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Abstract

In this paper, we study the Cauchy problem for a generalized Boussinesq-type equation
in R”. We establish a dispersive estimate for the linear group associated with the
generalized Boussinesq-type equation. As applications, the global existence, decay
and scattering of solutions are established for small initial data.
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1 Introduction

In this paper, we study the following Cauchy problem of the sixth-order generalized
Boussinesq-type equation in R", describing the surface waves in shallow waters [1, 2]

ur — Au+ A?u — Augy — Nu = Af(u), (1.1
u(x,0) = up(x), wu(x,0)=uix), (1.2)

where the nonlinear term has the form f (1) = O(|u|?), p > 1.
Boussinesq’s theory was the first to give a satisfactory, scientific explanation of
the phenomenon of solitary waves discovered by Scott Russell [23]. The classical
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Boussinesq equation can be written
2
Urr — Uxx + Qxxxx = U )xx, (1.3)

where ¢ € R depends on the depth of fluid and the characteristic speed of long
waves. Actually, the classical Boussinesq equation is a dispersive equation for o > O.
The dispersion comes from the term u,,,,. By taking advantage of the dispersion,
the well-posedness and scattering of solutions to the Cauchy problem of (1.3) and
its generalized versions were established in [5, 7, 11, 13]. For other results on local
existence, finite time blowup, stability and instability of solitary waves and so on, see
[3,4, 6, 12, 24, 32] and references therein. Also, the equation (1.3) with the damped
term — 0y« Was studied by many researchers, see [14, 25] and so on.

Following the work of the Boussinesq equation (1.3), various of Boussinesq-type
equations have been carried out to describe different physical process. For example,
Makhankov [16] modified (1.3) to describe ion-sound waves in plasma as follows

Upp — Uxx — Uxxrt = (Mz)xx- (1.4)

Samsonov, Sokurinskaya [21] modified (1.3) and (1.4) to describe the nonlinear waves
propagation in waveguide with the possibility of energy exchange through lateral
surfaces of the waveguide as follows

Ut — Uxx + Uxxxx — Uxxtt = (uz)xx- (1.5

Furthermore, Schneider and Wayne [22] modified (1.5) to model the water wave
problem with surface tension as below

2
Upp — Uy + Uxxxx — Uxxrr + Uxxxxrr = (U )xx- (1.6)

For the Boussinesq-type equations (1.4)—(1.6) and their generalized versions, all are
dispersive equations. The dispersions were regarded as the basic tool for the existence
and scattering, see [15, 27, 30]. The local existence and finite time blowup were studied
by [9, 31, 33]. For the equations (1.4)—(1.6) with the damped term —u,,,, there are
also many results, see [10, 18, 19, 29] and so on.

For the equation (1.1), itis also a Boussinesq-type equation and dispersive equation.
But as far as we know, there are few results. Up to now, there are only some results about
the equation (1.1) with the damped term — Au, . For example, the initial boundary value
problem was investigated in [34], and they obtained the existence of strong solutions
and the long time asymptotic. Later, [26, 28] considered the Cauchy problem, and
they established the global existence and asymptotic behavior for small initial data.
These results all depended on deeply the important role of the dissipation term —Au;.
Inspired by the studies of Boussinesq-type equations (1.3)—(1.6), it is nature to ask
whether we can use the dispersion in (1.1) to obtain some fundamental mathematical
results without the dissipation term —Au;.

Let’s observe the dispersion in (1.1). By the method of the Green function, we can
transform the Cauchy problem (1.1)—(1.2) into an integral equation. Considering the
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Cauchy problem
311G — AG + A’G — AGy, — NG =0, (17
G(x,0)=0, 9,G(x,0) =34. '
By the Fourier transform in (1.7), one has
G + 517G + |E1'G + 1§17 Gy +1€1°G =0, (1.8)
G(E,00=0, 9,G(E,0) = 1. '

The characteristic equation of (1.8) is
o+ EPHIE 5P + 150 =0,
which implies

T = *ip(|§]),

L T IEHIEN
pUsD) = [§] T EE

Thus, one can solve the Cauchy problem (1.8)

where

sin(tp(I§1))

D 3G (&, 1) = cos(tp(|€])).

