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Abstract

A wide range of parameters of domination in graphs can be defined and studied through
a common approach that was recently introduced in [https://doi.org/10.26493/1855-
3974.2318.fb9] under the name of w-domination, where w = (wg, wy, ..., w;) is a
vector of non-negative integers such that wo > 1. Given a graph G, a function f :
V(G) — {0, 1, ..., 1} is said to be a w-dominating function if ZueN(v) fu) > w;
for every vertex v with f(v) = i, where N(v) denotes the open neighbourhood of
v € V(G). The weight of f is defined to be w(f) = Zvev(c) f(v), while the w-
domination number of G, denoted by y,, (G), is defined as the minimum weight among
all w-dominating functions on G. A wide range of well-known domination param-
eters can be defined and studied through this approach. For instance, among others,
the vector w = (1, 0) corresponds to the case of standard domination, w = (2, 1)
corresponds to double domination, w = (2, 0, 0) corresponds to Italian domination,
w = (2, 0, 1) corresponds to quasi-total Italian domination, w = (2, 1, 1) corresponds
to total Italian domination, w = (2, 2, 2) corresponds to total {2}-domination, while
w=(k,k—1,...,1,0) corresponds to {k}-domination. In this paper, we show that
several domination parameters of lexicographic product graphs G o H are equal to
yw (G) for some vector w € {2} x {0, 1, 2}1 and [ € {2, 3}. The decision on whether
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the equality holds for a specific vector w will depend on the value of some domination
parameters of H. In particular, we focus on quasi-total Italian domination, total Italian
domination, 2-domination, double domination, total {2}-domination, and double total
domination of lexicographic product graphs.

Keywords w-domination - (Total) Italian domination - Quasi-total Italian
domination - 2-domination - Double domination - Lexicographic product graph

Mathematics Subject Classification 05C69 - 05C76

1 Introduction

The lexicographic product of two graphs G and H is the graph G o H whose vertex setis
V(GoH) = V(G)xV(H)and (g, h)(g’,h') € E(GoH)ifandonlyifgg’ € E(G)or
g = g’ and hh' € E(H). For simplicity, the neighbourhood of (x, y) € V(G) x V(H)
will be denoted by N (x, y) instead of N ((x, y)). Analogously, for any function f on
G o H, the image of (x, y) € V(G) x V(H) will be denoted by f(x, y) instead of
f((x,y)). For basic properties of the lexicographic product of two graphs, we cite
the books [18, 23]. In particular, for results on domination theory of lexicographic
product graphs we suggest the following works: standard domination [25, 26], Roman
domination [27], weak Roman domination [6, 24, 29], total Roman domination [8,
12], total weak Roman domination [6, 11], rainbow domination [28], super domination
[14], Italian domination [5], secure domination [6, 24], secure total domination [6, 11],
double domination [9] and doubly connected domination [2].

In particular, the next theorem merges two results obtained in [27] and [30]. The
result states that the domination number of G o H equals the domination number of
G whenever H has domination number equal to one, while the domination number of
G o H equals the total domination number of G for the remaining cases.

Theorem 1 ([27] and [30]) For any graph G with no isolated vertex and any non-trivial
graph H,

v(G), ify(H) =1,

v(Go )= {V,(G), if y (H) = 2.

Another interesting result obtained in [11] concerns the case of total domination.

Theorem 2 [11] For any graph G with no isolated vertex and any non-trivial graph
H)

v,(G o H) = y,(G).

These two theorems suggest to consider the following problem.

Problem 1 Let G be a graph and let yy be a domination parameter well defined on
G o H for any non-trivial graph H. Determine if for each graph H, there exists a
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domination parameter yy such that

¥y(G o H) = yx(G).

