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Abstract

In this paper, we study the stochastic periodic behavior of a chemostat model with
periodic nutrient input. We first prove the existence of global unique positive solution
with any initial value for stochastic non-autonomous periodic chemostat system. After
that, the sufficient conditions are established for the existence of nontrivial positive
T —periodic solution. Moreover, we also analyze the conditions for extinction expo-
nentially of microorganism, and we find that there exists a unique boundary periodic
solution for stochastic chemostat model, which is globally attractive. At the same time,
in the end of this paper, we also give some numerical simulations to illustrate our main
conclusions.
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1 Introduction

The chemostat is mainly used for continuous culture of microorganisms. The basic
design and theory of continuous culture were originally described independently by
[1, 2]. Chemostat consists of three parts, namely, nutrient vessel, culture vessel and
collection vessel. In industry, chemostats can be used to simulate the decomposi-
tion of biological wastes, or evolve water with microorganisms, etc. In [3-9], many
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authors have analyzed various deterministic chemostat models and introduced many
mathematical methods for analyzing chemostat models.

In chemostat, a single microbial growth model was first proposed by [1]. Moreover,
in [3], Smith and Waltman described a deterministic chemostat model with Monod-
type functional response function, as follows:

0 S@x(1)
S'(t)y = (8" - S@)D — ﬂaif(:ﬁ)’ (1.1

x'(t) = —Dx(t) + %
where all parameters are positive constants, and S(z), x (¢) stand for the concentrations
of the nutrient and microorganism at time ¢ respectively; S® represents the input
concentration of the nutrient; D is the common washout rate; § is a yield constant
reflecting the conversion of nutrient to organism. % denotes the Monod growth
functional response, where m > 0 is called the maximal growth rate and a > 0 is the
Michaelis-Menten ( or half-saturation ) constant [1].

In model (1.1), if the nutrient supply is periodic, that is to say, we replace S° with
SO+ pe (t), where e(t) denotes the fluctuation of nutrient input and it is a continuous
and T —periodic function (e(t + T) = e(t)) with be, = b(min,¢(o,7]e(t)) > —50
and fOT e(t)dr = 0, which is to simulate seasons or day/night cycles in a chemostat
environment; b is the amplitude of nutrient supply. Thus, we obtain a deterministic

chemostat model with periodic nutrient input, as follows:

S'(1) = (SO + be(1) — S(t)) D — 2S01)

5(a+S@))’ (1.2)
X' (1) = —Dx(t) + “SBE0.

Model (1.2) is first established and studied by [10]. Furthermore, in [11, 12], a model
of two species consuming a single, limited, periodically added resource is discussed,
and coexistence of two species due to seasonal variation is indicated by numerical
studies; in [13], the author considered a model of the competition of n species for a
single essential periodically fluctuating nutrient. For two species systems the following
very general result is proven: all solutions of a 7' —periodic, dissipative, competitive
system are either T —periodic or approach a T —periodic solution.

However, the system (1.2) will inevitably be disturbed by some random environ-
mental factors. In the process of continuous cultivation of microorganisms, even if the
experimental conditions can be well controlled, we can not ignore the interference of
external environment and human factors on the continuous cultivation of microorgan-
isms. Therefore, it is of great practical significance to consider the stochastic chemostat
model. In recent years, various stochastic chemostat models have been introduced
and studied by many authors, see [14-24]. For example, in [14], Sun et.al studied
a stochastic two-species Monod-type competition chemostat model which is subject
to environment noises. Such noises are described by independent standard Brownian
motions. In [15], the authors studied a stochastic differential equation (SDE) version
of the chemostat model with white noise on the positive parameter m (maximal growth
rate). In [16], a variant of the deterministic single-substrate chemostat model is stud-
ied, and modeled the influence of random fluctuations by setting up and analyzing a
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stochastic differential equation (SDE). In [17], the authors considered the problem of
a single-species stochastic chemostat model in which the maximal growth rate is influ-
enced by the white noise in environment. In [18], a stochastic chemostat model with an
inhibitor is considered. In [19, 20], Sun and Zhang considered the asymptotic behav-
ior of a stochastic delayed chemostat model with nutrient storage and nonmonotone
uptake function respectively.

Generally, there are many ways to establish stochastic chemostat models by
introducing stochastic environmental variation described by Brownian motion in deter-
ministic chemostat model. In [25], Xu and Yuan replaced the washout rate D by
D + aB(t), where B(t) is Brownian motion and o > 0 is the intensity of noise. In
[17], they tackled the problem of stochastic with maximum growth rate m disturbed
by noise. In [19], the authors assumed that stochastic perturbations are the white noise
type which are directly proportional to S(¢) and x(¢). In general, the noise intensity is
a positive constant in many the existing literatures, however, the stochastic chemostat
model with periodic disturbance is seldom studied. Therefore, in this paper, we will
consider a stochastic chemostat model with periodic nutrient input and periodic inter-
ference, meanwhile, we also consider the natural death of microorganism. We assume
that stochastic perturbations are the white noise type which are directly proportional to
S(t) and x(¢) in system. Thus, the stochastic chemostat model with periodic nutrient
input and periodic interference can be expressed as follows:

dS(t) = [(S° + be(t) — S(1))D — g;jgg;g;;]dt + 01(1)S()dB; (1), (13)

dx(t) = [~ Dix(t) + "B 1dr + 03 (1)x (1)dBa (1),

where D = D +«, k is the natural death rate of microorganism x, B; ()(i = 1, 2) are
mutually independent standard Brownian motion defined on a complete probability
space (2, .#, P) with a filtration {.%;},>¢ satisfying the usual conditions (i.e., it is
increasing and right continuous while .%( contains all P-null sets ), o;(2)(i = 1,2)
denote the intensity of the white noise with o;(¢) > 0(i = 1, 2) for any ¢ > 0, and it
is a continuous and 7 —periodic function with o;(t + T) = 0; (1) (i = 1, 2).

At present, some works have been discussed on stochastic periodic chemostat
model, see [26-28], in [26], a stochastic chemostat model with periodic washout rate
is proposed and the sufficient conditions are established for the existence of stochas-
tic nontrivial positive periodic solution for the chemostat system. [27] addressed a
stochastic chemostat model with periodic dilution rate and general class of response
functions, derived the sufficient criteria for the existence of the stochastic nontriv-
ial positive periodic solution. In [28], Zhao and Yuan formulated a single-species
stochastic chemostat model with periodic coefficients due to seasonal fluctuation.