G(E,[) =

The Duhamel principle implies that the solution of (1.1)—(1.2) is represented by

t
u) = 0;G(t) xug+ G@) *xu —|—/ ﬁG(l‘ — 1) * f(u)(r)dr, (1.9
o 1—

where 9, G(t) and G (¢) are defined as

_1sin(zp(§1)

#G(1) = F Lcostp(E])), G(t)=F
p(ED)

)

and F~! is the inverse Fourier transform. From the expression of the Green function
G, the equation (1.1) exhibits a dispersion phenomenon which is due to the presence of
terms Au, A%u, A3u. This is closely related to the dispersive estimate for the operator
¢'"PUVD defined by the Fourier integral

eilp(lv\)f — f—leilp(lé'l)f — ei(x§+tp(|él))fd§. (1.10)
Ri’l
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In order to describe the main results in this paper, we introduce some notations
and spaces. The dual number of r (1 < r < 00) is denoted by 7/, i.e., % + r—l/ = 1.
The notation f € g(|V[)X means g '(IVD)f € X for a function space X,
where |V| is defined by (|V|f)() = |&|f(€). LY = LI(R") and WS4 (R") =
(1 - A)_%Lq(R”)(l <q <00,5s € R) denote Lebesgue spaces and inhomoge-
neous Sobolev spaces, respectively. In particular, H* = W%2, Bf q and B}
(1<r,g <00, s € R) represent the homogeneous and inhomogeneous Besov spaces,
respectively.

The first result in this paper is to obtain the dispersive estimate (1.10). The strategy
is described. We can use the stationary phase estimate to get the desired decay estimate
in R. Because the symbol p(|&|) of the operator is a radial function, we can use the
Fourier transform of a radial function to reduce the problem to one-dimensional case
in R"(n > 2). This way to deal with dispersive estimates has been applied by many
mathematicians [8, 15, 30] an so on.

2, . 1 , I
Theorem 1.1 If2 < r < o0, then we have for f € ®_(1_7)Br’,’1 NB that

(1Y _n=2
1P fllgse S A+ D2
o *F)Brr, \NB),

where © is a operator defined by

_n-l
o=t (ZEV) T (et

By making use of the above dispersive estimate, we obtain the estimates in L*
space of linear part and nonlinear part associated with the equation (1.1), respectively,
which we apply to study the existence and decay of global small amplitude solutions
to the Cauchy problem (1.1)—(1.2) by the method of the contractive mapping principle.

Theorem 1.2 Suppose whenn = land2 <r < 4orwhenn>2and2 <r < oo,

s>%and

> 2+ 1 !
p=s, p>— +max , (>
r’ 5=

there exists small 5§ > O such that

[[uoll . n + Ml < 6.
o

-2y % - -2yt B
PBL NB! NHY pAVH(© =BT NB! NHY

Then, the Cauchy problem (1.1)—(1.2) possesses a unique solutionu(x,t) € C(R; H®)
with a positive number p depending on p, S, r such that

ne_2
sup(1 + 1) 2P lull oo + sup [lull s < p.
reR teR
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With the help of the representation of solutions (1.9) and the decay of solutions in
Theorem 1.2, we can construct the scattering of solutions.

Theorem 1.3 Let u(x, t) be the solution to the Cauchy problem (1.1)—(1.2) in Theorem
1.2. Then, there exists the unique solution u™ of the linear equation corresponding to
(1.1), i.e., f =0, with initial data

+o00 2
A . H .
g —uo+/0 sm(rp(é))—p(m)(1+|§|2)f($,t)dr,
i =i — / % cosep@)—EL i, e
! 0 L+ g27 >

such that
lu(e) — u @) s = O] PP~V 1 — +o0,

where s, 0, p are the same in Theorem 1.2.

The paper is organized as follows. We obtain the dispersive estimate in Sect.2 and
establish the existence and decay of global solutions in Sect. 3. Section4 is to construct
the scattering of solutions obtained in Sect. 3.

