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Abstract
We study a nonlinear q(m)-Kirchhoff-type problems under Dirichlet boundary con-
dition with nonlocal terms and logarithmic nonlinearity, in the setting of "variable
exponents" Sobolev spaces in compact Riemannian manifolds. Using the Mountain
Pass Theorem, the Fountain and Dual Fountain Theorem, we discuss the existence and
multiplicity of three notions of solutions: nontrivial weak solutions, large energy solu-
tions and small negative energy solutions. One of the main difficulties and innovations
of the present paper is the presence of nonlocal terms and logarithmic nonlinearity.
Our results extend and generalize some recent works in the existing literature.
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1 Introduction

Let (M, g) is a smooth compact Riemannian N-manifolds. In this paper, we investi-
gate the following nonlinear q(m)-Kirchhoff-type problems with Dirichlet boundary
condition and with nonlocal terms and logarithmic nonlinearity

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

�

(∫

M

|∇u|q(m)

q(m)
dvg(m)

)(

− �q(m)u

)

+ g(m)|u|θ p(m)−2u ln |u|

= |u|p(m)−2u + λ�

(∫

M
F(m, u)dvg(m)

)

f (m, u) in M,

u = 0 on �,

(1.1)

where λ and θ are strictly positive real parameters, p(m), q(m) ∈ C(M) and

F(m, t) =
∫ t

0
f (m, s)ds where dvg = √

det(gi j )dm is the Riemannian volume

element on (M, g), with the gi j being the components of the Riemannian metric g in
the chart and dm is the Lebesgue volume element of RN .

The operator �q(m)u = div

(

|∇u|q(m)−2u

)

is referred to as the q(m)-Laplacian

and changes into the q-Laplacian when q(m) = q (a constant). The q-Laplacian oper-
ator is (q − 1)-homogeneous, meaning that for every μ > 0, �q(μu) = μq−1�q(u),
whereas the q(m)-Laplacian operator is not homogeneouswhen q(m) is not a constant.

The ability to model various phenomena that emerge in the study of elastic mechan-
ics, electrorheological fluids [21] and image restoration provides a strong motivation
for the study of problems involving variable exponent growth conditions [3, 4, 6, 10,
11, 14, 16–19, 24, 25].

The problem (1.1) is a generalization of a Kirchhoff model. More specifically,
Kirchhoff proposed a model given by the equation

ρ
∂2u

∂t2
−
(

P0

h
+ E

2L

∫ L

0

∣
∣
∣
∣
∂u

∂m

∣
∣
∣
∣

2

dm

)
∂2u

∂m2 = 0, (1.2)

where L is the length of the string, h is the area of the cross section, E is theYoungmod-
ulus of the material, ρ is the mass density and P0 is the initial tension. A distinguishing
feature of Kirchhoff equation (1.2) is that the equation contains a nonlocal coefficient
P0

h
+ E

2 L

∫ L

0

∣
∣
∣
∣
∂u

∂m

∣
∣
∣
∣

2

dm which depends on the average
1

2 L

∫ L

0

∣
∣
∣
∣
∂u

∂m

∣
∣
∣
∣

2

dm, and then

the equation is no longer a pointwise identity.
The problem (1.1) is known as a bi-nonlocal due to the terms

�

(∫

M

|∇u|q(m)

q(m)
dvg(m)

)

and �

(∫

M
F(m, u)dvg(m)

)

,

which means that (1.1) is no longer a pointwise identity. This phenomenon poses
some mathematical difficulties that are particularly fascinating to study.
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The contributions to the paper are as follows. We show that the problem (1.1)
admits at least nontrivial weak solutions. We prove also the existence and multiplicity
of large energy solutions and small negative energy solutions to the problem (1.1). The
arguments are based on the Mountain Pass Theorem, the Fountain and Dual Fountain
Theorem and some variational techniques.

The paper consists of four sections. Section2 contains some important results about
Sobolev spaces on Riemannian manifolds. In Sect. 3, we recall the theorems that will
be used in the proof of our main results. Section4 presents our main results, and the
proofs of the main results are given in Sect. 5.

2 Preliminaries

In this section, we present some important results about variable exponents Sobolev
spaces on Riemannian manifolds, which will be used in the rest of this paper. For
more details about Sobolev spaces, fractional function spaces and special functions,
we refer to [1, 2, 5, 7–9, 12, 13, 15, 20].

Definition 2.1 [12] Given (M, g) a smooth Riemannian manifolds and ∇ the Levi-
Civita connection, for u ∈ C∞(M), then ∇ku denotes the k-th covariant derivative
of u. The norm of k-th covariant derivative in local chart is given by the following
formula

∣
∣
∣∇ku

∣
∣
∣
2 = gi1 j1 · · · gik jk

(
∇ku

)

i1···ik

(
∇ku

)

j1··· jk
,

where the summation convention of Einstein is used.

Definition 2.2 [12] Let (M, g) be a smooth Riemannianmanifolds, and γ : [c, d] −→
M be a curve of class C1. The length of γ is

L(γ ) =
∫ b

a

√

g(γ (t))

(
dγ

dt
,

dγ

dt

)

dt,

and for z, y ∈ M , we define the distance dg by

dg(z, y) = inf{L(γ ) : γ : [c, d] → M such that γ (c) = z and γ (d) = y}.
Definition 2.3 [12] The variable exponents Sobolev space W 1,q(m)(M) consists of
such functions u ∈ Lq(m)(M) for which ∇ j u ∈ Lq(m)(M) for j = 1, 2, · · · , n. The
norm of u in W 1,q(m)(M) is defined by

|u|1,q(m) = |u|q(m) +
n∑

j=1

∣
∣
∣∇ j u

∣
∣
∣
q(m)

.

