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Abstract

In this paper, the well-known double inequality for the complete elliptic integral E(r)
of the second kind, which gives sharp approximations of E(r) by power means (or
Holder means), is extended to the complete p-elliptic integral £, (r) of the second
kind, and thus sharp approximations of E,(r) by weighted power means are obtained.
This result confirmed the truth of Conjecture I by Barnard, Ricards and Tiedeman in
the case whena = b =1/p € (0, 1/2) and ¢ = 1 and also provides a new method to
prove the above double inequality of E(r).

Keywords Gaussian hypergeometric function - Complete p-elliptic integral -
Weighted power mean
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1 Introduction

For1 < p < oo and x € [0, 1], the generalized sine function sin, x is defined as the

inverse function of
. * dr
arcsin, x := | _—,

(1—10)?

which can be extended to a function of half-period 7, on (—o00, 00) as follows
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L | 2 2
T :=2arcsinp1=2/ ! - = — il ==B(L,1-1),
0 (1—1¢P)r psin(z/p) p F P
where
! T(@)I(b)
B(a,b):= | t*'a-nt"ldt=—""—"= (@,b>0
(a.b) /O (1—1) oy @b=0)

is the beta function and I'(x) = fooo *~le~!dr is the gamma function. Clearly, sin, =
sin and 7, = 7 in the case when p = 2.

For r € (0, 1), the well-known Legendre’s complete elliptic integrals of the first
and second kinds [1-4] are, respectively, defined by

_ (72 de _rl ds
Ky = Jo V1=2sin20 Jo VA=) (1=’
K©O) =71/2, K(I7)=o0

and

E(r) = [y V1 —r2sin0do = [ /=0,
EO) =n/2, E(I7)=1.

It is natural to try to apply generalized trigonometric functions to Legendre’s com-
plete elliptic integrals. In [5], Takeuchi introduced the complete p-elliptic integrals of
the first and second kind defined as

X /2 do ! dr
P _/0 (1 —rrsinh 6)1-1/p _/0 (1 —tP)l/P(1 —rper)l=1/p

and

1 —¢p

Tp/2
Ep(r)Z/O (1—rPsin§9)‘/Pd9=/

Ut —prep\V/P

_— dr (1.1)
0
forl < p < ooand r € (0, 1), respectively, where K,(0) = E,(0) = m,/2,
K,(17) = ocand E,(17) = 1. Itis clear that for p = 2, K, and E, reduce to K
and E, respectively. Moreover, the complete p-elliptic integrals have the following
expressions

Kpr) = ZLF (1= 5 tr?) . By = Z2F (=5, b 1sr?) (1)
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(cf. [5, Proposition 2.8]), where F'(a, b; c; x) is the Gaussian hypergeometric function

(6]

o (@)a (D)
Fla.bieix) =aFiabicx) =)~ (x| <) (1.3)
(¢)nn!
n=0
for complex parameters a, b, ¢ with ¢ # 0, —1, =2, ---, while (a)g = 1 fora # 0

and the Pochhammer symbol (@), = a(a+1)(@+2)--- (a+n—1) =T (n+a)/ T (a)
for n € N. The behavior of the hypergeometric function near x = 1 in the three cases
a+b<c,a+b=canda+ b > c, respectively, is given by

. . r F | _b
F(a,b;c; 1) = %’
B(a,b)F(a, b; c; x) +log(1 — x) = R(a, b) + O((1 —x)log(1 —x)), (1.4

F(a,b;c;x)=( — x)"’“be(c —a,c—Db;c;x),
which can be found in the literature [6, Theorems 1.19 and 1.48], where
R(a,b) = —y(a) — ¥ (b) =2y, ¥(x)=T"(x)/T(x)

and y = lim (3F_i + —logn) = 0.57721- - is the Euler-Mascheroni constant.

For more information on these and related functions, we refer the reader to [6-9] and,
for recently obtained related results, to [10-23] and the references contained therein.
The study of this paper begins with the following elegant inequality

%Ma (1, M) <E() < %Mﬂ (1, M) (15)

for all r € (0, 1) with the best possible constants & = 3/2 and 8 = (log2)/log 7,
where M, (x, y) is the g-th power mean of x and y defined by M, (x,y) = [(xq +
y")/Z]l/q forg # Oand Mo(x, y) = ,/xy. Thefirstinequality in (1.5) was conjectured
by Vuorinen [24] and proved in 1997 by Qiu and Shen [25, Theorem 2] (see also
[26, Theorem 1.1] by different methods), while the second inequality in (1.5) was
established in 2000 by Qiu [27, Corollary (1)] (see also [28, Theorem 22]).

In light of inequality (1.5), the following questions are natural:

Question 1.1 (1) Can (1.5) be extended to the case of complete p-elliptic integral?

(2) Can we use M;(x, y; w) to approximate to the complete p-elliptic integral of the
second kind, and if yes, what are the best possible constants s in the lower and
upper bounds? Here and hereafter,

[(1 —w)x® + wy‘v]l/s, s #0,

MG i) =14 1w, s=0

is the w-weighted power mean of order s.
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The main purpose of this paper is to give the answer to Question 1.1 by proving
our following theorem.

