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Abstract .

Let p € (0,1]" and H f; (R™) be the anisotropic mixed-norm Hardy spaces associated
with a dilation matrix A. In this paper, we obtain a Mihlin multiplier theorem on
anisotropic Hardy spaces H f\’ (R™), when p depends on eccentricities of A and the
level of regularity of a multiplier symbol. This extends both the multiplier theorems
in classical Hardy spaces and anisotropic Hardy spaces.
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1 Introduction and the Main Result

Let A be an n x n matrix, and | det A| = b. We say that A is a dilation matrix if all the
eigenvalues A of A satisfy |A| > 1. Let A, ..., A, be the eigenvalues of A, ordered
by their norm from smallest to largest. Define A_ and A4, such that 1 < A_ < |Aq]
and |A,| < A4. Then In Ay /1n b are called the eccentricities of dilation A. We point
out that, if A is diagonalizable, we may let A_ := |A;| and A, := |A,|. Otherwise,
we may choose them sufficiently close to these equalities in accordance with what we
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need in our arguments. In addition, there is a sequence of nested ellipsoids {Bj} jez
associated with A such that

Bjy1 = A(Bj) and |By| = 1.

If A* is the adjoint of A, then A* is also a dilation matrix with the same determinant b
and eigenvalues as well as eccentricities, with its own nested ellipsoids { B;‘} jez. We
refer the reader to [6] for more properties about the dilation.

Let S(R") be the Schwartz space, and let S’ (R") be the space of tempered distri-
butions. Given a multi-index p := (p1, ..., pn) with p; € (0, 00) forany 1 <i < n,
the mixed-norm Lebesgue space LP (R™) consists of all measurable functions f, for
which

1l oy = H...||f||Lp1 ‘ .
X1 L
1
r P
= f...|:/|f(x1,...,xn)|p1dx1i| ..o dxy < 00.
R R
If py = ... = p, = p, then the space LP (R") reduces to the classical Lebesgue space

LP?(R™). The anisotropic mixed-norm Hardy space H /f (R™) associated with dilation
matrix A is defined as

D mony . /RNy - - o
HY®") = {f €S®Y: Ml gy = |Sp1F s enl| < oo} ,
LB (R")
where ¢ € S(R") satisfies fR,, @(x)dx # 0 and @i (x) := b*@(A*x) for any k € Z.
If p1 = ... = p, = p and the dilation matrix
20 ... 0
02 ... 0
A= . . I (L.1)
00 2

then the anisotropic mixed-norm Hardy space H ;'; (R™) coincides with the classical
Hardy space H” (R") of Fefferman-Stein [20].

The mixed-norm Lebesgue space L” (R") was systematically studied by Benedek-
Panzone in [5], which goes back to Hormander [28]. After that, many works on these
spaces have been done due to the importance of LP(R"), not only in harmonic analysis
but also in partial differential equations and geometric inequalities. For instance, in
a series of recent papers of Chen-Sun [9-11], they studied the Hardy-Littlewood-
Sobolev inequalities on LP (R™) a}nd characterized the boundedness of multilinear
fractional integral operators on L”(R"). When A is an anisotropic diagonal matrix,
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precisely,
2900 ... 0
022...0
A= . . : (1.2)
0 0 ... 2%

with 1 < a; < oo for 1 < i < n, the anisotropic mixed-norm Hardy space H f; (R™)
was first introduced and studied by Cleanthous-Georgiadis-Nielsen [15], and further
developed by the author and his collaborators in [29-31, 33, 35]. This anisotropic
mixed-norm Hardy space H If; (R") associated with the diagonal matrix (1.2) was later
extended to the general dilation matrix A (no need to be diagonal matrix or even no
need to be diagonalizable) by the author and his collaborators in [32]. Here we refer
to [13, 14, 17, 22-24, 26, 27, 34, 36, 37, 43, 44] for more detials on (anisotropic)
mixed-norm function spaces and their applications.

This paper is devoted to studying the Mihlin multiplier theorem on the Hardy space

H f; (R™). To state the multiplier theorem, let f and f denote the Fourier transform
and inverse Fourier transform of f, respectively. To be exact, when f € S(R"), then

7€) = /R F@e ™ dy and @) = f8) = /R P dy, Ve <R,

where 1 := /—1; when f € S'(R"), (f, o) = (f, (ﬁ) for any ¢ € S(R"}. Let
m € L (R"). We say the measurable function m is a Fourier multiplier on H f; R™)
if its associated Fourier multiplier operator T;,, initially defined by

T f(x) = (mf)"(x) = fR nm(aﬁ)f(é)ez””"s d&, Vx e R",

for f € LA R") N H f (R™), is bounded on H /[3 (R™). For a dilation matrix A, define
the dilation operator D4 by

D f(x) = f(Ax), Vx € R".

