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Abstract

The main purpose of this paper is to discuss Hardy type spaces and Bergman type
classes of complex-valued harmonic functions. We first establish a Hardy-Littlewood
type theorem on complex-valued harmonic functions. Next, the relationships between
the Bergman type classes and the Hardy type spaces of complex-valued harmonic
functions or the relationships between the Bergman type classes and the Hardy type
spaces of harmonic (K, K')-elliptic mappings will be discussed, where K > 1 and
K’ > 0 are constants.
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1 Introduction

Recently, the characterizations of Hardy type spaces and Bergman type classes of
complex-valued harmonic functions have been attracted much attention of many math-
ematicians (one can see the references [5, 7, 10, 16—19, 22, 25,27, 29] for more details).
This paper is mainly motivated by the results given by Eenigenburg [11], Girela [14]
and Kalaj [17].

Let D be the unit disk in C. Kalaj [17] established some elegant Riesz type estimates
for complex-valued harmonic functions in the harmonic Hardy space Jf; M), p €
(1, 4+00). As a corollary of this result, we can obtain that for a harmonic function
f = h + g, where h and g are analytic in D with g(0) = 0 and p € (1, +00), f is
in the harmonic Hardy space if and only if both of /# and g are in the Hardy space.
The first aim of this paper is to discuss the case of p € (0, 1]U {400}, and establish a
Hardy-Littlewood type theorem on complex-valued harmonic functions, which shows
that for each p € (0, 1] U {+o0c}, there exist analytic functions 4 and g such that &
and g are not in the Hardy space, but f = h + g is in the harmonic Hardy space.

Eenigenburg [11] studied several relationships between the Bergman type classes
and the Hardy type spaces. The second aim of this paper is to give analogous results
in the case of the harmonic Hardy type spaces. Eenigenburg [11] showed that if f is
in the Hardy space 77 (D), p € (0, +00), then f is also in the Bergman type class
9P (1up) and the implication f € J£P (D) — f € %P (u,) is bounded, where pi, is
a measure on D which depends on p. In this paper, we give an analogous result for the
harmonic Hardy space %”; (D) and the Bergman type class %” (ip,), p € (1, +00).
Eenigenburg [11] also showed that for p € [2, 4-00), if f is in the Bergman type class
ABP (), then f is also in the Hardy space 57 (D), where d i is a measure on . In this
paper, we will give an example which shows that similar result does not hold unless one
considers the class of complex-valued harmonic functions under certain constraints.
As a generalization of analytic mappings on D, we consider harmonic (K, K’)-elliptic
mapping on ID and give an analogous result for harmonic (K, K')-elliptic mappings.
Our result also gives an improvement in the analytic case.

2 Preliminaries and Main Results

In order to state our main results, we need to recall some basic definitions and some
results which motivate the present work.

Fora e Candr > 0,letD(a,r) = {z € C: |z — a| < r} be the disk centered at
a with the radius r, and for the disk center at 0, i.e. D(0, r), we then simply write it as
D, In particular, we use D =: D to denote the unit disk, and let T =: D be the unit
circle.

For z = x + iy € C, the complex formal differential operators are defined by
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For « € [0, 2], the directional derivative of a complex-valued harmonic function f
at z € D is defined by

fz+ pe®) — f(z)
0

= f:(0)e' + fr()e ",

0y f(z) = lim
p—0t

where f, =: 8 f/dz, f= =: 8 f/dZ and p is a positive real number such that 74 pe’® €
D. Then

A (z) = max{[dy f(2)] : & €[0,27]} = [ f2(2)| + [ [z(2)]

and

Ap(z) = min{|d, f(2)| : @ €[0,27]} = || f2(2)] — | Fz@)]]-

For a complex-valued harmonic function f defined in I, the Jacobian of f is given
by

AR

In particular, if f a sense-preserving harmonic function in D, then J; = Agiy. It
is well-known that every complex-valued harmonic function f defined in a simply
connected domain €2 admits the canonical decomposition f = h + g, where k and
g are analytic with g(0) = 0. Recall that f is sense-preserving in Q if Jy > 0 in €.
Thus f is locally univalent and sense-preserving in € if and only if Jy > 0in £,
which means that 2’ # 0 in € and the second complex dilatation

_f_g

TR
has the property that [v7(z)| < 1in £ (see [8, 20]).
Denote by 7 the set of all complex-valued harmonic functions of D into C.