Theorem 1.2 For p > 1l and s > 0, let

+1 log(527)
o= o’(p):p—, T .= t(p):—pn,l,
2 log -
2
o=0P)=——77, (1.6)

and 1 :=02) — 1 =237 — 1 ~ 0.01057, and define the function Qg on (0, 1) by

L1 1 1.
Q (x)_ F(_Fy F)lax) _ F( P’ p517x)
s = =
My (1, (1 =x)!/r; [1-3 M]”S
S( p) 1 >t

and f(x) = Qs (x), g(x) = Q1 (x). Then we have the following conclusions:

(1) If p = 2, then the function f is strictly increasing and convex from (0, 1) onto
(1, 0). In particular, for p > 2 and x,r € (0, 1),

Mo (11 =0)7 4) < F (=1, 55 1:x)
<[1+@- s (L =07 L), a7

Z M) (1,\/1 —r2) <E() < %(1 +nrt M) (1,\/1 —r2). (1.8)

2

Moreover, if 1 < p < 2, then f is neither increasing nor decreasing on (0, 1).
(2) For p > 2, there exists a number x* € (0, 1) such that g is strictly decreasing on
(0, x*] and strictly increasing on [x*, 1), with g(0) = g(1) = 1.
(3) If p = 2, then the double inequality

Mo(1, (1= 0)/P: 1y < F (—l ;l;x) < My (1, (1 —x)V/P; %) (1.9)

1
p pp
holds for all x € (0, 1) ifand only if o < o and B > t, and the inequality

F=3.5tx) <[+ @- ], (La—n'7: L) a0

holds for all x € (0, 1) ifand only if s > o.

Taking x = r” in Theorem 1.2 and letting ' = (1 —r”)!/P, we immediately obtain
the following.

Corollary 1.3 For p > 2, let 0 and t be as in Theorem 1.2. Then the double inequality

T T
7”Ma(1,r’; 2) < Ep(r) < 7”Mﬁ(1,r’; ) (1.11)
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holds for all r € (0, 1) if and only if & < o and B > t, and the inequality
-p — 1P
Epr) < 3 2[4+ (o - )rP]M (1 r: ) (1.12)

holds for allr € (0, 1) ifand only if s > o.

Observe that for p = 2, the double inequality (1.11) coincides with (1.5). The proof

of Theorem 1.2 given in Sect 4 requires several properties of 77, and the Riemann zeta
function ¢(z) = Z;’o 1 n( for 9(z) > 1 or the Bernoulli numbers B,, defined by the
power series expansion

Z2k

o o
"
—_1—— B 2m), 1.13
ez_1 X:j b +k§ 2 gy (1 < 2m) (1.13)

which will be revealed in Sect.2, and some properties of F(a, b; c; x) presented in
Sect. 3.

Throughout this paper, we denote the set of positive integers by N and No = NU{0},
and keep in mind the definitions of o, T and o given in (1.6).

2 Some Properties of the Riemann Zeta Function and 7,

In this section, we prove several lemmas, which present several properties of 7, and
the Riemann zeta function needed in the proof of our main results stated in Sect. 1.

Let us recall the following well-known formulas listed in [29, 23.2.1, 23.2.16 &
4.3.70-4.3.71]

c(2n) = (=" *! (2(2))‘32,1 for n eN, .1

1 20(2n) 4,4 {(2n +2) o2
cotx = ; — Z W}C and _x_ 0 S]]‘]_x = Z (n T 1)7'[2"+2 (22)

n=1

for |x| < m. By (2.1) and [30, 23.1], the first few values of Riemann zeta function are

2 x4 76 8
@) = ra @ = %0’ £(6) = % t@®) = 9450

210
¢(10) = 93555 (2.3)

The following lemma is a useful tool for dealing with the monotonicity of the ratio
of power series. The first part of Lemma 2.2 is first established by Biernacki and Krzyz
[31], while the second part comes from Yang et al. [32, Theorem 2.1]. But we cite the
latest version of the second part [33, Lemma 2], where the authors have corrected a
bug in the previous version [32, Theorem 2.1].
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Lemma 2.1 ([33]). Suppose that the power series A(t) = Z;OZO a,t" and B(t) =
Y nl o but" have the radius of convergence r > 0 with b, > 0 for all n € Ny. Let
Hy p = (A'/B’)B — A. Then the following statements hold true:

(i) Ifthe non-constant sequence {a, by}, , is increasing (decreasing) for alln > 0,

then A(t)/B(t) is strictly increasing (decreasing) on (0, r);

(ii) If for certain m € N, the sequences {ay/bi}o<k<m and {ak/bi}r>m both are
non-constant, and they are increasing (decreasing) and decreasing (increasing),
respectively. Then A(t)/B(t) is strictly increasing (decreasing) on (0, r) if and
only if Hy p(r7) > ()0. If Ha,.p(r~) < (=)0, then there exists ty € (0,r)
such that A(t)/B(t) is strictly increasing (decreasing) on (0, ty) and strictly
decreasing (increasing) on (ty, r).

By (2.1), the double inequality for the ratio | Bo,42|/| B2, | obtained in [34, Theorem
1.1] can derive the following lower and upper bounds of ¢ (2n + 2)/¢(2n).

Lemma 2.2 ([34, Theorem 1.1]). For n € N, the double inequality holds

22n+1 —4 {(21’! +2) 22n+2 —4
< < .
22n+1 _ c(2n) 22n+2 _ |

(2.4)

The following two lemmas present some properties of {(2n) for n € N, and
properties of 7, respectively.