Throughout this paper, we denote by R, Z the set of real numbers and integer
numbers, respectively. Positive constants C vary from line to line. A < B denote
A< CB,and A ~ B means that A < B and B < A hold at the same time.

2 The Dispersive Estimate

In this section, we aim to prove the dispersive estimate. Firstly, let us recall the classical
lemmas about the stationary phase estimate and Bessel function.

Lemma 2.1 (Stationary phase estimate, see [17, 20])

(1) Suppose ¢ is a real-valued function and smooth in (a, b), satisfying |qb(k) @) =1
forall x € (a,b). Then,
b
/ PITICORM
a

holds when k > 2 or k = 1 and ¢’ (x) is monotonic.
(ii) Let h(x) be a smooth function in (a, b), then under the assumptions on ¢ in (i),
we have

|
< CpA™k

b
f MO dx| < Cat (Rl e + 110,

a

Lemma 2.2 (Properties of the Bessel function, see [17, 20])
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The Bessel function By, (r)(0 <r < oo, m > —%) is

r'" L I
B, (r) = —1/ (1 — )" 2dr,
2mT (m + 3)m2 J-1
which has the properties

(i) Bu(r) < Cr™and £ Byu(r)) = —r " Bug1 ().
(i) r' B% (r) = C,Re(e" h(r)), where h(r) is a smooth function satisfying

05h ()] < Ce(1 47T 7K, k>0,

Then, we recall the Littlewood—Paley decomposition. Suppose ¥:R" — [0, 1] be
a smooth radial cutoff function

Lo 18l < 1,
Yv(&) =1 smooth, 1< |&| <2,
0, l&§[>2.

Set
nINT'E) =y (N ') —y@NTTE), (N €25,

then the Littlewood—Paley operator Py can be defined by

_ §\ .
Pyg=F"! ~)e).
N& ('7 ( N 8
Furthermore, we define the operator Py by

SREPRY [ S IR S
Pyg=F {(n(N)+n(N)+n(2N)>g},
and then,

Py Py = Py Py = Py.

From now on, we always set

n—1
/ '
ol = (”gf')) ("[ED) 2.
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In order to prove Theorem 1.1, the embedding BgO’ | <> L°° implies that it is enough
to prove

; _n_2
10 Fllgg, , S AHIDTZEDUAN s @D
" 1 r’1

Equivalently,

eI Py £l o

_n-2 _2 no~ no~
S A+ (O T WINFI P fll + NP ). @22)
Since
PUVD py f — oitP(VD py B f — f ei(x§+zw<s>>n(£)p{lv\fdg, (2.3)
R N

by the Holder and Hausdorff—Young inequalities, we have for any 2 < r < oo that

le"P YD Py fllLee S ||n<%)||y/||?zv\f<s>||u SNTIPY e 24

Thus, it follows from (2.2) and (2.4) that we only need to prove that when |¢| > 1,
1P Py fllpoe S 120D OIF (NINF I By 1l 25)
In order to prove the inequality (2.5), because the proof of the case of n = 1 is

rather easier than that of the case of n > 2, we divided our proof into the following
two lemmas.

Lemma2.3 Whenn =1and2 <r < oo and |t| > 1, then
1P IVD Py Fll oo S (o720 DO F (NN || Py £l

Proof By (2.3), the Holder and Hausdorff—Young inequalities, we have

. . & =
e YD Py £l = ' /R ! TP () Py [ dé

LOO

N

i+, & d
/R e n( N) 3

< / N, (5 )
® N

=
| P fllLoe
LOO

1Py flip- (2.6)

L

Next, we need to deal with the estimate of one-dimensional oscillatory integral

f i@ 8 g
R N

LOO
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Let
V(&) = x§ +1p(§D),
then
() =1p" (&) > 0.
We have by Lemma 2.1 (i) that
sup f e””f)n(i)ds‘ SHTHP NI SlTION), @)
xeR |JR N

where we have used the fact |p”(|€])| = Cp”(N) for any |&]| € (%, 2N).By (2.6) and

(2.7), we have
170D Py fll S 11172 O N Py £l 1
Setting r’ = 2 in (2.4), we have
170D Py fllzeo < N2 Py £l 20

Interpolating (2.8) with (2.9) implies

. 12 _2 1~
e PV Py fllzoe S 1017207 D O T (NN Py fll -

Thus, we complete the proof of Lemma 2.3.

