroups in finite simple non-abelian groups.

The situation with G-permutable subgroups is different. If G ~ A5 or G >~ Ag then
subgroups of order 2 are G-permutable subgroups in G. Indeed, since there is only one
conjugacy class of involutions in G, the group A = ((1, 2)(3, 4)) is contained up to
conjugation in all subgroups of even order and A normalizes all odd-order subgroups.

Example 1 Consider the group G = PSL;,(7) of order 23.3.7. There are 3 classes of
maximal subgroups of G: S4, S4 and 7: 3. Subgroups of orders 2, 4, 6, 8, 12 are not
G-permutable with subgroup of order 7. Subgroups of order 3 are not G-permutable
with cyclic subgroups of order 4. Maximal subgroups of order 21 are not G-permutable
with subgroups of order 2. Finally, two classes of maximal subgroups of order 24 are
not G-permutable with each other (their orders are not divisible by 7). Thus, G has no
proper G-permutable subgroups.

Problem 2(a) was solved for sporadic groups and the Tits group 2 F4(2)" in [13].
Among sporadic groups and the Tits group, the only group G with proper G-
permutable subgroups is the Janko group Jj.

Example 2 The simple group G = PSL;(2¥) has a non-trivial G-permutable subgroup
of order 2. Indeed, let A be a subgroup of order 2. Since there is only one conjugacy
class of involutions in G, for every subgroup L of even order we have A < L¢ for
some g € G. Each subgroup M of odd order is contained in a cyclic subgroup of
order ¢ + 1, where ¢ = 2F. Therefore, M and A* are contained in dihedral subgroup
D>4+1) for some x € G and M A* is a subgroup.

Example 2 provides an infinite series of finite simple linear groups G containing
G-permutable subgroups. Problem 1 asks a similar question about alternating groups.
Direct computer calculations show that A, does not contain proper A,-permutable
subgroups for n € {7, 8,9, 10}. It would be interesting to have some algorithm to
check this for higher n and for other groups as well.

Given A < H < G, Examples 1 and 2 of [13] show that

A is G-permutable in G # A is H-permutable in H;
A is H-permutable in H # A is G-permutable in G.

It means that the G-permutability property is not inherited by subgroups and over-
groups. It is clear (see [6, Lemma 2.1(3)]) that if A is G-permutable in G then A/K
is G/K-permutable in G/K for every K < G. In other words, the G-permutability
property is inherited by factor groups.

Example 3 Consider the group G = G| x G, < Ay, where G; = ((1,2)(3,4),
(2,3,5)) ~ As and G, = ((6,7)(8,9),(6,8,10)) >~ As. The group H; =
((1,2)(3,4)) is Gi-permutable in G| and Hy = ((6,7)(8,9)) is Gy-permutable in
G).
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However, H = H; x H is not G-permutable with the subgroup B =
((1,2,3)(6, 7, 8)) and some other subgroups of G. The group C = ((1,2)(3, 4)(6,7)
(8,9)) of order 2 is not G-permutable up to conjugation with exactly two subgroups
Dy =((1,2,3)(6,7,8), (1,3)(2,5)) ~ Asand D> = ((1, 2, 3)(6, 7, 8), (6, 7)(8, 10)) ~
A4. Moreover, G does not contain proper G-permutable subgroups except two normal
subgroups G and G».

Example 3 shows that the G-permutability property is not closed under extensions.
It would be useful to find some additional conditions to deduce permutable subgroups
of a finite group from permutable subgroups of its composition factors.

In order to formulate our main result we define the following property. Given
6 > 11/20, we say that odd integer n satisfies («) if it can be written as a sum of three
primes n = py + pa + p3 with |p; — n/3| < n? fori € {1,2,3}.

Theorem 1 Letn > 710. Suppose that n satisfies (%) if n is odd, and n — 3 satisfies (x)
if n is even. Then the alternating group A, has no proper A, -permutable subgroups.

As a corollary of Theorem 1 and Proposition 3 below we obtain a positive answer
to Problem 1.

Corollary There exists an integer N such that for all n > N the alternating group A,
has no proper A, -permutable subgroups.

In the case of prime degree we obtain the following result.