Lemma2.3 Forn € N, let

I PP L A B
an_n+l§ n ’ n—6n+1an+l9 cn_6l’l+7§ n B}
4 D@ —1DE@n+2) + 120+ 32 +4)
n — .

n+2)Bn—-1)

Then the following statements hold:

(1) The sequence {ay )} is strictly increasing forn € Nwitha, = n*/64 and lim a, =
n—od
2;
(2) The sequence {b,} is strictly decreasing for 1 < n < 6 and strictly increasing for
n > 6 withb; = 7°/1323 and lim b, = 2/3;
n—o0
(3) The sequence {c,} is strictly increasing for n € N with ¢, = 27°/12285 and
lim ¢, = 1/6;
n—oo
(4) The sequence {d,} is strictly decreasing for | < n < 3 and strictly increasing for
n >3 withd; = w*(1 4+ 1072/63)/180 and lim d, = 4/3.
n—oQ

Proof Due to binomial expansion theorem, it can be easily established the following
inequality which will be often used in the proof of Lemma 2.3

n
On(n—1)  27n(n —1)(n —2
=143 =Y ks 432D 2 D 2 2)
k=0 2 6

oo 2.5)

@ Springer



Sharp Approximations for Complete p-Elliptic Integral... Page70f23 126

forn € Ny, where C ,’j is a binomial coefficient. Clearly, the first item of each sequence
and the limits can be obtained from (2.1) and (2.4).

(1) By Lemma 2.2 and (2.5), we obtain

any1  (n+DC2n+3)¢(2n+4) - (n 4+ D2n + 3)(221+3 — 4)
an M +2Qn+1)C@n+2) ~ n+2)Qn+ HRP 1)
8-4" —6n> — 15n — 10
T+t DR 1)
_ 81+ 3n+9n(1 — 1)/2] —6n° — 150 — 10
- (n+2)2n+ )22+ — 1)
3(6 4 n + 10n?)
T2+ H@ )

+1

+1>1,

which yields the monotonicity of {a,}.
(2) Lemma 2.3(2) will be true if we can prove b,y1/b, < 1 for 1 < n < 5 and
by4+1/by > 1forn > 6. By Lemma 2.2, we obtain

bus1 (0 +2)2n +5)(6n + 1)¢(2n +6)
by (n+3)Q2n+ 1)(6n+T)C(2n+4)
(n +2)(2n + 5)(6n + 1)(2*"T6 — 4)
(n+3)2n + 1)(6n + 7)(227+6 — 1)
t1(n)

- (n +3)Q2n + 1)(6n + 7)(227+6 — 1) +1 (2.6)
for1 <n <5and
bny1 (n+2)2n +5)(6n + 1)(22"1H3 — 4)
bn ” (n+3)2n+ 1)(6n +7)(22+5 — 1)
n(n)
+1 2.7)

T +3)2n + D(6n + 22 1)

for n > 6, where t;(n) = 642n — 11)4" — 36n° — 168n% — 2097 — 19 and
t(n) = 32(2n — 11)4" — 361> — 168n> — 2091 — 19. Moreover, it can be easily
from (2.5) proved that

f1(n) < 64(2n — 11)(1 + 3n) — 36n> — 168n> — 2097 — 19
=-3[241 4+ (Bl =T2mn+ 1231 <0 (1 <n<5),
9n(n—1) 4 27n(n — 1)(n — 2)]
2 6
—36n> — 168n% — 2097 — 19
= 7111 + (n — 6)[1247 4+ 672n + 36n>(8n — 13)] >0 (n > 6).

H(n) > 32(2n — 11) [1 1304

This in conjunction with (2.6) and (2.7) gives the desired result of (2).

@ Springer



126 Page8of23 T.Zhao

(3) As in the proof of (1), by (2.4) and (2.5), the monotonicity of {c,} follows easily
from

cnyl  (n+2)(6n+7)¢(2n + 6) - (n 4 2)(6n + 7)(22+5 — 4)
o (m+DO6n+13)c@n+4) T (n+ D(6n + 13)22H5 — 1)
324" — 1802 —57n — 43
T (4 D)(6n + 13)22F5 — 1)
_ 321430+ 9n(n = 1)/2] - 18n% — 57n — 43
(n + 1)(6n + 13)(221+5 — 1)
12607 + 183n — 11
T+ D(6n + 13)22F5 1)

+1

+1

+1>1 (n>1).

(4) Numerical experiment results show

463 + 1072 (60 + 772
gy = O30T 38805 5 dp = OO T L 31306
11340 94500

8(55 4 672
ody = TOITOTD 03
831600

710143325 + 1520272)
= ~ 1. . 2.
< da 21070924875 30383 (2.8)

Moreover, it can be proved from Lemma 2.2 that

dopi (0 +2)3n — D[@n* + Tn +3) + 2n* + Tn + 5); (2n + 6) /¢ (2n + 4)]
dy ~ +3)Gn+2)[n@n+3)+ @n? +3n —2)c2n+2)/c2n +4)]
Pa()223 £90n* + 4651 + 677n% + 112n — 172
(n+3)Bn +2)Q2+5 — 1)[220+4 (202 4+ 3n — 1) — (10n2 + 151 — 2)]

+1,
2.9

where 13(n) = 64(n + 1)(n — 2)4" — 90n* — 46513 — 640n% + 49n + 242.

