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Abstract

We introduce the Exel-Pardo x-algebra EPg (G, A) associated to a self-similar k-graph
(G, A, ¢). We also prove the Z*-graded and Cuntz—Krieger uniqueness theorems for
such algebras and investigate their ideal structure. In particular, we modify the graded
uniqueness theorem for self-similar 1-graphs and then apply it to present EPg (G, A)
as a Steinberg algebra and to study the ideal structure.

Keywords Self-similar k-graph - Exel-Pardo algebra - Groupoid algebra - Ideal
structure

Mathematics Subject Classification 16D70 - 16 W50

1 Introduction

To give a unified framework like graph C*-algebras for the Katsura’s [11] and Nekra-
shevyche’s algebras [17, 18], Exel and Pardo introduced self-similar graphs and their
C*-algebras in [7]. They then associated an inverse semigroup and groupoid model
to this class of C*-algebras and studied structural features by underlying self-similar
graphs. Note that although only finite graphs are considered in [7], many of arguments
and results may be easily generalized for countable row-finite graphs with no sources
(see [8, 10] for example). Inspired from [7], Li and Yang in [15, 16] introduced self-
similar action of a discrete countable group G on a row-finite k-graph A. They then
associated a universal C*-algebra Og a to (G, A) satisfying specific relations.
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The algebraic analogues of Exel-Pardo C*-algebras, denoted by O?ng’ E) in [6] and
by Lg(G, E) in [9], were introduced and studied in [6, 9]. In particular, Hazrat et
al. proved a Z-graded uniqueness theorem and gave a model of Steinberg algebras
for Lr(G, E) [9]. The initial aims to write the present paper are to give a much
easier proof for [9, Theorem B] (a groupoid model for Lz (G, E)) using the Z-graded
uniqueness theorem and then to study the ideal structure. However, we do these here,
among others, for a more general class of algebras associated to self-similar higher
rank graphs (G, A), which is introduced in Sect. 2.

This article is organized as follows. Let R be a unital commutative *-ring. In Sect. 2,
we introduce a universal x-algebraEP (G, A) of a self-similar k-graph (G, A) satisfy-
ing specific properties, which is called the Exel-Pardo algebra of (G, A). Our algebras
are the higher rank generalization of those in [9, Theorem 1.6] and the algebraic ana-
logue of Og A [15, 16]. Moreover, this class of algebras includes many important
known algebras such as the algebraic Katsura algebras [9], Kumjian-Pask algebras [2],
and the quotient boundary algebras Q;lg(A >a1 G) of a Zappa-Szép product A < G
introduced in Sect.3. In Sect.3, we give a specific example of Exel-Pardo algebras
using boundary quotient algebras of semigroups. Indeed, for a single-vertex self-
similar k-graph (G, A), the Zappa-Sz€p product A >< G is a cancellative semigroup.
We prove that the quotient boundary algebra Qz;elg(A >a G) (defined in Definition
3.1) is isomorphic to EPg (G, A). Section4 is devoted to proving a graded uniqueness
theorem for the Exel-Pardo algebras. Note that using the description in Proposition
2.7, there is a natural Z* -grading on EPg (G, A). Then, in Theorem 4.2, a /s -graded
uniqueness theorem is proved for EPz (G, A) which generalizes and modifies [9, The-
orem A]. In particular, we will see in Sects.5 and 6 that this modification makes it
more applicable.

In Sects. 5 and 6, we assume that our self-similar k-graphs are pseudo-free (Defini-
tion 5.1). In Sect. 5, we prove that every Exel-Pardo algebra EPg (G, A) is isomorphic
to the Steinberg algebra Ag(Gg. a), where G is the groupoid introduced in [15].
We should note that the proof of this result is completely different from that of [9,
Theorem B]. Indeed, the main difference between the proof of Theorem 5.5 and
that of [9, Theorem B] is due to showing the injectivity of defined correspondence.
In fact, in [9, Theorem B], the authors try to define a representation for S(g ) in
EPr (G, E) while we apply our graded uniqueness theorem, Theorem 4.2. This gives
us an easier proof for Theorem 5.5, even in the 1-graph case. Finally, in Sect.6, we
investigate the ideal structure of EPg (G, A). Using the Steinberg algebras, we can
define a conditional expectation £ on EPg(G, A) and then characterize basic, Zk-
graded, diagonal-invariant ideals of EPg(G, A) by G-saturated G-hereditary subsets
of A, These ideals are exactly basic, ONF, G) x1 Zk-graded ideals of EPR (G, A).