Lemma24 Whenn >2and?2 <r < oo and |t| > 1, then

. _n_2 _2 LT
1P YD Py fllzse S 1017207 PO T (NN Py £l

Proof A similar estimate with (2.6) shows that

£

“eilﬁ(\VI)PNf”LOcy < H/ ei(x§+ll7(|5\))n(ﬁ)§
Rn

L

1PNz

2.8)

2.9)

(2.10)

Thus, it is necessary to obtain the estimate of the multidimensional oscillatory integral

iceripten), (5) 4
f . 77<N) d

LOO
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By changing the variable & — N& and the scaling invariance of || - ||, we get

=N"
LOO

ice+ipel) & d
/n e n(N) 3

/e,-(ng+tp(|N¥|))n(|§|)d$

/ ei(x$+t[7(|N§|))n(|s dg

LOO

=N"

Lo

where supp n(§) C {£ : é < €] < 2}. Furthermore, the Fourier transform of a radial

function (see [20]) gives

2

o0
N" / o EHPANED (1§ )ds = N” / PNy T )T Bua (rlx
n 0

Thus, we have

i+, 5 g
fn e n(5)d8

Lo®

— N" 2.11)

o0
. n—2
/ eztp(Nr)n(r)r"_l(r|x|)_TB%("M)dr
0

LOC

Setting
oo n—2
Iy = N [ O )~ By bear,
0

we go to estimate the term ||Jy (¢, x)|| L. Some simple calculations give

") r 4241
r)=r, ———,
P 1+4r2

250 +4rt + 212 + 1

A+ 424 1)2
r32r8 +8r° + 187% 4 1972 +10)

(1+r2)2(r + 72 1)2

/

pr)=

p'(r) =
If |x| < 2, let
1 d 1 d 1
Digi= ———r—g (Dgi=—— (g,
itNp'(Nr)dr itN dr \ p/(Nr)

then

Dr (eitp(Nr)) — eitp(Nr)‘
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Integrating by parts for any ¢ € Z* implies

oo
I3y = V" [P ) B e
=N [ DR ) B b

=W [ D ) e B e
0

By the chain rule of derivative, one has

DI~ XN TT Buza (rIx]))

_ 1 q— n—1 n-2
- (_”N)qzckqm Sy )T Bua (D),
where
m
fo= 2 l_[ B ’(N)
qlseees qke”"] 1
and

(2.12)

EZ ={my,....,my eZT:0<m <my < ...<mg,my+my+ ... +my =k}

Foranym > 0,r € [%, 2], we have

A

1 )< 1, N <1,
p'(Nr) N_l, N> 1.

By (i) in Lemma 2.2, we have for |x| < 2 and m > 0,
_ _n=2
107" (n(r)r™ (e |x]) 2 Bua2(rlxDI'S Sl

It follows from (2.12)—(2.14) that

|t|"4N""4, N <1,
<
|JN(t’x)|N{|t|_an_2q’ NZ]

@ Springer
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If |x] > 2, (iii) in Lemma 2.2 implies that

oo
I = N" [V 2y B lxar
0

oo
= N”/ PNy e M e |x)) + e MR |x))dr
0

= Ini1(t, x) + Ina(t, %), (2.16)
where
o0
(%) = N" f PN D (U
0

oo rla| _
Ina(t, x) =N"/ TPNI==5) ()" R x ) dr.
0

We focus on the case of r > 0. For Jy (¢, x), we set

Wi (r) = p(Nr )+L’ /l(r)sz/(Nr)+|);—|>0.
From (iii) in Lemma 2.2, we obtain for |x| > 2 and m > 0,
107 ()" h(rlx )] S Ix]” ERS S L (2.17)

With the help of stationary phase estimate as the case of |x| < 2, it follows from (2.13)
and (2.17) that for any g > 0,

[t|7IN""1, N <1,

|f|"IN"24, N >1. (2.13)

[In1(t, x)] §{

For Jy7 (2, x), we set

w0 = pvn =" wiey = Ny v = B wge) = N2,

which imply that there exists one critical point

|J;—| = Np'(Nr).
When

1
|t_|>100 sup Np'(Nr) or |th_|<_ mf Np(Nr)

refl,2] 100 ;¢

@ Springer
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then

Wi(r) #0, Vre [%, 21| .