Forany Q € R” and N € NU{0}, denote by C () the set of all functions on £2 whose
derivatives with order no greater than N exist and are continuous. Then the following
anisotropic Mihlin condition was introduced in [4, 47]. Let A be a dilation matrix and
m e CN(R"\{0}) with N € NU{0} =: Z, . We say m satisfies the anisotropic Mihlin
condition of order N if there exists a constant C := Cy such that for any multi-indices
o with o] < N,

D92 Dl.m®&)| < C, V&eBi, \B: jel, (1.3)
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where, forany j € Z, vam(é) := m((A*)/ £). Henceforth, we always use C to denote
a positive constant which may depend on the dilation matrix A and scalar parameters
suchasn and p , and may vary from line to line, but independent of the main parameters
suchas f € Hf;(R"). Given a vector p := (p1,..., pu),let p_ :=min{py, ..., pu}
and py := max{pi, ..., py}. Forany s € R, we always use [s| to denote the largest
integer no greater than s. 3

Now we can state the Mihlin multiplier theorem on the Hardy space H f (R") as
follows.

Theorem 1.1 Let A be a dilation matrix, p € (0, 11", N € N and

Mo Nlnk_ ] Inb
o Inb Iniy’

If m satisfies the anisotropic Mihlin condition of order N and T, is the Fourier
multiplier operator, then T,, : H f; R"Y > H 5 (R™) is bounded, provided p satisfies

2
0< L —1< M| M
p— Inblniy
Recall that the study of the Fourier multiplier theory was initiated by Mihlin [42]
and Hormander [28] in the late 1950s. Then the multiplier theory for Triebel-Lizorkin
spaces and Besov-Lipschitz spaces was considered by Peetre [45] in 1975; for classical
Hardy spaces was studied by Taibleson-Weiss [46] and Baernstein-Sawyer [3]; for
Hardy spaces in the parabolic setting was inversitaged by Calderén-Torchinsky [7,
8]; for anisotropic Hardy spaces was obtained by Wang [47]. Additionally, Fourier
multipliers (or more general operators) on the anisotropic mixed-norm setting were
well studied by Cleanthous et al. in [16] as well as by Georgiadis et al. in [21, 23, 25],
and the extensions on manifolds, Lie groups or discrete settings were considered in
[1,2,12,18, 19, 21, 38, 39].
Next we give some remarks on Theorem 1.1.

Remark 1.2 Let py = ... = p, = p and the dilation matrix A be as in (1.1). Then
p— =p, A = Ay =2,b = |det A| = 2" and the Hardy space HX(R”) goes back
to the classical Hardy space H”(R"), and hence M = N — n and % < p < 1. This
theorem, in this case, recovers the classical case.

Remark 1.3 Let p; = ... = p, = p. Then the anisotropic mixed-norm Hardy space

H f" (R™) reduces to the anisotropic Hardy space H f (R™), and hence Theorem 1.1
coincides with the result in anisotropic Hardy space setting.

Remark 1.4 Letthe dilationﬁmatrix Abeasin(1.1). ThenA_ = Ay =2,b = |detA| =
2" and the Hardy space H f; (R™) goes back to the isotropic mixed-norm Hardy space
Hﬁ(R”), and hence M = N — n and % < p— < 1. We point out that, even in this
case, Theorem 1.1 is also new.
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Finally, we make some conventions on notation. The notation f < gmeans f < Cg
and, if f < g < f, then we write f ~ g. We also use the following convention: If
f<Cgandg=horg < h,wethenwrite f < g~ horf < g < h,rather than
fSg=horfSg=<h.

2 Proof of the Main Theorem

To prove Theorem 1.1, the main ingredients are the atoms of H f (R™) introduced in [32]
and the criterion on the boundedness of sublinear operators on H f (R™) established in
[32]. Moreover, the Calder6n-Zygmund operator theory on anisotropic mixed-norm

Hardy spaces H l; (R™) also plays an important role in our proof.
We begin with giving the following notion of the homogeneous quasi-norm.

