Bull. Malays. Math. Sci. Soc. (2023) 46:164 MALAYSEAS MaTHEA s
https://doi.org/10.1007/s40840-023-01560-9 o

hap:f/wwwspringer com/mathematics/ournal/ 40840

®

Check for
updates

H-eigenvalue Inclusion Sets for Sparse Tensors

Gang Wang' - Xiuyun Feng'

Received: 19 January 2023 / Revised: 14 May 2023 / Accepted: 4 July 2023 /

Published online: 19 July 2023

© The Author(s), under exclusive licence to Malaysian Mathematical Sciences Society and Penerbit Universiti
Sains Malaysia 2023

Abstract

Sparse tensors play fundamental roles in hypergraph data, sensor node network data
and remote sensing data. In this paper, we establish new H -eigenvalue inclusion sets
for sparse tensors by their majorization matrix’s digraph and representation matrix’s
digraph. Numerical examples are proposed to verify that our conclusions are more
accurate and less computations than existing results. As applications, we provide
some checkable sufficient conditions for the positive definiteness of even-order sparse
tensors, and propose lower and upper bounds of H-spectral radius of nonnegative
sparse tensors.

Keywords Sparse tensors - H-eigenvalue inclusion sets - Positive definiteness -
H-spectral radius
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1 Introduction
Let C(R) be the set of complex (real) numbers and C" (R”") be the set of n-dimensional
complex (real) vectors. An m-order n-dimensional tensor A = (a;,4,...i,,) is a multi-

way array with entries

Ajjiy-iyy € (C, ikeN={1,2,...,n}, k=1,2,...,m.
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Tensor A is called nonnegative (positive) if a;i,..;,, = 0(ai,iy...i,, > 0).

Tensor is a higher-order extension of matrix, and hence many definitions and asso-
ciated properties for matrix, such as eigenvalue theory, can be extended to higher order
tensor by investigating its multilinear algebra analysis [12, 18].

Definition 1.1 Let A be an m-order n-dimensional tensor. Then (A, x) is called an
eigenpair of tensor A if

Axm—l :)\,x[m_l]7 (1)

_ - -1 -1

where (Ax"~ Y, = Y @iy inXip ... Xi, and xUT0 = P Rl
i2yeim €N

x,’{"l )T Further, (1, x) is called an H -eigenpair if they are both real.

Due to their numerous applications in fields such as higher-order Markov chains
[14], medical resonance imaging [1, 18, 19], Hypergraph [2, 16] and positive definite-
ness of multivariate forms in automatical control [15, 18, 20, 23], tensor eigenvalue
problems have attracted a great deal of critical attention. For example, we can use
the smallest H -eigenvalue to ascertain whether a multivariate form is positive definite
[15]. However, it is NP-hard to locate all H -eigenvalues or the smallest H-eigenvalue
[6, 18]. To check the positive definiteness, researchers created a set that contained all
H-eigenvalues [4, 8, 9, 24, 25, 28, 29]. Recently, sparse tensor eigenvalue problems,
which the number of non-zero elements is far less than the number of zero elements,
have recently been crucial in data problems, such as hypergraph data, sensor node net-
work data and remote sensing data [2, 21, 26, 27]. Unfortunately, the computing effort
is large if we use the aforementioned methods to build the H-eigenvalue inclusion set
for sparse tensor eigenvalue problems with high-dimensional variables. Therefore, the
sparsity of tensors encourages us to develop new H-eigenvalue inclusion sets. Very
recently, Liu et al. [13] established bounds for the spectral radius of a nonnegative
sparse tensor by its majorization matrix’s digraph. There are two intriguing issues
that come up: can we use the aforementioned method for generic sparse tensors? can
new matrix’s digraph be introduced to characterize H-eigenvalues of both generic and
nonnegative sparse tensors?

Motivated and inspired by the above works, we explore the relations between gen-
eral sparse tensors and their majorization matrix’s digraph and representation matrix’s
digraph introduced by [5, 7, 16]. By drawing on the information of I'g(.4))(i) and
F‘ Al (7) of majorization matrix’s digraph and representation matrix’s digraph, we estab-
lish tight H-eigenvalue inclusion sets with reduced calculations, which enhances the
results [8, 9]. Based on new H -eigenvalue inclusion sets, we propose several sufficient
conditions to identify positive definiteness of even-order real supersymmetric sparse
tensors. Finally, we estimate sharp lower and upper bounds for H-spectral radius of
nonnegative sparse tensors with simple computations.

The remainder of the paper is organized as follows. In Sect. 2, important definitions
and preliminary results are recalled. In Sect. 3, we establish the improved H -eigenvalue
inclusion sets and show that they have their own advantages by Examples 3.1 and 3.2.
In Sect. 4, we check the positive definiteness of even-order real supersymmetric sparse
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tensors and estimate the bounds for H-spectral radius of nonnegative sparse tensors
using these H-eigenvalue inclusion sets.