The spaceW 1,q(m)
0 (M) is defined as the closure ofC∞

c (M) inW 1,q(m)(M)with respect
to the norm | · |1,q(m).
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We note P(M) the set of all measurable functions q(.) : M → [1,∞].
Proposition 2.4 [7] (Hölder’s inequality) If q(.) ∈ P(M), then for every u ∈ Lq(·)(M)

and v ∈ Lq ′(·)(M) the following inequality holds

∫

M
|u(m)v(m)|dvg(m) ≤ 2|u|Lq(·)(M) · |v|Lq′(·)(M)

·

Proposition 2.5 [7] If u ∈ Lq(m)(M), {un} ⊂ Lq(m)(M), then we have

(1) |u|q(m) < 1 (resp. = 1,> 1) ⇐⇒ ρq(m)(u) < 1 (resp. = 1,> 1).
(2) For u ∈ Lq(m)(M)\{0}, |u|q(m) = λ ⇐⇒ ρq(m)

( u
λ

) = 1.

(3) |u|q(m) < 1 ⇒ |u|q+
q(m) ≤ ρq(m)(u) ≤ |u|q−

q(m).

(4) |u|q(m) > 1 ⇒ |u|q−
q(m) ≤ ρq(m)(u) ≤ |u|q+

q(m).
(5) limn→+∞ |un − u|q(m) = 0 ⇐⇒ limn→+∞ ρq(m) (un − u) = 0.

Theorem 2.6 [12] Let M be a compact Riemannian manifolds with a smooth boundary
or without boundary and q(m), p(m) ∈ C(M̄) ∩ L∞(M). Assume that

p(m) < N , p(m) <
Nq(m)

N − q(m)
for m ∈ M̄ .

Then,

W 1,q(m)(M) ↪→ L p(m)(M),

is a continuous and compact embedding.

Proposition 2.7 [1] If (M, g) is complete, then W 1,q(m)(M) = W 1,q(m)
0 (M).

Remark 2.8 On the Sobolev space W 1,q(m)
0 (M), we can consider the equivalent norm

‖u‖ = |∇u|q(m).

3 Mathematical tools

In this section, we recall the theorems that will be used in the proof of our main results.
Let X be a reflexive and separable Banach space. Therefore, there exist {en} ⊂ X and{
e∗

n

} ⊂ X∗ such that

X = span {en, n ∈ N}, X∗ = span
{
e∗

n, n ∈ N
}
,

〈
en, e∗

j

〉
= δi, j ,

where δi, j denotes the Kronecker symbol. For j ∈ N, we put

X j = Re j = span
{
e j
}
, Y j =

j∏

i=1

Xi , Z j =
∞∏

i= j

Xi .
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Definition 3.1 A function E is said to satisfy the Palais–Smale condition (PS), if any
sequence (un) ∈ X such that (E(un)) is bounded and E ′(un) → 0 in X∗ has a
convergent subsequence.

Theorem 3.2 [22](Mountain Pass Theorem). Let X be a Banach space, E ∈ C1(X ,R)

and e ∈ X with ‖e‖ > r for some r > 0. Assume that

inf‖u‖=r
E(u) > E(0) ≥ E(e).

If E satisfies the (P S) condition at level c, then, c is a critical value of E, where

c = inf
γ∈�

max
t∈[0,1] E(γ (t)), and � = {γ ∈ C([0, 1], X) : γ (0) = 0, γ (1) = e}.

Theorem 3.3 [22](Fountain Theorem) Assume that E ∈ C(X ,R) is an even functional
satisfying the (PS) condition. Moreover, for each j ∈ N, there exist γ j > r j > 0 such
that

i a j = maxu∈Y j ,‖u‖=γ j E(u) ≤ 0.
ii b j = infu∈Z j ,‖u‖=r j E(u) → ∞, as j → ∞.

Then, E has a sequence of critical points
{
u j
}

such that E
(
u j
) → ∞.

Definition 3.4 A function E is said to satisfy the (P S)∗c condition (with respect to
(Yn) ), if any sequence (un) ⊂ X such that n → ∞, un ∈ Yn, E (un) → c and(

E |Yn

)′
(un) → 0, contains a subsequence converging to a critical point of E .

Theorem 3.5 [22](Dual Fountain Theorem) Assume that E ∈ C1(X ,R) satisfies
E(−u) = E(u), and for every j ≥ j0, there exist ρ j > r j > 0 such that

(B1) c j = infu∈Z j ,‖u‖X =ρ j E(u) ≥ 0.
(B2) d j = maxu∈Yk ,‖u‖X =r j E(u) < 0.
(B3) s j = infu∈Zk ,‖u‖X ≤ρ j E(u) → 0 as j → ∞.

(B4) E satisfies (P S)∗c condition for every c ∈ [s j0 , 0).

Then E has a sequence of negative critical values converging to 0.

4 Hypotheses andmain results

In order to ensure the existence and multiplicity of solutions for the problem (1.1), we
assume the following hypotheses:

(H1) g : M −→ R is a continuous function and satisfies the following condition

b1 ≤ g(m) ≤ b2,

for some positive constants b1 and b2.
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(H2) � : (0,+∞) → (0,+∞) is a continuous function and satisfies the following
condition

a1tα−1 ≤ �(t) ≤ a2tα−1,

for all t > 0 and a1, a2 real numbers such that a2 ≥ a1 > 0 and α > 1.
(H3) � : R → R is a continuous function and there exists positive constant β >

αq+
p−

such that

t ≤ �̂(t) ≤ tβ, for t ∈ R, (4.1)

and

�̂(t) ≤ �(t)t, for t > 0, (4.2)

where �̂(t) =
∫ t

0
�(z)dz.

(H4) The function f : M × R −→ R is continuous such that there exist ε > 0
satisfying

| f (m, t)| ≤ ε|t |p(m)−1 for all (m, t) ∈ M × R,

with p+ < αq−.
(H5) There exist η > 0 and A > 0, such that

0 < F(m, t) ≤ t

η
f (m, t), for |t | ≥ A and m ∈ M,

with η > max

(

αq+,
a2α(q+)α

a1(q−)α
,

b2θ p+

b1

)

.