Theorem 2 Let p be a prime. Then A, has proper A ,-permutable subgroups if and
only if p = 5.

The paper is organized as follows. In Sect. 2, we recall the notation and prove some
auxiliary results. In Sect. 3, we prove Theorem 2. Finally, in Sect. 4, we prove our main
result which is Theorem 1.

2 Notation and Preliminary Results

A cyclic group of order k is denoted by Zi. Given a finite set 2, we denote the
symmetric group of Q by S(2). In the case Q2 = {1,2,...,k}, we also write Sg.
Similarly, we denote the alternating group of 2 by A(£2).Inthecase 2 = {1, 2, ..., k},
we also write A;. We denote the number of moved points of an element g € S(€2) by
| supp(g)|. The set of all Sylow p-subgroups of a group G is denoted by Syl ,,(G). A
semidirect product of a normal subgroup A and a group B is denoted by A: B.

We use a short notation H = S, X S, ... x S, assuming that Sg, = S(€;),
where Q = QL Qp U ... Uy is a partition of 2 and 21 = {1,...,k1}, 2 =
ki +1,. .. ki +ky},...,%% =tk1r+...+ks—1+1,..., k1 + ...+ k).

A maximal subgroup M of a group H is denoted by M < H. Given a prime p, by
AGL(p) we denote a one-dimensional affine group over a field of p elements (see
[14, §2.8]).

Proposition 1 [15] If p > 23 is a prime and X € {A, S,} then AGL1(p) N X < X.
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In what follows, we will use the following well-known fact. If X € {A,,, S;;} and A
is a proper subgroup of X with A # A, then A is contained in a maximal subgroup
M of X and one of the following holds:

(@) M = (S;; xSx) N X, where n = m + k and m # k (intransitive case);
(b) M = (S,,:Sk) N X, where n = mk, m > 1,k > 1 (imprimitive case);
(c) M is primitive on 2.

We need the following facts from number theory.

Proposition 2 [16, Lemma 1.9] Ifn > 53 then the interval (8n/9, n) contains a prime
number.

Proposition 3 [17, Theorem 1.1] Let 6 > 11/20. Every sufficiently large odd integer
n can be written as a sum of three primes n = py + p> + p3 with |p; —n/3| < n? for
iefl,2,3}

Recall that if n satisfies the conclusions of Proposition 3 we say that n satisfies ().
The following two lemmas will be used in the proofs of the theorems.

Lemmal Let G = A, and1 < A < G. Let M = (S X S;—x) NG be a maximal
subgroup of G, where 1 < k < [5]. If A” & M for every x € G then A is not
G-permutable subgroup of G.

Proof Assume that A is a G-permutable subgroup of G. Then there exists g € G such
that A8 M = M A8, thatis ASM < G. Since A8 ;{ M we have ASM = G. According
to [18, Theorem D] we obtain that A acts transitively on 2.

Suppose that A acts m-transitively on 2. Let A;,_,,—1 be astabilizer of (m+1) points
in G. Then there exists y € G suchthat AA) | < G.The group A’ _ | isalso
a stabilizer of some (m + 1) points, say {1, ..., om+1}. Since A acts m-transitively
on 2 we have

Al =nlANA,—1|=nn—-DANA, 2|
=...=nn—1)..n—m+1DANA,_, |,

where A, _; is the stabilizer in G of i points «1, ..., ;. Since Ay_;;—1 < Ap—m We
obtain that

|A] - Al
AN Ap—m—1]~ AN Ap_p |

=nn—-1...m—m+1)

and
) [Ap_m—1 1Al (n—m—1)!
AAY = : > nm—1..mn—m+1
lAA, 1| ANAT ] > ( ). ( )
(n—1)!
> ) = |An—1 |

Hence, A Aﬁ_m_l = G and A is (m + 1)-transitive. It follows that A = G a contra-
diction. O
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177 Page6of 16 N.Yang, A. Galt

Lemma2 Let G = A, and 1 < A < G. Suppose that A contains a cycle of length
s > n/2+ 1. Then A is not G-permutable subgroup of G.