2 Preliminaries

In this section, we introduce some definitions and related properties of the tensor
analysis.

Definition 2.1 [3, 18] Let .A be an m-order n-dimensional tensor.

(i) Tensor A is called reducible if there exists a nonempty proper index subset
1 C{1,2,...,n} such that

Qijiy.iny =0, Virel,in,....in ¢1.

If A is not reducible, then it is called irreducible.

(ii) Tensor A is called supersymmetric if its entries are invariant under any permu-
tation of their indices.

(iii) Let o (A) be the set of all H-eigenvalues of A. Then, H-spectral radius p (A) is
denoted by

p(A) = max{|A| : A € 0 (A)}.

As we know, H-spectral radius p(A) coincides with the maximum eigenvalue of
nonnegative tensors.

In what follows, we introduce the relations between directed graph and matrices
(tensors).

The directed graph of a nonnegative matrix A = (g;;) has as vertices the indices
{1,---,n}, and there is an arc from vertex i to vertex j if a;j # 0. Matrix A is
irreducible, if and only if one can get from any vertex to any other vertex (perhaps in
several steps) and is called a strongly connected graph [16].

Definition 2.2 [5, 7, 16] Let A be an m-order n-dimensional nonnegative tensor.

(i) A nonnegative matrix A= (aij)nxn 1s called the majorization associated to
tensor A, if the (i, j)-th element of Ais defined to be ajj...j forany i, j € N.
(ii) A nonnegative matrix G(A) = (a;;)nxn is called the representation associated to
the tensor A, if the (i, j)-th element of G(A) is definedtobe >  ajiy.iy, -
Jeliysrsim}

(iii) We associate with A digraphs as Ffl = (V(/i), E(/i)), where V(/i) =

{1, -, n} is the vertex set of Fj‘, and E(f() ={ejj:ej=ua;j. ;j#0,i #]j}
is the arc set of F,fl’ i.e., ¢;; is the directed edge of I ;.
(iv) We associate with G(A) digraphs as I'g4y = (V(G(A)), E(G(A))), where
V(G(A) = {1, -, n} is the vertex set of 'g(4), and E(G(A)) = {gi; : g&ij =
> Qjiy-i,, 7 0,1 # j} the arc set of I'g 4y, i.€., g;; is the directed edge
Jeliy o im)
of Fg(A).
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(v) Tensor A is called weakly irreducible if G(A) is irreducible.

From Theorem 2.3 of [16], if Ais irreducible, then A is irreducible. Further, if A is
irreducible, then A is weakly irreducible in [7]. When A is a general tensor, we use |.A|
to denote the nonnegative tensor composed of A. In this paper, |fi| and G(|.A|) denote
the majorization matrix and the representation matrix of general tensors, respectively.

We end this section with important results of [8, 9, 25]. Given an m-order n-
dimensional tensor A = (a,i,...i,, ), denote

A; ={G2,---,im) :1ij =1 for some j € (2,---,m}, wherei,iz,--- i € N},
A = {@a, - - Jig) tij #Fi forany {2,---,m}, wherei, iz, - ,iy € N},

ri(A) = Z Giis...i | ViAi(A)= Z [@iiseip |,

i2yensimeN (i, im)EA;
Siiy i =0 iiy.im =

A A A

A = Y i, ri(A) =) + (A,
(i, ,im)€EA;

where
8-- R 15 lfllzlzz"':lm,
izt 0, otherwise.

Lemma 2.1 Let A be an m-order n-dimensional tensor. Then,
(D (Theorem 6 of [18])
o(A) < T =T,
ieN
where Yi(A) ={zeR:|z—a;_i| <ri(A)}.
(IT) (Theorem 2.1 of [8])

oM ckAA= (] K,

i,JEN,i#]

where Kij(A) = {z € R: (12— ai..il = r] (D)2 = aj..j| = laij..jlr;(A) and
! (A) = ri(A) — laij...;].
(II) (Theorem 2.1 of [9])

o(A) COA) = U 0;,;(A),
i jeEN. i)

where ©; ;(A) = {z € R: (|2 — a..i] — rP (A)z — aj.j| < r (A rj(A)).
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3 H-eigenvalue Inclusion Sets of Sparse Tensors
In this section, we establish two tight H-eigenvalue inclusion sets of a sparse tensor
by its majorization matrix’s digraph and representation matrix’s digraph, which can

reduce calculations and improve H -eigenvalue inclusion sets in [8, 11].

Theorem 3.1 Let A be an m-order n-dimensional tensor with Tg4p (i) ={i : 3 j €
N such that g;; € E(G(|A|)} # 9. Then,

o(A) C OA) = U 0;,;(A),
gii€E(G(AD)

where ©; j(A) = {z eR: (Iz —a;.i| — riAi (A)) |z —aj..j| < rl.Zi (.A)rj(.A)} )
Proof Let (X, x) be an H-eigenpair of A, i.e.

