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Abstract

A signed graph I' is the graph whose edges get signs =+ 1. The index of I is the largest
eigenvalue of its adjacency matrix. For a family F of signed graphs, a signed graph I" is
said to be F-free if I contains no member in F as its subgraph. The family consisting
of all F-free graphs on n vertices is denoted by G(n, F). If F = {F}, we simply
write F as F. Let K, and C;I be the complete graph of order n and cycle of order n
whose edges get signs + 1, respectively. In this paper, we, respectively, characterize
the extremal graphs possessing the maximum index among G(n, K;7) with s > 2,
G(n,C) withC = {C;" : 3 <1 < n} and G(n, Co) with Coy = {C3 12 <k < [3]}.
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1 Introduction

A signed graph I' = (G, o) is a graph G = (V(G), E(G)) together with a function
o assigning + 1 or — 1 to each edge. The graph G is the underlying graph of I' and
is always considered to be simple and undirected throughout this paper. For a family
F of signed graphs, a signed graph I' is said to be F-free if I" contains no member in
F as its subgraph. The family consisting of all F-free graphs on n vertices is denoted
by G(n, F).

For a signed graph I' = (G, o) with vertex set V(G) = {v1, ..., v,} and edge set
E(G), the adjacency matrix of I', denoted by A(I') = (a;j)uxn. is defined to be an
n X n symmetric matrix satisfying that

+1,if o(vj)) =+1;
ajj=4y— L if o(v;)=—1;
0, otherwise.

The spectrum of the signed graph I', denoted by Sp(I"), consists of all eigenvalues of
A(I"). The largest eigenvalue of A(T") is called the index of I" and denoted by A(T").

Signed graphs were initially studied in the context of social psychology by Cart-
wright and Harary [6, 9]. Since then, the index of the signed graph has attracted much
attention of scholars and been studied widely in the literature. For graphs with certain
structures, Akbari et al. [3] determined signed graphs achieving the minimal or the
maximal index in the class of unbalanced unicyclic graphs of order n > 3. In addition,
Yuan et al. [23] completely characterized the maximal signed graphs with signed cycles
C3 or Cs as a star complement for (adjacency) eigenvalue — 2. Considering some
classic graph parameters, Koledin and Stani¢ [12] studied connected signed graphs
of fixed number of vertices, positive edges and negative edges that maximize the
index of their adjacency matrices. Ghorbani and Majidi [8] determined the maximum
index of complete signed graphs with n vertices and m (m < n?/4) negative edges
and characterized the signed graphs achieving the maximum index, which settles (the
corrected version of) a conjecture proposed by Koledin and Stani¢ [12]. Moreover,
another conjecture on signed complete graphs was proposed in [12], which was also
confirmed to be true for signed complete graphs whose negative edges form a tree
by Akbari [1]. Recently, Stani¢ considered the perturbations in a signed graph and its
index [20] and derived certain upper bounds for the index of a signed graph in terms
of graph parameters [21]. More results on the adjacency spectra of signed graphs can
be found in [2, 4].

For unsigned graphs, it is well known that spectral Turdn-type problem is one of
the most classical problems in spectral graph theory. In 2010, Nikiforov [16] proposed
a spectral version of extremal graph theory problem, which is also known as Brualdi—
Solheid—Turdn-type problem, i.e.,

Problem 1 What is the maximal index of an H-free (unsigned) graph of order n?

Since then, much attention has been paid to the spectral Turdn problem for various
unsigned graphs in the past decades, such as K-free graphs [15, 22], K ;-free graphs
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[5, 15], C4-free graphs [15, 17, 26], Ce-free graphs [24] and Coj1-free graphs [18].
For more excellent results, we refer the reader to [13, 14, 19, 25, 27] and references
therein.

LetI’ = (G,0) and U C V(G). Suppose that I'* is obtained from I" by reversing
the sign of each edge between a vertex in U and a vertex in V(G)\U. Note that
A(*) = P~ 'A(") P for a diagonal matrix P = (pij) with p;; = —1ifv; € U and
pii = lifv; € V(G)\U. Then, I'* is said to be switching equivalent to I". Clearly,
Sp(I'™*) = Sp(I).