1.1 Notation and Terminology

LetN = {0,1,2,...}. For k > 1, we regard N as an additive semigroup with the
generators ey, . .., ex. We use < for the partial order on N¥ given by m < n if and
only if m; < n; for 1 <i < k. We also write m v n and m A n for the coordinate-wise
maximum and minimum, respectively.
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A k-graph is a countable small category A = (A”, A, r, 5) equipped with a degree
functor d : A — N satisfying the unique factorization property: for © € A and
m, n € NF with d(u) = m + n, then there exist unique o, 8 € A such that d(«) = m,
d(B) = n, and u = af. We usually denote (0, m) := o and pu(m, d(n)) := B. We
refer to A as the vertex set and define A” := {u € A : d(u) = n} for every n € NK.
For A, B C A, define AB = {uv : u € A,v € B, and s(u) = r(v)}. Also, for
w, v € A, define A" (u,v) = {(ar, B) € A X A : per = vB, d(na) = d(u) vd©v)}.

We say that A is row-finite if vA™ is finite for all n € N¥ and v € A°. A source in
A is a vertex v € A% such that vA% = ¢ for some 1 <i < k.

Standing assumption. Throughout the article, we work only with row-finite k-
graphs without sources.

Let Q; = {(m,n) € N* x N¥ : m < n}. By defining (m,n).(n,1) := (m,),
r(m,n) := (m,m), and s(m, n) := (n,n), then  is a row-finite k-graph without
sources. A graph homomorphism x : Q — A is called an infinite path of A with the
range r(x) = x(0, 0), and we write A® for the set of all infinite paths of A.

2 Exel-Pardo Algebras of Self-Similar k-Graphs

In this section, we associate a x-algebra to a self-similar k-graph as the algebraic
analogue of [16, Definition 3.9]. Let us first review some definitions and notations.

Following [9], we consider *-algebras over *-rings. Let R be a unital commutative
x-ring. Recall that a x-algebra over R is an algebra A equipped with an involution
such that (a®)* = a, (ab)* = b*a*, and (ra + b)* = r*a™ + b* foralla,b € A
and r € R. Then p € A is called a projection if p> = p = p*, and s € A a partial
isometry if s = ss*s.

Definition 2.1 ([2, Definition 3.1]) Let A be a row-finite k-graph without sources. A
Kumjian-Pask A-familyis a collection {s,, : u € A} of partial isometries in a x-algebra
A such that

(KP1) {s, : v € A is a family of pairwise orthogonal projections;
(KP2) s,y = spusy forall u, v e A withs(u) =r(v);

(KP3) 5,5, = ss(u) forall u € A; and

(KP4) 5, =" cpnn Sus; forallv € A% and n € N,

2.1 Self-Similar k-Graphs and Their Algebras

Let A be a row-finite k-graph without sources. An automorphism of A is a bijection
¥ : A — Asuchthaty(A") € A" foralln € N with the properties soy = 1 os and
roy = ¥ or. We denote by Aut(A) the group of automorphisms on A. Furthermore,
if G is a countable discrete group, an action of G on A is a group homomorphism
g > Vg from G into Aut(A).

Definition 2.2 ([15]) Let A be a row-finite k-graph without sources and G a discrete
group with identity eg. We say that a triple (G, A, @) is a self-similar k-graph when-
ever the following properties hold:
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(1) G acts on A by a group homomorphism g + .. We prefer to write g - u for
Y¢ () to ease the notation.

(2) ¢ : G x A — G is a l-cocycle for the action G ~ A such that for every g € G,
w,v € A and v € A? we have

(@) @(gh, ) =g, h-weh, u)  (the 1-cocycle property),
) g-(uv) =(g-w(p(g, ) -v) (the self-similar equation),
(©) @(g, wv) = @(p(g. 1), v), and
(d) (g, v) =g.

For convenience, we usually write (G, A) instead of (G, A, ¢).

Remark 2.3 In [15], the authors used the notation g|,, for ¢ (g, 1). However, we would
prefer to follow [7-9] for writing ¢ (g, ).

Remark 2.4 1f in equation (2)(a) of Definition 2.2, we set g = h = eg, then we
get p(eg, u) = eg for every u € A. Moreover, [15, Lemma 3.5(ii)] shows that
(g, n)-v=g-vforallge G,ve A’ and u € A.