Definition 2.1 For any given dilation A, a homogeneous quasi-norm, with respect to
A, is a measurable mapping p : R" — [0, co) satisfying
(i) if x # 0, then p(x) € (0, 00);

(ii) for any x € R", p(Ax) = bp(x);

(iii) there exists some R € [1, 0o) such that

p(x+y) = Rlp(x) + p(»)], Vx,yeR"

For a fixed dilation A, the associated homogeneous quasi-norms are non-unique.
But they are equivalent to each other (see [6, p. 6 Lemma 2.4]). Thus, in what follows,
we may use the following step homogeneous quasi-norm p defined by setting

px) = ijIBHI\Bj(x) when x € R" \ {0}, orelse p(0):=0
JEL

for both simplicity and convenience. In addition, if A* is the adjoint of a given dilation
matrix A, then A* is also a dilation matrix with the same determinant and eigenvalues,
with its own nested ellipsoids {B;‘} jez and step homogeneous quasi-norms p,. Given
a dilation A, we say that (p, r, s) is an admissible triplet if p € (0, 11", r € (1, oo}

and
1 Inb
SEH(__l) n J,oo)mm.
p— InA_

We now present the definition of (p, r, s)-atom from [32, Definition 4.1] as follows.

Definition 2.2 Let (p, 7, s) be admissible. A measurable function a on R” is called a
(p,r,s)-atom if

(i) supp a C x + By forsome x € R" and k € Z;

.. ) |Bk|1/’

(11) ”a”L' (Rm) = ||1X+Bk ”Lﬁ(R”) >

(iii) forany y € Z with |y| <, [ps a(x)x? dx = 0.
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We now recall the following notion from [47, Definition 3.1].

Definition 2.3 Let R € Z, and K € CR(R" \ {0}). We say that K is a Calderén-
Zygmund convolution kernel of order R if there exists a constant C such that for all
multi-indices « with || < R, and for any j € Z and x € Bj1\B],

_ ; C
D' 3¢D) K (x)| < —.
AT p(x)

If K is such a kernel, we say K satisfies CZC-R and its associated singular integral

operator T is defined by Tf := K * f, which is called a Calderon-Zygmund operator
of order R.

For the CZC-R kernel and the Mihlin condition (1.3), we have the following key
lemma (see [47, Lemma 3.2]).
Lemma24 Let N € Z4 and m € LIIOC(R” \ {0}). Suppose m satisfies the Mihlin
condition of order N as in (1.3), and define K by K := m. Then K is a Calderén-
Zygmund convolution kernel of order R provided R € N and

InA_ Inb
O§R<(N —1)

Inb InAy’
To prove our main theorem, the following lemma plays an important role.

Lemma 2.5 Let (p, 00, s) be an admissible triplet, m € LOO(R”Zand T, the associ-

ated Fourier multiplier operator initially defined on L>(R") N H f; (R™). If there exists

a positive constant C such that, for any (p, 0o, s)-atom a, ||Tma||H,;(Rn) < C, then
A

T has a unique bounded extension Tm H f R"Y - H f (R™).

To prove Lemma 2.5, we need the following Lemma 2.6 from [32, Corollary 4],

which gives the boundedness criterion about sublinear operators on H I‘Z (R™). To state
it, we first recall that a complete vector space B, equipped with a quasi-norm || - || 5,
is called a quasi-Banach space if

(i) ll¢llg = 0if and only if ¢ is the zero element of 5;
(ii) there existsapositive constant C € [1, oo) such that, forany ¢, ¢ € B, [|[p+¢|g <

Cllells + loln)-

In addition, for any given y € (0, 1], a y-quasi-Banach space B, is a quasi-Banach
space equipped with a quasi-norm || - ||, satisfying that there exists a constant C €

[1, oo) such that, for any K € N and {go,-}l.K:1 C By,

K
D¢
i=1

4 K
<C leil, -
B, i=1
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Let B), be a y-quasi-Banach space with y € (0, 1] and ) a linear space. An operator
T from Y to B, is said to be B, -sublinear if there exists a positive constant C such
that, for any K € N, {,ui}iK:l c Cand {(p,'}iK:l cl,

K 14
T (Zm%)
i=1 B

and, forany ¢, ¢ € Y, [T (@) — T(@)lIB, < CIT(p — $)|i, (see [30, 48]).

Lemma 2.6 Let (p,o0,s) be an admissible triplet, y € (0,1] and B, a y-quasi-
Banach space. If T is a B, -sublinear operator defined on all continuous (p, 00, $)-
atoms satisfying

K
<CY Il IT @l
i=1

sup [||T(a)||3y : ais any continuous (p, 00, s)—atom} < 00,

then T uniquely extends to a bounded B, -sublinear operator from H ,{\3 (R") into B,.

Additionally, the following property of Fourier transform of elements in Hardy
spaces H ﬁ (R") is required in the proof of Lemma 2.5 (see [41, Theorem 3.1]).