Therefore, the desired result of (4) can be derived from (2.8) and (2.9) together
with

13(n) > 64(n + 1)(n +2) [1 34 9"("2_ D 2D - 2)}

6
—90n* — 465n° — 64012 + 495 + 242.

=3 [16466 + (n — 4)(96n* + 661> + 269n% + 11081 + 4107)]
>0 (n>4).
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Lemma 24 Leta = =5 ~ 0.30396, b = %22 _ 12 ~ 0.31907 and
b4 log 5 b4

2a TX 1
ox)=|—+>b)log— — log ,
X sin(7rx) 1—x

1 2 X
¢(x) =log —a|l+ —)log—
1—x X sin(r x)

for x € (0, %]. Then we have the following statements:

(i) There exists a number x1 € (0, %) such that the function ¢(x) is strictly increas-
ing on (0, x1] and strictly decreasing on [x1, %] with ¢(07) = <p(%) = 0.
Moreover, the function ¢1(x) = ¢(x)/x? is strictly decreasing from (0, %] onto
[0, (b — a)/2a) and the function ¢;(x) = ¢(x)/(1 — 4x%) s strictly increasing
from (0, ] onto (0, 152 — 2a(1 —log 1)].

(ii) The ﬁmction o1(x) = ¢x)/x> is strictly increasing from (0, %] onto
(% lOa’ 8(b —a)log 7],

In particular, for p € [2, 00), we have

o _3p 8 oo L (1 1

—_— —_— — < Za a _— <T
75 =5 To5 = 3
76p 8 96p
<2ap+b< 2L ° DD 2.10
WHO <155 T 25 = 123 (2.10)

with the equality in each instance if and only p = 2. Moreover, the constants a and
b, and the coefficient 2a in the the second and third inequalities in (2.10) are all best
possible.

Proof (i) Clearly, p(0") = (p(%) = 0. By differentiation and (2.2), we obtain

903(x):=§0(x):1{<z—a+b>[l—ncot(nx)]—z—glog—,nx 1 }
x x X X

X sin(mx) 1—x

= i [2bc(2n +2) — 1]x*" + i@aan“ — 1)x2Hl (2.11)
n=0 n=0

and

, 1 [6a X 4a 1
p3(x) = 51> log — -2 —+b) |- —mcot(mx)
xc | x sin(mx) X X

(2a +b) 2w x — sin(2m) 1—2x }

2 sin? (7 x) (1 —x)?2

o
=5 X(:)(Zn +3)Qaay» — Hx2t2
n=,
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+2) (n+ D[2bL@2n +4) — 1]x>H! (2.12)
n=0

with

b 2
03(0F) = % —1~0.04971 and

@3(1) = 4[b— 1 —4a(log Z — 1)] ~ —0.05652, (2.13)

where a;, is given as in Lemma 2.3. It follows from Lemma 2.3(1) that

2 4
2aap42 — 1 > 2aa; — 1 = 12—9 —1~0.030784 > 0 (2.14)
for n € Ny. Hence by (2.12) and (2.14),
2 1 &
W =T 1+5 gan +3)(2aa, 12 — Hx*"H!

+2) (n+ D[2bs2n +4) — 1]x>H!
n=0

JT2

4
=10 1+ ;)(611 +7) (abn+1 + 4bc,, — %)xzn"H

o
+ Z(6n +7) (abn+1 + 4bc,, — %) x2ntl

n=>5

for x € (0, %], where b, and ¢, are given as in Lemma 2.3. According to this with
Lemma 2.3 (2)—(3), it follows that

2 4
Gh() < T 1 (aby + dbes — 1) S 6n 4+ 1!
: 10 Z

00
+ |:2(a3+b) _ %] 2(611 + 7)x2n+1 <0,
n=>5

since aby + 4bcs — & ~ —0.07321 < 0 and 242 — 1 ~ —0.08464 < 0. This
implies that @3 (x) is strictly decreasing on (0, %]. Hence the result for ¢ follows from
(2.11) and (2.13).

Furthermore, since

¢'(x)  ¢3(x) and ) )
x2 2 (1 —4x2y g
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the desired results for ¢ and ¢, follow from the monotonicity of ¢3 together with the
L’Hopital Monotone Rule [6, Theorem1.25].
(ii) Differentiation gives

'_3¢>/(x) 1 1 2a1 TX 2 1 1 )
P20 =30m = 2 s T e e _“(ZJF ) x T T eotmx)

=Y 11 =2ac@n+H]x> = > " Qaay1 — Hx™ (2.15)
n=0 n=0

and

, 1 10 1 8a X
Py (x) = 3 {a <; + 3) |:; -7 cot(nx)i| — x—zlog m

2 2w x — sin(2m) 2 —3x
—ma|—+1 — — 3
X 2sin“(mx) 1-x)

=Y @n+ D[l —2at@n+H]x* =23 "(n + 1) Qaap 42 — D"+
n=0 n=0
(2.16)

It follows from (2.14) and (2.16) that

Pr(x) = Y @n+ D[1=2a2Q2n+4H]x™" = (n + 1)(2aay42 — Hx™
n=0 n=0

o0
=Y Gn+2)(1 —2ad,1)x™", (2.17)
n=0

where d,, is given in Lemma 2.3.
By Lemma 2.3(4), we obtain

7.[2 4

v
1 —2ad >min{l —2ad;, 1 —2ads}=1— — — — ~ 0.15562 > 0
adp+1 _mm{ ady, a oo} 30 189 >

for n € Ny. This in conjunction with (2.17) implies ¢, is strictly increasing on (0, %].
Hence the monotonicity of ¢ follows from (2.15) and the L’Hopital Monotone Rule
[6, Theorem1.25].