For an unsigned graph H, we denote by H™ (resp., H ™) the signed graph obtained
from H by assigning + 1 (resp., — 1) to each edge of H, thatis, H™ = (H, o) such
that o (v;v;) = +1 (resp., o (v;v;) = — 1) for each edge v;v; € E(H). From Lemma
2.3 in an excellent paper by Huang [11], it can be seen that A(T") < A(I") < n — 1 for
any signed graph I', where A(T") is the maximum degree of I".

Note that A(K,) = n — 1. Hence, K, always attains the maximum index among
all (H, o)-free signed graphs of order n, where (H, o) is a signed graph containing
at least one edge assigning — 1. Together with this property, motivated by Problem 1
and these works related to unsigned graphs mentioned above, we naturally consider
the signed version of the spectral Turdn-type problem.

Problem 2 What is the maximal index of an H™ -free signed graph of order n?

In this paper, as an answer to Problem 2, we, respectively, investigate the charac-
terization of extremal graphs possessing the maximum index among all signed graphs
with forbidden subgraphs in which all edges are positive, including signed complete
subgraphs, signed cycles and signed even cycles. The rest of the paper is organized
as follows. In Sect.2, we give some essential notations and lemmas used further. In
Sect.3, for G(n, K;) with s > 2, G(n, C) with C = {C;r :3 <1 <n}and G(n, Cy)
with Cy; = {CZ( 12 <k < L%J} and n > 5, we, respectively, characterize the
extremal graphs possessing the maximum index among these three classes of graphs.

2 Preliminary

In this section, we shall give some notations and preliminaries that will be used in our
proofs. For notations not given here and basic results on graph spectra, the reader is
referred to [7].

For two disjoint and unsigned graphs G and G2, let G; @ G» be the join of G
and G, obtained from G| U G7 by connecting all possible edges between V (G) and
V(G»). For two disjoint and signed graphs I'y and I'p, let 'y @ I'p (resp., ' ©T2) be
the join of I'1 and I'; obtained from I'y UT"; by connecting all possible edges between
V(1) and V (I'2) and assigning + 1 (resp., — 1).

LetI" = (G, o) be a signed graph with vertex set V(I") and U be a subset of V(I').
Let I'[U] = (G[U], oy) be the subgraph of I" induced by U; that is, G[U] is an
induced subgraph of G and oy (v;v;) = o (v;v;) for each v;v; € E(G[U]). For two
disjoint subsets U; and U, of V(I'), denote by E (U1, U;) the set of edges with one
endpoint in U; and another one in Us.
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Let us write 7, , for the r-partite Turdn graph of order n. That is, 7}, - is a complete
r-partite graph of order n, whose partition sets are of size |n/r ] or [n/r]. Particularly,
T,.1 denotes an empty graph of order n. Let S, be the star of order n. A friendship
graph F consists of k triangles which intersect in exactly one common vertex. Let F}
be obtained from Fj by identifying a vertex of P, with the vertex of degree 2k of Fj.

Let x be a unit eigenvector associated with the index A(I") of a signed graph I'. It
follows by the definition of an eigenvalue that A(I") = xT A(I")x. Together with the
well-known Courant—Fischer theorem [10], we have

M) = max  yTA@y=xTADx=2 Y o@u)x,x,
YER™, llyll2=1 A
viv; €E()
=2 Z Xy Xy, — 2 Z Xy X (1)
o(vivj)=+1 o(vivj)=-1

Moreover, for any u € V(I),

2D)x, = Z o(uv)x, = Z Xy — Z Xy- 2)

vENG (1) vENG (1), o (uv)=+1 vENG (1), o(uv)=—1
In [15], Nikiforov proved the following result on unsigned graphs.

Lemma 1 [15] Let G be an unsigned graph of order n. If G is a K+ 1-free graph, then
AMG) < ATy, 5) unless G = Ty, .

From Lemma 1, we can easily get the result below.

Lemma2 [15] Let T+ bea K::H-free graph of order n. Then,
M) < MTH).

The equality holds if and only if T" = T,:'S.
Next we will give a crucial lemma that will be used in our proofs.

Lemma 3 Suppose that I' = (G, o) is a graph attaining the maximum index among
G, HY). Let x = (x7,x2, ... ,xn)T be a unit eigenvector of A(I') corresponding
to M(). Set VIt = {v e V(') : x, >0}, V- = {v e V(I : x, < 0} and
VO = V(D)O\(Vt U V7). Then, we have the following statements.

(1) For any two verticesu € V¥ andv € V=, uv € E(G) and o (uv) = —1.