Proof Define k = [5] and M = (Sg4+1 x Sy—x—1) N G. Then M < G and it follows
from the conditions of the lemma that A* £ M for any x € G. The conclusion of the
lemma follows from Lemma 1. m|

3 Proof of Theorem 2

In this section G denotes the group A, acting on the set 2 = {1, 2, ..., p}. Assume
that there exists a non-trivial A ,-permutable subgroup A in A ,. If A is transitive, then
A is not contained in any stabilizer of a point. This is a contradiction with Lemma 1
fork = 1.

Consider the case p > 23. According to [15, Table I], G contains an affine subgroup
H = AGL(p) N G, which is maximal in G.

(a) Suppose that A £ HS forevery ¢ € G. Then there exists x € G such that AH* =
G, and hence AH = G. According to [18, Theorem D], we have A, < A for
some k with 1 < k < 5, and H is k-homogeneous on 2. Let b = (1,2, ..., p)
be a cycle of length p and B = (b). Then there exists x € G such that AB* < G.
Since AB* contains b and a cycle of length three, we have AB* = G by the
theorem of Jordan. This implies that

(p—D!

!
AB*| = Ap| = 2 and 4] >
2 2

It follows that A = A,_1; a contradiction with Lemma 2.

(b) Suppose that A < H. Then A < Zj, : Z,_1. Since A is not transitive, then
by Lemma 2 there are no elements of order p in A and every element of A fixes
exactly one point of €2. It follows from Lemma 1 that A is contained in the maximal
subgroup (S,_2 x S) N G. Since every element of H consists of a product of
cycles of the same length, all non-identity elements of A have the following cyclic
structure:

(als a2)(a31 a4) e (ap—21 ap—l)v o € Q

Hence, A = (a) ~ Z. Define B = (S3 x S5 x S;,_g) N G. Then there exists
x € Gsuchthat A*B = K < G. Itis clear thata® ¢ B for every z € G, therefore
|K| = 2|B].
Since K contains a 3-cycle, K cannot be primitive. Since K contains a (p — 8)-
cycle, K cannot be transitive. Thus, K is intransitive and K < M, where M is one of
the following groups

(Sg x Spfg) NG, (S3x Sp,_g) NG, (Ssx Spfs) nNG.

Since B is maximal in each of these groups and B < K, we have K = M; a
contradiction with |M| > 2|B|.
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Now consider the cases with p < 23.

The case p = 7 is mentioned in [13].

Let p = 11 and B € Syl;;(G). Since A is not transitive, we have gcd(|A|, 11) = 1.
There exists x € G such that H = AB* < G.If H = G, then A = Ajg; a
contradiction with Lemma 2. The only maximal subgroups of G with order divisible
by 11 are Mathieu groups M11. Hence, H < M| and the order of H is either 55, 660
or 7920. It follows that A contains an element a of order 5. The group H is a primitive
and proper subgroup of G, so it cannot contain a cycle of length 5. Therefore, a is a
product of two 5-cycles. Let M = (Sg x S») N G be a maximal subgroup of G. Then
a* ¢ M forevery z € G. This is a contradiction with Lemma 1.

Let p = 13. According to [15, Table I] an affine subgroup H = AGL(13) N G is
maximal in G. The same arguments as in (a) imply that A < H. Since H >~ Z13: Z¢,
we have A < Zg, where Zg = (x) and | supp(x)| = 12. If there exists a € A with
la] = 3,thena® ¢ M = (S11 x S3) N G for every z € G. This is a contradiction with
Lemma 1. Hence, |A| = 2. Define

b=(1,2,3)45678,910,11,12), B = (b).

Then there exists y € G such that AYB < G. In particular, AY < Ng(B). This is a
contradiction with |[Ng(B)| = 81 is odd.

Let p = 17 and B € Syl;;(G). Since A is not transitive, we have gcd(|A], 17) = 1.
There exists x € G suchthat H = AB* < G.If H = G, then A = Ajg; a
contradiction with Lemma 2. According to [15, Table I] the only maximal subgroups
of G with order divisible by 17 are PSL,(16) : 4. It follows from [19, p. 12] that either
PSL,y(16) < H < PSLy(16):40or H < 17:8.

In former case, A contains a group 2% : 15. In particular, A contains a cycle of length
15 and therefore A*® ;{ M = (S14 X S3) N G for every z € G. This is a contradiction
with Lemma 1.