We proceed to show other cases for which this problem has been solved. To this
end, we need to formalize the notion of w-domination introduced in [5], where w =
(wo, w1, ..., wy) is a vector of non-negative integers such that wg > 1. Given a graph
G, a function f : V(G) — {0, 1,...,1} is said to be a w-dominating function if
ZueN(v) f(u) = w; for every vertex v with f(v) = i, where N (v) denotes the open
neighbourhood of v € V(G). For every i € {0, ...,1}, we define V; = {v € V(G) :
f(v) =i}, and we will identify the function f with the subsets Vj, ..., V; associated
with it. So, we will use the unified notation f(Vp, ..., V;) for the function and these
associated subsets. The weight of f is defined to be w(f) = ZUGV(G) f(v), while
the w-domination number of G, denoted by y, (G), is defined as the minimum weight
among all w-dominating functions on G. A w-dominating function of weight y, (G)
will be called a y, (G)-function.

It was shown in [5] that a wide range of well-known domination parameters can
be defined and studied through this approach. For instance, the vector w = (1, 0)
corresponds to standard domination, w = (1, 1) corresponds to total domination,
w = (2,0, 0) corresponds to Italian domination, w = (2, 0, 1) corresponds to quasi-
total Italian domination, w = (2, 1, 1) corresponds to total Italian domination, while
w=(k,k—1,...,1,0) corresponds to {k}-domination.

As the next result shows, Problem 1 was solved for the case of the Italian domination
number, which is a well-known parameter introduced in [ 13] under the name of Roman
{2}-domination number. As mentioned above, in terms of w-domination, the Italian
domination number of a graph G is defined as y, (G) = y,, 4, (G).

Theorem 3 [5] For any graph G with no isolated vertex and any non-trivial graph H,

y(2y1_o)(G) lf]/(H) = 17
Y20 (G) if v2(H) = y(H) =2,
Vi (GoH) =1 Yu,,(G) if 2n(H) > y(H) =2,
Ye220(G) if y,(H)=y(H) =3,
Y2 (G) if v, (H) # 3 and y(H) > 3.

In addition, Problem 1 was solved for the case of the {2}-domination number, which
was introduced in [15]. In terms of w-domination, the {2}-domination number of a
graph G is defined as y,,, (G) = v, (G).

Theorem 4 [4] For any graph G with no isolated vertex and any non-trivial graph
H,

V(2,1.0>(G) if y(H) =1,

Yy (G o H) = { Voo (G) if y(H) =2,
Y2 (G) if y(H) = 3.
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We refer the reader to [5] for general results on w-domination, as well as for specific
results on the domination parameters given in Theorems 3 and 4.

In this paper, we solve Problem 1 for the particular cases in which yy corresponds
to the following parameters. Although we will use the standard notation for these
parameters, we will define them in terms of w-domination.

e The k-domination number of a graph G, introduced in [16, 17], can be defined
as ¥, (G) = Y0 (G). In this paper, we are interested in the case k = 2, which is
probably the most studied. In this case, if f(Vy, V1) is a y(2,0)(G)-function, then
we will say that V is a y, (G)-set.

e The double domination number of a graph G with no isolated vertex is defined to
be v ,(G) = ym)(G). If f(Vp,V1)isa y(z’l)(G)—function, then we will say that
Viisay,,(G)-set. This parameter was introduced in two different papers [19, 20].
Moreover, the general version of this parameter, the k-tuple domination number,
is defined to be y,, (G) = ¥, (G).

e The double total domination number of a graph G with minimum degree 6 (G) > 2
is defined to be y, ,(G) = Yoo (G).If f(Vp, V7)isa Yoo (G)-function, then we
will say that V; is a y,,,(G)-set. This domination parameter was introduced in
[21], and its general version is the k-fuple total domination number, which is
defined tobe y,, , (G) = v, (G).

e The quasi-total Italian domination number of a graph G, recently introduced in
[7],is definedtobe y,, (G) = Yeon (G).A (2,0, 1)-dominating function of weight
¥« (G) will be called a y,, (G)-function.

e The rotal Italian domination number of a graph G with no isolated vertex is
defined to be y,,(G) = ¥, ,,(G). This parameter was introduced in [3], and
independently in [1], under the name of total Roman {2}-domination number. A
(2, 1, 1)-dominating function of weight y,, (G) will be called a y,, (G)-function.

e The total {2}-domination number of a graph G of minimum degree §(G) > 2 is
defined as Y G) = Yoo (G). This parameter was studied in [22].