(2) For each edge uv € E(T[VT]) UET[V™]), o (uv) = +1.

B Vvi=g.

(4) BothT[VT]) and T'[V~] are H™ -free.

Proof of Lemma 3 Suppose that I' = (G, o) has the maximum index among all H™-
free graphs on n vertices. Let x = (x1, x2, ..., x,)T be a unit eigenvector of A(I")
corresponding to A(I"). Set

Vi={veV@):x >0},
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Vi={weVI):x, <0},
VO={veV(I):x, =0}

(1) Assume that there are two vertices u € V* and v € V™~ such that uv ¢ E(G).
Let IV =T + {uv} and o (uv) = —1. Clearly, I'" is H"-free. By (1), we obtain that

AT = A[) > xTAT)x — xTA)x
= 201 (V) Xy, Xy

= —2x,xy > 0,

since x, > 0 and x, < 0. This implies that A(T'") > A(T"), which contradicts the
maximality of A(I").

Assume that there exists an edge uv € E(V*', V™) with o (uv) = +1. Let I'” be
the graph obtained from I by reversing the sign of uv. Clearly, I' is H " -free. By (1),
we obtain that

AT = A([) > xTAT)x —xTA(D)x
= 2( —or (uv))xuxv — 207 (U)X, Xy

= —4x,x, >0,

since x, > 0 and x, < 0. This implies that A(I'"") > A(T"), which contradicts the
maximality of A(I"). Hence, for any two vertices u € V+tand v € V~, we have
uv € E(G) and o (uv) = —1.

(2) Suppose, on the contrary, that there exists an edge uv € E(I'[V*]) with
or(uv) = —1.Let IV =T — {uv}, then I'" is H"-free. By (1), we obtain that

AT = A[) > xTAT)x —xTA(D)x
= —20r (Uv)x,xy

=2x,xy > 0,

since x, > 0 and x, > 0. This implies that A(I'") > A(T"), which contradicts the
maximality of A(I"). Hence, for each edge uv € E(I'[VT')), o (uv) = +1.

By a similar proof as above, we can show that for each edge uv € E(I'[V™]),
o(uv) = +1.

(3) Suppose on the contrary that V0 # @. Let w € V. Note that VT UV~ # &
(otherwise, x is a zero vector). Without loss of generality, let VT # & and u be a vertex
in V. If Ng(w) = {u}, then by (2) we have A(I")x,, = or(wu)x,, implying x, = 0,
a contradiction. If Ng(w) # {u}, we suppose I =T — {w'w : w’ € Ng(w)} + {uw}
and o/ (uw) = —1. Clearly, I'" is H-free. By (1), we obtain that

AT = A() > xTAT)x — xTA)x

=201 (UW)XyXy — 2 Z or (Ww) Xy Xy
w'eNg (w)
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=0,
since x, = 0. If A(T'") = A("), then x is an eigenvector of I'" corresponding to A(T"').
By (2), it has A(T")xy, = o/ (wu)x, = —x,. Then, x,, = 0, a contradiction. Hence,
A(I'") > A("), which contradicts the maximality of A(T").

(4) Obviously. O

Remark 2.1 In Lemma 3, we have proved V is an empty set. We may assert both the
sets V* and V™~ are not empty. Suppose on the contrary that V~ = &. (It is similar
for V* = @.) By Lemma 3, we note G is not a complete graph. Let u be a vertex of
degree less than n — 1 in V*, and I the signed graph from I' by reversing first the
sign of each edge between u and a vertex in Ng (1) and then adding edges between
u and VT\({u} U Ng(u)) with sign — 1. Clearly, I € G(n, H*). Define by y the
vector x by replacing y, with —x,,. By (1), we have A(I'") > A(T"), which contradicts
the maximality of T'. Therefore, V' # @ and V™~ # @.

3 Main Results
In this section, we give our main results.
Theorem 1 [fT = (G,0) € G(n, K;") with s > 2, then

M) < AT, o).