Throughout of this paper, we use the symbol C to denote the various positive
constants, whose value may change from one occurrence to another.

2.1 Hardy Type Spaces

For p € (0, +oc], the generalized Hardy space %”é’ (D) consists of all those
measurable functions f : D — C such that, for 0 < p < 400,

Ifllp = sup Mp(r, f) < o0,
1

O<r<

and, for p = +o0,

I fllp =:sup|f(2I,
zeD
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where

1 [ i0 ;
My(r, f) = <E/0 |f(re )|pd9> .

Let %”; D) = ,%”Gp (D) N SZ be the harmonic Hardy space. The classical Hardy space
P (D), that is, all the elements are analytic, is a subspace of %”15 (D) (see [5,9, 10,
17, 29-31)).

Recently, the study of %ﬂ]_f (D) has been attracted much attention of many mathe-
maticians (see [1, 5, 7, 10, 17, 18, 22, 29]). Let’s recall one of the celebrated results
on 7’7 (D) by Riesz.

Theorem A (M. Riesz) If a real-valued harmonic function u € %”I_f (D) for some

p € (1, +00), then its harmonic conjugate v is also of class %; (D), where v(0) = 0.
Furthermore, there is a constant C, depending only on p, such that

My(r,v) < CMy(r,u), r €0, 1), 2.1

for all real-valued harmonic functions u € éf,f D).

In 1972, Pichorides [26] improved (2.1) and obtained a sharp estimate as follows

T
llaell . 2.2)

v < cot
ol < cot 52

where p* = max{p, p/(p — 1)}. Later, Verbitsky [28] further improved (2.2) into
the following form.

1
—lvllp < £l < —lull.
2p* 2p*

where f = u 4+ iv is analytic. For relevant studies on high-dimensional cases, see
[6, 12]. As an analogy of Theorem A, Kalaj [17] established some elegant Riesz type
estimates for complex-valued harmonic functions in %g (D) as follows.

Theorem B ([17, Theorems 2.1 and 2.3]) Let p € (1, +00) be a constant and f =
h+gce jf; (D), where h and g are analytic in .

(1) IfRe(g(0)r(0)) = O, then,
Znhiez io\ 2y % 49 ’l7< 1
(/0 (k)" + 1g("™)I7) E) _r(mllfllp,

where C1(p) = /1 — |cos %} and “Re" denotes the real part of a complex

number.
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(2) IfRe(g(0)h(0)) = O, then,
1

2w . , 2 de\?
i0y2 ICNVAY
171 = € ([ (e + 1se) 52)"

where Co(p) = ~/2 max {sin Z’T—p, cos 2”—p}

In particular, for a harmonic function f = h + g, where &k and g are analytic in D
with g(0) = 0, the following result holds.

f e iff h,geAPD), pe(l, +o0). (2.3)

In the following, we will discuss the case of p € (0, 1] U {+00}, and establish a
Hardy-Littlewood type theorem on complex-valued harmonic functions.

Theorem 2.1 Let p € (0, 1]U{+4o00} be a given constant. Then the following statements
hold.

(D) Ifpe(0,1land f =h+g € 5 (D), then

1 1
My(r.h) =0 (<1og 1 i)ﬂ) and M,(r.g) = O <<1og 1 1r>P> 2.4)

asr — 17. In particular, if p = 1, %, %, ..., then the estimate of (2.4) is sharp.
(L) If p = 1, then there is a function f = h + g € jfl_}(D), but h, g ¢ A" (D).
Furthermore, if f =h+g € %”I_}(]D)), then h, g € 1) forall g € (0, 1);
(II) If p = +o0, then there are two unbounded analytic functions h and g such that
f=h+geAi>*MD).