We will show that the above-mentioned domination parameters of lexicographic
product graphs G o H are equal to ,,(G) for some vector w € {2} x {0, 1,2}/ and
[ € {2, 3}. The decision on whether the equality holds for a specific vector w will
depend on the value of some domination parameters of H.

Notice that if G is a graph with no isolated vertex and H is a non-trivial graph,
then the following domination chain is deduced by the definition of the parameters
involved in it.

Y (GoH)<y,(GoH)<y,(GoH)<y,(GoH)=<y, (GoH). (1)

Furthermore, the equality y,,(G o H) = y,,(G o H) was deduced in [9], while
the equality y,.(G o H) = y,(G o H) will be proved in Sect.2 and the equality
Yoy (G o H) = y,,,(G o H) will be proved in Sect.4. Therefore, the following
domination chain holds whenever G is a graph with no isolated vertex and H is a
non-trivial graph.

=<¥:(GoH)=y,(GoH)
¥,(G o H) <v,(GoH)=y,(GoH) @)
= V[z)‘,(G oH) = VXQVI(G o H).
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2 Double Domination and Total Italian Domination

To get our results, we need to set up some tools and introduce some known results.

Lemma 1 Let G be a graph with no isolated vertex and H a non-trivial graph. If
Vo (H) =2, theny ,(Go H) <y, (G).

Proof Let S = {vy, v2} be a y,,(H)-set and g(Wo, W1, W2) a y,, , , (G)-function.
Since W = (W x {v1}) U (W, x S) is a double dominating set of G o H, we conclude
thaty ,(Go H) < |[W|=w(g) = You.0(G)- O

Notice that for any u € V (G) the subgraph of G o H induced by {u} x V(H) is
isomorphic to H. For simplicity, we will denote this subgraph by H,,.

Theorem 5 [9] The following statements hold for any graph G with no isolated vertex
and any non-trivial graph H.

(i) y,(GoH)=1y,(GoH).
(ii) If y,(H) > 3and y(H) =1, then y ,(G o H) = y,,(G).
(iii) There existsa y, ,(G o H)-set S such that |SNV (H,)| < 2, foreveryu € V(G).

By Theorem 5 (i), we will restrict the proof of the next result to obtain the values
of y,(Go H).

Theorem 6 For any graph G with no isolated vertex and any non-trivial graph H,

Y10 G) if VXQ(H) =2,

V(2,|,1)(G) if ,(H) >3 and y(H) =1,
V(2,2,1)(G) lf y(H) = 2,

Y2 (G) if y(H) = 3.

Vu(GoH)=y,(GoH)=

Proof First, we assumethaty (H) = 1.Since y, (GoH) < y_,(GoH),ify_,(H) =2,
then Theorem 3 and Lemma 1 lead to y,,,,(G) = ¥,(Go H) < y,,(G o H) <
Y@.1.0,(G). Therefore, in this case we conclude that y,, (G o H) = y,, , , (G). Now, if
¥, (H) > 3, then Theorem 5 (ii) leads to ¥, (G o H) = y,,(G) = y(“l)(G).

From now on we assume that y (H) > 2. Let Sbe ay,_, (G o H)-set which satisfies
Theorem 5 (iii). Let (X, X1, X2) be the function definedon G by X; = {x € V(G) :
SN V(Hy)| =i} foreveryi € {0, 1,2}. Notice that y_,(G o H) = |S| = w(f). We
claim that f is a y,,, ,, (G)-function, where w € {1, 2}. In order to prove this claim
and find the exact value of w, we differentiate the following two cases.

Case 1. y(H) = 2. Assume that x € Xo U X;. Since y(H) = 2, there exists a
vertex z € V(H) such that (x,z) ¢ S and |[S N N(x,z) N V(Hy)| = 0. Hence,
ISN(N(x,z)\ V(Hy))| > 2, which implies that f (N (x)) > 2. Now, assume that x €
X5. In this case, there exists a vertex y € V(H) such that [SNN(x, y) NV (Hy)| < 1,
and so f(N(x)) > 1. Therefore, f is a (2, 2, 1)-dominating function on G and, as a
consequence, ¥,,(G o H) = |S| =w(f) > Yoo (G).