(H6)

θ p(m), p(m) < q∗(m) =
{

Nq(m)
N−q(m)

if q(m) < N ,

∞ if q(m) ≥ N ,

and

1 < p− ≤ p ≤ p+ < θ p− ≤ θ p ≤ θ p+ < (1 + θ)p− ≤ (1 + θ)p ≤ (1 + θ)p+ < αq− ≤ αq ≤ αq+.

(H7) f (m,−t) = − f (m, t) for all t ∈ R and m ∈ M .

Now, we state our main results of this paper.

Theorem 4.1 Assume that the hypotheses (H1)-(H6) are satisfied, then there exists
λ∗ > 0 such that for any λ ∈ (0, λ∗) the problem (1.1) admits at least nontrivial weak
solutions.
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Theorem 4.2 If the conditions (H1)-(H7) hold, then for any λ > 0 the problem (1.1)
possesses infinitely many large energy solutions.

Theorem 4.3 If the conditions (H1)-(H7) hold, then for any λ > 0 the problem (1.1)
possesses infinitely many small negative energy solutions.

5 Proofs of themain results

First, let us give the definition of a weak solution to the problem (1.1).

Definition 5.1 A function u ∈ W 1,q(m)
0 (M) is a weak solution of the problem (1.1) iff

�
(
∫

M

|∇u|q(m)

q(m)
dvg(m)

)
∫

M
|∇u|q(m)−2∇u∇wdvg(m)

+
∫

M
g(m)|u|θ p(m)−2u ln |u|wdvg(m)

−
∫

M
|u|p(m)−2uwdvg(m) − λ�

(∫

M
F(m, u)dvg(m)

)∫

M
f (m, u)wdvg(m) = 0,

for all u, w ∈ W 1,q(m)
0 (M).

Next, considering the energy function E : W 1,q(m)
0 (M) → R associated to problem

(1.1) defined by

E(u) = �̂

(∫

M

|∇u|q(m)

q(m)
dvg(m)

)

+
∫

M

g(m)|u|θ p(m) ln |u|
θ p(m)

dvg(m)

−
∫

M

g(m)|u|θ p(m)

(θ p(m))2
dvg(m) −

∫

M

|u|p(m)

p(m)
dvg(m) − λ�̂

(∫

M
F(m, u)dvg(m)

)

,

where �̂(t) =
∫ t

0
�(s)ds and �̂(t) =

∫ t

0
�(s)ds.

Using some simple computations, we can show that the functional E is well defined

and belongs toC1
(

W 1,q(m)
0 (M),R

)
. Furthermore, u ∈ W 1,q(m)

0 (M) is aweak solution

of the problem (1.1) if and only if u is a critical point of this problem.
The next lemmas give a helpful estimate for logarithmic nonlinear term, which are

crucial to our proof.

Lemma 5.2 [23] Let p(m) ∈ C+(M̄). Hence, the following estimate holds:

ln t ≤ 1

ep(m)
t p(m) ≤ 1

ep− t p(m), for all t ∈ [1,+∞).
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Proposition 5.3 Let u ∈ W 1,q(m)
0 (M) and p(m), θ p(m) ∈ C+(M̄), then

∫

M
|u|θ p(m) ln |u|dvg(m) ≤ Cvol(M) + 1

ep− max
{
|u|(1+θ)p+

(1+θ)p(m), |u|(1+θ)p−
(1+θ)p(m)

}
,

where C is positive constant and θ p(m) < (1 + θ)p(m) < q∗(m).

Proof Let M1 = {m ∈ M : |u(m)| ≤ 1} and M2 = {m ∈ M : |u(m)| ≥ 1}. Then,
∫

M
|u|θ p(m) ln |u|dvg(m) =

∫

M1

|u|θ p(m) ln |u|dvg(m) +
∫

M2

|u|θ p(m) ln |u|dvg(m).

Since |u(m)| ≤ 1, there exist A > 0 and B > 0 such that |u|θ p(m) < A and ln |u| < B.
Then,

∫

M1

|u|θ p(m) ln |u|dvg(m) < Cvol(M).

Using Lemma 5.2, we get

∫

M2

|u|θ p(m) ln |u|dvg(m) ≤ 1

ep−

∫

M2

|u|θ p(m)+p(m)dvg(m)

≤ 1

ep− max
{
|u|(1+θ)p+

(1+θ)p(m)′ |u|(1+θ)p−
(1+θ)p(m)

}
.

This implies that

∫

M
|u|θ p(m) ln |u|dvg(m) ≤ Cvol(M) + 1

ep− max
{
|u|(1+θ)p+

(1+θ)p(m)′ |u|(1+θ)p−
(1+θ)p(m)

}
.

��

5.1 Proof of Theorem 4.1

In this subsection, wewill use Theorem 3.2 in order to prove the existence of nontrivial
solutions. The proof of Theorem 4.1 is divided into several lemmas.

Lemma 5.4 Assume that the conditions (H1)-(H4) and (H6) hold, then there exist
λ∗ > 0, ρ > 0 and σ > 0 such that E(u) ≥ σ if ‖u‖ = ρ for any λ ∈ (0, λ∗).