Similar to the estimate of Jy (¢, x), we have

[t|7IN""1, N <1,
|JN2(t, .X)| 5 { |t|—an—2q’ N>1. (219)
When
1 . / x| ,
— inf Np'(Nr)< — <100 sup Np'(Nr),
100 re[%,Z] t re[%,Z]
then
lx| ~ tNp' (Nr). (2.20)

By (ii) in Lemma 2.1, we have that

o0
Ina(t, x) =N”/ V20 n (R (r|x)dr
0
< N (tN2p" (NF))) "2 F (), 2.21)

where

F(x)= sup |n(r)r" "h(r|x)| + /O 19, (n(r)r" " h(r|x])|dr.

rel$.2]
Let us estimate the function F(x). By (iii) in Lemma 2.2, we have
_nzl
[FOl < Ixl™ 7.
Inserting the above estimate into (2.21) and then using (2.20), we have

Ina(t,x) S N"(eN2p (NP~ 2 |x| " T
< T INN2 D (NF) "2 (Nt p/ (NF) ™" T
p'(N)
N
= |t|"2O(N).

< |t72

~

a1 1
) (p"(N)~2
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It follows from

n—1
/ N — 1 ﬁ72
ON) = <¥> (P'(N)"2 ~ {N > N<l, 2.22)

and (2.11), (2.15), (2.18), (2.19) with g = % that

sup |In2 (1, x)| < 1|72 O(N). (2.23)

xeR”

It follows from (2.10), (2.11) and (2.23) that
e PNV Py fllpe S 11720 Py £l - (2.24)
Setting ' = 2 in (2.4), we have
e PNV Py fllpe S N2\ Py £l 2. (2.25)
Interpolating (2.24) with (2.25) implies
170D Py fllpe < 10750 D@ F (NN By £l

Thus, we complete the proof of Lemma 2.4. O

The proof of Theorem 1.1: It follows from Lemmas 2.3 and 2.4 that the inequality (2.5)
actually holds. By (2.4) and (2.5), we deduce that the inequality (2.2) is valid, which
results in the inequality (2.1) holds. Thanks to the embedding Bgo’l < L, the result
of Theorem 1.1 is proved.

In fact, the dispersive estimate in Theorem 1.1 is very useful to estimate the linear
part 1(0:G % ug, G(t) * up)| L=, but it is not enough to estimate the nonlinear part

() - AG(z‘ 7) % f(u)dr H , because we do not have the embedding L < BO

In order to overcome the dlfﬁculty, we go to refine the dispersive estimate in Theorem
1.1 by using the Besov space BY p instead of the Besov space BY pET Let us introduce
the operators

{ Aap = A%(1+ 2D,
= 1.

It was known in [5] and [15] for any € > O that

AL BY , s L™ (2.26)

—€,€

@ Springer
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Corollary 2.5 If2 < r < oo and suppose w(|V|) isa Lp(l p < 00) bounded operator,

then we have for f € (w(|V])®)~ (1*’)8 SN B’ Jo that
”A—eef” n, t€ER,

e ¥ w() fllL < N

~20-2)
|72V T | AL n
| ” G,Gf”( (|V|)O) (1,,)Br/

Proof Since w(|V]) is a L bounded operator, we have
eV Dw (V) fllee S 1 PYD £ o
By (2.4), we have for any € > 0
1€ PV Py flle S N Ae«NIPYA—c.c (N)f I,
which implies that
1PV PN A e c(N) Fllm S N7 IPNA—ce(N) f -
Taking the /2 norm in (2.27) and using the embedding (2.26) give that

1”0 flloe S NP VA e fllgg,, S NA-cefl 2

2
When [¢] > 1, by (2.8)-(2.9) and (2.24)~(2.25), we have
10D Py w (V) e < 11~ 2O w(N) [ Py £ 1.
and
170D Pyw (V) £l < 170V Py flle < N¥ By f1],2.
which deduce that