Thus, this paper is organized as follows. In Sect.2, some preliminaries are given.
In Sect. 3, we will prove the existence and uniqueness of global positive solutions of
the system (1.3) for any initial value. In Sect.4, we obtain the sufficient conditions
for the existence of the stochastic nontrivial positive 7' —periodic solution. Sufficient
conditions for the extinction of microorganism are given in Sect.5. In Sect.6, we
find that there is a globally attractive boundary periodic solution for system (1.3). In
Sects.7 and 8, some numerical simulations and conclusions are given.
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2 Preliminary

In this section, we will introduce some preliminaries and notations, which will be
needed later.

First, we define some notations. If f(¢) is an integrable function on [0, c0), then
we define (f); = % f(; f(s)ds for any t > 0;if f(¢) is a bounded function on [0, c0),
we can define f* = sup,¢(0.00) f (1), fx = infref0,00) [ ().

Next, we will give some preliminaries about periodic Markov process (see [29] for
details).

Definition 2.1 ([29], Chapter 3) A stochastic process X (¢, w) with values in R/,
defined for + > 0 on a probability space (2, .%, P), is called a Markov process if
for all A € B (where 3 is the Borel o —algebra), 0 < s < f,

P(X(t,w) € AN} =P{X(t,w) € A|X (s, ®)}, a.s.,

where w is a sample point in space 2, and N is the o —algebra of events generated
by all events of the form

{(X(u,w) € A} (u<s,A € B).

Remark 2.1 ([29]) It can be proved that there exists a function P (s, x, f, A), defined
for0 <s <t ,x € R, A € B, which is B—measurable in x for every fixed s, f, A,
and which constitutes a measure as a function of the set A, satisfying the condition

P{X(t,w) € A|X(s,w)} = P{s, X(s,w), t, A} a.s.

One can also prove that for all x, except possibly those from a set B such that
P{X (s, w) € B} = 0, the Chapman-Kolmogorov equation holds:

P{s,x,t, A} = / P(s,x,u,dy)P(u,y,t, A).
Rl

The function P{s, x, ¢, A} is called the transition probability function of the Markov
process.

Definition 2.2 ([29]) A stochastic process X (f) (—oo < t < +00) is said to be
periodic with period T if for every finite sequence of numbers 1, f2, ..., f,,, the joint
distribution of random variables X (] + h), ..., X (¢, + h) is independent of &, where
h=kT (k==£1,4£2,..).

Remark 2.2 In [29], Khasminskii shows that a Markov process X (7) is T —periodic
if only if its transition probability function is 7 —periodic and the function
P, X(0,w),t,A) := Py(t, A) = P{X(t) € A|X(0, w)} satisfies the equation

Po(s, A) = / Po(s,dx)P(s,x,s +T,A) = Po(s + T, A),
R!
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for every A € B. We consider the following equation
t kot

X() = X(t) +/ b(s, X(s))ds + Z/ or(s, X(5))dB,(s), 2.1
1o r=1 0

where the vector b(s, x), o1(s, x), ..., ok (s, X)(s € [to, T],x € R!) are continuous
functions of (s, x), such that for some constant C the following conditions hold:

k
|b(s, x) = b(s, y)| + Z loy(s, x) — or(s, y)| < Clx = yl, (2.2)
r=1
and
k
[b(s, x)| + Z lox(s, x)| < C(1 + |x]), (2.3)
r=1

Let U be a given open set, and E = I x R/, Let C? denote the family of functions
on E which are twice continuously differentiable with respect to xp, x3, ..., x; and
continuously differentiable with respect to t.

Lemma 2.1 Suppose that the coefficient of (2.1) is T —periodic in t and satisfies the
conditions (2.2) and (2.3) in every cylinder I x U and suppose further that there exists
a function V(t,x) € C? in E which is T —periodic in t, and satisfies the following
conditions

inf V(t,x) > 00 as H— o0 2.4
|x|>H
and
LV(t,x) < —1 outside some compact set, 2.5)

where the operator L is given by

)« R 92
l=— bit,x)— + = ij (2, .
8t+§ i( x)aXi+2ijZ=1aU< S

where

k
ajj = Zor’ t, x)o (¢, x).

r=1

Then there exists a solution of (2.1) which is a T —periodic Markov process.
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Remark 2.3 The proof of Lemma 2.1 can be found in [29], Chapter 3, Page 80, and
condition (2.5) is a weaker condition which replace the condition (3.52) of Theorems
3.7and 3.8in [29]. According to the proof of Lemma 2.1, we can see that the conditions
(2.2) and (2.3) is only used to guarantee the existence and uniqueness of the solution
of (2.1). Thus, it is crucial to prove the existence and uniqueness of the global positive
solution of the stochastic chemostat model (1.3) for any given initial value, which is
helpful to prove the existence of the nontrivial positive periodic solution of system
(1.3). So in the next section, we will prove that the system (1.3) has a global unique
positive solution for any given initial value.

3 Existence and Uniqueness of the Global Positive Solution for any
Given Initial Value

In this section, we will use Lyapunov function method to prove that the solution of the
stochastic chemostat model (1.3) is global, unique and positive for any given initial
value.

Theorem 3.1 For any initial value (S(0), x(0)) € RZ, system (1.3) has a unique
positive solution (S(t),x(t)) ont > 0, and the solution will remain in Rﬁ_ with
probability one, namely, (S(t), x(t)) € Ri forallt > 0 almost surely (a.s).