Now we generalize the definition of Exel-Pardo x-algebras [9] to the k-graph case.

Definition 2.5 Let (G, A) be a self-similar k-graph. An Exel-Pardo (G, A)-family (or
briefly (G, A)-family) is a set

{sp:m€AYU{uy,:veA’ geG)
1% 8

in a x-algebra satisfying

(1) {s; : u € A} is a Kumjian-Pask A-family,

(2) Uy = sy forallv e A,

() g =tg1., 1 forallv e Aland g € G,

() Uy oSy = 8y gr(u)Seutlgs(u)pg.m forallv e AY e A, and g € G,

(5) Uy, gltw.h = Sy g.wlty,gn forall v, w € A% and g, hedG.

Then the Exel-Pardo algebra EPr(G, A) is the universal x-algebra over R generated
by a (G, A)-family {s,, uy g}.

Recall that the universality of EPr(G, A) means that for every (G, A)-family
{S;, Uy,g} in a x-algebra A, there exists a *-homomorphism ¢ : EPr(G, A) — A
such that ¢(s;,) = S, and ¢ (uy,g) = Uy g forallv € AY, ne A, and g € G. (See
Sect. 2.2 for the construction of EPg(G, A).) Throughout the paper, we will denote
by {s,, uy ¢} the (G, A)-family generating EPR (G, A).

2.2 The Construction of EPR (G, N\)

Let (G, A) be a self-similar k-graph as in Definition 2.2. The following is a standard
construction of a universal algebra EPg (G, A) subject to desired relations. Consider
the set of formal symbols

S = {SM,SZ,UU,g,U;“’g:/L eAveA’ge G}.
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Let X = w(S) be the collection of finite words in S. We equip the free R-module

1
Fr(X) := {Zrix,- l>1,r,€R,x; € X}

i=1

with the multiplication

1 U
<Zrixi><2s]-yj> = Zriijiyj,
i=l1 Jj=1

i,j

and the involution

<Zrixi>* = (Zrl*xl*)

where x* = s/ ... 5] foreach x = s1...s;. Then Fg(X) is a x-algebra over R. If [ is
the (two-sided and self-adjoint) ideal of [F' g (X') containing the roots of relations (1)-(5)
in Definition 2.5, then the quotient Fg(X)/I is the Exel-Pardo algebra EPR(G, A)
with the desired universal property. Let us define s, := S, + 7 and uy g := Uy o + [
forevery u € A, v € A% and g € G.Incase (G, A) is pseudo-free (Definition 5.1),
Theorem 4.2 insures that all generators {s;,, uy ¢} of EPg(G, A) are nonzero.
Proposition 2.7 describes the elements of EPg (G, A). First, see a simple lemma.

Lemma 2.6 Let (G, A) be a self-similar graph (as in Definition 2.2) and {S, U} a
(G, N)-family. If S;,Uy ¢S5 # 0 where j1,v € A, v € A and g € G, then s(1) =
v=g-s(v).

Proof If a = S, U, S} is nonzero, then by Definition 2.5 we can write
Su Uv,gsj =Sy (SS(N—) Uv,g)S:

= S (Us(u),eq Uv,g)S:
= Sﬂ(as(ll«)veG'UUS(ﬂ)»g)S:'

Now, the hypothesis a # 0 forces s(i) = v. On the other hand, a similar computation
gives

a= Su(Uv,g‘S‘S(v))S;6
= S;/.(Uv,gUs(v),e(;)Sj
= SM(SU,g-S(U)U‘U,g)S]Tv

and thus v = g - s(v). O

Proposition 2.7 Let (G, A) be a self-similar graph. Then

EPR(G, A) = spang{s,us).gsy : & € G, w,v € A, and s(n) = g - s(v)}.(2.1)

@ Springer



82 Page6of 21 H. Larki

Proof Define M := spanp{s,itsu) ¢Sy : 8 € G, nu, v € A}. Forevery g, h € G and
w,v,a, B € A witha = va’ for some &’ € A, the relations of Definition 2.5 imply
that

<SM”s(u),gsnf> (Sa“s(a),hsg) = Su”x(u),g(S:Sa)”‘v(a),hsg
= Su”‘v(u),g(sa’)”sw),hsg
=Su <5s(u),g-r(0¢’)sgu’“g-S(a/)«p(g,a/)”s(a)»h>S§
= 5(),g:5()Sp(g-a)
<8g-3(a’),<ﬂ(g,a’)-S(a)“g-S(a’),fp(g,a’)h)sg

(as (@) =s)).