To this end, by substituting x = 1, the second and third inequalities in (2.10) can
be derived immediately from Lemma 2.4(i) and (7). The first inequality of (2.10) can
be obtained from

I(p) = 2ap + +1 ! ! 3p+8
=2apt+a+—|z——)-|—=—+=]).
p P #\37 104 5 725

15 7% 887
I2) = — — — — — ~0.00036107,
72 240 600
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, 1 1 72 | 1 72 ~
I'(p) = =710 6—? > T 6—2—4 ~ 0.00711213.

The last inequality is clear by numerical results. O

3 Some Properties of the Gaussian Hypergeometric Functions

We will show, in this section, some properties of the Gaussian hypergeometric function
F(a, b; c; x), which are also needed in the proof of Theorem 1.2. The technique tool
is to give a recurrence relation of maclaurin’s coefficients for the product of power
function and hypergeometric function, which has been proved by Yang in [35] that the
coefficients of the function x — (1 — 6x)” F(a, b; c; x) satisfy a 3-order recurrence
relation for & € [—1, 1], and in particular they satisfy a 2-order recurrence relation for
0=1.
As a special case of [35, Corollary 2], we state it in the following lemma.

Lemma 3.1 For p € (1,00) and s € (0, 00), defined the function f; on (0, 1) by
o0

SO == 7F(1 =4, 14+ 5:25x0) = ) upx™.
n=0

Thenug = 1,u; = 2ps + p2 — 1)/(21)2) and for n € N, the coefficients u, satisfy
the recurrence relation

Uptl = Quity — Bultp—1, 3.1
where

2+ (3 +2s/pn+2s/p+1—1/p?
B (n+1)(n+2)

B — (n+s/p)*—1/p?
T i+ D(n+2)

Op
Moreover, we have u;, > 0 for alln > 0.
Lemma 3.2 For p € [2,00) and s € (0, 00), let u,, be defined as in Lemma 3.1 and

v:a—;»a+ﬁn
! 2)n!

Then we have the following conclusions:

(i) If s = o, then ug/vo = u1/vy and the sequence {u,/v,} is strictly decreasing
forn e N.

(ii) If s = 1, then for each p € [2,00), there exists an integer ny = no(p) €
{2,3, 4,5, 6} such that the sequence {u,/v,} is increasing for 0 < n < ng and
decreasing for n > ny.
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Proof In order to obtain the monotonicity of {u, /v,}, it suffices to consider the sign
of

Un+1

D, = Dy(s) = Up+1 — Up = Up+1

n

_(+2-1/p)n+1+1/p)

Uy, 3.2
(n+ 1)(n+2) " G2
due to v,, > 0 forn € Ny.
By (3.1) and (3.2), D, can be written as
Un+1 -
D, = ayu, — Brttn—1 — Up = Qplty — Bplty_1, (3.3)

n

where

o — g Vnl _ P2 4204 ms — (p+ 1)
Ty, p(n+1(n+2)

Let us first analyze the sign of

B An(s)
pX(n+ 1D +2)2(n+3)°

(3.4)

Ap(s) = &n-l—l(an —0y) — But1 =

where

An(s) = (14 p +np) [pz(n—i-Z)— 1] —2mn+2) [p—l+p2(n+1)]s
+p(n + 1)(n +2)s

can be regarded as a quadratic function of 5. More precisely, A, (s) is aupward opening
parabola satisfying with A, (0) = (1+p+np) [p*(n 4+ 2) — 1] > Oand its symmetric
. 2(n+2)[p—1+p*(n+1D)] -1
axis ¥ = = ey — = P+ 5arn
us to know A, (s) is strictly decreasing for s € (0, p).

Taking s = o into (3.4), we obtain

> p for n > 0, which makes easily for

_=DIplp—Dn+2(p+DHp -2 _

Bnl0) = 4p3(n +2)%(n + 3)

0 3.5)

for n > 1. On the other hand, for n > 1, inequality (2.10) and the monotonicity of
s = A, (s) on (0, p) lead to the following estimation

- - (76 8 7 223 2918p%  4802p3 49p — 40)2
Aoy = A, (1P 4 _ 1 2Bp p p’ , p(49p —40)” ,
25 ' 625 3125 15625 15625

125 ' 25
[3(p —2)2(2401p + 4559) + 24071(p — 2) + 3434]

n

+ 15625
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_ 7, 223p  2918p7  4802p°  p(49p — 40)

=25 625 3125 15625 15625
1
——|3(p — 2)*(2401 455 24071(p — 2) + 3434
+ T5c35 | 3(p — 222401 p +4559) + 24071(p — 2) + 3434]
1
= ——[3(p — 2)%(4802 7993) 4 43642(p —2) +5743| > 0,
15625[(17 )7(4802p 4 7993) + (r—2)+ ]>

which in conjunction with (3.4) implies
A,(t) <0 forn e N. 3.6)
Based on the above preparation, we are now in a position to study the monotonicity

of u, /v, by investigating the sign of D,,.
(i) In the case of s = o, it can be obtained from Lemma 3.1 and (3.2) that