Proof Since the coefficients of stochastic system (1.3) satisfy the local Lipschitz con-
dition, then system (1.3) has a unique local solution (S(¢), x(¢)) ont € [0, t.), where
e is the explosion time [30]. To show this solution is global, we only need to show
that t. = oo a.s. To this end, let kg > 1 be sufficiently large such that S(0) and x(0)
all lie within the interval [%, ko]. For each integer k > ko, define the stopping time

T = inf{t €0, 1) :S() ¢ <%,k> or x(t) ¢ (%,k)},

where throughout this paper, we set inf ¥ = oo (as usual @ is the empty set). Clearly
Ty is increasing when k — 00. Set 750 = limy— o T, Whence 7o, < 7. a.s. If we can
verify 7o = 00 a.s., then 7. = oo and (S(#), x(¢)) € ]Ri a.s. for all r > 0. That is to
say, to complete the proof we need to show that 7o, = oo a.s. If this assertion is not
true then there is a pair of constants 7 > 0 and ¢ € (0, 1) such that

Plteo < T} > &,
there exists an integer k1 > ko such that for all k > ki,

Pl < T} > e. 3.1

Define a C>—function V : ]R%r — Ry by
S
VS, x)=6(S+u—puln—)+x+1—1Inx,
n
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where 1 is a positive constant to be determined later. The nonnegativity of this function
can be obtained from

u+1—Inu=>0, u>0.
Applying It6 formula to V (S, x), we have
dV(S,x) =LV (S, x)dt + d01()(S — w)dB1(t) + o2(t) (x — 1)dBa(2),

where

LV(S.x) =58 (1— %) [(8° +be(r) — D — 52851 4 (1 1) [gjg - Dlx]
+1spalk) + Lok
< 8DS? + 8bDe* + uDS + Dy + 181 (01)? + $(05)% + (24 — Dy) x.
We can choose yu = “mﬂ, such that (% — Dp)x = 0, then we can obtain
LV (S,x) <8DS% + 8bDe* + uD§ + Dy + 581(07)? + 5(0)? == M,
where M is a positive constant. Thus we have

dV (S, x) < Mdt + 801(t)(S — n)dBi(t) 4+ o2(¢)(x — 1)dBa(¢). 3.2)

Integrating both sides of (3.2) from O to tx A T and taking the expectations, we can
obtain

EV (S AT), x(tk AT)) <V (S5(0),x(0)) + ME(tx A T).
Consequently
EV (St AT), x(tie AT)) <V (5(0), x(0)) + MT. (3.3)

Set @ = {tx < T} fork > ki and in view of (3.1), we get P(2;) > ¢. Notice that
for every w € 2, it exists that S(tx, ) or x (7%, w) equals either k or % Thereby,
V (S(tk, w), x(1, w)) is no less than either

k
min{§ (k+u—,uln—> ,(k+1—1Ink)}
n

or

1 1
min{cﬁ <%+/L+ulnku>,<z+l+lnk>}.
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That is
V (S(tk, w), x(tk, w)) > min{d(k + u — wlIn %), k+1—1nk)}

Amin{8(3 + p+ plnkp), ( + 1+ 1nk)}
= H(k).

It follows from (3.3) that

V(S(0),x(0) + KT > E (Ig, (@) V (S(t, ), x(t, w)))
> P (% (w))
H(k) > eH (k),
where Iq, represents the indicator function of . Letting k — oo, then
o0 > V (8(0),x(0) + KT = o0,
which leads to the contradiction. Thus we must have T, = oco. Therefore, it implies

S(t) and x(¢) will not explode in a finite time with probability one. This completes
the proof. O

4 Existence of the Nontrivial Positive T—Periodic Solution

In Sect. 3, we have proved that there exists a global unique positive solution for system
(1.3) for any given initial value. In this section, we will prove the existence and
uniqueness of the positive periodic solution.

0
Theorem 4.1 Let A = % — D1 — (Ro)7, if there exists a positive constant c|
satisfying
ma
Cl > 0o
D(SO)2

such that . > 0, then stochastic system (1.3) has a nontrivial positive T —periodic
solution, where

C]SO 5 I,
Ro(t) = c1Dbe(t) + TUl ) + 502 ().

Proof From Theorem 3.1, we know that for any initial value (S(0), x(0)) € RZ,
stochastic periodic system (1.3) has a unique positive solution (S(z), x(¢)) on ¢t > 0,
and the solution will remain in Rﬁ_ with probability one. It is very easy to verify that
the coefficients of system (1.3) satisfy the conditions of Lemma 2.1. According to
Lemma 2.1, we need to find a C2—function V (¢, S, x) and a closed set U € R2 , such
that the (2.4) and (2.5) hold. Define a C2—function V (¢, S, x) : [0, +00) X ]R%r — R:
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Vi, 8, x) = 3768 + 0T + Mle1(S — 8° — S%In &)
—2(8S+x)—Inx+w(@)]—InS
=Vi+MVy+ V3,

where Vi = 75 (8S+x)"1, V) = (S = 82— $%In &) — 285 +x) —Inx + w (1),

Vi=—InS,c; = W, and 0 € (0, 1) satisfies

0
D — —(o))* >0,
2
and
0
Dy — =(65)* > 0.
2
Meanwhile w () satisfies

w(t) = (Ro)r — Ro(?)

where
¢80 1
Ro(t) = ¢1 Dbe(t) + 17012(;) + 5022@).

It is obvious that w(t) is T —periodic, that’s because Ry(t) is T —periodic. M is a
positive constant big enough such that

ff—=Mxr< =2,

where the function f will be determined later. By It6 formula, we have

LV, = (55 + x)? (aD(SO + be(r) — S) — D1x>

+565 + 0716262 (1)S? + 03 (1)x?)

< (8DSY + 5 Dbe*)(8S +x)? — DSBS + x)? — D1x(8S + x)?
+565 + 071628202 (1) + 03 (1)x?)

<20DSY + 5Dbe*)(85)Y + 20 (8DSO + 5 Dbe*)x? — DS — Dy x0F!
+502)(68)! + §oZ (120!

< 276041 D(S0 + be®) s + 205D (50 + be*)a? — (D61 = §o)2s0+T) 0+
_ (D] _ %(aik)Z) X0+

LS =50 =80 &) = (1= 5) 180 + be() - D — 52551+ 1 %2 ()

5(a+S)
_ _ D(s—5%? s m(S—=8Nx | 1¢0_2
= DS 4 Dber) (1 - @) -S4 Ls02(r)

0
< m5x + 58% 7o),

042
< - DEEE 4 Dbe(r) +
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LSS + x) = 8D(SO + be(t) — ) —
+ Yo

L(—Inx) = —%[—Dlx + f}fg
=D — a+S + (TZ (l‘)
Thus,
. _¢0y2
LV, < —4PE=SD" 4 ¢ Dber) +

+eaDix + Dy — 25 + Jo

qu0x+ C1S0
(l)+0)(t)
<F(S)+<Clms +c2D1)x (

Dx,

o2(t) + 28D (S — S%) — 28 Dbe(t)

285~ D1~ (Ro)r )

where
mS° 0. c1D(S— 8?2
= — 8D(S — -
F(S) 73 50 a+S+C2 (§—=35%) S
By calculation, we can get
ma (89?2
F’(S):—m—I-CQSD—ClD(l— @ ,
and
ma 02 1
F//(S) = m — 2C1D(S ) §

It is obviously that

F'(sY =0, F"s <

Therefore, we have

(50)3 [2ma — 2¢1D(5°)*] < 0.