The equality holds if and only if T = H1+ © Hj, where Hl-+ = Z::‘Sflfori e {1,2}
such that ny + ny = n and H1+ @ H2Jr = Tn+,2s—2’

Proof of Theorem 1 For s > 2, suppose that I' = (G, o) has the maximum index
among all K j -free graphs with n vertices. Letx = (x1, x2, .. ., x,)T be a unit eigen-
vector of A(I") corresponding to A(I"). Set

Vt={veV(I):x, >0},
Vo ={veVI):x, <0},
VOi={veVvI):x, =0}

From statements (1)—(4) in Lemma 3 together with the fact that I" are K -free, we
have I' = I'[V*] © I'[V ] such that o (uv) = +1 for each edge uv € E(G[VT]) U
E(G[V~]) and both [V ] and I[V ] are K -free.
Let
T ={H © Hy : H is K -free, i € {1,2}}
and

T*={H'® H, : H" is K -free, i € {1,2}}.
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Since H 1+ S H2+ is switching equivalent to H f’ @ H2+ . For any member H f’ S) H2+ in
T, there exists amember H,” @ H," in T* such that Sp(H," © H,") = Sp(H;" & H,").

For any graph I'* = (G*,or+) = H," @ H," in 7* and uv € E(G*), we know
or=(uv) = +1. Since H1+ and H2+ are Ks"’-free. Then, I'* is K;_l-free. Hence, from
Lemma 2, we obtain that

M) < MT,F5 )

with equality if and only if I'* = T,:rzkz. Furthermore, we conclude that Hl.+ =
Tntkl fori e {1,2},n1+ny=nand|n; —ny |<s—1.
Note that ' =T [VT]eT'[V 1€ 7 and'[VT] @ I'[V~] € T*. Therefore, from

the above, we have
A =AT[VH eI v < X(T,fzb,_z).

The equality holds if and only if I" is H" © H;", where H" = T," | fori € {1,2}
such that n; + n, = n and H1+ @ H2+ = Tnf2s_2.
This completes the proof. O

Recall that C = {C l+ : 3 <1 < n}. We give the following theorem.

Theorem2 IfT" = (G, 0) € G(n, C), then
AI) < A8y, © 5,0,
where ny +ny = nand |ny —na| < 1. The equality holds if and only if T' = S} ©S,\.

Proof of Theorem 2 Suppose that I' = (G, o) has the maximum index among all
graphs in G(n,C). Let x = (x1,x2,...,x,)T be a unit eigenvector of A(I") corre-
sponding to A(T"). Set

Vt={veV(I):x, >0},
Vi={weVT):x, <0},
VOi={veVvI):x, =0}

From statements (1)—(4) in Lemma 3 together with the fact that I" are C-free,
we have that ' = T'[V*1] © I'[V~] such that o (uv) = +1 for each edge uv €
E(G[VT]) UE(G[V~]),and both I'[VT] and I'[V ] are C-free. Furthermore, since
I" has the maximal index, from (1) it follows that both G[V ] and G[V ] are trees.

Letu; € V1t and uy € V~ be two vertices with

Xy, = max{x, : v € VT} and x,, = min{x, : v e V7}.

We claim that uu; € E(G[V™]) for each vertex u € V*\{u;} and uuy € E(G[V™))
for each vertex u € V™ \{u2}. By symmetry, we just prove the former statement. On
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160 Page8of 16 Z.Wang, S. Liu

the contrary, if there exists a vertex u € V*\{u} and uu; ¢ E(G[V ™)), then let
I'* = (G*, o*) such that

o(ww)), ifww e E(G*) and ww' # uuy;

G*=G —uu' +uu; and o*(ww') =
! ww) =1 . if ww' € E(G*) and ww' = uuj,

where u’ € Ngpy+(u) is a vertex on the unique path connecting u; and u in G[V*].
By (1), we obtain that

AT*) —A() = xTATHx —xTA(D)x
= 20" (uu1)xyxy, — 20 (uu)x,x,

= 2xu(xu1 —xy) > 0.

If A(T'*) = A(I"), then x is also an eigenvector of A(I'*) corresponding to A(I'*).
Based on the following eigenequations

A(D)x,, = Z o (wup)x, and A(T*)x,, = Z o (i) Xy + Xy,

weNG(uy) weNG (uy)

we obtain x,, = 0, contradicting x,, > 0. Therefore, A(I'*) > A(I"), which contradicts
the maximality of A(I"). Hence, both G[V*] and G[V ~] are stars.
LetG[VT] = Sn,, GIV™] = Sy, and n1 < ny without loss of generality. Let

T =(S,, ©8,, :m +n=n,n <n)
and
T*:{S,Z@S,;Z:nl—l—nz:n,nl < ns}.