2_1)(p—2
Dy=0, D= _=bp=2) 24);57 ) <0,

3.7)
_ _ (PP=DI6+(p=2)(1+5p+12p?)] (
D, = 2883 < 0.
Assume that D, < 0 for n > 2, that is, by (3.3),
Aplty < PBpitn—1. (3.8)

We now show D, 11 < 0forn > 2.
Clearly, @, > 0 and B8, > 0. If @10, — Bn+1 < O, then it follows easily from
(3.1) that

Dpy1 = &n+lun+l — Busttn = 1@ty — Buttn—1) — Buy1ln
= (&n—Han — Bnt 1)Uy — &n-l-lﬂnun—l < 0.

If @p4100 — Bnt+1 > 0, then by (3.5) and the assumption (3.8), we obtain

Dpyy = (&n+lan — Bur)uy — c~‘n+1/3n“nfl

- Bn .
< (Ant10n — ,3n+1)&_un71 — Qn+1Bntn—1
n
Burl- ~ Ap(0) Bty
= ~_|:an+l(an —ap) — ﬁ11+1]un—1 =—F—<0.
oy Qpn

Hence by mathematical induction, D,, < 0 for all n > 2 and we conclude by (3.7)
that D, < 0 forn € Ny, with equality if and only if » = O or (n = 1 and p = 2). This
completes the proof of (i).

(i7) In the case of s = 7, we will divide into three cases to complete the proof.

Case 1: n =0, 1. From (2.10) and Lemma 2.3 we clearly see that

T—0

p

Dy = > 0,
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2tBpt—p—2)— (P2 —=1DQRp+1) 3 8
Dy(r)= 220 upf P~ b (?” + 5)
3534 (p —2)(100p? + 265p + 264) -
- 7500 p3 '

Case 2: n = 2,3, 4. In this case, we will prove that D,, > 0if D41 > 0.
If D,,+1 > 0, then it follows from (3.1) and (3.3) that (&, 11ty — Bntr1)un >
Apt1Bnltn—1, so that a1, — Byy1 > 0. Combining this with (3.3) and
(3.6), we obtain

~ ~ &n+lﬂnun—l Ay (T) Bpttn—1
Dn = anun - ﬂnun_l Z an = - - ﬂnun_l = - 5 >
An4+10y — ,Bn-i-l Un+10n — ﬂn—ﬁ—l

In conclusion, it can be easily seen that for 2 < n < 5, only the following
possible signs of D,, can be happened:

Ds>0= D4 >0, Dy >0, D >0,
Dy >0= D3>0, D, >0,
D;>0= D >0,

Dy < 0= D> >0,
4 D;<0= 1%~
D, < 0.

Ds < 0=

Case 3: n > 6. In this case, we shall show D, < 0 for n > 6 by mathematical
induction.
By Lemma 3.1 and (3.2), De¢(7) can be written explicitly as
1 7
D, = C k, 3.9
6(1) = = 5032128003 ZZ; k)T )

where

6
Co(p) = Tp+ D [[&*p* - D),
k=1

Ci(p) = 14p>(p — 2)(751680p® + 1684800p” + 2865600p° + 5548752 p°
+ 11144348 p* + 22337716 p> + 44684772 p* + 89364525 p
+ 178727517) + 14(357455244p° 4+ 70p* — 3p — 1),

C2(p) = —42p[50400p'° — 83520p° — 266648 p® + 61500p” + 116160 p°
— 11595p° — 15649p* 4 750p° +790p* — 15p — 13],

C3(p) = —840p*[9 + 5p — 400p* — 160p° + 5297 p* + 116853 p°
+28p°(p — 2)(762p* + 1434p + 2063)],
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Ca(p) = —4200p3(3360p° — 150p° — 2216p* +51p> +313p> —3p — 11),
Cs(p) = —5040p*(924p* — 18p> — 374p? + 3p + 25)
Co(p) = —5040p°(140p% — p — 27), C7(p) = —40320p5.

Clearly, C1(p) > 0and Cx(p) <0 (3 <k <7) for p > 2. Since

[C2( + 3] = x[262() +3C3(px] < 2x[Ca(p) + 3 ) |
= —2x[p3(p — 2)(50400p° + 444000 p° + 570952 p*
+752604p° + 1647868 p* + 3390081 p + 6761313)
+ 13515376p° + 890p* + 165p — 13] <0,

the function x — Ca(p)x? + C3(p)x> is strictly decreasing on [%, 00).
Hence by (2.10),

7 7
D Ci(p)t = Co(p) + Ci(p)T + Co(p)T> + C3(p)T° + ) Cr(p)t*
k=0 k=4
3p 8 ! 76p 8 \F

> Co(p) + C1(p) <? + E) + ];Ck(l?) (E + E)
_ 95588549454428739236367 + (p — 2)[61(p) +48p* (p — 2)62(p)]
- 95367431640625
>0, (3.10)

where

01(p) = 47794274893153700672871 + 23897135488187568109873 p
+ 11948556936797031125249 p* + 5974427435759965757937 p°
4 2987550877507058074281 p* + 1489664993280209701203 p°
+ 737767438296634655289 p° + 416386484287891444832p’

+ 3326960318887724226640p°,
02(p) = 31651285140980996919 + 16430140617613083499p

+ 11955793840667518488 p* + 5523472440264886632p°.