F(S) < F(SY) = 0.

Thus, we have

LVs < =3+ (92 4 6201 ) x

where
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LV3 —%(So+be(t)—S)+5(;"jS) + 1ok
0
=85 4+ D — Ble(t) + 525 + 307
0
DS +D - Lt e*+’g; + 5o)?

— DS —nge* +D+ 5 (Ul )2

| /\

Therefore, we can obtain

LV =LV +MLV,+LV3
< 2986+1D(SO +be*)s9 +296D(SO +be*)x6 _ (D39+1 _ %(U{k)289+1)89+1
. 0 0 o
—(Dy = §@DH = M+ M (U 4 3Dy ) x = PEEDEE oy o) 4
= f($) +gx),

where

0
f(S) — 2989+]D(S0 + be*)SQ _ (D89+1 _ E(O_F)289+1)S9+1

DS° + Dbe,
S

0
g(x) =295D(S° + be*)x? — (Dy — 5(02*)2))59"'1

1
+D+ E(al*)z,

cymS°

mx
—MA+M< +02D1>x+—.

da

It is noteworthy that g(x) has upper bounds g* when S — +ooor § — 07, and f (x)
also has upper bounds f* when x — +oo or x — 0T. Thus, we can observe that

f(S)+g* — —o00, asS — +oo,
ff4+gx) > —o00, asx — 400,
f(S)+g*— —o00, asS— 0t
f*4+gx)—> ff—Mr<—1, asx — 07,

This shows that we can take ¢ small enough, and let U = [e, %] X [e, %]. We can
obtain that

LV <—1, (S,x) e R\ U.

This completes the proof. O

Remark 4.1 From Theorem 4.1, we can see that the model (1.3) has a nontrivial
T —periodic solution, that is to say, under the condition of Theorem 4.1, the microor-
ganism x can survive in chemostat.
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5 Extinction of Microorganism

In this section, we will study the conditions for the extinction of microorganism x.
Before we give the main theorem, we first give the following two important lemmas,
which is very helpful for the proof of the main theorem.

Lemma5.1 Let (S(¢), x(t)) be the solution of system (1.3) with any initial value
(500), x(0)) € R%_. Then we have

.88t +x(1)
m —F——— =

li 0a.s
—00 t
Moreover
S(t t
fim 39 0, tim 2 Z 0 4.
t—o00 t t—o0 t

Proof Let u(t) = 8S(t) + x(t). Define a C2—function
W) =1 +w?,

where « is a positive constant to be determined later, and it satisfies | < o <

@‘1*)22+(Uz*)2 + 1. Then, we have

dWu) = LW (uw)dr + o (1 + u)"(*1 (801(t)SAB1(t) + 02(t)xd B (1)),
where

LW@u) = a(l +uw)* [sD(S° + be(t) — S) — Dyx]
+2@D (1 4+ w) 22 (1)(85)? + 07 (1)x%]
=a(l +w)* {1 + u)[§D(S® + be(t) — S) — Dix]
+2 02 (1) (89)% + oF ()21}
< a(l+w)* 2{(1 +w)[8D(S° + be*) — Dul + % [(07) V (0)*1u?}
=a(l+uw)* H~[D — S (6} V (e)D)]u?
+[8D(S? + be*) — Dlu + 8D (S° + be*)}.

2D

Slncel<a<m

+ 1, we get

oa—1
2

D— (01> V (6HH) :=A>0,

and
8§D(SY + be*) := B.
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Then, we have
LW@) < a(l +uw)* *{—Au®>+ (B — D)u + B}, (5.1)
and

dW ) < a(l +u)* 2[—Au? + (B — D)u + B]ds 52)
+a(1 4+ w)* 1 [8o1(1)SAB (1) + 02 (1)xdBa(1)]. '

For 0 < k < oA, we have
d[e" W (u)] = L(e¥ W (u))dt 4 e a(1 + u)*~[801(t)SAB1 () + 02(t)xd B2 (1)],
where

LMW (u)) = ke"" W (1) + X LW (1)
< kéf' (1 +u)® + a1 + u)* 2[—Au® + (B — D)u + B]
=M1+ u)* 2 k(1 + u)? + a[—Au® + (B — D)u + B]}
(1 4+ u)*2{—(aA — k)u? + [a(B — D) + 2klu + B + k}
M H,

Al

where

H = sup (1 + u)* {—(aA — k)u® + [a(B — D) + 2k]u + Ba + k}.

2
uelR l
I'herefore,

E[eX W (u(1))] = W(u(0)) + E [§ L(F W (u(s))ds
< (1 +uO)® +SH 1L,

Consequently,

= Hy, a.s.,

=]z

Jim sup BI(1 +u ()] <

which together with the continuity of u(¢) implies that there exists a constant M > 0
such that

E(l+u@)* <M, t>0. (5.3)
Note that (5.2), for sufficiently small § > 0,k = 1, 2, ..., we have

E[ sup (A4 u@)*] <E[(l+uks)*]1+ H + Hy, <M+ H, + H>,
ké<t<(k+1)8
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where

Hy = E[supgs<;<(k+1)s |fkt§ o (1 +u()* "2 (= Au?(s) + (B — D)u(s) + B)ds|]
< CiE[supgs<<(k+1)s |fkta(1 + u(s))*ds|]
< CLE[SST° (1 + u(s))ds]
< C15]E[Supk5§,§(k+1)5(l +u(t))“],

and

Hy = E[supgs<y<es1ys | Ji5 @ (1 +u()* " (01(5)8S(s)dB) (5) + 02(5)x (s)dBa(5))]]
< CELE? 021 4 u(s))2@D ((07)26252(s) + (01)%x2(s)) ds]2
< Coal(0])2 V (03)*17 87 Elsupys <y < ety (1 + u()]?
< Coal(01)2 V (0)212 82 Elsupgy <y < s 1ys (1 + u(0)?].

where in the above inequality, we have used the Burkholder-Davis-Gundy inequality
[30]. Thus, we have