In the case v = av’ for some V' € A, the above multiplication may be computed
similarly, and otherwise is zero. Hence, M is closed under multiplication. Also, we
have

%
* _ *
Suls(u).gSy | = Svllg=lg(u), g~ 1S
so M* C M. Since
S, = S, U sk and Uy o = Splly oS-
n = Suls(n),ecos(w) v,g = Svlly,gSg.y

forallg € G,v € A%, and w € A, it follows that M is a x-subalgebra of EPR(G, A)
containing the generators of EPg(G, A). In light of Lemma 2.6, this concludes the
identification (2.1). O

2.3 The Unital Case

In case A is a k-graph with finite A?, we may give a better description for Definition
2.5. Note that this case covers all unital Exel-Pardo algebras EPg (G, A).

Lemma 2.8 Let (G, A) be a self-similar k-graph and let s, be nonzero in EPg(G, A)
for every v € A°. Then EPR(G, A) is a unital algebra if and only if the vertex set A°
is finite.

Proof If A° = {v1, ..., v} is finite, then using identification (2.1), P = Zé:l Sy, 18
the unit of EPg (G, A). Conversely, if A is infinite, then the set {sy 1 v € AO} -
EPR (G, A) contains infinitely many mutually orthogonal projections. Now again by
(2.1), there is no element of EPr (G, A) which acts as an identity on each element of
{5y v e A o
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Note that if {s, u} is a (G, A)-family in a x-algebra A, then for each g € G we
may define ug := ) _p0Uy g as an element of the multiplier algebra M(A) with
the property syug = uy ¢ forall v € AQ (relations (2) and (5) of Definition 2.5 yield
Syly,g = Oy wlty,g). (See [1] for the definition of multiplier algebras.) Thus relations
(3) and (5) of Definition 2.5 imply that u : G — M(A), defined by g > ug, is a
unitary -representation of G on M(A). In particular, in case A is finite, u ¢ s lie all
in A, and we may describe Definition 2.5 as the following:

Proposition 2.9 Let (G, A) be a self-similar k-graph. Suppose also that A is finite.
Then EPR(G, A) is the universal *-algebra generated by families {s,, : © € A} of
partial isometries and {ug : g € G} of unitaries satisfying

(1) {su : u € A} is a Kumjian-Pask A-family;
2) u : G — EPR(G,A), by g = ug, is a unitary *-representation of G on
EPRr(G, A), in the sense that

(a) ugup = ugp forall g, h € G, and
(b) uy = u;l =ug-1 forall g € G;

(3) ugsy = Sg.pltge.p) forallg € G and u € A.

3 An example: The Zappa-Szép Product A >« G and its %-Algebra

Let (G, A) be a self-similar k-graph such that |[A®| = 1. The C*-algebra and quotient
boundary C*-algebra associated to the Zappa-Szép product A >< G as a semigroup
were studied in [4, 14]. In this section, we first define Q;lg(S ) as the algebraic analogue
of the quotient boundary C*-algebra Q(S) of a cancellative semigroup S. Then we
show that Q;]g (A < G) is isomorphic to the Exel-Pardo algebra EPg (G, A).

Let us recall some terminology from [4, 13]. Let S be a left-cancellative semigroup
with an identity. Given X C S and s € S, define sX := {sx : x € X} and s7IX =
{r € S :sr € X}. Also, the set of constructible right ideals in S is defined as

JS) == s ri.sy7 S 1> 1, si,m € SYU D).

Then, a foundation set in J(S) is a finite subset F € J(S) such that for each Y €
J(S), there exists X € F with X NY # @.
The following is the algebraic analogue of [13, Definition 2.2].

Definition 3.1 Let S be a left-cancellative semigroup and R be a unital commutative
x-ring. The boundary quotient x-algebra of S is the universal unital x-algebra Q;lg )
over R generated by a set of isometries {t; : s € S} and a set of projections {gx : X €
J(S)} satisfying

(1) tty = tyr,

(2) tsgxty = qsx,

(3) gs =1and gy =0,

(4) gxqy = qxny, and moreover
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(5) HXGF(l —qx) =0
foralls,r € S, X,Y € J(S), and foundation sets F C 7 (S).