Note that 7 € G(n,C), I’ = S,Tl e) S,Tz e 7T and Sjl o) S,j‘z € T*. We only need to
show that n; > ny — 1. On the contrary, assume that n| < ny — 2. Given a suitable

partition of V(S,‘l"1 &) S,*l;) based on the symmetry of vertices, by applying the quotient

matrix of A(S, ®5,}), we obtain that A(S, @ S,!) is the largest root of ® (), where

O;(0) =A% — (ming +ny +ny — 20
—(@niny —2ny — 2n2)X — 3n1no + 3ny + 3ny — 3.

Similarly, )\(S:[1 a® S;rz _1) is the largest root of ®;(A), where
Dr(M) = A — (nina + 2n2 — A2 — @niny — 61y + 2n2 — A — 3nyny + 6n;.
Then,

Q1(A) —P2M) =R+ DA +3)(m2—n; — 1) >0,
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which implies that

MSE @S <SS ).

Since
Sp(S; © ;) = Sp(s;t @ S;h)
and
Sp(S, L e8h ) =SpS) @5, ),
we have

)\(S;li_l © S;;) = )\(S;li_l ® S;;) < )‘(S:zrwl ® S:z_l) = )‘(S;LIH © S;Lz—l)’

a contradiction.
This completes the proof. O
Recall that Cy;, = {Cﬂ 12<k< L%J}. We present the following theorem.

Theorem3 If ' = (G,o0) € G(n,Cy) with n > 5, then the following statements
hold.

(1) Ifn is even, then
A < AF e FD,

where n = 2(ky 4+ ko) + 2 and |k — ka| < 1. The equality holds if and only if
Fr=r'oF.
(ii) Ifn is odd, then

M) < MES e FLD,

where n = 2(k1 + k2) +3 and 0 < k1 — ko < 1. The equality holds if and only if
r=rtor™"

Proof of Theorem 3 Suppose that I' = (G, o) has the maximum index among all
graphs in G(n,Cy;) and n > 5. Let x = (x1,x2,..., xn)T be a unit eigenvector
of A(T") corresponding to A(I"). Set

Vi={veV@):x, >0},
Vi={weVI):x, <0},
Vi={veV(I):x, =0}
From statements (1)—(4) in Lemma 3 together with the fact that I" are Cp-free,

we have that I' = T'[VT] © T[V ] such that o (uv) = +1 for each edge uv €
E(G[VT]) UE(G[V™]), and both I'[V ] and I'[V ~] are Cy-free.
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Since I'[V*] (resp., T[V ™)) is Co-free, any two cycles of T'(VT) (resp., T[V™])
share no edge(s).

This, together with the maximality of A(I"), indicates that G[V*] (resp., G[V )
is connected and each block of G(V ™) (resp., G(V ™)) is acycle or a P.

Claim All blocks of G(V™) (resp., G(V ™)) intersect in exactly a common vertex, and
each block of G(V™) (resp., G(V™))isa Cz ora P,.

Proof We first prove the former part of this claim for G[VT]. Let u; be a vertex
of V* with x,, = max{x, : u € V*}. If G[V'] has exactly one block, then it
is trivial. Now, we consider that G[V ] has at least two blocks. Suppose that there
exists a block B such that uy ¢ B. Let u; be the vertex of B with dgy+(u2, u1) =
min{dg[y+1(u, u1) : u € B}, and define U = Ng[y+1(u2) N B.

LetI'' =T —{upu:u e U} +{uju:u € U}and

o(ww), ifww € E(G*) and ww’ ¢ {uju:ucU};

O'*(ww/): . / * /
+1, ifww’ € E(G™) and ww’ € {uu : u € U}.

Clearly, I'* is Cor-free. By (1), we obtain that

AT = () > xTAT)x —xTAD)x
=2 Z o (uu)xy Xy, —2 Z o (Uu2) Xy Xy,

uelU uelU

= 2(xy; — Xuy) qu >0.

uelU

If A(I'*) = A(T), then x is also an eigenvector of A(I'*) corresponding to A(I"™*).
Based on the following eigenequations,

MDhxg = Y oluun)x,

ueNg )

and

MOx = Y oFuun)x, + Y o wiu)x,,

ueNg(uy) uelU

then we obtain Zu cy Xu = 0, contradicting x, > 0 foru € U C V+. Therefore,
A(C'*) > A(T"), which contradicts the maximality of A(I"). This indicates that all blocks
of G(VT) intersect in exactly the common vertex uj.