El  sup (1 +u@®)*] < EI( + u(ks)*]
ks<t<(k+1)8

HC18 + Cra(()? v (0D S2EL  sup (14 u(n)*].
ké<t<(k+1)s

We can choose § > 0 such that C§ + Cgot[(al*)2 \Y (02*)2]%8% < % then we have

E[  sup (14+u@)*] <2E[(1 4+ u(ké)*] <2M.
k§<t<(k+1)s

Let ¢ > 0 be arbitrary. By Chebyshev’s inequality, we have

E[supgs </ <g+1)s (1 + u(@)?]
P{ sup (1+u@®)®> (k8)'T} < ==
k8<t=<(k+1)8 (k§)1+e
2M

S(ka)—]ﬂ’ k=1,2,

According to the Borel-Cantelli lemma [30], for almost all w € €2, we can see that

sup  (IL+u@)® < (k8)1+‘g 5.4
ké<t<(k+1)§

holds for all but finitely many k. Hence, there exists a ko (w), for almostall w € €2, when
k > ko, (5.4) holds. Therefore, for almostall w € Q,ifk > kpand ké <t < (k+1)4,
we can obtain

In(1 o
n(l+u) _ A+olnks
Int In k&

@ Springer



The Stochastic Periodic Behavior of a Chemostat... Page 150f30 165

Thus,
In(1 1))“
lim sup w <l+¢€a.s..
t—00 Int
Letting ¢ — 0, yields
In(1 1)*
lim supm <1 a.s..

t—00 nt

2D

FOI'1<O[<W

+ 1, we have D > 0‘—;1[(01*)2 Vv (05)?], 50

Inu(t In(1 t
hm Suan() S hm sup M S

1
— a.s..
t—>00 nt t—00 Int o

That is to say, for any small0 < & < 1 — é, there exists a constant 7 = T (w) and a
set Q¢ such that P(2¢) > 1 — & and forany t > T, w € Q¢, we have

Inu(t) < (l +E> Int
a

and so

i

o

) u(t ) ) 1ig
lim sup Q < limsup = lim suptOthS =0,
t—oo I t—00 t t—00

which together with the positive of the solution implies

Cou() .88 +x(@)
lim — = lim —— =
t—>oo t t— 00 t

0 a.s. (5.5

Together with the positive of the solution and (5.5), we have

S(t) . x()
m — =

li 0, lim — =0 a.s..
t—o00 t t—>oo t
This completes the proof. O

Lemma 5.2 Assume 2D > (01*)2 v (02*)2. Let (S(t), x(t)) be the solution of system
(1.3) with any initial value (S(0), x(0)) € RZ, then

t t
i B SOIBIE) [ x)aB)

t—00 t t—00 t
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_ ! _ ! 2D
Proof Let M (1) = [y S(s)dBi(s), N(1) = [y x(s)dBz(s) and 2 < a < CRET +
1. By Burkholder-Davis-Gundy inequality [30] and (5.3), we have

Elsupo<g<, IM()|“] < CaE[ [y S*(dr)?
< Cyt 2E[supy, , 5°(r)]

Let g7 be an arbitrary positive constant, then according to Doob’s martingale inequal-
ity [30], we have

Elsupgs</<k-+ns [M )]*]
(ksﬂ“"ﬁ%

Ple : SUPgs<r<(rnys M (D] > (k§)FEHTT) <

M C (k4 1)8) 3
< T U
(k8)1+8M+%
2+ M

G =1.2,..).

So by Borel-Cantelli lemma [30], for almost all w € €2, we can obtain that

sup  |M(0)|% < (k§)!TEm+s (5.6)
kd<t<(k+1)8

holds for all but finitely many k. Thus, there exists a positive kpy,(w), for almost all
o € 2, whenever k > kyy,, (5.6) holds. Therefore, for almost all w € Q, if k > ky,
and k6 <t < (k+ 1)8, we have

In[M@)* _ (I +em+ $)In(ks)
Int ~ In(k8) -

I+ em+ 2
I —.
M5

Therefore,

In|M(t 1+ey+%
limsupnI ()|< M 2,

1—00 In o o

Letting g3y — 0, we have

In|M@1)| - 1+%_l+l
T2 al

lim sup

t—00 Int - o

Then, for any small 0 < n < % — é, there exist a constant 7 = T(w) > 0 and a set
Q,, such that P(2;) > 1 — n and for t > T,we 2, we have

1 1
In|M@®)| < (z+ —+n)nt,
2«
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and so
pitatn
lim sup < lim sup =0.
t—>00 t t—00
Together with lim inf;_, o |Mti)‘ > (), then
M(t
lim M@ =0 a.s..
t—00 t
Therefore
M(t
lim L =0 a.s..
t—o00 t
Similarly, we can obtain
N(t
lim L =0 a.s..
t—o00 t
This finishes the proof. O

Lemma 5.3 (The strong law of large number for local martingale [31]) Let M =
{M;};>0 be a real-valued continuous local martingale vanishing att = 0. Then

. . 1
tl_l)l’g()(M,Mh—OO a.s. it&%m_o a.s.
and also
: (M, M), .M
limsup ——— < o0 a.s. = lim — =0 a.s.
t—00 t 1—>oo ¢

Theorem 5.1 Let (S(t), x(t)) be the solution of stochastic periodic system (1.3) with
the initial value (5(0), x(0)) € Ri. Assume the following conditions hold

2D > () v (05)?
and

SO+ b
R— m(S” + b{e)T) -1,
aD

then the microorganism x will be extinct with probability one, that is to say,

[_13411_100)((1‘) =0 a.s.
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Moreover, we have

SO+ be, < lim (S), = S®+ ble)r < S* + be* aus..

t—400

Proof From model (1.3), we have

SEOZSOD = 5DSO + 5Dble)r — 8D (), — + [ "SR ds + | [ 801(5)S(5)dBi (s),
—x©® _ 1o "’,ffgfs()”ds Dy(x) + 1 fo 02(s)x(s)d By (s).
Then

EO-5O) 1 x0=xO — 5p§O + §Db(e), — SD(S); — D1 (x);
+1 5 o1()S(s)dB1 (s) + L[5 02(s)x(s)d B (s).