In latter case H >~ Z17:7Zg and A < Zg, where Zg = (x) and | supp(x)| = 16. If
there exists a € A with |a| > 2, then a* ¢ M = (S15 x Sp) N G for every z € G,
that contradicts Lemma 1. Therefore, A = (a), where |a| = 2 and | supp(a)| = 16.
Define

b=(1,2,3)4,5,6,7,8,9,10, 11, 12, 13, 14,15, 16), B = (b).

Then there exists y € G such that AYB < G. In particular, AY < Ng(B). On the
other hand, it is easy to check that an involution with such cyclic structure does not
normalize B.

Let p = 19. According to [15, Table I], an affine subgroup H = AGL(19) N G is
maximal in G. The same arguments as in (a) imply that A < H. Since H =~ Z19:Zo,
we have A < Zg, where Zg = (x) and |supp(x)| = 18. Let a € A be an element
of order 3. Then a* ¢ M = (S17 X S2) N G for every z € G, a contradiction with
Lemma 1.

Let p =23 and B € Syly3(G). There exists x € G such that H = AB* < G. If
H = G, then A = A»j; a contradiction with Lemma 2. The only maximal subgroups
of G with order divisible by 23 are Mathieu groups M»3. It follows from [19, p.71] that
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177 Page8of 16 N.Yang, A. Galt

H ~ M3 or H >~ 23:11, therefore A >~ M>; or A ~ Z11.Inboth cases A contains an
element a of order 11 which is a product of two 11-cycles. Let M = (S21 x S2) NG
be a maximal subgroup of G. Then a* ¢ M for every z € G, a contradiction with
Lemma 1.

4 Proof of Theorem 1

The proof of Theorem 1 consists of a series of lemmas given below. Recall that G
always denotes the group A, actingontheset 2 ={1,2,...,n}and 1 < A < G.

Lemma 3 Let A be a G-permutable subgroup of G and p be the largest prime number
not exceeding (n — 3). If n > 56, then there exists x € G such that

A*<((1,2,...,p=D) xS, NG.
Proof Define H = (AGL(p) x S,,—,) N G. There exists g € G such that ASH < G

and we can assume that g = 1.
Suppose that AH = G. Then we have

|m_ﬂ_MHm_p@—MwmﬂlM
2  |JANnH| 2 IANH|
JAl=|ANH|-nn—1)...(p+D-(p—2D(p—3)...n — p+1).

There exists a prime number pj in the interval (5 + 1, p — 2). Hence, p; divides |A]
and A contains a cycle of length p1, contradicting Lemma 2.

Thus, the group A H is contained in a maximal subgroup M of G.If AH is transitive
and imprimitive, then there exist positive integers m, k such that n = mk and M ~
(Sm 1Sk) N G. However, the group S, ¢ Sy does not contain elements of order p.

Assume that A H is primitive. Since n — p > 3 we have that H contains a cycle of
length 3. By the theorem of Jordan, we get AH = G a contradiction.

Therefore, A H is intransitive and

AH <M =(S,xS,-,)NG.
If AH = M we have

pln—p! _plp—b-(n—p! Al

M| = .
2 2 AN H|

Then (p — 2)! divides |A| and A contains a cycle of length p1, where p; is a prime in
the interval (% + 1, p — 2). This is a contradiction with Lemma 2.

According to Proposition 1 a subgroup AGL(p) ~ Z, : Z,_1 is maximal in S,
for p > 23. Hence, H < M and H < AH < M. Thus, AH = H and A < H. By
Lemma 2 it follows that A does not contain elements of order p. Therefore,

A< (Zp1 X Su_p) NG.
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There exists x € G such that Z’I‘,_l =((1,2,...,p—1))and Sj‘lfp = S,—p. Hence,
A< (((1L,2,...,p=1D) xS,_,)NG. O

Lemma4 Letn = p1 + p> + p3 satisfies (x) and p1 < p2 < p3. Let p be the largest
prime number not exceeding (n — 3). If n > 56 and |A| > (p1 — 2)!, then A is not
G-permutable subgroup of G.