Lemma2.7 Let p € (0, 1] . Then, for any f € HP(R") there exists a continuous

Sfunction g on R" such that f = g in S'(R"), and there exists a positive constant C
such that

I8l = CIAN 5 gy max {[p*(x)]”_l, [p*(x)]”_l}, Vx e R".

With the help of Lemmas 2.6 and 2.7, we next show Lemma 2.5.

Proof of Lemma 2.5 From [32, Lemma 3.4], we infer that, for any { f;};eny C H f (R™),

K p-
p,
25 <CZ||ﬁ [
i=l1 H};(R”)
which implies that (H f @R -l HP (]R")) is a p_-quasi-Banach space. By Lemma
A

2.7, we find }hat f agrees with a continuous function in the sense of distribution for
any f € H f (R™). Moreover, applying [32, Lemma 3.4] again, we know that there
exists a positive constant C such that, for any K € N, {;L,-},.K:l c Cand {(,0,-}{(:1 -

L2(R") N HE (R,

K
Tn (Z Mi‘/’i)
i=I

pP—

K
L |P- -
<€l ITugilG o

Hf @) HY @)

@ Springer



129 Page8of 11 L. Huang

which implies that the Fourier multiplier 7, is a H f (R™)-sublinear operator. Then

combining the assumption ||Tma||H;(Rn) < C for all (p, 0o, s)-atom a and the cri-
A

terion on the boundedness of sublinear operators on H f (R™) (see Lemma 2.6), we
conclude that the operator 7;, has a unique bounded extension Tm : H f R") —
H f" (R™). This hence completes the proof. O

When applying Lemma 2.5, we must first show that the condition in Lemma 2.5
is satisfied. Thus, we need the following result, which is just a consequence of [40,
Theorem 3]. In what follows, for any s € N, an operator 7 is said to have the vanishing
moments up to order s if, forany f € L*(R") with compact support and satisfying that,
forany o € Z/} with |a| <'s, [a X% f(x) dx = 0,itholds true that [, x*T f (x) dx =
0.

Lemma 2.8 Let (p, 00, s) be an admissible triplet and £ € N with

1 (Inx_)?
0< ——1<bt—"—".
p— Inblniy

Assume that T is a Calderon-Zygmund operator of order £ and has the vanishing

moment conditions up to order so := |(1/p— — 1)Inb/InA_]. Then there exists a
positive constant C such that for any (p, 0o, s)-atom a,

ITall C.

Hi@my =
Using Lemmas 2.5 and 2.8, we now show Theorem 1.1.

Proof of Theorem 1.1 Let m satisfy the anisotropic Mihlin condition of order N as in
(1.3). Without loss of generality, we may assume M ¢ N. Otherwise, if M € N, then
let A_ and A4 be defined as

1<)L,<7L,<|k1|§...§|kn|<’x+<)\+

such that the new

- ( Inh_ Inb
M =N —1 —,
Inb Iniy

defined in terms of the new eccentricities In p- /In b, is slightly larger and no longer
an integer satisfying | M | = | M ]. Notice that, applying Lemma 2.4, we conclude that
K := mis a Calderén-Zygmund convolution kernel of order R provided R € Z and

InA_ Inb
O§R<(N —1)

Inb Iniy’
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Thus, we may take

InA_ Inb
R=|[N —1
Inb In A4

and then, from the assumption of Theorem 1.1, it follows that R = | M ].

We now show that there exists a positive constant C such that, for all (p, oo, s)-atom
a, the singular integral operator T associated with kernel K defined by Tf := K * f
satisfying

ITal =C

HY @)
when

(Inx_)?

1
0<——-1<M|——.
p— Inblniy

Indeed, we first note that T is a Calderén-Zygmund operator of order | M |. Moreover,
by the definition of operator T and the vanishing moments condition of (p, 0o, s)-atom
a, we know that, for any y € Z'}r with |y| <,

/ Ta(x)x? dx :/ / a(x — y)K(y)dy x¥ dx
Rn n n

=/ / a(x — y)x¥ dx K(y)dy =0,

which implies that 7 has the vanishing moment conditions up to order s. Therefore,

the operator 7 satisfies all assumptions of Lemma 2.8 and hence, from Lemma 2.8,

we infer that ||Ta||H,;(Rn) < C. By this and the fact that T = T,,, we find that
A

| Tnall HX ®) < C. Combining this and Lemma 2.5, we finally conclude that 7;, has

a unique bounded extension Tm - H fz R"Y - H f (R™) and hence Theorem 1.1 is
proved. O
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