It is easy to obtain

D
() = SO+ ble), — 3D< x) + Q).

where

t

11 11!
Q) =5~ A o1(s)S(s)dBi(s) + S_D?/O 02(s)x(s)dBa(s) —

Lx(t) —x(0)
8D t '

1 S@t) — S(0)
D

According to Lemmas 5.1, 5.2 and 5.3, we know that

lim 0() =0 a.s. (5.7)

From the second equation of system (1.3), we can obtain by Itd formula

dinx(r) = (ﬂ—ss - Dy — % 5(:)) dt + 02 (t)dBs (1) (5.8)

Integrating (5.8) from O to ¢ and dividing ¢ on both sides, we obtain

RO = ¢ ) 25ds = D1 = 53 [ 03 (6)ds + g 02(5)dBa(s)
o %8ds — D1 + 1 [§ o2(s)dBa(s)
Sy — D1+ 1 [y 02(s)dBa(s).

1A

Therefore,
ln,;(t) < TSZ + mb;e), _ mD1( L mQ(t) — Dy + %f(; O’z(S)de(S)—f— lnxt(O)(5 9)
< %4‘ mbac, + mQ(t) - Dy + 1 fOtGQ(S)de(S)-i- ln);(O)'
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Taking the limit superior of both sides of (5.9) and using Lemma 4.2 and (5.7), we
can get

Inx(®) _ mS° + mble); __ D

limsup,_, o, =~ < =5 X
= Dy (M — 1) (5.10)
= Dl(R - 1)7
0
where R = m(s+fl(em, obviously, when R > 1, limsup,_, o, m < 0, that is to

say, lim;_, oo x(t) = 0 a.s. Thus,

lim (S); = S* + b(e)r.

t——+00

Naturally, we have

Y+ be, < lim (S); = S"+ ble)r < SO+ be*.
t——+00

This completes the proof. O

6 Existence and Global Attraction of the Boundary Periodic Solution

In this section, we will give the existence and global attraction of the boundary periodic
solution of stochastic system (1.3). First, we give two Lemmas as follows.

Lemma 6.1 Consider the following stochastic differential equation
dY (1) = D(S° + be(t) — Y (1))dr + o1 (1)Y (1)d B (1) 6.1)

with initial value Y (0) = S(0), where e(t) and o1 (t) are T —periodic functions defined
on [0, 00). Then (6.1) has a positive periodic solution Y, (t), which is globally attrac-
tive, i.e. attracts all other positive solutions of (6.1).

Proof The proof is similar to Theorem 4.1, we need to find a C 2_function V (1, Y) as
follows:

Vid,Y)=Y —-1—InY +v(),
where v(t) is a T —periodic functions defined on [0, co) and satisfies
. [ 1,
v(t) = (Dbe(t) + 501 ()Y — Dbe(t) — 501 (1), v1(0) =0.
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By It6 formula, we have
LV, Y)=(1—IDSO +be(t) — Y)] + $oi(t) + (1)
_ 0 DS  Dbe(t) 12 .
= DS® + Dbe(t) — DY — 25 — 220 4 p 4 Lo2(r) +0(1)
< DS"— DY — 25° 4 D 4 (Dbe(r) + Lo2(t))r
= @(Y).

It is obvious that ¢(Y) — —oo when ¥ — 0T or Y — 4-00. Thus, we can take &€ > 0
small enough and let U = [, é], andwehave LV (t,Y) < —1,Y € R\U. Then (6.1)
has a positive T —periodic solution Y (¢). Next, we will prove that Y, (¢) is globally
attractive. Because Y, (¢) is the solution of (6.1), then we can get

d(Y (1) = ¥p(0) = =D(Y (1) = Y, (0)dt + 01 ()Y (1) = Y, (1))dB1 (0.
Therefore,
Y(0) = Yp(1) = (Y(0) = ¥, (0pe foPHaciassio),

where
_ t
M) = / o1(s)dBj(s)
0
and M (¢) is a local martingale whose quadratic variation is

t
(M(t), M(1)) = / ol (s)ds < (o7)%1.
0

According to the strong law of large number for local martingales (Lemma 5.3), we
have

lim —— =0 a.s. (6.2)
Thus,
In|Y(#) - Y,®)| =In|Y(0) - Y,(0)] — /OZ(D + %alz(s))ds + M(r). (6.3)
Consequently,

M)

— — t
Y@ = ¥,®O _ n[¥(©) = ¥, O —%/ 0+ totends + 10 (64
0

t t
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Take limits in (6.4) and together with (6.3), we can get

lim Y@ - Y01

t—00 t

1
—(D+ Eaf(s»T <0.
This implies that Y () — Y, (1) — O a.s., so the T —periodic solution Y, (¢) is globally
attractive. This completes the proof. O

Lemma 6.2 Let Y (t) be the solution of (6.1) with the initial value Y (0) € R4. If
2D > (07)?, then

. Y@ 1Lt
lim — =0, lim - o1(s)Y (s)dBi(s) = 0.
t—>0o0 t —oo 0
Moreover,
1 t
lim — [ Y(s)ds = S+ ble(r))r,
—oo 0
that is

0 : 1 ! 0 *
SY + bey, < lim — Y(s)ds < S + be*.
t—oo 0

Proof Define a C>—function V(Y (1)) = (1 + Y (t))?, where B is a positive constant

and satisfies 1 < 8 < (3% + 1. Thus, we have
1

dV(Y (1)) = LV(Y (1)dY (t) + B(1 + Y (1))’ o1 (1) Y (1)d By (1),

where

LYY (1) = B+ Y)P ' DO + bet) — Y1) + EE-D (1 4 Y (0))P~262(0) V2 (1)
—BA+ Y 2[(1 +Y@) DS + be(r) — Y (1)) + %af(z)yz(n]
=B +YF 2= (D= ep?) r2m

+(D(S + be*) — DYY (1) + D(S° + be*)]
=B+ Y(0)P2[—AY2(1) + (B — D)Y (1) + B),

where

and
B = D(S° + be™).
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The following part of the proof is similar to Lemmas 5.1 and 5.2, so we omit it, and
we can get

.Y (@) .1t
lim — =0, lim — o1(s)Y(s)dB;(s) = 0.
t—oo t Jy

t—oo f
For (6.1), we have

Y({t) — Y (0) 1 [
———2 = DS° + Db(e(t)); — DY (1)) + ;/ 01(s)Y (s)dB (s).
0

Therefore,

0 = lim_, oo X0
= limy 00 20 + DSO + Dblim; o0 1 [ e(s)ds
—Dlimi—oo 1 [y Y(5)ds + limy— o0 + [ 01()Y (5)d B (5)
= DS + Dblim/_.c L [ e(s)ds — D1im; o0+ f§ Y (5)ds

= DS + Dble(t))r — Dlim/o0 + [ ¥ (s)ds.