Proof Assume that A is G-permutable subgroup of G. According to Lemma 3 and
Proposition 2 we have

Al< = pip =1 <[5]P

By Proposition 3, we have |p; — n/3| < n?, therefore

pr=>=—n'>

W3
N =

Thus, |A| = (p1 —2)! > ([2] = 2)! > [5]'p = |Al. a contradiction. m]
Notice that a similar conclusion of Lemma 4 is true if we replace n by n — 3.

Lemma5 Let A be a G-permutable subgroup of G. Let n = p1 + p2 + p3 satisfies
(x) and p; > 23. Let H = AGL;(p1) x AGL(p2) x AGL1(p3) N G. If p1, p2, p3
are pairwise distinct, then there exists x € G such that A* < H.

Proof There exists x € G such that A H < G. We can assume that x = 1.

If AH = G, then A acts transitively on €2, and we can repeat the arguments from
the proof of Lemma 1 to get a contradiction.

Hence, AH is contained in a maximal subgroup M of G. If AH is transitive and
imprimitive, then there existm > 3,k > 3 such thatn = mk and M =~ (S,,:Sx) N G.
However, the group S, ¢ Sk does not contain elements of prime order s, where s =
max{pi, p2, p3}.

Assume that A H is primitive. Since H contains a cycle of length p; then according
to [5, Theorem 8.23] we have AH = G a contradiction.

Thus, AH is intransitive and

AH <M = (S¢ xSu—1) NG, where k € {p1, p2, p3}.

We can assume that k = pjand AH < (Sp; X Sp,1p3) NG.
Let AH, 3 be the projection of the group AH on S, p,. Itis clear that

AGL1(p2) x AGL1(p3) < AHz3 < Spyips -

Assume that AH» 3 = Sp,4p,. Let Ay 3 and Hj 3 be the projections of the groups A
and H on S, 1 »,, respectively. Then we have

[Spripy | = (p2+ p3)! = |AHy 3| < A2 3| - [Ha 3| = |A23] - pa(p2 — Dp3(ps — D).
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177 Page100f16 N.Yang, A. Galt

Hence, |A| > |A2.3| > (p2 — 2)!, which is a contradiction with Lemma 4.

Therefore, AH» 3 is contained in a maximal subgroup Mz 3 of Sp,4 ;. If AH) 3
is transitive and imprimitive, then there exist m’, k’ such that py + p3 = m’k’ and
M3 3 >~ (S},:S;) N G. However, the group S/, 2 S; does not contain elements of order
p’, where p’ = max{p,, p3}.

Assume that A H 3 is primitive. Since H contains a cycle of length p; then accord-
ing to [5, Theorem 8.23] we have AH> 3 = S, p,; a contradiction.

Thus, AH> 3 is intransitive and

AHy3 < Sp, xSp,, AH < (Sp, xSy, xSp) NG.

Let AH; be the projection of AH on S, where i € {I,2,3}. Then AGL;(p;) <
AH; < S),. Since p; > 23 we have AGL1(p;) <S,.

Assume that AH; = S, for some j € {1, 2, 3}. Let B; and H; be projections of
groups A and H on S, respectively. Then we have

|Sp; | = pj! =|AH;| < |Bj| - |Hj| = pj(pj — DIBjl, |A| = |Bj| = (pj —2)!

which is a contradiction with Lemma 4.
Hence, AH; = AGL{(p;) and B; < AGL1(p;) fori € {1, 2, 3}. Therefore,

A< (B x By x B3)NG < AGL{(p1) x AGL{(p2) x AGL1(p3) N G.

]

Lemma 6 Let A be a G-permutable subgroup of G. Letn = p1 + p1 + p1 satisfies (x)
and p; > 23. Let H = (AGL{(p1) x AGL{(p1) x AGL1(p1)) :S3NG. Then there
exists x € G such that A* < H.

Proof There exists x € G such that A H < G and we can assume that x = 1.

If AH = G, then |A| > |G|/|H| > (p1 — 2)!, which is a contradiction with
Lemma 4.

Hence, AH is contained in a maximal subgroup M of G. Assume that AH is
primitive. Since H contains a cycle of length p; then according to [5, Theorem 8.23]
we have AH = G, a contradiction.