Moreover, let 2 (Yo, Y1, Y2) be a y,,,,,(G)-function and S = {v1, v2} a y (H)-set.
Notice that the set Y = (Y1 x {v1}) U (Y2 x §) is a double dominating set of G o H,
which implies that y,,(G o H) < |Y| = w(h) = v, ,,(G).
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Case 2. y(H) > 3. Let x € V(G). Since y(H) > 3, there exists y € V(H) such
that (x,y) ¢ S and |S N N(x, y) N V(Hy)| = 0, which implies that |[S N (N (x, y) \
V(H;))| = 2, and so f(N(x)) > 2. Therefore, f is a (2, 2, 2)-dominating function
on G and, as a consequence, ¥, ,(G o H) = |S| = w(f) > Yoo (G).

It remains to show thaty_,(GoH) < Yoo (G). To see this we only need to observe
thatforany y,, , , (G)-function g(Wo, Wi, W>) and any pair of vertices v, v2 € V(H),
the set W = (W, x {v1, v2}) U(W] x {v1}) is a double dominating set of G o H, which
implies that y,, (G o H) < |[W| = @(g) = V5,,,(G), as required. O

3 Quasi-total Italian Domination and 2-Domination

To begin this section, we will introduce some basic tools.

Lemma 2 For any graph G with no isolated vertex and any non-trivial graph H with
y(H) =1, there exists a y,(G o H)-set D satisfying that |D NV (H,)| < 2 for every
u € V(G).

Proof Givenay,(Go H)-set D, wedefinetheset Rp = {x € V(G) : [DNV (Hy)| >
3}. Now, we assume that D is a y, (G o H)-set such that | Rp| is minimum among all
¥,(G o H)-sets. Suppose that |[Rp| > 1. Let v be a universal vertex of H andu € Rp.
Now, we take u’ € N(u) and v/ € N(v), and consider a set D' C V(G) x V(H)
satisfying the following properties.

o D'NV(H,) = {(u,v), (u, v}
o |D'NV(Hy)| =min{2, |D N V(Hy)| + 1};
e D'NV(Hy) = DN V(H,) forevery x € V(G)\{u, u'}.

Observe that D’ is a 2-dominating set of Go H satisfying |D’| < |D|and |Rp/| < |Rp]|,
which is a contradiction. Therefore, Rp = @, as required. O

Lemma3 Let G be a graph with no isolated vertex and H a non-trivial graph. If
v,(H) =3 and y(H) = 1, then y,(G o H) > v, ,,(G).

Proof Let D be a y,(G o H)-set which satisfies Lemma 2. Let f(Xo, X1, X2) be
the function defined on G by X; = {x € V(G) : |D N V(H,)| = i} for every
i € {0, 1, 2}. Notice that y,(G o H) = |D| = w(f). We claim that f is a (2, 1, 1)-
dominating function on G. Assume that x € X. Since D N V(H,) = &, we have
that |[D N (N (x) x V(H)| > 2, which implies that f(N(x)) > 2. Now, assume that
x € X1UX>.Since |[DNV (H,)| <2and y,(H) > 3, thereexists y € V (H) such that
(x,y) ¢ Dand | DNV (H,)NN (x, y)| < 1, whichimplies that [ DN(N (x) x V(H))| >
1,and so f(N(x)) > 1. Therefore, f is a (2, 1, 1)-dominating function on G and, as
a consequence, ¥,(G o H) = |D| = w(f) > V<z,1_1>(G)- O

Theorem 7 The following statements hold for any graph G with no isolated vertex
and any non-trivial graph H.

(i) ¥« (GoH)=1y,(GoH).
(ii) If y(H) > 2, then y,.(G o H) = y,(G o H).
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Proof By definition, y,, (G o H) < y,(G o H). Hence, it remains to show that y,, (G o
H) > y,(G o H). Let f(Vp, V1, V2) be a y,,(G o H)-function such that |V3] is
minimum among all y,. (G o H)-functions. If V; = &, then V) is a 2-dominating set
of Go H,and s0 y,(G o H) < |Vi| = y,.(G o H). We assume that V, # & and, in
that case, we differentiate the next two cases for a fixed vertex (u, v) € V,. Obviously,
N@,v)N (ViU W) #a.