Let A be a k-graph such that A = {v}. Then pv is composable for all , v € A,
and hence A may be considered as a semigroup with the identity v. Also, the unique
factorization property implies that A is cancellative.

Definition 3.2 ([4, Definition 3.1]) Let (G, A) is a single-vertex self-similar k-graph.
If we consider A as a semigroup, then the Zappa-Szép product A < G is the semigroup
A x G with the multiplication

(u, ), h) = (n(g-v),9(g,v)-h) (u,veAandg, heq).

Remark 3.3 If A is a single-vertex k-graph, then [14, Lemma 3.2 (iv)] follows that

l
J(A)={UmA:lZ Lo € Ad(uy) = --~=d(m>}.

i=1
In order to prove Theorem 3.6, the following lemmas are useful.

Lemma3.4 Let (G, A) be a self-similar k-graph with A° = {v}. Suppose that for
each u € A, the map g — ¢(g, () is surjective. Then

(1) J(A><G)=TJ(A) x{G}, where P x G := (.
(2) A finite subset F C J(A) is a foundation set if and only if F' = F x {G} is a
Sfoundation set in J (A < G).

Proof Statement (1) is just [14, Lemma 2.13]. For (2), suppose that F € J(A) is
a foundation set, and let Y x G € J(A < G). Then there exists X € F such that
XNY #@. Thus (X x G) N (Y x G) # @, from which we conclude that F' x {G} is
a foundation set in 7 (A < G). The converse may be shown analogously. O

In the following, for u € A and E € A we define
Ext(u: E) == {a : (a, B) € A™" (i, v) for some v € E}.

Lemma3.5 Let (G, A) be a self-similar k-graph with A = {v}. For every X =
Uézlﬂil\ and Y = UljzlvjA in J(A), we have

XNY =U{piaA : 1 <i <l,a € Ext(u;; {vi,..., oD}

Proof Forany A € X NY,therearea, B € A, 1 <i <l,and 1 < j <[’ such that
A = pjo = v;B. Define

o == a(0,d(pi) vVdvy) —d(u)) and B = B0,d(u;) v d(v;) —dv))).
Then the factorization property implies that A = u;a’A’ = v;'A" where d(u;o’) =

dw;B) =d(ui)vd;j)and ' = r(d(u;) vd(v;),d(n)). It follows that A € p;o’ A
with &’ € Ext(u;; {v;}) as desired. The reverse containment is trivial. m|
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The following result is inspired by [14, Theorem 3.3].

Theorem 3.6 Let (G, A) be a self-similar k-graph with A° = {v} and let {su, ug)
be the (G, A)-family generating EPg (G, A) as in Proposition 2.9. Suppose that for
every u € A the map g — (g, p) is surjective. If the family {t, ¢), gx : (1, g) €

A< G, X € J(A < G)} generates Q?elg(A > G), then there exists an R-algebra

k-isomorphism w : EPp(G, A) — Qe};g(A ><t G) such that w(s,) = tu.eq) and

(Ug) = qGu,g) forall p € A and g € G.

Proof Forevery u € A and g € G, define
S = tpeq) and Ug := 1y g).

We will show that {S, U} is a (G, A)-family in Q;lg (A >< G), which is described in
Proposition 2.9. First, for each g € G we have

UgU; = Lv,g) 4A~G 1(*,,‘8) = q(,9) A<G = AG = le‘;g(AmG)'

So, g = Uy is a unitary *-representation of G into Q;lg (A >a G). Moreover, (KP1)-

(KP3) can be easily checked, so we verify (KP4) for {s;, : © € A}. Fix some n € NF.
Then {wA : ;© € A"} is a foundation setin 7 (A), and thus sois F = {uA X G : u €
A"} in J (A > G) by Lemma 3.4. Hence we have

1— Z SuSy, = 1_[ (1= 58,8 (because S, S, s are pairwise orthogonal)
HEA" HEA"
= 1_[ (1 - Hu.e) A<G t(*“"gc))
HEA"
= 1_[ (I —guaxc) (by eq. (2) of Definition 3.1)
HEAT
= 1_[ (1—-¢gx)=0 (by eq. (5) of Definition 3.1).
XeF

Because S, = U,; = 1, (KP4) is verified, and therefore {S,, : © € A} is a Kumjian-
Pask A-family. Since for each © € A and g € G,

UgSp = tw,9)l(u,e6) = Hw.9)(.e6) = Hg-wplg.) = SguUp(g,n)s

and so we have shown that {S, U} is a (G, A)-family in Q;lg(A >t G). Now the
universality implies that the desired *x-homomorphism 7 : EPR(G, A) — Q;lg(A =
G) exists.