(A _aimi)xim_l = Z iigeriyg Xin ** * Xiyy - (2)

Biigim=0

Without loss of generality, we assume

| | > |xpy] =+ > |x,| > 0.
Since ['g(4p) (t1) # 9, we set |x; | = max{|x;]| : >  lanigeiy 1# 0,i € N},
(i27"'7illl)EAll

which means g;,;,, € E(G(|.A|)). In view of the #;-th equation of (2), we deduce

| = @y X7} =1 2 QnigeiyXiy Xy + > yieveip Xiy "+ * iy |
(ig.,im)€A (g, ,im)EKII
Styin-im=0
< 2 lagigeigllXigl- i, L+ 20 Nanigein X |- X0,
(ip.+.im)€Ay (52,...,l‘m)€le
Styig-im=0

A A
<7 (Al " A e
equivalently,
A, _1 A 1
(1% = gl =y (A)) b "1 = 1" (A 3
We now break up the argument into two cases.

Case 1: x| = 0. Then, |A — as...,;| — rt?” (A) < 0 and it is obvious that A €
1.1, (A) € O(A).
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Case 2: |x;| > 0. It follows from (2) and i = ¢, that

-1
(A = aryr )Xy, =1 D Grigemi Xiy * ** X |
Stgin im=0
< > lagigeig x| X6, | 4)
Stgin-rim=0

< i, (A)lxg, "

Multiplying inequalities (3) and (4) gives
Ay m— m— A, m— m—
(1% = gl = 1y () 1r = e e 1" e 177 = 1 (A (A [ e

From |x;, |’"_1|)cts|’”_1 > 0, it holds that
Ay Ay
(1% = el = 7" ) 1r = ] = 1" (A (A,

which implies A € O, ;. (A) C O(A). O

Corollary 3.1 Let A be an m-order n-dimensional tensor. Then,

o(4) € B(A) = U ©;.7(A),
gij €EGAN U j—i=11-n

where ©; ;(A) is defined in Theorem 3.1.

Proof When I'g(4)(i) # @, by Theorem 3.1, the results hold. We only prove
I'gqap @) = ¥. For any € > 0, set

[A(e)| = |Al + ®(e) and P(€) = (6;...i,,)s
where

0 _{Hij‘..jzé,ij—izl,l—n,

0, otherwise.

i1-Im

Thus, I'g(.4(e)) (i) # 9. Following the similar arguments to the proof of Theorem
3.1, we have

o (A(e€)) C O(A(e)),

Letting € — 0, we obtain

o (A) € O(A).
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Remark 3.1 Compared with Theorem 2.1 of [9], the result of Corollary 3.1 has minor

computations and tight H-eigenvalue inclusion sets, i.e., @(A) C O(A). Indeed,
Lgqap (@) # 9 is a condition easy to verify and meet.

Now, we arrive at the following H -eigenvalue inclusion sets for sparse tensors by
their majorization matrix’s digraph.

Theorem 3.2 Let A be an m-order n-dimensional tensor with Flfil(i) ={i:3j¢e
N such that e;; € E(A} % (. Then,

A cob= |J @A,

eij€E(A)D
where w; j(A) = {z eR: (Iz —a.i| — rl./(.A)> |z —aj..j| < Fi(A)rj(A)} ,
FA) = X |diiyeiy] and r;(A) = r;i(A) — Fi(A).
5[24“[m=]
iinim=0

Proof Let (1, x) be an H-eigenpair of A. Without loss of generality, we assume that
|x4 ] = x| = -+ > |x;,]. Since F\ftl(i) # 0, there exists j # 11 with a;;...; # 0.
Assume

apt--tp = 0, | = 2, 3, ce 8 = 1, Aty ts-tg # 0 (2 <s < n),

which implies ¢;;, € E (Ijll). Recalling the #;-th equation of (2), we have

—1
|()L — Ay )xzrfl | = | Z AfpineipXin ** 'xi,,,l
Styig-im=0
< 2 lanigeig Xl x|+ 2 l@igeiy Xy - X3, |
Big i =0 Binipg =1

8tyinim=0

< (Al " 47 (A 17,
equivalently,
(12 = @ | = i, (A)) b "1 < T (A ®)
Next, we break up the argument into two cases.

Case 1: x;, = 0. Then, |(A — az..;;)| — r;] (A) < 0. Clearly, A € @y, 1, (A).
Case 2: x;, # 0. It follows from (2) and i = ¢, that

—1
(A — a,s...,s)xZ' | = Z AtgigemipgXig *** Xiy |
Stgin im=0
< > lagigeig x| - X, | (6)
8,Xi2...,'m:o

< 1y (A g, ™1
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Multiplying inequalities (5) and (6) gives
(12 = oy | =, (A ) 13 = e e 1" e 17 = 7 (A (Al 1 g 7
From |x;, |m—1 |2y, =1 = 0, it holds that

(1% = @iy | = 7, () 13 = 8, = Ty (A (A,

which implies A € @y, 1, (A) € @ (A). O

Following the similar arguments to the proof of Corollary 3.1, we obtain the desired
conclusions.