Next we show the second part of this claim. Suppose that there exists a cycle, say
C, of length at least 5. Let Nc(u1) = {v1, v2} and Nc (vi)\{u1} = {U;/'} fori =1, 2.
Let I =T — {vjv], vav}} + {u1v], u1v}} and define

0**(ww/) _ O'(wu)’), ifww e E(G**) and ww' ¢ {Mlvi,ulvé};
+ 1, if ww’ € E(G*) and ww' € {u1v], ujvs}.
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Clearly, '™ is Cpi-free. By (1), we obtain that

A — A(I)
> xTAT*)x —xTA(D)x
= 20**(u1v1)xu1xv/l + 20**(u1vé)xmxvé — 20 (vlvﬁ)xlev/l — 20(v2v§)xv2xvé

=2(xy, — )cvl))cv/l +2(xy, — sz)xvé > 0.

If A(I'™*) = A(I"), then x is also an eigenvector of A(I'**) corresponding to A(I"**).
Based on the following eigenequations,

MDhxg = Y oluun)x,

ueNg )
and
M = Y o ), + 0 wiv)xy + 0" @iy,
ueNg (ur)
then we obtain x /+x » = 0, contradicting x,, 0> Oand x, ;> 0. Therefore, A(I"**) >
A(T"), which contradlcts the maximality of A(F)
Similarly, we can prove this claim for G[V ~]. This completes the proof. O

Since I' has the maximum index among all graphs in G(n, Ca), by (1) and the
above claim, G[V*] and G[V ~] have the form of Fj or F} for some k. Set |V | = n;
and |V ™| = ny. We divide the proof into two cases.

Case 1. Suppose that n is even. Then, either G[Vt]= Fy, and G[V ] = F, with
2(ki + k) +2=n,or G[VT] = F; and G[V™] = F with 2(k; +k2) +4 = n.

Suppose that G[V*] = Fy, and G[V ] = Fy, with 2(k; + k2) + 2 = n. Then,
I'=Fl o F. Sethky <k Let

T ={F e F, 20k +k)+2=nk <k}
and

T ={F @ Ff 2 2(ki + ko) +2 = n, ki < ka}.
For a graph F" ® F; in 7}*, given a suitable partition of V (F;\ & F;") based on
the symmetry of vertices, by the quotient matrix of A(Fk"lr ® Fk‘; ), we obtain that

)»(1[71;1F &) Fk‘;) is the largest root of @1 1(A), where

D1 (M) =2 =243 — 4(kika + k1 + ko)A — (16k1ky — 2)A
— 12k1ky + 4k + 4kr — 1. 3)

@ Springer



160 Page120f16 Z.Wang, S. Liu

Similarly, )‘(FI:TH &) F,:g_l) is the largest root of ®7 | (1), where

T (1) =2 — 223 — (dkiky + 8ky — 4)2% — (16k1ky — 16k + 16ky — 18)2
— 12k1ky + 16ky — 8k + 11.

Then,
Q11(A) =71 (W) =40+ DA +3) (ko — kg — 1).
Suppose that k| < ko — 2. This indicates that ®; (1) > ®7 |(A), that is,

MEE @ Fh < MFE L @ Ff_).

Since
Sp(F © Fl) =Sp(F! & F})
and
SP(Fiy 41 © Fi ) = Sp(Fyy 4y @ Fy ),
we get

MEFOFD =MFf @ R < mFf @ Fl_) =rF o F_),
a contradiction. Hence, I = F,:lr =) F,:g with kg < kp <ky + 1.
Suppose that G[V ] = F{, and G[V~] = F;, with 2(k; + k2) + 4 = n. Then,
I'=F "oF, " Setk <k Let
Tio=(F, O F, 20 +k)+4=nk <k)
and
Ty = (K, @ F," 20 + k) +4=nk <k).
For a graph F} tTeF ng in 77", given a suitable partition of V (F, tTeF ,£2+) based on
the symmetry of vertices, by the quotient matrix of A(F, ,él teF ,éz+), we obtain that

)»(1'7121+ &) F,;;r) is the largest root of ®; »(1), where

D1 2(0) = A0 — 205 — (kiky + 6k + 6ky + 5)A* — (16k1ka + 6k + 6ky — 4)A°
— (12k1ky — 6k1 — 6ky — 7))»2 + (6k1 + 6ko — 2)A — 3. 4)
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Similarly, )\(FIQIHJr @ F,éz_1+) is the largest root of ®7 , (1), where

Dt (L) =40 — 20 — (dkiky + 2k; + 10ky + DAY — (16k1ky — 10k; + 22ky — 20)23
— (12k1ks — 18k + 6ky — 19)A% + (6k; + 6ks — 2)A — 3.