Now we prove that 7 is an isomorphism. In order to do this, it suffices to find a
homomorphism p : Q;lg(A >t G) — EPR(G, A) such that p o m = idgp, (G, A) and
Forany (i, g) € A< G and X = (UlemA) X G e J(A

Top= ldQ;:g(AMG).
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G), we define

!
—— — *
Tu,g :=suug and Qy = E Spi Sy, -
i=l

We will show that the family {7, Q} satisfies the properties of Definitions 3.1. Relations
(1)-(3) easily hold by the (G, A)-relations for {s, u}. Also, forevery X = (Uf:1 Wi \)x
GandY = (Ulj,:lvjA) x G in J (A < G), we have

l 14
*k *
0x0r = (Lo, ) (Lot
i=1 j=1
* *
= Z Spi (s/tis"j )SV_,'
i.j

= Zsm< > sas;>s;kj (by [1, Lemma 3.3])
ij

(o, BEA™D (11, )

— *
=2 2wl
i,j

nia=v;p
d(pia)=d(u;)vd(v))

= Oxny (by Lemma 3.5).

For eq. (5) of Definition 3.1, let F = {X; x G := Ut]leuijA xG:1<i<l}
be a foundation setin 7 (A >« G). Then F' = {X; = U?zl,uijA}g:l is a foundation
set in J(A) by Lemma 3.4(2). Defining n := \/i,j d(uij), we claim that the set
M = {ujjo o € A 1< <1 < j < t;} coincides with A". Indeed,
if on the contrary there exists some A € A" \ M, then Amin (A, 1ij) = ¥, and hence
AA N pijA = @ for all i and j. This yields that AA N X; = @ for every X; € F/,
contradicting that F’ is a foundation set in 7 (A).

Now one may compute

[ t;

l_[ (1 -0x,x6) = H(l - Zsﬂi.iSZi_i)

XixGeF i=1 j=1

1 ti
= 1_[ (1 o Zs“ij( Z SO‘S;)SZU)
i=l j=1

ae A" 04

l li
TI(-X X i) @
i=1

j=1 aeAn*d(M,‘j)

Observe that the projections smjas:jija are pairwise orthogonal because d(u;ja) =n
for all i, j (see [2, Remark 3.2(c)]). Hence, using the above claim, expression (x)
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equals to

M =1-) ss5=0 (by (KP4)).
LEA"

Therefore, the family {7", Q} satisfies the relations of Definition 3.1, and by the univer-
sality there exists an algebra x-homomorphism p : Q;lg (A < G) — EPR(G, A) such
that p(t(u,¢)) = T(u,e) and p(gx) = Ox for (u,g) € A< Gand X € J(A < G).

It is clear that p o m = idgpy(G,a) and w0 p = idQe;;g(ANG) because they fix the

generators of EPr(G, A) and Q;lg (A < G), respectively. Consequently, 7 is an
isomorphism, completing the proof. O

4 A Graded Uniqueness Theorem

In this section, we prove a graded uniqueness theorem for EP (G, A) which gener-
alizes and modifies [9, Theorem A] for self-similar k-graphs. This modification, in
particular, helps us to prove Theorems 5.5 and 6.8.

Let us first recall some definitions. Let I be a group and A be an algebra over
aring R. A is called I'-graded (or briefly, graded whenever the group is clear) if
there is a family of R-submodules {A, : y € I'} of A such that A = @yer A,
and A,A,, € A, forall y,y" € I'. Then each set A, is called a y-homogeneous
component of A.Inthis case, we say anideal I of AisI"-gradedif I = @yer (INAy).
Note that an ideal 7 of A is I'-graded if and only if it is generated by a subset of
Uyer A, , the homogeneous elements of A.

Furthermore, if A and B are two I'-graded algebras over R, a homomorphism
¢ : A — B is said to be a graded homomorphism if ¢$(A,) € B, forall y € I'.
Hence the kernel of a graded homomorphism is always a graded ideal. Also, if I is
a graded ideal of A, then there is a natural I'-grading (A, + I),r on the quotient
algebra A/I, and thus the quotient map A — A/I is a graded homomorphism.