Hence Dg(t) < O follows from (3.9) and (3.10).

Next, we assume that D,, < 0 for n > 6. In other words, the inequality (3.8)
is valid again. If &, 410, — But1 < 0, then D, 41 = (pt10, — But1)Un —
Ant1Buttn—1 < 0. If @10y — But1 > O, then it follows from (3.6) and
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(3.8) that

N Bn .
Dy < (pg10p — ,3n+1)&_un—l — Uyt 1Bnltn—1

n

BT - ~ Ap(T)Brttn—1

= ~_|:Oln+l(0ln —ap) — ,BrH—l]un—l ==
Opn Qpn

< 0.

Hence by mathematical induction, D,, < O for all n > 6.

By the discussion in Cases -3, we conclude that for each p € [2, 00), there exists
an integer ng = no(p) € {2, 3,4, 5, 6} such that the sequence {u,/v,} is increasing
for 0 < n < ng and decreasing for n > ng. O

Proposition 3.3 For p > 2, let f;(x) be defined as in Lemma 3.1 and
h(x):F(Z—%,l—i—%ﬂ;x).

Then the following statements are true:

(i) The function ®1(x) = fo(x)/h(x) is strictly decreasing from (0, 1) onto (0, 1)
ifand only if p > 2;

(ii) There exists xo € (0, 1) such that ®>(x) = f;(x)/h(x) is strictly increasing on
(0, x0) and strictly decreasing on (xg, 1) with ®2(0) = 1 and ®>(17) = 0.

Proof (i) In terms of power series, we can rewrite as

-2 i 1y
A=) 7F(1— 5. 1+ 5:2.0x) 3% 0
1 1.5 - o ’
F2— 4,14 5:2%) 2nzo UnX"

P1(x) =

where u, and v, are given as in Lemmas 3.1 and 3.2, respectively.

Clearly, by (1.4), ©1(0) = up/vo = 1 and ®1(17) = 0. Hence for p € [2, 00), it
can be easily seen from Lemma 2.1 and Lemma 3.2(i) that & is strictly decreasing
from (0, 1) onto itself.

Conversely, the necessary condition of Proposition 3.3(i) requires us to satisfy

() _ lim Jo(h(x) — fo ()R (x)

lim
x—0~ X x—0~ xhz(x)
1 o] o0
= lim =} | Y kot Dr1vnk = tn—ivgt) | 5"
=0 =0 Li=o

2 — —
= lim [2(uz — v2) + 0(x)] =2(uz —vp) = _r=Dbp =2 0,

x—>0~ 12p3 N

since u; = vy for s = o. This yields p > 2 and completes the proof of (7).
(ii) For s = 7, it can be computed from (1.4) and T < p that

f!
Hy p(17) = linli_ <h—fh — ff)
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= lim
x—1-

—(1 —x)"P Fy(x)}

(1= x)"P[(p* = DF1(x) + 2pt Fo(x)] F1(x)
(p+DQ2p— HF(x)

2_ ~
= lim (1—x)""/7 |:p2 21F1(x) - (1 - £> Fo(x)} = —00,
4 p

x—>1-
3.11)
where
Fow) =F (1= 5.1+ 5:2:x), R =F(1-5 L2x),
ﬁl(x)zF(l—%,l+%;3;x>, F2(X)=F<1—%,%;3;x).

Hence the piecewise monotonicity of ®;(x) follows from Lemma 2.1, Lemma 3.2(2)
and (3.11). The limiting values of @, are clear. O

4 Proof of Theorem 1.2

In this section, we shall prove Theorem 1.2 stated in Sect. .

Proof of Theorem 1.2 Let f; be defined as in Lemma 3.1, and &, @, O, be given as in
Proposition 3.3. By differentiation,

(1 —x)"/Pgy(x)

0,(x) = — vl @.1)
Pz[l—;-i-;(l—x)s/p]
where
F(-1. 11« 1 1 1 1
qs(x) = FlEppitis) [(1 ——)(1 —x)“Y/P+—]F(1 ——,1+—;2;x).
1 - p P P P
By (1.4), it can be easily seen that
F(—lv » hx) 1 1 1
$__F<1__,1+_;z;x>
l—x p p p
1 1 1 1 1
=F(l——14+—1ix)——F|1l——,14+—2;x
p p p p p
00 _ 1 1 00 _1 1
=Z(1 p)n<1+,,>nxn_z<1 Laa+dy,
N2 |
— () ~  p@n!