Case 1. N(u,v) N (V; U V,) C V(H,). In this case, for any (u',v") € N(u) x
V(H) we define the function f'(Vj, V|, V;) where V; = Vo \ {(',v")}, V| = V1 U
{(u, v), (', v")}and V; = Vo\{(u, v)}. Observe thatw ( f') = w(f),every vertexin V,
has a neighbour in VUV, and every vertex w € V;; C Vj satisfies that f'(N (w)) > 2.
Hence, f”is ay,,(G o H)-function and |V,| < | V2|, which is a contradiction.

Case 2. (N(u) x V(H)) N (ViU W) # @.If V(H,) C Vi U V,, then the function £,
defined by h(u, v) = 1 and h(x, y) = f(x, y) whenever (x,y) € V(Go H)\{(u, v)},
is a quasi-total Italian dominating function on G o H with w(h) < w(f), which is a
contradiction. Hence, there exists v/ € V (H) such that (u, v') € V). In that case, let
f'(V§, V{, V) be afunction defined by V§ = Vo \ {(u, v")}, V| = V1U{(u, v), (u, v)}
and V; = Vo\{(u, v)}. As in the previous case, w(f') = w(f), every vertex in V, has
a neighbour in V] U V; and every vertex w € Vj C Vj satisfies that f'(N(w)) > 2.
Thus, fis a ¥+ (G o H)-function with |V2’| < | V3|, which is a contradiction again.

According to the two cases above, we deduce that Vo = &, which implies that
¥,(G o H) < y,,(G o H). Therefore, the proof of (i) is complete.

Finally, we proceed to prove (ii). By definition, y, (G o H) < y,,. (G o H). Thus, it
remains to show that y, (GoH) > y,,(GoH) whenevery (H) > 2.Letg(Wo, W1, W2)
be a y, (G o H)-function such that | W5 | is the minimum among all y, (G o H)-functions.
Obviously, if W, = @ or N (u, v) g Wy forevery (u, v) € Wp, thengisay,,(GoH)-
function and we are done. Suppose to the contrary that there exists a vertex (u, v) €
W, such that N (u, v) € Wy. Notice that g(V(H,)) > 3, as y(H) > 2. Thus, we
differentiate the next two cases.

Case 1. g(V(H,)) > 4. Letu’ € N(u) and v’ € V(H) \ {v}. We define a function
g (Wi, Wi, W))onGoH as g'(u,v) =g'u,v) =g'w,v) =gw,v) =1
g (VH)\{(u,v), @, v)}) = g (VHHI\{W,v), @, v)}) = 0and g'(x,y) =
g(x,y) for every x € V(G)\{u,u'} and y € V(H). Notice that g’ is an Italian
dominating function on G o H with w(g') < w(g) and |W;| < |[W>|, which is a
contradiction.

Case 2. g(V(H,)) = 3. In this case, since y(H) > 2, we deduce that y,(H) =
3 and y(H) = 2 by the minimality of W;. Let {v], v2} be a y(H)-set and u’' €
N (u). Consider the function g'(Wy, W, W) defined as g'(u, vi) = g'(u,v2) = 1,
g'(u,v) = 0 forevery v € V(H)\{vi, v2}, &' (V(H,)) = 1 and g'(x,y) = g(x,y)
for every x € V(G)\{u,u'} and y € V(H). Notice that g’ is an Italian dominating
function on G o H with w(g") < w(g) and |W,| < |W>|, which is a contradiction.
Therefore, either Wy = & or every vertex in W5 has a neighbour in W; U W,, and
$0 Y. (Go H) =y,(GoH). m|

According to Theorem 7, we can restrict the proof of the next result to obtain the
values of y, (G o H).
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Theorem 8 For any graph G with no isolated vertex and any non-trivial graph H,

Y10 (G) if v.,(H) =2,

Yorn(G) if v,(H) =3 and y(H) = 1,
v2.2.0)(G) if o(H) = y(H) =2,

Yoo (G) if va(H) > y(H) =2,
Y2220 G)if V[(H) =y(H) =3,

Y2 (G) if v, (H) # 3 and y(H) > 3.