Thus,

t
lim 1/ Y(s)ds = SO + ble(r)) 7.
0

t—oo

Obviously, we can obtain that
1 t
SO + be, < lim -/ Y(s)ds < SO + be*.
=00t Jy

]

Theorem 6.1 If2D > (07)? and e — (D1 + 303(1))7 < 0 hold, then (Y (1), 0) is

the boundary periodic solution of system (1.3), which is globally attractive, where
n= 8%+ be*.

Proof From Theorem 3.1, we know that the solution of the stochastic chemostat model
(1.3) is global, unique and positive. Then, we have

dS(1) = [ (50 + be(t) = SUND = 23 | dr + 1 (VS (VB (1)

< (89 + be(t) — S(1))Ddt + o1 (t)S(t)d B (1).
By the comparison theorem for stochastic differential equation, we have
S@) <Y(@), te[0,+00)a.s..
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Thus,

I 1 [
lim sup ;/ S(s)ds < limsup —/ Y(s)ds < SO + be* == 1.
0 0

—00 t—oo I

We note that ¢ (S(t)) = artll-SS(Et)) is a concave function, so

1 [t 1 r!
= / (S(s))ds §¢<— / S(s)ds).
t Jo t Jo

Let V(x(¢)) = Inx(¢), and using It6 formula, we can obtain

mS(s)

t
Inx(t) — Inx(0) Z/(; TS(S)

t 1 t
ds —/ (D +—022(s))ds+/ 02(s)dBa(s).
0 2 0

That is to say

B0 = O L 5 ey ds — | o (D14 503 ())ds + 1 fj 02(s)dBa(s).
(6.5)

Taking limits in (6.5), we have

lim sup,_, oo 24 < Tim sup,_, . ¢ (% s S(s)ds) — (D1 + Lo2())r
<¢ (lim SUpP; s o0 % fé Y(s)ds) — (D + %azz(t))r (6.6)

< e — (D1 + 305 ()7

Thus, when a”-li-nn —(Dq + %o%(t))r < 0, we have lim;_, o x(¢) = 0 a.s.. That is to
say, for any small T > 0, there exists a positive constant 7o and a set 2; € €2 such that
P(Q2;) > 1 —rtand x(t) < 7 for any ¢ > 9 and w € Q. From the first equation of

system (1.3), we can get that for any # > 7y and w € Q;

8(a+S(1))

ds(t) = [D(SO + be(t) — S(t)) — ’“5“)’“’)] dt + o1 (1) S(t)d By (1)
> [D(S° + be(r) — S(1)) — BE]dt + o1 (1) S(1)dBy (1)

6.7)

Let f’(t) be the solution of the equation
~ 0 ~ mt ~
A7 (0) = [ D(S" + be(r) = T(1)) — T] dt + o1 ()P (1)dB1 (1)

with initial value ¥ (0) = S(0). According to the stochastic comparison theorem of
stochastic differential equation, we can get that for almost all w € Q; and ¢ > 1y,

Y(r) < S(t) < Y(1).
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When t — 0, we have
lim |Y(#) =Y (@) =0a.s.,
—>00
where Y (¢) is the solution of (6.1) with initial value Y (0) = S(0). Then we can get
lim |S() —Y(@#)| =0a.s.,
t—00
According to the global attraction of Y, (¢), we have
lim [S(r) = Y,(1)| =0a.s..
t—>00

Therefore, the boundary periodic solution (Y, (¢), 0) of system (1.3) is globally attrac-
tive. ]

7 Numerical Simulations and Conclusions

In order to verify the correctness of the theoretical results obtained in this paper, we
will give the numerical simulations of stochastic chemostat model (1.3) with periodic
nutrient input and periodic interference and its corresponding deterministic chemostat
model (1.2).

By the Milstein’s higher order method [33], we can get the discretized equations
of model (1.3) as follows:

Siv1=Si + ((so +be(iAt) — S))D — 5;';?';’;)) At +S; (01 (i AnE AT+ D980 g2 1)At> ,

(7.1)

. 2(i A
Xip1 =X + (—Dlx,- + 'Zi’;,’ ) At + x; <02(z Ani/ At + W(n? — 1)At> .

where &, n;(i = 1,2,....) are independent N(0O, 1)—distributed Gaussian random
variables, and the periodicity of parameters e(t), o1(¢), 02(¢) are represented by sin
functions.

Example 7.1 When the conditions of Theorem 4.1 is satisfied, in order to verify the
existence of nontrivial positive periodic solution for system (1.3), we assume that the
parameters of system (1.3) are taken as follows $9=50,D=1,a=2b=1,m=
3,D1 = 1.2,§ = 0.5,01(t) = 0.2 + 0.1sin4t,02(t) = 0.2 + 0.1sindz,e(t) =
2sin 4t and initial values are S(0) = 0.4, x(0) = 0.1. By calculation, we find that

% = 0.2400, so we can let c; = 0.25. At this moment, A = ;{’F—SSOO — D; —
(Ro)rT = 0.8922 > 0. According to Theorem 4.1, system (1.3) has a nontrivial positive
T —periodic solution. The numerical simulations are given in Fig. 1. From Fig. 1a and
b, we can find that the solution of the deterministic model (1.2) is periodic, and the
solution of stochastic system (1.3) will oscillate around the solution of deterministic
system (1.2), which means the microorganism x can survive in chemostat. The Fig. 1c

is the two dimensional phase diagram of S(¢) and x (¢). From Fig. 1c, we can see easily
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(a) (b)

Stochastic solution

Stochastic solution

= = = Deterministic solution = = = Deterministic solution

Nutrient concentration S(t)
Microorganism concentration x(t)

Time t

(c) The phase diagram of S(t) and x(t)

Stochastic solution
= = = Deterministic solution

25

x(t)

0.5

Fig. 1 Numerical simulations of the solution of system (1.2) and (1.3). a Sample paths of S(¢); b Sample
paths of x(¢); ¢ The phase diagram of S and x

that global dynamics of system (1.2) and (1.3). For given initial value, the solution
of deterministic system (1.2) will trend to the periodic orbit after some time, and
the solution of stochastic system (1.3) will fluctuate in a small neighborhood of the
periodic orbit.