Proof From (H4), we get

|F(m, t)| ≤ ε

p(m)
|t |p(m) for all (m, t) ∈ M × R. (5.1)

Let u ∈ W 1,p(m)
0 (M) such that ‖u‖ = ρ ∈ (0, 1). By (H2), (4.1), (5.1) and Proposition

3, we get
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E(u) = �̂

(∫

M

|∇u|q(m)

q(m)
dvg(m)

)

+
∫

M

g(m)|u|θ p(m) ln |u|
θ p(m)

dvg(m)

−
∫

M

g(m)|u|θ p(m)

(θ p(m))2
dvg(m)

−
∫

M

|u|p(m)

p(m)
dvg(m) − λ�̂

(∫

M
F(m, u)dvg(m)

)

≥ a1
α(q+)α

(∫

M
|∇u|q(m)dvg(m)

)α

− b2
(θ p−)2

∫

M
|u|θ p(m)dvg(m)

− 1

p−

∫

M
|u|p(m)dvg(m)

−λ
εβ

(p−)β

(∫

M
|u|p(m)dvg(m)

)β

≥ a1
α(q+)α

‖u‖q+α − b2
(θ p−)2

Cθ p−‖u‖θ p− − 1

p− C p−‖u‖p− − λ
εβ

(p−)β
Cβ p−‖u‖β p−

≥ a1
α(q+)α

ρq+α − b2
(θ p−)2

Cθ p−
ρθ p− − 1

p− C p−
ρ p− − λ

εβ

(p−)β
Cβ p−

ρβ p−

≥
[

a1
α(q+)α

−
(

b2
(θ p−)2

Cθ p− + 1

p− C p−
)

ρ p−−αq+
]

ραq+ − λ
εβ

(p−)β
Cβ p−

ρβ p−
.

Let us consider,

ρ̃ =
[

a1

2α(q+)α
(

b2
(θ p−)2

Cθ p− + 1
p− C p−

)

] 1
p−−αq+

.

Hence, for any u ∈ W 1,p(m)
0 (M) such that ‖u‖ = ρ ∈

(

max(0, ρ̃), 1

)

, since p− <

αq+, we obtain

E(u) ≥
[

a1
α(q+)α

−
(

b2
(θ p−)2

Cθ p− + 1

p− C p−
)

ρ̃ p−αq+
]

ραq+ −λ
εβ

(p−)β
Cβ p−

ρβ p−

≥ a1
2α(q+)α

ραq+ − λ
εβ

(p−)β
Cβ p−

ρβ p−

≥
(

a1
2α(q+)α

− λ
εβ

(p−)β
Cβ p−

)

ραq+
.

Hence, if λ < λ∗ := a1(p−)β

2α(q+)αεβCβ p− , then E(u) ≥ σ > 0. ��

Lemma 5.5 Assume that the conditions (H1)-(H6) hold, then there exist w ∈
W 1,q(m)

0 (M) such that ‖w‖ > 0 and E(w) < 0.

123



97 Page 10 of 21 H. Bouaam et al.

Proof Let u ∈ W 1,q(m)
0 (M)\{0}. From (H5), we obtain

∫

M
F(m, u)dvg(m) ≥ c

∫

|u|>A
|u|ηdvg(m), (5.2)

for some c > 0.
By (H1), (H2), (4.1) and (5.2), we have

E(u) = �̂

(∫

M

|∇u|q(m)

q(m)
dvg(m)

)

+
∫

M

g(m)|u|θ p(m) ln |u|
θ p(m)

dvg(m)

−
∫

M

g(m)|u|θ p(m)

(θ p(m))2
dvg(m)

−
∫

M

|u|p(m)

p(m)
dvg(m) − λ�̂

(∫

M
F(m, u)dvg(m)

)

≤ a2
α(q−)α

(∫

M
|∇u|q(m)dvg(m)

)α

+ b2
θ p−

∫

M
|u|θ p(m) ln |u|dvg(m)

− 1

p+

∫

M
|u|p(m)dvg(m) − λc

∫

|u|>A
|u|ηdvg(m).

Then fixing u �= 0 and choosing t > 1, we obtain

E(tu) ≤ a2
α(q−)α

(∫

M
|∇tu|q(m)dvg(m)

)α

+ b2
θ p−

∫

M
|tu|θ p(m) ln |tu|dvg(m)

− 1

p+

∫

M
|tu|p(m)dvg(m) − c

∫

|tu|>A
|u|ηdvg(m)

≤ tαq+
a2

α(q−)α

(∫

M
|∇u|q(m)dvg(m)

)α

+ b2tθ p+
ln t

θ p−

∫

M
|u|θ p(m)dvg(m)

+ b2tθ p+

θ p−

∫

M
|u|θ p(m) ln |u|dvg(m) − t p−

p+

∫

M
|u|p(m)dvg(m)

− λctη
∫

|tu|>A
|u|ηdvg(m)

≤ tαq+
[

a2
α(q−)α

(∫

M
|∇u|q(m)dvg(m)

)α

+ lnt

tαq+−θ p+ × b2
θ p−

∫

M
|u|θ p(m)dvg(m)

+ tθ p+−αq+ b2
θ p−

∫

M
|u|θ p(m) ln |u|dvg(m) − t p−−αq+

p+

∫

M
|u|p(m)dvg(m)

− λctη−αq+
∫

|tu|>A
|u|ηdvg(m)

]

,

with
∫

|tu|>A
|u|ηdvg(m) −→ ρη(u) as t −→ +∞. Since η > αq+, αq+ > θ p+ and

ln t
tαq+−θ p+ −→ 0 as t −→ +∞, we deduce that E(tu) −→ −∞ as t −→ +∞. Hence,
for t > 1 sufficiently large, we can let w = tu such that E(w) < 0. ��
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Lemma 5.6 Suppose that the conditions in Theorem 4.1 hold, then the functional E
satisfies the (PS) condition.

Proof Let un be a Palais–Smale sequence, i.e.,

E(un) is bounded and E ′(un) −→ 0 in
(

W 1,q(m)
0 (M)

)∗
. (5.3)

We proceed in two steps to prove Lemma 5.6.