Corollary 3.2 Let A be an m-order n-dimensional tensor. Then,
o(A) S B (A = U @i j(A).
eijeEqANU j—i=1,1-n

Compared with Theorem 2.1 of [8], the result of Corollary 3.2 requires minor
calculations but has accurate results. Detailed investigation is given in Corollary 3.3.

Lemma 3.1 (Lemma 2.2 of [9])

6] Leta,b,cZOandd>0.Ifb+aW <1, then

a—(b+c)<a—b< a
d “c+d " b+c+d

(ii) Leta,b,c > 0andd > O.Ifﬂfﬂ > 1, then

a—(b+c)>a—b> a
d T c+d " btc+d

Corollary 3.3 Ler A be an m-order n-dimensional tensor with n > 2. Then,
@ (A) C KA.

Proof Let z € @ (A). Then there exist p, g € N with p # g such that z € @ 4(A),
ie.

(12 = agagl = 1y (A) 12 = @ = Ty (Arp(A), %)

We now break up the argument into two cases.
Case 1: 7 (A)r,(A) = 0, it holds that 7, (A) = 0 or r,(A) = 0.
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When 7 (A) = 0, we have |agp...,| = 0 and r} (A) = r, (A),

(IZ —dg..q|l — r,f(.A)) |z —ap..pl = (z—aq.ql — r;(.A))Iz —dp..pl
=< 761 (A)Vp(A) = |aqp~-plrp(-'4)7

which implies that z € I, ,(A). Consequently, @ (A) € K(A).
When r,(A) = 0, one has r,f (A) > r (A) and

(Iz — g.q| — r(f(A)) lz—ap.pl < (lz—aq..q| — r[;(A))Iz —dap...pl
<74 (Arp(A) =0 = |agp...plrp(A),

which leads to z € Ky, (A). Certainly, @ (A) € KC(A).
Case 2: 74 (A)r,(A) > 0, dividing both sides by 7, (A)r,(A) on (7), one has

(|Z _aq~-~q| _r;(-A)) |Z _ap~~p| -

= =1 (@)
rq(-A) rp(-A)
which implies
2—ag.o| —7 (A )
(12 = aggl =1y (A _ o
Iq (A
or
|z —ap..pl
— = (10)
rp(-A)
, n
Leta = |z —ag..q|, b=ry (A), c = Y Qgiseiy — lagp..pl and d = |agp...p|.
in-im=1
If (9) holds with d = |agp...,| > 0, it follows from Lemma 3.1 and (8) that
|z = ag.ql = rJ (A) 1z — ap...p| L rq(A) |z —ap..p| -
lagp---pl rp(A) T 74 (A) rp(A) T
equivalently,

(Iz —ag..ql — I’(f(A))|Z —dap.p| < |aqp---p|rp(~A)~

This implies @ (A) C K(A).
If (9) holds with d = |agp...,| = 0, we obtain

p
|z —ag..ql — rgq (A =<0= lagp..pl-
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Hence,
(Jz = aq-~-q| - 7’5(./4))|Z - ap~~p| <0= |aqp~~-p|rp(v4)1

which shows @ (A) C K(A).
Otherwise, (10) holds. We only prove @ (A) € K(A) under the case that

(Iz = ag.ql — ry(A)
Fa(A)

Y

Owing to 77 (A) = r; (A) — rlf (A), from (11), we deduce

|z —ag..ql

rq(A) > 1.

Ifd = lapg...q] > 0, from Lemma 3.1 and (8), we have

(12 = apepl = r§A) |2 = gl _ (12— Gggl =14 (A) |z = ap.p| -

lapg-q| rq(-A) B ?l](‘A) rp(“A) B

equivalently,
(Iz —ap..pl = rf,(A))|z - aq»--q| = |apq--~qqu(v4)'

This implies @ (A) € K(A).
If d = lapg..q] =0, from Lemma 3.1 and (8), it holds that

|z = ap..pl —rp(A) <0 =lapg.ql-
Hence,
(12 = appl = rp(A)|z = agegl <0 = lapg...qlrg(A).

Consequently, @ (A) € K(A).
Based on the above two cases, we obtain the desired results. O

To illustrate the validity of Theorems 3.1 and 3.2, we employ a running example.