2.2 Bergman Type Classes

Let 1 be a positive measure on D and p > 0. We use A7” (1) to stand for the analytic
Bergman class of all analytic functions f of I into C such that

1
I fllzr s = (/D |f’(z)|”d,u(z)> " < foo.

Furthermore, denote by %’Z (w) the harmonic Bergman class of all functions f € 7
such that

» 7
Iy (f 1) = (/( 15 (@)1) dM(z)) < +oo.
D
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For a real number r € [0, 1) and a complex-valued harmonic function f defined in
D, let

A (r, f) =/D T/ (DIdAG)

denote the area of the image of D, under f, multiply covered points being counted
multiply, where dA(z) = dxdy. In particular, if f is analytic in DD, then we let
A (r, f):= g (r, f). In [16], Holland and Twomey proved the following result.

Theorem C ([16, Theorem 1]) Let f be analytic inD. If p € (0, 2], then
o,
fe#?D = / A2 (r, f)dr < +o0; (2.5)
0
while if p € [2, +00), then
1 )4
f A2(r, )dr < +o0o = f e PD). (2.6)
0

For p € (0,2] and f € s#7 (D), it follows from (2.5) and Holder’s inequality that

1 1 1-4
/ (/ |f’(z)|”dA(z)> dr < / sz%g(r, ) (/ dA(z)) i dr (2.7
0 \JD, 0 D,

1
< nl_gf 5 (r, f)dr < +o0.
0

On the other hand, if p > 2 and

1
/ (/ If/(z)l”dA(z))dr<+oo,
0 D,

then, by Holder’s inequality, we have

2

2 1—
af(nf)s(/ If’(z)l”dA(z)>P</ dA(z)) ’
D, D,

which implies that

1 1
/ A5 (r, f)dr < n%—lf <f If/(z)lpdA(z)) dr < +o00.  (2.8)
0 0 D,

Let x, denote the characteristic function of D,. By Fubini’s theorem, we have

1 1
f </ If/(Z)I”dA(z)) dr =/ (/ Xr(Z)|f/(Z)|pdA(Z)) dr (2.9)
o \Jn, o \Up
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- [a-ipirore.
Then, by (2.5), (2.6), (2.7), (2.8) and (2.9), we obtain the following result (see [11,
Corollary]).
Theorem D Let f be analytic in D. Then, if p € (0, 2]

fen"M = feB(w (2.10)

while if p € [2, 400),
feB(n) = feHPD), (2.11)

where diu(z) = (1 — |z])dA(2).
In [11], Eenigenburg improved (2.10) into the following form.

TheoremE ([11, Theorem 1]) Let f be analytic in D. Then, for p € (0, +00),
fex?M) = feB(up),
where

(I —lzDdA(2), p€(0,2],

Wr@ =1 1prlaa), p e 2, +oo),

and there exists a constant C(p) > 0, which depends only on p, such that

10 ups < CONSfNp, f € AP D).

For p € (0, 2), the following result shows that the measure (1 — |z|)d A(z) can not
be replaced by (1 — |z|)?~'dA(z).

Theorem F ([14, Theorem 1]) Let p € (0,2). Then there exists f € P (D) such
that
/ |f' @I (1 = [z dA(z) = +oo.
D
By analogy with (2.5) and Theorem E, we obtain the following result for complex-
valued harmonic functions by applying Theorems B and 2.1.

Proposition 2.2 Let f be a complex-valued harmonic function in D. Then the following
statements hold.

@D fe l%ﬂP}(D) = fe %Z(ul,)for all p € (0, 1);
(II) For p € (1, 400),

f ety = feBpup,
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and there exists a constant C(p) > 0, which depends only on p, such that

Ip(forp) <CIfllp, | € D),
where dip is defined in Theorem E.
Inspired by (2.11) in Theorem D, Eenigenburg proved the following result.

Theorem G ([11, Theorem 2]) Let BMOA denote the class of analytic functions in
D having boundary functions of bounded mean oscillation, and let A denote those
analytic functions in D which are continuous on D. If f is an analytic function in D,
and, for p > 2,

2 1 )
/ / (A ="\ f re®)Pdrdo < +oo,
0 0

thenfet%”%(l[))) ifp <3, inBMOAifp=3andin Aif p > 3.