Since H is transitive and A H is imprimitive then AH < (S, :S3) N G and

(AGL{(p1) x AGL1(p1) x AGL{(p1)):S3NG < AH < (Sp; xSy, xS,):83NG.
Let AH; be the projections of AH on the corresponding groups S, = S(&2;),
where i € {1,2,3}. Then AGL(p1) < AH; < Sp,. Since p; > 23 it follows that
AGL1(p1) <Sp,. Applying the same arguments as in the proof of Lemma 5 we have
AH; # S(2).
Hence, AH; = AGL(p1) and B; < AGL(py) fori € {1, 2, 3}. Thus,
A < (By x By x B3):S3NG < (AGL1(p1) x AGL1(p1) x AGL1(p1)):S3NG = H.

O
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Lemma 7 Let A be a G-permutable subgroup of G. Letn = p1 + p1 + p2 satisfies (),
pi > 23, and py # pa. Let H = ((AGL(p1) x AGL(p1)):S2) x AGL(p2) N G.
Then there exists x € G such that A* < H.

Proof 1t follows from the proofs of Lemmas 5 and 6. O

Lemma 8 Let A be a G-permutable subgroup of G. Let n be an even number, n —3 =
p1 + p2 + p3 satisfies (x), and p; > 23. Let H = AGL{(p1) x AGL{(p2) X
AGL1(p3) x S3NG. If p1, p2, p3 are pairwise distinct, then there exists x € G such
that A* < H.

Proof The proof is similar to the proof of Lemma 5. O

Lemma9 Let A be a G-permutable subgroup of G. Let n be an even number, n — 3 =
p1 + p1 + p1 satisfies (x), and p1 > 23. Let H = (AGL{(p1) : S3) x S3NG. Then
there exists x € G such that A* < H.

Proof There exists x € G such that A H < G and we can assume that x = 1.

If AH = G, then |A| > |G|/|H| = (p1 — 2)!, contradicting Lemma 4.

Hence, AH is contained in a maximal subgroup M of G. Assume that AH is
primitive. Since H contains a cycle of length p; then according to [5, Theorem 8.23]
we have AH = G; a contradiction.

If AH is transitive and imprimitive, then M =~ (S,, :Sx) N G for some m, k > 2.
However, the group S,, ¢ Sx does not contain elements of the following cyclic structure

(a1, -~-7a[71)(:819 ~'-718[71)(y17 SRR ypl)(av ﬁ9 y)7

which are contained in H.

Thus, AH is intransitive and AH < S3p, X S3.

Let AH; be the projection of AH on S3,,. Applying the same arguments as in
the proof of Lemma 6, we have AH; < AGL{(p1) ¢ S3. Hence, A < AH; x S3 <
(AGL1(p1):S3) x S3and A < G, thatis A < H. ]

Lemma 10 Let A be a G-permutable subgroup of G. Let n be an even number and
n —3 = p1 + p1 + p2 satisfies (x), where p; > 23 and p; # p2. Let H =
((AGL1(p1) x AGL1(p1)):S2) x AGL1(p2) x S3NG. Then there exists x € G such
that A* < H.

Proof It follows from the proofs of Lemmas 5 and 9. O

Lemma 11 Letn > 710, |A| < 2n3 and |a| < 7 for every element a € A of prime
order. Suppose that there exists x € A of prime order such that | supp(x)| > n — 6.
Then A is not a G-permutable subgroup of G.

Proof Define
B =87 x S11 X S19 x S41 X S79 X S163 X S331 X S;—651 NG.

@ Springer



177 Page120f16 N.Yang, A. Galt

It follows from the cyclic structure of x that x ¢ B. Assume that A is G-permutable
with B. Then there exists y € G such that H = AYB < G. Since x ¢ B we have
H > B.

The group H cannot be primitive because it contains a 3-cycle and cannot be
transitive because it contains a cycle of prime order ¢ > n/2. Hence, H is intransitive
and H < S; x S,,_ for some k < n.