Example 3.1 Let A be a 3-order 4-dimensional tensor defined as follows:

ain = ;a2 =3;a101 = —1; a1 = 2;
dih = any =2;a32 = —1;a033 = 1;
asszz = 2;a334 = —3;a343 = 1; azgq = —1;
as11 = 15 as14 = —1; a1 = 2; asna = 1; asas = 3.
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Table 1 Inclusion sets for Theorem 2.1 of [8]

K1,2(A) =[-3.702, 6.000] K13(A) =[-5.000, 7.000] K1,4(A) =[-5.000, 7.000]
KC2,1(A) = [0.000, 4.000] K23(A) =[-0.791,4.791] K2,4(A) =[0.000, 4.000]

K3,1(A) = [—3.000, 7.000] K3,2(A) = [—3.000, 7.000] K3,4(A) =[—2.854,7.193]
K4.1(A) =[-2.646,7.873] K42 (A) =[-2.000, 8.000] K43(A) =[—2.000, 8.000]

Table 2 Inclusion sets for Theorem 3.1

®1.2(A) = [-3.702, 6.000] ®2.3(A) =[-0.791,4.791] ©3.4(A) = [~2.854,7.193]
O4.1(A) = [—3.243,7.690] ®4.2(A) = [~1.000, 6.372]

Recalling Definition 2.2, we obtain

5600 1200
0320 . 0210
GUAD=15065| 9 AI=](021
4305 1003

By virtue of Theorem 6 of [18], one has
—5.000 < A < 8.000.

From Theorem 2.1 of [8], we obtain Table 1 and

—5.000 < A < 8.000.

From Theorem 2.1 of [9], following the similar computations of K; ;(A), we cal-
culate 12 times ©; ;j(A) withi # j € {1, 2, 3, 4} and obtain

—4.531 < A < 7.690.
From representation matrix G(|.A|), forany i € {1, 2, 3, 4}, we verify I'g( 4 (i) #
. In view of Theorem 3.1, we only compute Table 2 and
—3.702 < A < 7.690.
By majorization matrix |/i|, for any i € {1, 2, 3, 4}, we observe Flfl\ @) #0. 1t
follows from Theorem 3.2 that

and

—3.702 < A < 7.873.
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Table 3 Inclusion sets for Theorem 3.2

w1 2(A) = [—3.702, 6.000]
@3 ,4(A) = [—2.854,7.193]

@y 3(A) =[—0.791,4.791]
w4,l(-A) = [—2.646, 7.873]

Table 4 Inclusion sets for Theorem 3.1

O1.2(A) = [~2.275,6.000] ©1.3(A) = [—2.000, 4.000]
®2.1(A) = [~2.000, 6.275] ©2.3(A) = [—1.000, 5.372]
©3.4(A) = [~1.236,4.000] ©4.1(A) = [—2.372,5.702]

01.4(A) = [—2.606, 5.464]
03,1(A) = [—1.562, 3.562]
©42(A) =[-1.702,6.372]

Table 5 Inclusion sets for Theorem 3.2

w1 2(A) = [—2.464, 5.828]
@3 4(A) = [—1.236, 4.000]

@,3(A) = [—1.000, 5.828]
@y,1(A) =[—2.236, 5.828]

Tight bounds and simple computations are advantages of the H-eigenvalue inclu-
sion sets given by Theorems 3.1 and 3.2 over Theorems 2.1 of [8] and Theorem 2.1 of
[9]. The conclusions of Theorems 3.1 and 3.2 generally have their own benefits. The
conclusion of Theorem 3.1 in Example 3.1 is more precise than Theorem 3.2. The

following example implies the converse results.

Example 3.2 Let A be an 3-order 4-dimensional tensor defined as follows:

a1 = Lyappy = —1 a1 =25 a134 = —1;
P a212 = —1l;a013 = 1y a000 = 35 a233 = 1;
ijk ayr = —liasz =liass = 1;
as11 = 15 a410 = —1; as1a = 2; asas = 2.
We can obtain
2311 1200
2430 o 0320
GAaAD =1 1021 | @md 1AI=]0071
4104 1002

From representation matrix G(|.A|), forany i € {1, 2, 3, 4}, we know I'g(.4) (i) # 9.

In view of Theorem 3.1, we compute Table 4 and

—2.606 < A < 6.372.

By majorization matrix |/i|, for any i € {1, 2, 3, 4}, we observe Flfl\ @) 0.1t

follows from Theorem 3.2 that
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and

—2.464 < ) < 5.828.

4 Applications

4.1 Testing Positive Definiteness of Even-Order Real Supersymmetric Sparse
Tensors

This subsection focuses on proving that an even-order real supersymmetric sparse
tensor is positive definite based on the principle that A is positive definite if and
only if all of its H-eigenvalues are positive [19]. In order to achieve this, we provide
the following adequate conditions for the positive definiteness of sparse tensors via
H -eigenvalue inclusion sets in Sect. 3.

Theorem 4.1 Let A be an even m-order n-dimensional supersymmetric tensor with
Tgqap (@) # 9. I all G, j) € (kD) = gu € EGUAD), I # Kk} and aj.i > 0,i € N
such that

(a,'...,' — riAi (A)) aj..j > rl.Zi (Ar;(A),
then A is positive definite.