In general, (2.6) in Theorem C, or (2.11) in Theorem D does not hold for complex-
valued harmonic functions defined in ID. Our example is as follows. Let f;(z) =
he(z) + he(z) for z € D, where ¢ € T is fixed and h(z) = 1/(1 — z¢). By [3,
Theorem E], we have

2
L i =X (rnh+2
lim — |h{(re’0)|pd9 = lim Z u P = too,
r—1- 2 0 r—1- =0 n'l" (%)

which implies that i, ¢ 7 (D) for p > 2, where z = re'? € D and T denotes the
Gamma function. However, J 7 (@)= 0. For p > 2, although

L p p
/0 2 (. fo)dr = 0 and /D(l—lzl) (1/|Jf[(z)|) dA(z) = 0,

Theorem B implies that f; ¢ %"I_f (D). Consequently, (2.6) in Theorem C and (2.11)
in Theorem D do not hold unless one considers the class of complex-valued harmonic
functions under certain constraints.

A mapping f : Q — Cis said to be absolutely continuous on lines, AC L in brief,
in the domain 2 if for every closed rectangle R C Q2 with sides parallel to the axes
x and y, f is absolutely continuous on almost every horizontal line and almost every
vertical line in R. Such a mapping has, of course, partial derivatives f, and f) a.e. in
Q. Moreover, we say f € ACL? if f € ACL and its partial derivatives are locally
L? integrable in Q.

A sense-preserving and continuous mapping f of D into C is called a (K, K')-
elliptic mapping if

l. fisACL?>inDand J; > 0 ae.inD;
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2. there are constants K > 1 and K’ > 0 such that
A} <KJ;+K aeinD.

We remark that the unit disk D in the definition of (K, K’)-elliptic mapping can be
replaced by a general domain in C. In particular, if K’ = 0, then a (K, K’)-elliptic
mapping is said to be K -quasiregular. It is well known that every quasiregular mapping
is an elliptic mapping. But the inverse of this statement is not true. We refer to [2, 4,
7, 13, 23] for more details of elliptic mappings.

By using Theorem G, we obtain the following result for harmonic (K, K’)-elliptic
mappings.

Proposition 2.3 Let K > 1and K’ > 0 be constants. Suppose that the complex-valued
harmonic function f = h + g is (K, K')-elliptic, where h and g are holomorphic in
D.If p > 2 and if

2r prl ) )
f / (I—=r)Jy (re‘g)p/ drdf < 400,
0 0

then h, ge%”ﬁ(]]]))ifp<3,inBMOAifp=3,andinAifp>3.

By analogy with Theorem D (2.11) and Theorem G, we get a result for harmonic
(K, K')-elliptic mappings as follows.

Theorem 2.4 Suppose that the complex-valued harmonic function f is (K, K')-
elliptic, where K > 1 and K' > 0 are constants. Then, for q € (1, +00),

[ e B(ig) = feHD),
where

i) — (1-1z)?'dAR), qe1,2],
T a-1znidAr), g el2 +00).

Moreover, if the complex-valued harmonic function f is K-quasiregular, and q €

(1, 2], then there exists a constant C(q, K) > 0, which depends only on q and K,
such that

1fllg < Cla, KYUFON+ T4 (f, ig)), [ € Bl (iig).

By using similar reasoning as in the proof of Theorem 2.4, we get the following
result which is an improvement of Theorem D (2.11) and Theorem G.

Corollary 2.5 Let f be analytic in D. Then, for g € (1, +00),
[ e#i(ng) = fen1D),
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where d iy is defined in Theorem 2.4. Moreover, if g € (1,2), then there exists a
constant C(q) > 0, which depends only on q, such that

1fllg = C@QUS O+ N fllzay.s). | € By

The proofs of Theorems 2.1, 2.4, Propositions 2.2 and 2.3 will be presented in
Sect. 3.

3 Proofs of the Main Results

Before proving Theorem 2.1, let’s recall some classical results. Let f = U 4 iV be
analytic in D with V(0) = 0. In [15, Theorem 7], Hardy and Littlewood proved that
ifU e %}f (D) for some 0 < p < 1, then V satisfies

1
1 »
My(r, V) = CllUll, + ClIUIp (IOgl_r> ; (3.1

where C is a positive constant depending only on p.
The following results are well-known.