Define A = {7, 11, 19,41,79, 163,331, n — 651}. If k ¢ A, then we define H, as
a projection of H on Si. Assume that Hy is primitive. Since Hy contains a 3-cycle,
then Hj = Sg. It is clear that k is the sum of numbers from A. For k > n — 651 we
have k > n — 651 + 7 and

B| - TT/_(n — 651 +1i)

|A¥]-1B| = |A”B| = |H| > > |B|-2n°,

|S7]
where the last inequality is true for all n > 710. This is a contradiction with |A| < 2n°.
For k < n — 651 we obtain that the number ‘Illi?kl‘ = H‘%‘ll contains a prime d1v1sor q

greater than 7. Since l‘ B‘|| divides ||g‘| and l\gll divides |A], it follows that A contains
an element of order g, which contradicts the conditions of the lemma.

Therefore, Hy is imprimitive. Each successive number from A (except maybe the
last one) is a prime number greater than the sum of all the previous ones, so the group
Hj, contains a cycle of prime order s > k/2, which implies that H is intransitive.
Hence, Hy < Sk, x Sk2 for some 1 < ki, ko < k. Continuing in this way, we obtain
that H < Hy, x Hy, %< ... x Hig N G = B. This is a contradiction with H > B. O

Lemma12 Letn > 710 and n = py 4+ p1 + p1 (n = p1 + p1 + p2) satisfies (k).
Then G does not contain proper G-permutable subgroups.

Proof Assume that A is a proper G-permutable subgroup of G andn = p; + p; + p1.
Then by Lemmas 3 and 6 there exist elements x, y € G such that

<L 2, .., p =) xS, NG, AY < (AGL(p1)
x AGL(p1) x AGL(p1)):S3NG.

Define

=(1,2,...,p=1) xS, NG, L = (AGL(p1) x AGL(p1)
x AGL1(p1)):S3 NG.

By Propositions 2 and 3 we get that p > 2pj + 1. Then for every element g € K we

have either | supp(g)| = p — 1 > 2pj or | supp(g)| < n — p < p; — 1. On the other
hand, for every element g € L we have

|supp(g)| € {p1 — 1, p1,2p1 —2,2p1 — 1,2p1,3p1 —3,3p1 —2,3p1 — 1, 3p1}.

Thus, if g € A, then | supp(g)| € {3p1 —3,3p1 —2,3p1 — 1, 3p1}. It follows from
Lemma 1 that A* < S,,_1 for some z € G. In particular, for every g € A we have
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| supp(g)| < 3p1 and A does not contain elements of order p;. Therefore,

n\3 2
< — 3. < — - — 3.
Al < (p1— 17+ S3] < 6(3) 9n

Let a € A be an element of prime order /. Then

a=(u1,...,a1)...(B1,..., B1), [|supp(a)| =n—3.

If [ > 3, then for every element g € G we have a8 ¢ S,,_3 x S3, which contradicts
Lemma 1. Hence, prime orders of the elements of A do not exceed 3. By Lemma 11
we obtain that A is not a G-permutable subgroup of G.

The case n = p1 + p1 + p2 is proved similarly using Lemmas 3 and 7. O

Lemma 13 Letn > 710 andn = p1 + p2 + p3 satisfies (x). If p1, p2, p3 are pairwise
distinct then G does not contain proper G-permutable subgroups.

Proof Assume that A is a proper G-permutable subgroup of G. Then by Lemmas 3
and 5 there exist elements x, y € G such that

A <((1,2,...,p—1) xS,-p,NG, A” <AGL;(p1) x AGL{(p2)
x AGL|(p3) N G.

Define K = ((1,2,...,p — 1)) x S,_, NG. By Propositions 2 and 3 we get that
p > pi+pj+1,wherei, j € {1, 2, 3}. Then for every element g € K we have either
|supp(g)| = p—1> p;+ pjor|supp(g)| < n— p < p;. Hence, A does not contain
elements of prime orders p;, where i € {1, 2, 3}. Thus,

JA] < (p1 — D(p2 — D(ps — 1) < n.

Moreover, for every element g € A we have | supp(g)| = p1+p2+p3—3=n-3.
Similarly to the proof of Lemma 12 we obtain that prime orders of elements of A
do not exceed 3. This is a contradiction with Lemma 11. O

Lemma 14 Let n > 710 be an even number andn —3 = p1+ p1+p1 (n —3 =
p1+ p1+ p2) satisfies (x). Then G does not contain proper G-permutable subgroups.