Proof Let X be an H-eigenvalue of .A. Suppose on the contrary that A < 0. It follows
from Theorem 3.1 that there is a g, j, € E(G(|.A|)) such that 1 € ®;, ;, (A), that s,

(12 = @igio] = g * (W) I = gl = 710" (A (A,

Fromg;..; > O and a;...; > 0, we have

A
(l)\. — aio~~~io| - rio 0 (-A)) |)" - aj()"‘j()l
A Zi
> (Cli0~--io —r 0(A)> Ajoejo > Ty O(Arj,(A) = 0.

This is a contradiction. Hence, A > 0 and A is positive definite. O

Corollary 4.1 Let A be an even m-order n-dimensional supersymmetric tensor. If all
G, ) e{k,D:gue EGUANYJl—k=1or1—n,l#k}anda;.; >0,i € N
such that

(i = (A @y > 1 (A (A,
then A is positive definite.

Proof Following the proof of Theorem 4.1, we obtain the desired conclusions. O
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Theorem 4.2 Let A be an even m-order n-dirﬁzensional supersymmetric tensor with
F\fu(i) #=@. Ifall (i,J) e {(k,1):exy € EQAD}, I #k}and a;...; > 0,i € N such
that

(ai...i — r;(A)) aj..j >ri(Ar;j(A),

then A is positive definite.

Proof Let X be an H-eigenvalue of A. Suppose on the contrary that A < 0. It follows
from Theorem 3.2 that there is a ¢;,j, € E(|.A]) such that A € @, j,(A), that is

(12 = digio = 73y () 12 = @yl = iy (i (A).
Since a;..; > 0 and a;...; > 0, it holds that
(IA — Gigig| = 17, (A)) = ajyjol > (a,-ﬂ...io —r (A)) Ajgiy > Fio (A)rp (A) = 0.
which a contradiction arises. Therefore, A > 0 and A is positive definite. O
In virtue of Theorem 4.2 and Corollary 3.2, we can get the following conclusions.
Corollary 4.2 Let A be an even m-order n-dimensional supersymmetric tensor. If all

@i, j) e {(k,]) : e € E(Ifll)Ul—k:lorl—n, l #k}anda;..; > 0,i € N
such that

(a,-...,' — r;(.A)) aj..j > ri(Ar;j(A),

then A is positive definite.

The following example shows that our results can exactly judge the positive defi-
niteness of an even-order real supersymmetric sparse tensor.

Example 4.1 Let A be a 4-order 4-dimensional symmetric tensor defined as follows:

ainn = 3;ann = 3;a3333 = 1; agaas =7,

aijil = a = a2 = apy = a2 = l—% (3444 = (4443 = Q4434 = A4344 = 1;
a3l = as3l = 4313 = d133 = 3;
ajjki =0, otherwise,

We get the minimum H -eigenvalues is 1.000. Hence, A is positive definite. We
verify

1 1 1
HE R 0300
= _7 7 =
g(AD 20; | oed A= g00
00310 0007
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Table 6 Numerical results of Theorem 4.1

A; A
(alz..,' =7 l(.A)) aj...j r; I(A)"j(-A)
i=1,j=2 7.500 0.750
i=1,j=3 2.500 0.750
i=2,j=1 4.500 0.000
i=3,j=1 1.500 1.000
i=3,j=4 3.500 3.000
i=4,j=3 4.000 0.000

Table 7 Numerical results of Corollary 4.2

(a,-...,- —r (.A)) aj..j ;}(A)rj(.A)
i=1,j=2 7.500 0.750
i=2,j=3 1.500 0.000
i=3,j=4 3.500 3.000
i=4,j=1 4.000 0.000

According to the Theorem 4.1, we compute Table 6 and

(arnr =1 (A ) @y > 1 A A VG ) € (KD 2 g € EQGIAD). L k),

which shows that A is positive definite.
In view of Corollary 4.2, we compute Table 7 and

(a,-...,- — r;(.A)) aj...j > ;’}(A)rj(A),V(ia ])
c {(k,l):ek, e EQANJI—k=1or1—n, l;ék}.

Therefore, A is positive definite.
However, from Theorem 4.1 of [9], we obtain

(a3333 — 15 (A))azoz = 1.500 = 1.500 = 5 (A)ra(A),

which implies that Theorem 4.1 of [9] cannot identify the positiveness of A.
Unfortunately, from Theorem 4.2 of [8], we obtain

(az3zz — r3] (A)) = —1.500 < 0.000 = |azq11|r1(A),
(a3333 — 13 (A)) = —1.500 < 0.000 = |az222|r2(A),

which implies that Theorem 4.2 of [8] are not suitable to test the positiveness of A.
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4.2 Bounds for H-spectral radius of nonnegative sparse tensors

We give bounds of the H -spectral radius a nonnegative sparse tensor via H-eigenvalue
inclusion theorems in Sect. 3. We start this subsection with some fundamental results
of nonnegative tensors.