LemmaH (cf. [5, Lemma 5]) Suppose that a, b € [0, +00) and t € (0, +00). Then
(a —l—b)t < 2max{r7],0}(ar +br).

Lemmal ([9, Hardy’s inequality]) If f(z) = :28 an7"* € AV(D), then

+00 |a|
n
< .
E Y =zl flh
n=0

3.1 The Proof of Theorem 2.1

We first prove (I). We may assume that 7(0) = g(0) =0.Let f =h+g=u-+iv €
Y (D), where h = uj +ivi and g = up +ivy. Thenu, v € 7 (D). Set F = h+g
and v = Im(F), where “Im " denotes the imaginary part of a complex number. Since
Re(F) = Re(f), by (3.1), we see that there is a positive constant C, depending only
on p, such that, forr € (0, 1),

~ 1 »
My(r,v) < Cllullp + Cllullp (log ] _r> (3.2

A

1

1 P
Clfllp +ClIfp <log 1 _r>

IA
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It follows from Lemma H that

[ vl? _ 317 + J)?
27 = 2p

)

lv2|” = [Im(g)|” =

which, together with (3.2), implies that there is a positive constant C, depending only
on p, such that,

My(r,v2) <2772 (My(r. ) + My(r, v)) 3.3)
1 1
<25 My, D) + 272U £l

1

1_9 1_5 1 P
= (C+ D27 7l fllp + ClAlp27 7 | log —

Let F1 = h — g and & = Re(F}). Then
Re(—iFi) = Im(Fy) = Im(f) = v € A7 (D),

which, together with —i# = Im(—iF}) and (3.1), implies that there is a positive
constant C, depending only on p, such that,

1
~ 1 P
My(r,u) = Mp(r, —it) < Cllvll, + Cllvlp (10g - r) 4

IA

1
1 »
Clfllp +Cliflilp (log ] _r)

On the other hand, by Lemma H, we have

=Pl +
o = Y

)

luz|” = |Re(g)|” =

which, together with (3.4), yields that there is a positive constant C, depending only
on p, such that, forr € (0, 1),

My(r.uz) < 252 (Mp(r, @) + My(r, u)) (3.5)

1

1_ 5 1_» 1 »
< €+ D2 Sl +CIFI,27 7 (log— )

From (3.3), (3.5) and Lemma H, we conclude that there is a positive constant C,
depending only on p, such that, for » € (0, 1),

My(r. ) < (MEGr 1) + ME(r. v2) 7 (3.6)
<207 (Mp(r. ug) + My (r, 1))
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)
< (C+1)2

1
2_o 1 P
Ifllp + Clflp2P (IOgl—r> .

Since h = f — g, by (3.6) and Lemma H, we see that there is a positive constant C,
depending only on p, such that, for r € (0, 1),

My(r ) <277 (My(r. f) + My(r. )

1

2 9\ L1 3_ 1
< (1+ €+ 0272) 2 Il + CIFI,27 3<10g1_r>p

We come to prove the sharpness part. Let k € {0, 1, ...} and

ik 1
h(z) =g(2) =e m

_ 1
forz € D. Then f = h+ h = 2Re(h) € ;™ (D) (see [9, Chapter 3] or [15]). It
follows from [3, Theorem E] that

27 2 400 1 2
L/ \h(re'®)| T d6 = L/ 49 3 I (n+3) 0
27 Jo 27 Jo |1 —rei?)

n=0 n!l (%)

~ 1
og1

Hence the logarithmic factor in (2.4) can not be improved when p = 1/(1 + k).
Now, we prove (II). For z € D, let

(@) = h(2) +h(2),

where h(z) = C 2‘3 lozgnn and C is a non-zero real constant. From Lemma I, we
know that & ¢ s#'(DD). However, f = 2Re(h) € (D), and is in fact a Poisson

integral. To see this, let z = e, where t € [0, 27r]. We observe that

cos nt

~+00
Re(h(e'!)) = C
e(h(e)) X:; oan

is the Fourier series of an integrable function. Next, we show thatif f = h + g €
jff}(ﬂ)),then h, g € 9(D)forallqg € (0,1).Since f =h+g =u-+iv € ffhl,(]D)),
we see thatu, v € jf,} (D). It follows from Kolmogorov’s Theorem (see [9, Theorem
4.2]) that 7 = Im(F) € %”13 (D) for all ¢ € (0, 1), where F is defined in the proof of
(D). Consequently,