X (1= Dan+ 1= D0+ D)

- 20 nl2), *
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© 1-Lie-L,a+1,
:Z( p)( p) ( [7) xn — <1_l> h(x)
Z nQ2) P

According to this, we can simplify g, (x) as follows

gs(x) = (1 - l) [h(x) —(1—x)"¥/PF (1 — l, 1+ l; 2; x)]
p p p

- (1—1> f(x)[h(x) —1} 4.2)
B p) LA ' '

(1) Fors = o, it follows from (4.1) and (4.2) that

1=2

p? [1 — % + %(l —x)o/p

1 1 1
Fll——=,14+—=2;x)- —-11,
p p Q1(x)

which is a product of three positive and strictly increasing functions on (0, 1) by
Proposition 3.3. Hence the monotonicity and convexity of f follow.

f'x) =

]1+]/0

In particular, by the L’Hopital Monotone Rule [6, Theorem1.25], the convexity of
f shows

f@) - fO _ fO) -1

X X

is strictly increasing on (0, 1). So we obtain

fx)—1 . [f(X)—l} 2
< lim Q

X x—>1- X - ﬂp(l_%)l/a -

for x € (0, 1). This together with f(x) > 1 gives the inequality (1.7).
(2) Similarly, for s = 7, the piecewise monotonicity property of g follows from (4.1),
(4.2) and Proposition 3.3(ii).

Clearly, g(0) = 1. By the definition of t, it can be easily verified that

2
1IN =—F=1
g T[p(l _ %)1/‘[
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(3) If ¢ < 0 and B > 7, then the double inequality (1.8) holds by parts (1) and (2).
Conversely, the necessary conditions of Theorem 1.2(3) require us to satisfy

—x)/p ¥
F(—i,i;l;x)—[l—hr%]
p’'p - p p ZO

lim (4.3)
x—0F X

_ 11 1 a—x)pryf
im JF(—=, Zix) |1+ 2"2 | Loo @a
x> 1" P p p p

By Taylor’s series expansion, we obtain

11 2 _x?
F<——,—;l;x>:1—i—u+o(x2),

and

p'p p? 4p*
1 1 —x)¥/r1” 1 1 — )2
[1__+li| :1_%_ (p )(p-i; o)x + o),
p p P 2p

which yields

S U PRV WS I T o i
F( P’P’l’x) [1 » T ]

lim - z
x—0t X
1 -1 1 —20)x2 -1 1—2
— m A [P =D+ 0x” o) | = (p—D(p+ @)
x>0t x2 4p4 4p*

Combining this with (4.3) gives ¢ < (p + 1)/2 = o. On the other hand, it can be
easily seen from (1.4) that

11 1 (1—x)pr7P 2 1\
lim F(——,—;l;x)—l:l———}—l] :__<p_> )
x—=>1- pp p p T p

Hence by (4.4) yields

B = [10g (527) | /1og(rp/2) = <.

This completes the proof of Theorem 1.2. O

5 Concluding Remark
(1) In the study of the hypergeometric mean [F(—a, b; c; x)]l/“ withec > b > 0,
Richards proved in [36, Theorem 1] that the inequality

1/2

[F(—a,b;c; )Y > [(1—2) 4+ 2(1 —x)] (5.1
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holds for all x € (0, 1) if and only if A < (a + ¢)/(1 + ¢) provided that
b>0, a<1 and c¢ > max{l — 2a, 2b}. 5.2)

Our parameters a = b = 1/p € (0, 1/2] and ¢ = 1 satisfy clearly the conditions
in (5.1) and

a+c p+1
:—:—:ao"

1+c¢ 2p p

so that in this case, the first inequality (1.9) coincides with the inequality (5.1). It is
worth pointing out that the method used in this paper is completely different from that
used in [36, Theorem 1].

(2) In [37, Section 3] Barnard et al. proposed two conjectures on the inequalities
involving the hypergeometric mean, one of which was stated as follows.

Conjecture 5.1 ([37, ConjectionI]) Leta < 1,c > b > 0andc > b — a.

e Suppose ¢ > max{1 — 2a, 2b}. Then

1/u

[F(=a,b;c; )1 < [(1-2)+ 201 —x)*] (5.3)

forallx € (0,1) if u > [a log(1 — g)] / log [%i}“));m] (sharp).
e Suppose ¢ < min{l — 2a, 2b}. Then the inequality (1.10) reverses if u <

[alog(1 — £)] /1og [EECL,);W] (sharp).

Our Theorem 1.2 is related to Conjecture 5.1. As a matter of fact, it can be easily
seen that the second inequality in (1.9) implies that inequality (5.3) holds in the case

I(c+a—b)T
whena =b=1/p € (0,1/2],c =1 and [alog(l — %)]/log [%] =ar.

(3)For p > 2,let o, 0, 7, f, g be defined as in Theorem 1.2 and

P*=D(p-D(p-2) 2
T I e L I RA
T2p Tp P
(p — Dt —0) (1=l
=L =
2p pT

and define the functions G, G, G3, G4 on (0, 1) by

F(=1,1x) = M, (1,1 —0)VP; 1/p) 1
Gi(x) = 3 3:82) = , Gz(x)=%,

Me(1, =073 1p) = F (=1, 515 x) 1= o)
G300 = X2(1—x)7 /P e T T

Our computation seems to show that the following conjectures are true.
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Conjecture 5.2 (i) Thefunction G is absolutely monotone on (0, 1) with G1(0%) =
81 and G1(1) = &, and G, is strictly increasing and convex from (0, 1) onto
1,0 —1);

(ii) The functions G3 and G4 are both strictly increasing and convex from (0, 1) onto

(63, 84).

If these conjectures are true, then the inequalities in (1.7)—(1.10) and, correspondingly,
Corollary 1.3 and even (1.5) can be improved.
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