Lemma 4.1 (Lemma 3.2 of [8]) Let A be a nonnegative tensor with order m and
dimension n > 2. Then,

p(A) > maxa;_ ;.
ieN

Lemma 4.2 (Theorem 4.1 of [5]) Let A be an m-order n-dimensional weakly irre-
ducible nonnegative tensor. Then there exists a unique x such that (p(A), x) is a
positive eigenpair.

Theorem 4.3 Let A be an m-order n-dimensional nonnegative tensor with ' 4y (i) #
PWandn > 2. Then

min v i(A) <p(A) < max ¥ (A,
g €EGAY U j—i=11-n g eEGA) Y

where

1 A A 2 x
\Ill"j(.A) = E Qj..i +aj..j+1; (A + \/<alxui —aj..j+r; '(.A)) + 4r; '(A)rj(A)} .

Proof Let p(A) be H-spectral radius of \A. Since A is nonnegative, then p(A) is an
H-eigenvalue of A with p(A) € ©(A) from Theorem 3.1, that is,

phe | e, (12)
gij€E(G(A))

(i) We show p(A) < max W; ;(A).
8ij€E(G(A)

Referring to i = t, j = t; of (12), one has
Ay Ay
(10 = | = 1 () 19CA) = i, ] = 7" (A (A,
This together with p(A) > q;...; yields

(P = @y = 1" (D)) (A = ) <y (A (A,

equivalently,
A A
p(A)? — (a,l.i.,1 by, + 0 (A)) p(A) + ay, .., (atl.“,l 4 (A))
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— M Ay, () <.

Solving for p(A) gives

1 A
p(A) < 5 {atl»--tl + Qpgoy T 14 '(A)

2 —
+ \/(atl"‘ll - ats"‘ts + rl‘lAIl (A)) + 4rll All (A)rts (A)} ’

which implies

(A <, (A < max ¥ ;(A).
P e gij€E(G(A)) i

(ii) We prove Vi i (A) < p(A).

min
gij€EGA) U j—i=1,1-n
Let x = (x1, X2, ,X,)! bean H -eigenvector of 4 corresponding to p(A).
We break up the argument into two cases.
Case 1: G(A) is irreducible. Then, A is weakly irreducible. Therefore, x =
(X1, x2, -+, xn)—r is a positive vector from Lemma 4.2. Suppose

0<x <x; = min{x,j : Z Apis-ip, 70, j € N}

(i2,+,im) €A,

In view of the #,-th equation of (2), we deduce

PA) = )X = X GnigeinXiXiy Y @pigein Xiy o Xiy
(i im)€dyy, (i2, ,im) €Ay,
Stpin-im=0
> Y ekt Y dgigeig X
(i, .im)€A, (,‘2,...,,',”)6&”
Stpin-im=0

A -1 A, —1
— rtn n (A)xtr:: + r[n n (A)xtl”:l ,

equivalently,
<,0(A) p—— (A)) A= > B )=t > 0, (13)
Referring to #.-th equation of (2), we have
(p(A) — atr...tr)x,’f_l = Z Appineipy Xin *** Xiyy > T1, (A)x,’:’_l > 0.

81‘)'1'2'“"»1 =0

(14)

Multiplying (13) and (14) yields
Ay, m—1_m—1 Ay, m—1_m—1
(,O(A) — Aty — Ty, (.A)) (O(A) = ay, )Xy g =1, " (A, (A xp
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By virtue of x;, > x;, > 0, we obtain

(D) = ity = 7" () (DA = a0,) = 7" (A (A,

Solving for p(A) gives

1 A
p(A) > 5 {atnn-t,, + ., + 1y, " (A)

Ay 2 A
+ (atn”'ln — at,..1, + rtn " (A)) + 4rt,, At (A)rtr (A) ’

which shows

p(A) >V, (A > min ‘I’i,j(A)~
8ij€E(G(A)

Case 2: G(A) is reducible. For any € > 0, set
A(e) = A+ ®(e) and P(e) = (6,..i,),
where

9. . = 91']'...]' =€, i j—i = l,l—n,
Heetm 0, otherwise.

Thus, A(e) is irreducible. Following the similar proof of Case 1 in Theorem 4.3,
we have

i W < .
g,.jerz%l( Y (A(€)) < p(A(e))

Letting ¢ — 0, we obtain

min Wi (A < p(A).
g €EGAY U j—i=t1-n

Combining Cases 1 and 2, we obtain the desired results.
O

When the condition I'g(4)(i) # @ is replaced by weak irreducibility of A, we
obtain accurate conclusion.

Corollary 4.3 Let A be an m-order n-dimensional weakly irreducible nonnegative
tensor. Then,

min = Y; i(A) <p(A) < max Y i(A).
g cE@GA) ! g cEGA) Y
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When the condition I'g(4) (i) # @ is omitted, we obtain general results.