Step 1: By contradiction,wewill prove thatun is bounded inW 1,q(m)
0 (M). Let‖un‖ →

+∞, hence ‖un‖ > 1. From (H1)-(H2), we get

E(un) − 1

η
〈E ′(un), un〉

= �̂

(∫

M

1

q(m)
|∇un(m)|q(m)dvg(m)

)

+
∫

M

g(m)|un |θ p(m) ln |un |
θ p(m)

dvg(m)

−
∫

M

g(m)|un |θ p(m)

(θ p(m))2
dvg(m) −

∫

M

|un |p(m)

p(m)
dvg(m) − λ�̂

(∫

M
F(m, un)dvg(m)

)

− 1

η
�

(∫

M

1

q(m)
|∇un(m)|q(m)dvg(m)

)∫

M
|∇un |q(m)dvg(m)

− 1

η

∫

M
g(m)|un |θ p(m) ln |un |dvg(m) + 1

η

∫

M
|un |p(m)dvg(m)

+ λ

η
�

(∫

M
F(m, un)dvg(m)

)∫

M
f (m, un)undvg(m)

≥ ( a1
α(q+)α

− a2
η(q−)α−1

)
( ∫

M
|∇un |q(m)dvg(m)

)α

+
(

b1
θ p+ − b2

η

)∫

M
|un |θ p(m) ln |un |dvg(m)

− b2
(θ p−)2

∫

M
|un |θ p(m)dvg(m) +

(
1

η
− 1

p−

)∫

M
|un |p(m)dvg(m)

+ λ

η
�

(∫

M
F(m, un)dvg(m)

)∫

M
f (m, un)undvg(m) − λ�̂

(∫

M
F(m, un)dvg(m)

)

.

According to (H5), we obtain

0 <

∫

M
F(m, un)dvg(m) ≤ 1

η

∫

M
f (m, un)undvg(m).

Moreover, by (4.2)

�̂

(∫

M
F(m, un)dvg(m)

)

≤ �

(∫

M
F(m, un)dvg(m)

)∫

M
F(m, un)dvg(m)

≤ 1

η
�

(∫

M
F(m, un)dvg(m)

)∫

M
f (m, un)undvg(m).

(5.4)
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Then, from (5.4) and since η > max

(
a2α(q+)α

a1(q−)α
,

b2θ p+

b1

)

and η > αq+ > p−, we
get

E(un) − 1

η
〈E ′(un), un〉 ≥

(
a1

α(q+)α
− a2

η(q−)α−1

)

‖u‖αq− − b2
(θ p−)2

Cθ p+‖u‖θ p+

+
(
1

η
− 1

p−

)

C p+‖u‖p+
.

Since p+ < θ p+ < αq− then 0 ≥ +∞, we obtain a contradiction. Then un is
necessarily bounded in W 1,q(m)

0 (M).

Step 2: Let us now study the strong convergence of un in W 1,q(m)
0 (M). Since un

is bounded in W 1,q(m)
0 (M), there exists a subsequence of un , noted un , such as

un⇀u weakly in W 1,q(m)
0 (M). On the other hand, from the compact embeddings, we

obtain

un −→ u strongly in L p(m)(M), p(m) < q∗(m). (5.5)

un −→ u strongly in L(1+θ)p(m)(M), (θ + 1)p(m) < q∗(m). (5.6)

By (5.3), we get

〈E ′(un), un − u〉 −→ 0. (5.7)

Moreover,

�

(∫

M

|∇un(m)|q(m)

q(m)
dvg(m)

)∫

M
|∇un|q(m)−2∇un(∇un − ∇u)dvg(m)

= 〈E ′(un), un − u〉 +
∫

M
|un|p(m)−2un(un − u)dvg(m)

−
∫

M
g(m)|un|θ p(m)−2un ln |un|(un − u)dvg(m)

+ λ�

(∫

M
F(m, un)dvg(m)

)∫

M
f (m, un)(un − u)dvg(m).

Using the Hölder inequality, we get

∣
∣
∣
∣

∫

M
|un|p(m)−2un (un − u) dvg(m)

∣
∣
∣
∣ ≤

∫

M
|un|p(m)−1| (un − u) |dvg(m)

≤ 2||un|p(m)−1| p(m)
p(m)−1

|un − u|p(m)

≤ 2

(

|un|p+−1
p(m) + |un|p+−1

p(m)

)

|un − u|p(m),
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then, by (5.5)

∣
∣
∣
∣

∫

M
|un|p(m)−2un (un − u) dvg(m)

∣
∣
∣
∣ −→ 0 as n −→ +∞. (5.8)

Similarly, from (H4), (4.1) and (5.5), we get

∣
∣
∣
∣�

(∫

M
F(m, un)dvg(m)

)∫

M
f (m, un) (un − u) dvg(m)

∣
∣
∣
∣ −→ 0 as n −→ +∞.

(5.9)

On the other hand, we have

∫

M

∣
∣
∣
∣|un|θ p(m)−2un ln |un|

∣
∣
∣
∣

(1+θ)p(m)
(1+θ)p(m)−1

dvg(m)

=
∫

M1

∣
∣
∣
∣|un|θ p(m)−2un ln |un|

∣
∣
∣
∣

(1+θ)p(m)
(1+θ)p(m)−1

dvg(m)

+
∫

M2

∣
∣
∣
∣|un|θ p(m)−2un ln |un|

∣
∣
∣
∣

(1+θ)p(m)
(1+θ)p(m)−1

dvg(m)

≤ Cvol(M) +
∫

M2

∣
∣
∣
∣|un|θ p(m)−2un ln |un|

∣
∣
∣
∣

(1+θ)p(m)
(1+θ)p(m)−1

dvg(m),

where M1 = {m ∈ M, |un| ≤ 1} and M2 = {m ∈ M, |un| ≥ 1}. We can deduce from
the continuous embedding W 1,q(m)

0 (M) ↪→ L(1+θ)p(m)(M) and Lemma 5.2 that

∫

M

∣
∣
∣
∣|un|θ p(m)−2un ln |un|

∣
∣
∣
∣

(1+θ)p(m)
(1+θ)p(m)−1

dvg(m)

≤ Cvol(M) + 1

(ep−)
(1+θ)p+

(1+θ)p−−1

∫

M
|un|(θ+1)p(m)dvg(m)

≤ Cvol(M) + 1

(ep−)
(1+θ)p+

(1+θ)p−−1

(

C (1+θ)p−‖un‖(1+θ)p− + C (1+θ)p+‖un‖(1+θ)p+
)

.