Proof Assume that A is a proper G-permutable subgroup of G andn —3 = p1+p; +
p1. By Lemmas 3 and 9 there exist elements x, y € G such that

AT <((L2, ..., p= 1)) xS, p NG,  AY < (AGL1(p1)1S3) x S3NG.
Define K = ((1,2,...,p — 1)) x S,_, NG and L = (AGL;(p1) ¢ S3) x S3NG.
Then for every element g € K we have either |supp(g)| > p—1 > 2p; + 3 or
| supp(g)| < n — p < p1 — 1. On the other hand, for every element g € L we have

|supp(g)l€{s, pr —1+8, p1 +8,2p1 —2+68,2p1 — 1 +6,2p1 + 6,
3p1 —3+68,3p1 —2+48,3p1 —1+8,3p1 + 6},
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where § € {0, 2, 3}. Thus, if g € A then
|supp(g)l € {6,3p1 —3+8,3p1 —2+6,3p1 —1+68,3p1 +8}.
If A contains an element v of order py, then it has a cyclic form

V=@l @) Bla e Bp) Vs e os V)

For every element g € G we get that v8 ¢ S,_7 x S7 and A8 §§ S,—7 x S7, which
contradicts Lemma 1. Thus, A does not contain elements of prime order p; and

n\3 4
[Al < (p1 — 17 -1S3]-1S3] 36<3 3"

If A < S3 = S(o1, o2, @3), then A is not G-permutable with B, where B =
((1,2,3,...,n)).

Thus, A contains an element w such that | supp(w)| = 3p; —3 = n — 6. The
element w has a form w = ab, where a € AGL{(p1) @ S3,b € S3. Then either |w]|
is a prime number or w’ = w!?! # 1 and w' € AGL{(p1) @ S3. Taking a suitable
power of the element w’, we obtain an element u € A of prime order. Since for
every nonidentity element g € AGL{(p1) : S3 we have |supp(g)| = p1 — 1, then
|supp(u)| = 3p1 —3=n—6.

Let z € A be an element of prime order /. Then either z € S3 and |z| € {2, 3} or

z=(1,...,)...(B1,..., B, |supp(z)| =>n—6.

If [ > 7, then for every element g € G we have z8 ¢ S,,_7 x S7, which contradicts
Lemma 1. Hence, prime orders of the elements of A do not exceed 7. By Lemma 11
we obtain that A is not a G-permutable subgroup of G.

The case n = p1 + p1 + p» is proved similarly using Lemmas 3 and 10. O

Lemma 15 Let n > 710 be an even number and n — 3 = p1 + p2 + p3 satisfies
(*). If p1, p2, p3 are pairwise distinct, then G does not contain proper G-permutable
subgroups.

Proof Assume that A is a proper G-permutable subgroup of G. By Lemmas 3 and 9
there exist elements x, y € G such that

AT <((L,2, .., p = 1) xSu—p NG, AY < AGLi(p1) x AGL1(p2)
X AGLl (p3) X S3 NG

Define K = ((1,2,...,p — 1)) x S, NG, L = AGL{(p1) x AGL(p2) X
AGL{(p3) x S3NG.

By Propositions 2 and 3 it follows that p > p; + p; +4, where i, j € {1, 2, 3}.
Then for every element g € K we have either |supp(g)| > p —1 > p; + pj +3 or
[supp(g)l <n—p < p;— L
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Since A < K* ' NLY" then for every element g € A we have
|supp(g)| € {§,n —6+8,n—5+8,n—4+65n—3+4 6},

where § € {0, 2, 3}. In particular, since pp, p», p3 are pairwise distinct, we have that
A does not contain elements of orders p;, where i € {1, 2, 3}. Thus,

n\3 3
A1 < (p1 = D(p2 = D(ps = D+ [S31 < 6(5) <n’.

Further, similarly to the proof of Lemma 14 we obtain that prime orders of elements
of A do not exceed 7 and there exists an element a € A of prime order such that
| supp(a)| = n — 6. This is a contradiction with Lemma 11. m]

Theorem 2 now follows from Lemmas 12-15.
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