V,(GoH)=y,.(GoH)=

Proof Sincey,(GoH) < y,(GoH),ify_,(H) = 2,thenby Lemma 1 and Theorem 3
we have that v, , , (G) = y,(G o H) < y,(G o H) < y,,,(G). Therefore, in this
case we obtain y,(G o H) =y, (G).

Now, since y,(Go H) <y, ,(Go H),ify,(H) > 3 and y(H) = 1, then Lemma 3
and Theorem 5 (ii) lead to Vo1 (G) = »(Go H) <y,(GoH) = Yo (G).
Therefore, y,(G o H) =y, ,,(G).

Finally,if y (H) > 2, then Theorem 7 leadsto y, (GoH) = y,,(GoH) = y,(GoH)
and so we complete the proof by Theorem 3. O

4 Double Total Domination and Total {2}-Domination

Although in general, y,,, ,(G) < y,,,(G), we show below that for the case of lexico-
graphic product graphs these parameters always coincide.

Theorem 9 For any graph G with no isolated vertex and any non-trivial graph H,
Yo (GoH) =1y, (GoH).

Proof By definition, y,,,,(G o H) < y,,,(G o H). Hence, it remains to show that
ym’t(G oH) >y, (GoH).Let f(Vy, Vi, V2) bea Yy (Go H)-function such that
|V2| is minimum among all Y (G o H)-functions. If V, = @, then V; is a double
total dominating setof Go H,andso y,, ,(Go H) < |Vi| = y,,,(G o H), as required.
We assume that V, # @ and, in that case, we differentiate the next two cases for a
fixed vertex (u, v) € V,. Obviously, N (u, v) N (V1 U V,) # @.

Case 1. N(u, v) N (V1 U V) C V(H,). In this case, for any (u’, v), (u’, v') € N(u) x
V (H) we define the function f'(V{, V|, V;) where V; = Vo \ {(u', v), (u’, v}, V| =
Vi U{@’,v), ', v)} and V; = V2 \{(u, v)}. Observe that w(f’) = w(f) and every
vertex (x, y) € V(G o H) satisfies that f'(N (x, y)) > 2. Hence, f"isay,, (G o H)-
function and |V;| < |V,|, which is a contradiction.

Case 2. (N(u) x V(H)) N (ViU W) # @.If V(H,) C Vi U V,, then the function &,
defined by h(u, v) = 1 and h(x, y) = f(x, y) whenever (x,y) € V(Go H)\{(u, v)},
is a double total dominating function on G o H with w(h) < w(f), which is a
contradiction. Hence, there exists v’ € V (H) such that (u, v") € Vp. In that case, let
f'(V§, V{, V) be afunction defined by V§ = Vo \ {(u, v')}, V| = V1U{(u, v), (u, v)}
and V; = V2 \{(u, v)}. Notice that w(f") = w(f) and every vertex (x, y) € V(GoH)
satisfies that f'(N(x, y)) > 2. Thus, f"is a y,, (G o H)-function with |V;| < |V3],
which is a contradiction again.
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According to the two cases above, we deduce that V, = @, which implies that V;
is a double total dominating setof Go H,andso y,, ,(Go H) < |Vi| =y, ,(Go H),
as required. Therefore, the proof is complete. O

We are now in a position to formalize the tools which will allow us to calculate
V2. (G o H).

Lemma4 Forany graph G with no isolated vertex and any non-trivial graph H, there
exists ay,, (G o H)-set S satisfying that |S NV (H,)| < 2 for every x € V(G).