(5.10)

The inequality (5.10) implies that

∣
∣
∣|un|θ p(m)−1 ln |un|

∣
∣
∣

(1+θ)p(m)
(1+θ)p(m)−1

≤ C . (5.11)
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Using the Hölder inequality, (H1), (5.6) and (5.11), we get

∣
∣
∣
∣

∫

M
g(m)|un |θ p(m)−2un ln |un |(un − u)dvg(m)

∣
∣
∣
∣

≤ 2b1
∣
∣
∣|un |p(m)−1 ln |un |

∣
∣
∣

(1+θ)p(m)
(1+θ)p(m)−1

|un − u|(1+θ)p(m) −→ 0 as n −→ +∞.

(5.12)

From (5.7), (5.8), (5.9) and (5.12), we get

�

(∫

M

1

q(m)
|∇un(m)|q(m)dvg(m)

)∫

M
|∇un|q(m)−2∇un(∇un − ∇u)dvg(m) −→ 0.

From condition (H2), we get

∫

M
|∇un|q(m)−2∇un(∇un − ∇u)dvg(m) −→ 0 as n −→ +∞.

Similarly, we have

∫

M
|∇u|q(m)−2∇u(∇un − ∇u)dvg(m) −→ 0 as n −→ +∞.

According to the following inequalities

|u − v|s ≤
{

c1
[(|u|s−2 u − |v|s−2 v

)
(u − v)

] s
2
(|u|s + |v|s) 2−s

s , 1 < s < 2,
c2
(|u|s−2 u − |v|s−2 v

)
(u − v) , s ≥ 2,

(5.13)

for all u, v ∈ R
N , where c1 and c2 are positive constants depending only on s, we

obtain

∫

M
|∇un − ∇u|q(m) dvg(m)

≤
∫

M

(
|∇un|q(m)−2 ∇un − |∇u|q(m)−2∇u

)
(∇un − ∇u) dvg(m).

Hence, un −→ u strongly in W 1,q(m)
0 (M). Thus, E satisfies the Palais–Smale condi-

tion in W 1,q(m)
0 (M). ��

Finally, Lemma 5.4, Lemma 5.5 and Lemma 5.6 lead us to the conclusion that E
satisfy the all conditions of the Mountain Pass Theorem. Then, E has at least one
nontrivial critical point, i.e., problem (1.1) has a nontrivial weak solutions.
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5.2 Proof of Theorem 4.2

We will prove Theorem 4.2 with the help of the Fountain Theorem. According to

(H7) and Lemma 5.6, E ∈ C1
(

W 1,q(m)
0 (M),R

)
is an even functional and satisfies

the Palais–Smale condition. Now, we shall verify that E satisfies the conditions (i)
and (ii) of Theorem 3.3.

(i) In view of (H4) and (H5), there exist two positive constants C1 and C2 such
that

|F(m, t)| ≥ C1|t |η − C2|t |, for (m, t) ∈ M × R. (5.14)

Let u ∈ Y j such that ‖u‖ > 1. Hence, from (H1), (H2), (4.1), (5.14) and Proposition
5.3, we obtain

E(u) = �̂

(∫

M

|∇u|q(m)

q(m)
dvg(m)

)

+
∫

M

g(m)|u|θ p(m) ln |u|
θ p(m)

dvg(m)

−
∫

M

g(m)|u|θ p(m)

(θ p(m))2
dvg(m) −

∫

M

|u|p(m)

p(m)
dvg(m) − λ�̂

(∫

M
F(m, u)dvg(m)

)

≤ a2
α(q−)α

(∫

M
|∇u|q(m)dvg(m)

)α

+ b2
θ p−

∫

M
|u|θ p(m) ln |u|dvg(m)

− 1

p+

∫

M
|u|p(m)dvg(m) − λC1

∫

M
|u|ηdvg(m) + λC2

∫

M
|u|dvg(m)

≤ a2
α(q−)α

‖u‖αq+ + b2
θ p− Cvol(M) + b2

θ p−ep− max

{

|u|(1+θ)p+
(1+θ)p(m), |u|(1+θ)p−

(1+θ)p(m)

}

− 1

p+ min

{

|u|p+
p(m), |u|p−

p(m)

}

− λC1|u|ηη + λC2|u|1.

Because dim Y j < ∞, then all norms are equivalents, so there are four positive
constants C3, C4, C5 and C6, such that

|u|(1+θ)p±
(1+θ)p(m) ≤ C3‖u‖(1+θ)p±

, |u|p±
p(m) ≥ C4‖u‖p±

, |u|ηη ≥ C5‖u‖η, |u|1 ≤ C6‖u‖.

Then

E(u) ≤ a2
α(q−)α

‖u‖αq+ + b2
θ p− Cvol(M) + b2

θ p−ep− C3‖u‖(1+θ)p+ − 1

p+ C4‖u‖p−

− λC1C5‖u‖η + λC2C6‖u‖
≤ ‖u‖αq+

[
a2

α(q−)α
+ b2

θ p−
Cvol(M)

‖u‖αq+ + b2
θ p−ep− C3‖u‖(1+θ)p+−αq+

− 1

p+ C4‖u‖p−−αq+ − λC1C5‖u‖η−αq+ + λC2C6‖u‖1−αq+
]

.

Since η > αq+ > 1 and (1 + θ)p+ < αq+, we get E(u) −→ −∞ as ‖u‖ −→
+∞, for all u ∈ Y j .
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Then, there exists γ j = ‖u‖ large enough such that

a j = max
u∈Y j ,‖u‖=γ j

E(u) ≤ 0.