V= vl _ 9]+ vl

7 = 7 3.7

lv2| = [Im(g)| =
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which implies that vy € ,}flg (D) for all g € (0, 1). As in the proof of Case (I), we let
Fi =h — gand ¥ = Re(F)). Then

Re(—i Fy) = Im(F)) = Im(f) € /D),

which, together with Kolmogorov’s Theorem, yields that —7 = Im(—i F}) € jfg ()]
for all ¢ € (0, 1). Hence

lu —ul |l + |ul
<

= |R =
luz| = |Re(g) T >

(3.8)

and u, € %”;} (D) forall g € (0, 1). By (3.7), (3.8) and Lemma H, we conclude that
g=ur+ivy € 9D)forallg € (0,1). Hence h = f — g also belongs to 7774 (D)
forallg € (0, 1).

At last, we show (III). For z € D, let

(@) = h(2) +h(2),

where h(z) = iC log % and C is a positive constant. It is not difficult to know that

h maps D onto the vertical strip {z € C : — Cn/2 < Re(z) < Cn/2}. Hence
f =2Re(h) € ff[j °°(ID). The proof of this theorem is completed. O

3.2 The Proof of Proposition 2.2

Since D is a simply connected domain, then f admits a decomposition f = h + g,
where i and g are analytic in D. Then we have

@] = (I = 18" @P| < Jh @) + o ().

Combining this inequality with Theorems B, 2.1, E and Lemma H gives the desired
result. o

3.3 The Proof of Proposition 2.3

For p > 2, it follows from the assumptions and Lemma H that

14
2

IS

<27 1g7y2 425 (k).

~ (NS

WP < A% < (KJp+K')
Consequently,

2 pl ) » » 2 1 )
(1 —n)|h (re'®)|Pdrdo <227 'K 2 (1 —r)(J¢(re'®)P*drdo
0 0 0 0 !

125 Yk in

< 400,
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which, together with |g’| < |/’|, gives that

2 1 .
/ / (1 =r)g' re®)Pdrdo < +oo.
0 0

Combining the above two inequalities and Theorem G gives the desired result. O
The following lemma is the well-known Littlewood-Paley’s inequality.

Lemmal (See [21], cf. [11, Ineq. (11)]) Let g € (1, 2] and let f be analytic in D.
Then, there is a positive constant C(q), which depends only on q, such that

1
I fllg = C(q) (If(O)Iq + /D If’(z)lqd/lq(z)>q . f e By,

where dfiy(z) = (1 — |27~ 'dA(2).
The following lemma is proved in the proof of [4, Lemma 2.2].

LemmaK Suppose that complex-valued harmonic function f is (K, K')-elliptic,
where K > 1 and K' > 0 are constants. Then,

/

K —1 K
| fz(2)] < K——|—1|fZ(Z)| + 1+£K’ z e D.

TheoremL Let g be a two times continuous differentiable function in D. Then, for
re 0,1,

2

. 1
— | g(re®ydo = g(0) + — / Ag(2)log — dA(z),
27 Jo 2 Jp, |z]

where

92 92 92
A=md—— = —  —
0zd7  0x2  9y?

is the Laplacian operator (cf. [5, 24]).

3.4 The Proof of Theorem 2.4

We divide the proof of this theorem into two cases.

Case 1. g € (1,2]. Since D is a simply connected domain, we see that f admits

a decomposition f = h + g, where & and g are analytic with g(0) = 0. By the
assumptions, we have

K| <Af < (KJf+K’)%,
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which, together with Lemma H and the assumption f € 9321 (fty), implies that

~ 4 q ~
[ worai,e = &% [ (J16) die (3.9)

+(K’)%/d;1q(z) < +oo.
D

It follows from (3.9), Lemmas H, J and K that we have

1

Ihlly < Clg) (|h<0>|‘f + fD Ih’(Z)quﬂq(Z)>q <too  (I0)
and
gl < C(g) ( /D Ig’(z)lqdﬁq(z)>; G.11)
< Clg. K. K ( /D W @14 dfig(2) + /D dﬂq@);

< 400,

where C(g) is a positive constant which depends only on ¢ and C(q, K, K') is a
positive constant which depends only on g, K and K’. Hence, by (3.10), (3.11) and
Lemma H, we obtain

LF1E <297  (IR0g + Ngld) < 4oc.