Then,
D1o(h) — D, (M) =470+ DA+ 3) (ko —ky — 1).
Suppose that k1 < ko — 2. This indicates that ®1,(A) > CDT.Z(A), that is,
AME T ®F) < F @ F, ).
Since
s, Mo BT =spF, t e FL
and
Sp(F 1" e FL ) = Sp(F T @ Y,y ).
it is seen that
MELTO R, = ET @R, < ME LT @ Fy ) = MEF T O F, ),

a contradiction. Hence, ' = F,§1+ o F,é; withky < ky <k; + 1.
Next we turn to compare the index of '} = Fk"]r S Fng (k1 < kp < k1 + 1) with that
of I = F,:l to F,£2+ (k1 < ko < k1 + 1) by dividing into the following two subcases.
Subcase 1.1. Assume that n = 4k. Then, '} = F,:r_l ) Fk+ and ') = F,;_1+ <)
F_ 1+. From (3) and (4), we obtain that

D) — D2 =+ 1) ((x — @k —1))A> = (12k—1Dr+ 3) <0,

since A < 4k — 1 and n = 4k > 5. This infers that AL(I"1) > A(I").
Subcase 1.2. Assumethatn = 4k+2.Then,I'y = F,'©F; andT> = F|_, "o F,".
From (3) and (4), we obtain that

2D A — Do) = —(h + 1) (ﬁ 4 4k + A+ (12k — 5)n — 3) <0.
This infers that A(T";) > A(T"2).

Hence, from subcases 1.1 and 1.2, we conclude that A(I") < )»(Fler =) Fng ), with
n = 2(k1+kz)+2and [k —k2| < 1,and the equality holds if andonly if I' = F,"© F|.

This completes the proof of (7).
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Case 2. Suppose that n is odd. Then, I' = ka o F,é;’ with 2(k; + ko) +3 = n.
Let

L= (F; O R, 2k +k)+3=n)
and
T =(F @ F," :2(ki + k) +3 =n}.

For a graph Fk"lr @ F ,éz+ in 7,7, given a suitable partition of V(Fk"lr @ F 122+) based
on the symmetry of vertices, by the quotient matrix of A(F, ,:: @ F ]:2+)’ we obtain that
)L(Fler ® F,éer) is the largest root of ®,(A), where

Dr(A) =2° — 204 — (dkiky + 6k + dky 4+ 2)1°3 — (16k ks + 6k — 4)A2
— (12k1ky — 6k — 4ky — 1A + 6k; — 2.

Similarly, )L(Fk*lJrl &) F,éz_lJr) (resp., )»(F,jlr_l [23) F,;2+1+)) is the index of @} (1) (resp.,
@7 (1)), where @, (1) (resp., P5 (1)) is obtained from P, (1) by replacing ki and k>
by k1 4+ 1 and k» — 1 (resp., k; — 1 and k> + 1), respectively.
Suppose that k; < ky — 1. Then,
Dr(h) — DY) =2 + DA +3)2h(ky — k1) — A — 1) > 0.
This indicates that
MES @ F,D < MEF @ FL ).

Since

SP(F © F, ") = Sp(F @ F, )
and

+ / +y + / +

Sp(F 41 © Fiym1 ) =Sp(Fi 11 @ Fry 1),
it implies that
MO, =0MFF o R, <AF @ F, D =MEF e F, ).

a contradiction. This shows that k; > k».
Suppose that k1 > ko + 2. Then,

Dy(A) — PH(A) =2(h+ DA +3)2r(k1 —k2) =31+ 1) > 0.
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This indicates that

ME @ F < MFF_ @ FlL ).

Since
Sp(F © F, ") = Sp(Ff @ Fi,™)
and
SP(F_1 © Fiyn ) = SP(F_ @ F, 0 ),
we obtain

+ + + +
ME © Fy ) = MFy @ F, ) < MEy_ @ Fiyyy ) = MF L © Fiyyy ),

a contradiction. This implies k1 < ky + 1.
Hence, I' = ka OF 122+ with ko < k1 < ky + 1, completing the proof of (ii). O
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