So, the condition (i) of Theorem 3.3 is satisfied.
(ii) Let u ∈ Z j such that ‖u‖ > 1. According to (H1), (H2), (4.1) and (5.1), we

get

E(u) = �̂

(∫

M

|∇u|q(m)

q(m)
dvg(m)

)

+
∫

M

g(m)|u|θ p(m) ln |u|
θ p(m)

dvg(m)

−
∫

M

g(m)|u|θ p(m)

(θ p(m))2
dvg(m) −

∫

M

|u|p(m)

p(m)
dvg(m) − λ�̂

(∫

M
F(m, u)dvg(m)

)

≥ a1
α(q+)α

(∫

M
|∇u|q(m)dvg(m)

)α

− b2
(θ p−)2

∫

M
|u|θ p(m)dvg(m)

− 1

p−

∫

M
|u|p(m)dvg(m) − λ

εβ

(p−)β

(∫

M
|u|p(m)dvg(m)

)β

≥ a1
α(q+)α

‖u‖αq− − b2
(θ p−)2

max

{

|u|θ p+
θ p(m), |u|θ p−

θ p(m)

}

− 1

p− max

{

|u|p−
p(m), |u|p+

p(m)

}

− λ
εβ

(p−)β
max

{

|u|β p−
p(m), |u|β p+

p(m)

}

.

Put

σ j = sup

{

|u|p(m), ‖u‖ = 1, u ∈ Z j

}

, (5.15)

and

μ j = sup

{

|u|θ p(m), ‖u‖ = 1, u ∈ Z j

}

. (5.16)

Hence,

E(u) ≥ a1
α(q+)α

‖u‖αq− − b2
(θ p−)2

max

{

μ
θ p+
j ‖u‖θ p+

, μ
θ p−
j ‖u‖θ p−

}

− 1

p− max

{

σ
p−
j ‖u‖p−

, σ
p+
j ‖u‖p+

}

− λ
εβ

(p−)β
max

{

σ
β p−
j ‖u‖β p−

, σ
β p+
j ‖u‖β p+

}

≥
[

a1
α(q+)α

− λ
εβ

(p−)β
σ

β p+
j ‖u‖β p+−αq−

]

‖u‖αq− − b2
(θ p−)2

μ
θ p+
j ‖u‖θ p+

− 1

p− σ
p+
j ‖u‖p+

.
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Let us define

r j =
(

a1(p−)β

2λεβσ
β p+
j α(q+)α

) 1
β p+−αq−

.

Since β p+ > αq− and lim j−→+∞ σ j = 0, then r j −→ +∞ as j −→ +∞. Hence,
for any u ∈ Z j with ‖u‖ = r j , we get

E(u) ≥
[

a1
2α(q+)α

− 1

p− σ
p+
j r p+−αq−

j − b2
(θ p−)2

μ j r
θ p+−α p−
j

]

rαq−
j −→ +∞,

as j → ∞, since p+ < θ p+ < αq− and σ j , μ j −→ 0 as j −→ +∞.
Then infu∈Z j ,‖u‖=r j E(u) → +∞ as j → ∞. That is, condition (ii) of Theorem

3.3 is satisfied. This concludes the proof of Theorem 4.2.

5.3 Proof of Theorem 4.3

We will prove Theorem 4.3 with the help of the Dual Fountain Theorem. From condi-

tion (H7), we see that E ∈ C1
(

W 1,q(m)
0 (M),R

)
is an even functional. Now, we shall

verify that E satisfies the conditions (B1)-(B4) of Theorem 3.5. (B1) For any u ∈ Z j ,
‖u‖ < 1, similarly of the proof of Theorem 4.2 (ii), we have

E(u) ≥ a1
α(q+)α

‖u‖αq+ − b2
(θ p−)2

max

{

μ
θ p+
j ‖u‖θ p+

, μ
θ p−
j ‖u‖θ p−

}

− 1

p− max

{

σ
p−
j ‖u‖p−

, σ
p+
j ‖u‖p+

}

− λ
εβ

(p−)β
max

{

σ
β p−
j ‖u‖β p−

, σ
β p+
j ‖u‖β p+

}

≥ a1
α(q+)α

‖u‖αq+ − b2
(θ p−)2

μ
θ p−
j ‖u‖θ p− − λ

εβ

(p−)β
σ

β p−
j ‖u‖β p− − 1

p− σ
p−
j ‖u‖p−

≥ a1
α(q+)α

‖u‖αq+ −
[

b2
(θ p−)2

μ
θ p−
j + λ

εβ

(p−)β
σ

β p−
j + 1

p− σ
p−
j

]

‖u‖p−
.

(5.17)

Since σ j and μ j are null sequences, then

ρ j =
[
2α(q+)α

a1

(
b2

(θ p−)2
μ

θ p−
j + λ

εβ

(p−)β
σ

β p−
j + 1

p− σ
p−
j

)] 1
αq+−p−

−→ 0 as j −→ +∞.
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Then, there exists j0 ∈ N such that ρ j < 1 for all j ≥ j0. Hence, for all u ∈ Z j with
‖u‖ = ρ j , j ≥ j0, we have

E(u) ≥ a1
2α(q+)α

ρ

αq+
αq+−p−
j ≥ 0.