“eitp(IVDpr(|V|)f||L°°

_ne_2 _2 n ~
St 20D @w) ! T (NINT A —e (NI Py A—ee (N £l

that is equivalent to

e PPy A e «(NYW(IV]) f Iz
_ne_2 _2 noo~
S 20D @w)! T (NNT Py A—e e (N) fll -

@ Springer
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Taking the /> norm in (2.29) and using the embedding (2.26) give that
P MPw V) flizee < 1€PTPA_ccw (VD fllgo

ne_2
St 2D A e e £l (2.30)

2, .00
w(vhe)"=PB’

It follows from (2.28) and (2.30) that the result of Corollary 2.5 holds. O

3 Existence and Decay of Solutions

In this section, we go to establish the global existence and decay of solutions to the
Cauchy problem (1.1)—(1.2). In the sequel, we always set

3.1 The Estimate of Linear Part

In this subsection, we aim to establish the L°° and L2 estimates of linear part associated
with the Cauchy problem (1.1)—(1.2).

Lemma3.1 If2 <r < oo and

n
r/
r’, 1

2\ . 1 .
uwpe ©"YB NB
U= pF A RY
w € p(Vp (0B, NB ),
then
1(0:G *uo, G(2) * uy)ll Lo

SA+D {luoll o+l
&) r

. 2, . B
B NBl p(\V|)<® a r)Br’,,lﬁBr’,’l)

Proof We first focus on the estimate of ||9;G * ug|| .

19,G # uollp = / ¢ cos(p(€))itodé
R» L
) e”P(S) e_itp(g) .
_ / pixé + iod N‘ / PCEHPE) 5 g
n 2 LOO n LOC
_ ei’l’('VDuoHLm. 3.1
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Theorem 1.1 and (3.1) deduce that

10:G * ugliee < (1 +1£D 7" lluol| LA (3.2)

a-2ypt
@ U-FBT Npr
1 r,

Then, we go to estimate |G (¢) * u1]| .

IG(t) *uilpe = / eixémﬁldé
" p() L
itp(§) _ ,—itp(§)
= g€ T2 T T Y
Lo e
LOO
~ f piteE+ip@) L i1de
! p(§) L0
=l - 33
e avp I (3.3)

It follows from Theorem 1.1 and (3.3) that

IG@) *urllze < 1+ 1tD77 [Jurll AUV EE B4
p(\V|>(®*“"">B,’, 1“3,’/.1>

Concluding (3.2) and (3.4) implies Lemma 3.1 holds. O
Lemma3.2 Ifs € Randug € H*, u; € p(|V|)H?, then
100:G % uo, G@) xup)|l s S luollms + llurll pqvp as-

Proof By the Plancherel theorem, we have

18,G * uollms = II(1 — A)28,G % uoll ;2 = (1 + €12 cos(itp(€]))iioll 2

= 11+ 1€ 3doll 2 = lluoll o
Similarly, we also obtain
NG @) *urllgs = llurll pqvpas-
Concluding the above two equations, we complete the proof of Lemma 3.2. O
3.2 The Estimate of Nonlinear Part
In this subsection, we aim to establish the L and L2 estimates of nonlinear part asso-
ciated with the Cauchy problem (1.1)—(1.2). Firstly, we recall the chain of fractional

derivation.

@ Springer



Dispersive Estimates and Asymptotic Behavior... Page 17 0f24 174

Lemma 3.3 (/5, 10, 27]) Suppose s with 0 < s < p, then
V¥ f@)llLr < IIMIIL(,, o ViUl
forry € (1,00],r € (1,00), 1/r1 + 1/r2 = 1. Furthermore,

Lf@llas < ull 2= ol s
1f @) — F@l2 S Q=+ ol P e = vl 2.