Next, assume that the complex-valued harmonic function f is K-quasiregular. It
follows from (3.9), (3.10), Lemmas H, J and K that we have

Iklly < €@ (1RO + K2 (7 (f g ) (3.12)

and

1
llglly < C(g) (/D Ig/(Z)qu/lq(Z))q (3.13)

K—1\7 [ | Rt
<C(q) ((K——I—l) /]D|h (Z)quuq(z))

1
K —1\7 q
sc<q>((—K +1) K3<fq<f,/:eq>>q) ,

Hence, by (3.12), (3.13) and Lemma H, we obtain

-

ILF1g <277 (IR1E + 1g1§) < Clg, K) (1)1 + (I (f, f1g))?)
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Case 2. g € [2, +00).
For g € [2, +00) and r € (0, 1), elementary calculations lead to

A1) = atg = DI LT + TP+ 20111972 (1P + 1 £2P)
< @’ If1977 AT,

which, together with Theorem J, yields that

1 r
M@, ) =107 + —/ A(1f(@)19) log — dA(2) (3.14)
27 Jp, 2
a2 [ d
= 1fO" +¢q ; PlOg;q’f(p)dp,
where
L[ 5 0192
P = — A ! '3197°d6.
(o) 27T/0 2 (0e) | f (pe®)|
Since f is a (K, K’)-elliptic mapping, by Lemma H, we see that
q n% 41 g 4 N
A% < (KJg +K')? <22 K2J; +(K)?). (3.15)
By Holder’s inequality, (3.15) and Lemma H, we have

2
- 1 [ ; g
@ r(p) < M (. f) <g /0 A?(peﬁ)de)

q

2
, 2
_ 2771[(2 2 ) q q
= M{(p. f) (Tfo (Jf<pe’9>)2d9+2’4“<l<’>3> (3.16)
1 2 q 2
-2 . El q —2
< Mf,’fz(p, d 2Tk <§/0 <Jf(,0€’9))2 de) 127 K

Since | f]9 is subharmonic and M, (p, f) is increasing with respect to p € (0, r],
by (3.14) and (3.16), we see that

) = r rf 1 [ 0\ 3 @
M2, f) < ¢72'7 K/O plog (5/0 (Jf(pe' )) dG) dp (3.17)

2,22, [ r 2
+92 7 K A pIOg;dvaIf(O)l.
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It is not difficult to know that
r r r2
/ plog—dp = —
0 P 4
and
’
plog—<r—p
P
for p € (0, r], which, together with (3.17) and Holder’s inequality, imply that
2 2,42 ' Lo 0\) 2 ‘
M;r,f)<q2c K| r—p|=— (Jf(pe’ )) do) dp
1 0 27 Jo
—(g+2)
HIOP +4¢%2 0 K'r?
q—2
q=2 r Tq 2 —(g+2)
<1fOP+¢2"7 K ( / dp) (¥r)7 +4%277 K’
0
2 2,12 P 292
<|fO) +qg2 4 K(\Ilf(r))q +qg“2 ¢ K, (3.18)

where

1 r q 2 0 %
We(r) = Z/(; (r—p)2 (/(; (Jf(,Oe )) d9> dp.

Elementary computations give

/ q [" 91 2 o0\ %
\pf(r)zafo r —p)} /0 (Jf(pe )) d6 ) dp > 0. (3.19)

Since

() < %/05(1 — )} (/02” (Jf(,Oem))gde) dp

+% /21 p(1—p)} (/0271 (Jf(Pem))% d9> dp

< %/0%(1 — (/02” (Jf(,oem))gde) dp
] (e ange

< 400,

by (3.19), we see that

We(r) <Wr(l) < +o0. (3.20)
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Combining (3.18) and (3.20) yields the desired result for g € [2, +00). The proof of
this theorem is finished. O
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