This shows (B1).
(B2) For w ∈ Y j with ‖w‖ = 1 and 0 < t < ρ j < 1, from (H1), (H2), (4.1), (5.1)

and Proposition 5.3, we get

E(tw) = �̂

(∫

M

|∇tw|q(m)

q(m)
dvg(m)

)

+
∫

M

g(m)|tw|θ p(m) ln |tw|
θ p(m)

dvg(m)

−
∫

M

g(m)|tw|θ p(m)

(θ p(m))2
dvg(m) −

∫

M

|tw|p(m)

p(m)
dvg(m) − λ�̂

(∫

M
F(m, tw)dvg(m)

)

≤ tαq−
a2

α(q−)α

(∫

M
|∇w|q(m)dvg(m)

)α

+ b2tθ p−
ln t

θ p−

∫

M
|w|θ p(m)dvg(m)

+ b2tθ p−

θ p−

∫

M
|w|θ p(m) ln |w|dvg(m) − t p+

p+

∫

M
|w|p(m)dvg(m)

+ λ
εβ tβ p−

(p−)β

(∫

M
|w|p(m)dvg(m)

)β

≤ tαq−
a2

α(q−)α

(∫

M
|∇w|q(m)dvg(m)

)α

+ b2tθ p−
ln t

θ p−

∫

M
|w|θ p(m)dvg(m)

+ b2tθ p−

θ p−

[

Cvol(M) + 1

ep−

∫

M
|w|(1+θ)p(m)dvg(m)

]

− t p+

p+

∫

M
|w|p(m)dvg(m)

+ λ
εβ tβ p−

(p−)β

(∫

M
|w|p(m)dvg(m)

)β

.

Since all norms are equivalent, we obtain

E(tw) ≤ tαq−
a2

α(q−)α
+ b2tθ p−

ln t

θ p− C1 + b2tθ p−

θ p−

[

Cvol(M) + 1

ep− C2

]

− t p+

p+ C3 + λ
εβ tβ p−

(p−)β
C4

≤
[

tαq−−p+ a2
α(q−)α

+ tθ p−−p+
ln t

b2
θ p− C1 + tθ p−−p+ b2

θ p−

[

Cvol(M) + 1

ep− C2

]

− 1

p+ C3 + tβ p−−p+
λ

εβC4

(p−)β

]

t p+
.

Let us put

S(t) = tαq−−p+ a2
α(q−)α

+ tθ p−−p+
ln t

b2
θ p− C1 + tθ p−−p+ b2

θ p−

[

Cvol(M) + 1

ep− C2

]

− 1

p+ C3 + tβ p−−p+
λ

εβC4

(p−)β
.
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Because β p− > αq− > θ p− > p+, then the function t −→ S(t) is strictly negative
in a neighborhood of zero. It follows that there exists a r j ∈ (0, ρ j ) such that E(u) < 0,
for all u ∈ Y j ‖u‖ = r j . Hence, we get

d j = max
u∈Y j ,‖u‖=r j

E(u) < 0.

(B3) Since Y j ∩ Z j �= ∅ and r j < ρ j , we get

s j = max
u∈Z j ,‖u‖≤ρ j

inf E(u) ≤ d j = max
u∈Y j ,‖u‖=r j

E(u) < 0.

By (5.17), for w ∈ Z j , ‖w‖ = 1, 0 ≤ t ≤ ρ j < 1 and u = tw, we obtain

E(tw) ≥ a1
α(q+)α

‖tw‖αq+ − b2
(θ p−)2

μ
θ p−
j ‖tw‖θ p−

− λ
εβ

(p−)β
σ

β p−
j ‖tw‖β p− − 1

p− σ
p−
j ‖tw‖p−

≥ a1
α(q+)α

tαq+ − b2
(θ p−)2

μ
θ p−
j tθ p− − λ

εβ

(p−)β
σ

β p−
j tβ p− − 1

p− σ
p−
j t p−

≥ − b2
(θ p−)2

μ
θ p−
j − λ

εβ

(p−)β
σ

β p−
j − 1

p− σ
p−
j .

Then s j −→ 0 as j −→ +∞. So (B3) holds. (B4) Let (un) ⊂ W 1,q(m)
0 (M) such

that un ∈ Yn, E (un) → c̃ and
(

E |Yn

)′
(un) → 0. The boundedness of ‖un‖ can be

obtained in the same manner as in the proof of Lemma 5.6.
Let us prove

lim
n→+∞

〈
E ′ (un) , un − u

〉 = 0. (5.18)

As X = ∪nYn , we can choose vn ∈ Yn such that vn → u strongly in W 1,q(m)
0 (M).

Since E ′|Yn
(un) −→ 0 and un − vn → 0 in Yn , (see [5, Proposition 3.5]), then we get

lim
n→+∞

〈
E ′ (un) , un − vn

〉 = 0.

Hence, we obtain

lim
n→+∞

〈
E ′ (un) , un − u

〉 = lim
n→+∞

〈
E ′ (un) , un − vn

〉+ lim
n→+∞

〈
E ′ (un) , vn − u

〉 = 0.

Moreover,

�

(∫

M

|∇un(m)|q(m)

q(m)
dvg(m)

)∫

M
|∇un|q(m)−2∇un(∇un − ∇u)dvg(m)
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= 〈E ′(un), un − u〉 +
∫

M
|un|p(m)−2un(un − u)dvg(m)

−
∫

M
g(m)|un|θ p(m)−2un ln |un|(un − u)dvg(m)

+λ�

(∫

M
F(m, un)dvg(m)

)∫

M
f (m, un)(un − u)dvg(m).

From (5.7), (5.8), (5.9),(5.12), (5.13) and (H2), we get un → u. Moreover E ′(un) −→
E ′(u).

Let’s now demonstrate below that E ′(u) = 0. Taking arbitrarily v j ∈ Y j and
observe that when n ≥ j , we have

〈
E ′(u), v j

〉 = 〈
E ′(u) − E ′ (un) , v j

〉+ 〈
E ′ (un) , v j

〉

= 〈
E ′(u) − E ′ (un) , v j

〉+
〈(

E |Yn

)′
(un) , v j

〉
−→ 0 as n −→ +∞.

Then,
〈
E ′(u), v j

〉 = 0 for all v j ∈ Y j . Therefore, E ′(u) = 0. This proves that J
satisfies the (P S)∗c condition for every c ∈ R. So (B4) is satisfied. Hence, the Dual
Fountain Theorem leads to the conclusion of Theorem 4.3.
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