Then with the help of Lemma 3.3, we have

Lemma 3.4 Suppose whenn = 1 and?2 <r <4 orwhenn >2and?2 <r < oo, then
we have for s > 7 that

t 2 2
- P
5/ L+t =DV lullpee” lullfysdr.
0

/ —G(t —1)* fdr

Proof Due to (3.3), we have

1
: A
/ —G(t—r)*fdt = ‘/ TPV~ fqr
L 0 p(IVD(1 = A) Loo
t . A
. / £ G=0p(19]) 7l
0 pVDHA =) " |,

Let us compute the pseudo-differential operator

N\ VIFIVE?
pUVDA—A) ~ 1+IVP VI IVP + VP
B —|V|

VI IVER/TH VR + [V

Denote w(|V]) by

M

w(V]) = :
VIHIVR/T+|V2 + V]

Thus, we have

A G d
/Om ([—T)*f'[

t
00 0

ei(t—r)p(lvl)w(|v|)fHLw dr. (3.5
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Since w(|V|) is a —2-order pseudo-differential operator, it is a L?(1 < p < 00)
bounded operator. By Corollary 2.5, we have

ei(t—r)p<|w>w(|v|)f”m < 1A—cefll 2 - (3.6)
r'2

When |¢| > 1, by Corollary 2.5, we have

OV BT g PN (-3 G
L w(vpe) Y,
1 h A_ .D
Now, we analyze the norm || 6,€f||( (VD) (1")3’ ue to
N 1 N, N <1,
w(N) = - ~ {N‘2 N> (3.8)
(1+N%)2 (N*+N2+41)2 ’ Z 5
and
N™¢, N<1
_ A€ 2ey s s
A_ee(N)=N"(1+N7) { N N> (3.9)
it follows from (2.22) and (3.8)—(3.9) that
n_n 2
12 12 N2—r—U=9—¢ N <1,
O T r(N)w " r(N)A_ce(N) ~ { N-20-Dte CN°. Nl (3.10)
By (3.9), we can get for s > 7 and € > 0 small enough that
IA—cefll = < IIfII 5+ IS, G N SIflsy,, (3.11)
Br/,2 /2 ’2
By (3.10), we have
_2
Wl PAIDA-ef | g apre H W Ugpeee GBI
By some computations, we have
S>max{2 %,l,}:%, }’z:l7 2<r<4,
s>max{ (1—%)1,:%, n>2 2<r < oo,
which combining with (3.12) shows that
o' 7w P avbaces] g SNy, (3.13)
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By the embedding WS s B’ ,(1 < r <2)and Lemma 3.3, we obtain

1B, S W s S ||u||pz(,, o el fs-
.2 L2

The interpolation of Lebesgue spaces implies that

M”50 0 S el Nl e
L =2

By the above inequalities, one has

2

2
Il , S el o Tl (3.14)

Thus, it follows from (3.5)—(3.7) and (3.11)—(3.14) that

2
f(1+|t—f|) VIIMIILDC llaell jysd.

/ —G(t —T) % f(‘L')d‘L'

We complete the proof of Lemma 3.4. O

Lemma 3.5 It holds that for s € R,

t
-1
</ lullfoo llull prsdr.
0

/ —G(t — 1) % f(r)dr

Proof By (3.5), we know that

ei(l*T)P(lv\)(l —A)2

t
/0 ﬁG(Z — 1) % f(r)dr

t
s < /

By the fact w(]V|) isa L?(1 < p < co) bounded operator, we have

o1 =0P1D ( _

sla-mig
By Lemma 3.3, we obtain

o

p—1
12 S lullzee lullas.
Concluding the above inequalities completes the proof of Lemma 3.5 O
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3.3 Existence and Decay of Global Small Amplitude Solutions

In this subsection, we establish the existence and decay of global small amplitude
solutions. Let us introduce a metric space

x5? = {u € L¥®; L™) N L™(R; H*)| sup(1 + [¢]) Jull>~ + sup ullzs < p}
teR teR

with the metric defined by
d(u,v) = llu —vllpeow;2)-

By the standard way, the metric space (x ;'9, d) is a complete metric space, see [5].
Then in order to prove Theorem 1.2, we recall a primary lemma.