Corollary 4.4 Let A be an m-order n-dimensional nonnegative tensor. Then,

¥ i(A) < p(A) < ;i (A).

min max
g €EGAN U j—i=1,1-n gii€EGA)Y U j—i=1,1-n
Based on Theorem 3.2, we can establish the conclusions.

Theorem 4.4 Let A be an m-order n-dimensional nonnegative tensor with T A40) # @
and n > 2. Then,

min ki j(A) < p(A) < max «; j(A),
eijcE(A) U j—i=1,1-n eij€E(A)

where

K,'J(A) = % {a,'...,' +aj.;+ VZ(.A) + \/(a,'...i —daj.j+ i’l/(.A))2 + 47; (A)V.,' (A)} .

Remark 4.1 Compared with Theorem 2.1 of [13], the results of Theorem 4.4 is sharp
under the condition I" 4 (/) # #. Compared with Corollary 4 of [13] under irreducibility
of A, we deduce the following resluts with weak irreducibility of .A

min ki j(A) < p(A) < max_ ki j(A).
eij€E(A) eij€E(A)

Corollary 4.5 Let A be an m-order n-dimensional nonnegative tensor. Then,

. min K,',j(.A) <pA < ~max I(,',j(.A).
e cE(Aj—i=1,1-n e cE(Aj—i=1,1-n

In what follows, we test the efficiency of the obtained results.

Example 4.2 Let A be a 3-order 4-dimensional nonnegative tensor defined as follows:

a1 = lLyang =1 a10 = 25a123 = 154133 = 2;
axp =3 a3 = l;a033 = 150043 = 15

a3z =2a334 = l;a343 = 150344 = 4;
axn) = 6; a4 = 1;a404 = 1; asas = 1.

aijk =

We compute p(A) = 7.112 and identify

2430 1220
0431 . o310
GA=100a6| ™ A=10024
6802 0101
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Table 8 Bounds for Theorem 3.3 of [10]

Q12(A) = 6.646
Q2.1(A) = 6.000
Q3 1(A) =8.000
Q4.1(A) =9.000

Q1,3(A) =7.275
Q7 3(A) =6.372
Q3 2(A) = 8.000
Q4.2(A) = 8.541

Q1,4(A) =7.000
2 4(A) = 6.000
Q3 4(A) =8.352
Q43(A) =9.000

Table 9 Bounds for Theorem 2.1 of [13]

k1 2(A) = 6.464
k3 4(A) = 8.352

k1 3(A) =7.424
k4,1(A) = 8.772

k2.3(A) =6.372
k42(A) = 8.541

Table 10 Bounds of Corollary 4.3

Wy 2(A) = 6.405 Wy 3(A) = 7477 W, 3(A) = 6.606 Wy 4(A) = 6.772
W3 4(A) = 8.352 Wy 1 (A) = 8.000 Wy 2 (A) =7.109

By Lemma 5.2 of [25], one has

6 <p(A) =<09.
From Theorem 3.3 of [10], Table 8 holds
and
el Do) i) A =6=pA) =9 el 34 i) i (A

From Theorem 5 of [11], following the similar computations of £2; ;(A), we obtain

i A; (A =6.275 < < 8.481 = A i (A).
el D3] i£) i-i (A) =P = e 23 )4 i (A)

We observe A is reducible. It follows from Theorem 2.1 of [13] that
i.e.,

min ki j(A) =6372 < p(A) <8772 = max ki, j(A).
ejeE(A U j—i=11-n eijeE(A) U j—i=1,1-n

From representation matrix G(A), we know that A is weakly irreducible. Based on

Corollary 4.3, we obtain Table 10 and

min ~ Y; i(A) =6.405 < p(A) <8352=max ¥; (A).
g eE@GA) g eEGA)

By majorization matrix fi, foranyi € {1, 2, 3,4}, we observe Fjl(i) # (. Recalling
Theorem 4.4, we calculate Table 11 and
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Table 11 Bounds of Theorem 4.4

k12(A) = 6.464 k1,3(A) =7.424 k2,3(A) =6.372

k3,4(A) = 8.352 k4, 1(A) =8.772 Kk42(A) = 8.541
~min ki, j(A) =6.372 < p(A) <8541 = max_«; j(A).

eijGE(A)Uj—i:l,l—n e,'jEE(.A)

It is easy to see that the bounds in Corollary 4.3 and Theorem 4.4 are sharper than
those of Lemma 5.2 in [25], Theorem 3.3 in [10], Theorem 5 in [11] and Theorem 2.1
of [13].

5 Conclusion

In this paper, we established the improved H -eigenvalue inclusion sets of a sparse ten-
sor by its majorization matrix’s digraph and representation matrix’s digraph, which
have advantages of tight bounds and minor computations. Meanwhile, two suffi-
cient conditions were proposed to check positive definiteness of an even-order real
supersymmetric sparse tensor. Further studies can be considered to develop certain
algorithms for solving image restoration from sparse tensor data based on improved
H -eigenvalue inclusion sets.
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