Proof Givenay,,,(GoH)-setS,wedefinetheset Rg = {x € V(G) : |[SNV(H,)| >
3}. Assume that Sisa Vv2.. (G o H)-set such that Rg has minimum cardinality among
all y,,,(G o H)-sets. Suppose that R # @ and let x, y € V(G) be two adjacent
vertices with x € Rg. Let Sy = S N V(H,) and take (x, v1), (x,v2) € S,. Hence,
there exists a set S’ C V(G o H) satisfying the following properties.

o S/ m V(Hx) = {(xv U]), (-xs UZ)}
o |S' NV (Hy)| = min{2, |S N V(H,)|+|S,| — 2}.
e S'NV(H,) =SNV(H,) forevery z € V(G)\{x, y}.

Observe that S’ is a double total dominating set of G o H with || < |S| and
|Rs'| < |Rg|, which is a contradiction. Therefore, the result follows. O

Proposition 1 For any graph G with no isolated vertex and any non-trivial graph H,

Yeri (G o H) < ¥5,,(G).

Furthermore, if H has isolated vertex or y,(H) > 3, then the equality holds.

Proof The proof of the inequality is straightforward, as we only need to observe that
for any y(z’z’z)(G)—function g(Wo, Wi, W) and any pair of vertices vy, vo € V(H),
the set W = (W> x {v1, v2}) U (W) x {v1}) is a double total dominating set of G o H,
which implies that y , (G o H) < |[W| = 0(g) = ¥,,,(G).

From now on, assume that either H has isolated vertex or y,(H) > 3. Notice that
these assumptions imply that for any set S C V (H) of cardinality at most two, there
exists a vertex v € V(H) such that N(v) N § = @.

Now, let D be a y,,,(G o H)-set satisfying Lemma 4. Since |D N V(Hy)| < 2
for every x € V(G), from the assumptions above we have that there exists a vertex
v € V(H) such that N(x,v) N DN V(H,) = &. Thus, [(N(x) x V(H)) N D| > 2
for every x € V(G), which implies that any function f : V(G) — {0, 1, 2} such
that f(V(Hy)) = |D N V(Hy)|,is a (2,2, 2)-dominating function on G. Therefore,
ym.z)(G) <w(f)=1|D|=y,,,(G o H), as required. O

According to Theorem 9, in the proof of the following result we can restrict ourselves
to determining the value of y, , (G o H).

Theorem 10 For any graph G with no isolated vertex and any non-trivial graph H,

V(z,z,l)(G) if V,(H) =2,

Va2, (G o H) =Yy, (GoH)= { Voor (G) otherwise.

@ Springer



109 Page100f11 A. Cabrera-Martinez et al.

Proof First we assume that y, (H) = 2. Let h(Yo, Y1, Y2) be ay,, , ,,(G)-function and
let S = {v1, v2} be a y, (H)-set. Notice that the set Y = (Y7 x {v1}) U (Y2 x §) is
a double total dominating set of G o H, which implies that y_, (G o H) < |[Y| =
@(h) =y,,,,(G). Now, let Sbeay, , (G o H)-set which satisfies Lemma 4 and let
f(Xo, X1, X2) be the function definedon G by X; = {x € V(G) : [SNV(H,)| =i}
forevery i € {0, 1, 2}. Notice that y,, ,(G o H) = |S| = w(f). We claim that f is a
(2, 2, 1)-dominating function on G.

Let x € Xo U X;. Since y,(H) = 2, there exists a vertex z € V(H) such that
(x,z) ¢ Sand |[SN N(x,z) N V(H)| = 0. Hence, as S is a y,,,(G o H)-set,
[S N (N(x, 2)\V(Hy))| = 2,and so f(N(x)) > 2.

Now, let x € X5. Since y,(H) = 2 implies y,,,(H) > 3, we have that there
exists a vertex y € V(H) such that |S N V(Hy) N N(x,y)| < 1, which leads to
[SN(N(x,2) \ V(Hy))| > 1,as Sisavy,,, (G o H)-set, and so f(N(x)) > 1.

Therefore, f is a (2,2, 1)-dominating function on G and, as a consequence,
V. (GoH) =[S| =w(f) = ¥;,,,(G), concluding that v, (G o H) = y,,,,,(G).

Finally, if y,(H) > 3 or H has isolated vertex, then by Proposition 1 we have
Yer (G o H) =y, (G). o
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