Lemma 3.6 (/5, 10, 27]) For any a, b > 0 and max{a, b} > 1, it holds
[ .
/ (1+1—5)"%14s)"bds < C(1 + 1)~ minta.b),
0
The proof of Theorem 1.2: Consider the mapping M,
A
M) =0,G(t) xug+ G(t) *u; + / ﬂG(I — 1) * f(u)(r)dr. (3.15)
0 1—

Letu € X;,e' By using Lemmas 3.1 and 3.4, we have

A
IM @)oo < 110G (1) *ug + G() * uillpoe + H/o T-ACt-Dx f ) (r)de

Loo

AT ol 5w s+ izt B
o~ (=PB NBY, p(\V|)<® rBrr,YlﬁBr',Yl>

2

7

t _ 2
+/0 U+ It — o) Nl Nl de. (3.16)
According to the information of space x ;'9, we have from (3.16) that
! 2
IN@)|lLe S (14 [t))778 +,0”/ A+t =DV A +]eh P 77de. (3.17)
0
The condition p > % + max{1, %} implies that
2
(p— 7))/ > max{y, 1}. (3.18)

@ Springer



Dispersive Estimates and Asymptotic Behavior... Page210f24 174

Combining (3.17) and (3.18) with Lemma 3.6 deduces that for small enough § and p,
it holds

sup(1 + 17 |M @)l <8+ pP < 2. (3.19)

teR 2

Using Lemmas 3.2 and 3.5 in (3.15) deduces that for small enough é and p,

N
IM@) s < 10 G@) % uo+ G@) xutllys + H./o HGU — 1) * f(u)()dr

HS
1
o [ <l eae
t
<5+ pl’/ (14 |z~ P~ Drar. (3.20)
0
The fact I < r’ < 2 and inequality (3.18) imply that
2
(p—Dy>|p-— = y > max{y, 1}. (3.21)
By (3.20)-(3.21), we have
IM@lae $8+p" < 5. (3.22)

Therefore, the inequalities (3.19) and (3.22) mean that
M : x;’e — X;,g‘
For any u, v € xf;e, by Lemma 3.3, we have
-1 -1
If@) = fFl2 S (ullfe + 1017w — vl 2.
Then,
t
M) — M)l 2 5/{; Il f @) — fll2dT

t
< pPld, v)/ A+ 1)~ P~Vdr < pP~ldw,v),  (3.23)
0

which implies that for small enough p, M is a contractive mapping in space x ;’9.
Therefore, the existence and uniqueness of solution u € X;’g to (1.1)—(1.2) have
been established by the contraction mapping principle. From the standard argument,
we can extend u(t) € L*°(R; H*) to u(t) € C(R; H®). Thus, we complete the proof
of Theorem 1.2. O
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4 Scattering

In this section, we go to establish the scattering of solutions obtained in Sect. 3.

The proof of Theorem 1.3: Let u™ solve the Cauchy problem

Uy — Au + Au — Auygy — Adu = 0,

u(x,0) = ug (¥, ur(x,0) = uy (x).
Then, u™ can be expressed by
u®t =8,G(0) *uy + G(t) *uy.

Equivalently,

sin(tp(1€])) .1

aE = cos(tp(|§|))ﬁg + p(&D o

By the definition of initial data (ua—L, u}—L) in Theorem 1.3, we have

ﬁi

sin(tp(lél))ﬁ1

= cos(rp(I&]))uo + p(&D

+o00 2
+ /0 (cos(tp(|€])) sin(z p(I€])) — sin(tp(|€])) cos(z p(I&]))) mﬁir
. sin(tp(lE]) . /iw . —&? 5
= — — ——fdr,
cos(tp(I€]))ito + SR sin((t r)p(|s|)>p(|§|)(1+|g|2)f T

which implies that

+o0
ut =8,G(t) xug+ G(t) % u + / ﬁG(r — 1) % f(u)(r)dr. 4.1
0 —

By Lemma 3.3, we have
-1
If @) S Nullf s loell s

By (1.7) and (4.1), one has

+o0
/ o)l sde
t

+o0
/ (142~ P~ dr
t

< pPr|~ P Dy +lL

lu(t) — u® (@) as <

Sp?

which implies the result of Theorem 1.3. O
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