Example 7.2 According to Theorem 5.1, in order to verify the extinction of microorgan-
ism, we assume that the parameters of system (1.3) are taken as follows S 0 — 1.0,D =
4,a =2,b =05 m =3,D1 =42,6§ =05,01(t) = 02+ 0.1sin4t,0,(t) =
0.2 + 0.1sin4t, e(t) = 2sin4t and initial values are S(0) = 0.4, x(0) = 0.1. By

calculation, we find that 2D = 8 > (o] )2 \% (a*)2 = 0.09, and R = W
0.3571 < 1. Thus, from Theorem 5.1, we know that lim,_, {5, x(#) = 0 a.s., that is
to say, the microorganism x will be extinct with probability one (see Fig. 2b). Mean-
while, we have SO + be, = 0 < lim;_ 400 (S); = S° + b(e)r < S* +be* =2 a.s.,
which means the solution S(¢) of the deterministic model (1.2) is still periodic, and
the solution S(#) of stochastic system (1.3) will oscillate around the solution S(¢) of
deterministic system (1.2), and the amplitude of periodic oscillation is between 0 and
2 almost surely (see Fig. 2a). The Fig. 2c is the two dimensional phase diagram of
S(t) and x(¢), from Fig. 2c, we can see more intuitively that the solution of stochastic
system (1.3) and deterministic model (1.2) will eventually tend to S-axis.
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(b)

Stochastic solution
= = = Deterministic solution

Stochastic solution
0.09 = = = Deterministic solution

Nutrient concentration S(t)
Microorganism concentration x(t)

Time t Time t

(c) The phase diagram of S(t) and x(t)

Stochastic solution
0.09 = = = Deterministic solution

x(t)

0 0.5 1 5 2 25

1
S(t)

Fig. 2 Numerical simulations of the solution of system (1.2) and (1.3). a Sample paths of S(¢); b Sample
paths of x(¢); ¢ The phase diagram of S and x

Example 7.3 According to Theorem 6.1, in order to verify the existence and global
attractiveness of boundary periodic solution for system (1.3), we assume that the
parameters of system (1.3) are taken as follows S0=30,D=2,a=2,b=1,m=
3,D; = 25,6 = 0.5,01(t) = 0.2 4 0.1sin4t,02(t) = 0.2 + 0.1sin4dt, e(t) =
2sin4t and initial values are S(0) = 0.4, x(0) = 0.1. By calculation, we find that
2D =4 > (0/)* = 0.09, and 5% — (D + 1o2(t))7 = —0.3796 < 0. Thus, from
Theorem 6.1, we know that system (1.3) has a boundary periodic solution (Y, (¢), 0)
(see Fig. 3). In order to verify that the boundary periodic solution (¥, (#), 0) is glob-
ally attractive, we keep the system parameters unchanged and observe the numerical
simulation of the model (1.2) and (1.3) by choosing different initial values. We chose
two initial values, respectively, they are

S0)=10,x0) =1
and
S(0) =2,x(0) =2.

Under the condition of two different initial values, we get two sample paths of S(¢) and
x(t) (see Fig. 4). From Fig. 4, we can see that although the sample paths of S(¢) and
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(a) (b)

6 0.1
Stochastic solution Stochastic solution
= = = Deterministic solution = 0.09 = = = Deterministic solution
X
= c
& o
c e
k] =
= Q
£ 2
< Q
@ o
o
< £
Q (7]
° c
< ©
2 =)
= s}
E ]
z L
=
0
0 2 4 6 8 10 8 10
Time t
(c) The phase diagram of S(t) and x(t)
0.1
Stochastic solution
0.09 = = = Deterministic solution
0.08
0.07
0.06
= 005
X
0.04
0.03
0.02
0.01
0

Fig. 3 Numerical simulations of the solution of system (1.2) and (1.3). a Sample paths of S(¢); b Sample
paths of x(¢); ¢ The phase diagram of S and x

x(¢) are different in the initial period of time, after some time, the sample paths of S(¢)
and x(¢) under different initial values will eventually tend to the same curve, which
shows that the boundary equilibrium point (¥, (#), 0) of the system (1.3) is globally
attractive.

8 Conclusions

In this paper, we mainly consider the stochastic periodic behavior of a chemostat
model with periodic nutrient input and periodic random perturbation. We first prove
the existence of global unique positive solution for stochastic non-autonomous periodic
chemostat system (Theorem 3.1). Then we prove that system (1.3) has a nontrivial
positive periodic solution under some conditions (Theorem 4.1). Meanwhile, we also
get the existence of boundary periodic solution (¥ (¢), 0) of system (1.3) when 2D >
(0% and aﬁ"n — (D1 + %0’22 (1)1 < 0, and we prove (Y, (1), 0) is globally attractive
(Theorem 5.1). Here, we should note that these conditions are sufficient conditions,
not necessary conditions. Finally, we verify the main results by numerical simulation,
and from the simulation results, we can see more intuitively the stochastic periodic
behavior of the solution of system (1.2) and (1.3) under different conditions.
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Time t Time t
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Fig. 4 Numerical simulations of the solution of system (1.2) and (1.3) under different initial values. a
Sample paths of S() under different initial values; b Sample paths of x(¢) under different initial values; ¢
The phase diagram of S and x under different initial values

From the conclusion of this paper, the existence of natural environmental noise
plays a harmful role in the growth of microorganisms. We find that larger noises will
lead to the extinction of microorganisms. However, the constructive role of noise in
nonlinear systems, such as noise induced resonances [34—36], noise enhanced stabil-
ity [37-39], etc., has been extensively investigated theoretically and experimentally
recently. For example, In [40], Zu et al. concluded that small white noise can reduce the
extinction risk of population by analyzing a stochastic toxin-mediated predator—prey
model. Guarcello et al. [41, 42] explored the effect of noise on the ballistic graphene-
based Josephson junctions under Gaussian noise and non-Gaussian noise and observed
resonant activation and noise induced stability.

From a long-term perspective, we can also study some multi-species competition
stochastic chemostat models with periodic nutrient input and periodic perturbation,
or consider the influence of color noise on the dynamical behavior of stochastic non-
autonomous microbial culture model.
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