Lemma 4.1 Let (G, A) be a self-similar k-graph. If for every n € Z¥, we define
EPR(G, A), = spanR{suus(M),gs:‘ :g€G, n,ve A, andd(u) —dv) = n},

then (EPR(G, A)p),czx is a Zk-gmding on EPR(G, A).

Proof Consider the free x-algebra Fg(X) and its ideal I as in Sect. 2.2. If we define
0(Sy) :==d(u), G(S;) i=—d(u), and O(Uyg) :==0

forallg € G,v € A% and i € A, then 6 induces a Zk-grading on Fg(X). Also, since

the generators of I are all homogenous, [/ is a graded ideal. Therefore, EPRr(G, A) =
Fr(X)/I is a ZF-graded algebra, and Proposition 2.7 concludes the result. O
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Theorem 4.2 (Graded Uniqueness) Let (G, A) be a self-similar k-graph. Let ¢ :
EPr(G,A) — B be a ZF-graded R-algebra sx-homomorphism into a 7*-graded
x-algebra B. If ¢ (a) # O for every nonzero element of the form a = Z§=l Tilly,g;
withv € A? and gi_1 ES gj_1 -vforl <i,j <l then ¢ is injective.

Proof For convenience, we write A = EPg(G, A). Since A = @nezk A, and ¢
preserves the grading, it suffices to show that ¢ is injective on each A, . So, fix some
b € A,, and assume ¢ (b) = 0. By equation (2.1), we can write

1
b= Zrismuwi,gisfi 4.1)

i=1

where w; = s(u;) = gi - s(v;) and d(u;) — d(v;) = n for 1 < i < [. Define
n’ = Vi<i<id(u;). Then, foreach i € {1...1}, (KP4) says that

*
Sw; = E SAS) s

Aew; A 4 k)

and we can write

* %
Suillw;,giSv; = S (S‘S'(ll«i))uwivgisui

* *
= § :Sui(slsx)uwi,gisv,-
*
_ *
- Suid | Svi Uy, g; Sk
*
= E Su,-x<sv,-ug . gIIS)L)
*
= ZSM, (s”l Serlole s ,0(e 'A))
= E Syl - -1 s*
Hid %o (gt e s (e T (g )

where the above summations are on A € w,-A”/’d(“f ). So, in each term of 4.1), we
may assume d(u;) = n’ and d(v;) = n’ — n. Now, for any 1 < j < [, (KP3) yields
that

bsvl - S <Zr1s”’luwl gz U,) Z rilly,, gi»

ielj]
where [j]:={1 <i <1: (u;,vi) = (1), v;)}. Thus

¢( > rl-uw,.,g,) = (s, ) (D) (s1,) =0

@ Springer



Exel-Pardo Agebras... Page 130f21 82

and hypothesis forces ) ;¢ ;1 ittw; g = 0. Therefore,

ko . ko
§ TiSp Uw;,gi Sy, _sll«j( E :rt”wi,gi)svj =0.

ielj] ielj]

Since the index set {1, ..., [} is a disjoint union of [j]’s, we obtain b = 0. It follows
that ¢ is injective. O

5 EPR(G, M) as a Steinberg Algebra

In this section, we want to prove an Steinberg algebra model for EPg (G, A). Although
our result will be the k-graph generalization of [9, Theorem B], note that our proof
relies on the graded uniqueness theorem, Theorem 4.2, and is completely different
from that of [9, Theorem B]. This gives us a much easier and shorter proof.

Let us first review some terminology about groupoids; see [19] for more details.
A groupoid is a small category G with inverses. For each « € G, we may define the
range r (o) := aa~! and the source s(@) := o la satisfying r(0)a = o = as(a).
It follows that for every «, B € G, the composition ¢ is well defined if and only if
s(a) = r(B). The unit space of G is G := {a~'a : @ € G}. Throughout the paper
we work with topological groupoids, which are ones equipped with a topology such
that the maps r and s are continuous. Then a bisection is a subset B C G such that
both restrictions r|p and s|p are homeomorphisms. In case G has a basis of compact
open bisections, G is called an ample groupoid.

Let (G, A) be aself-similar k-graph. We also recall the groupoid Gg, A introduced in
[15]. Let C(N*, G) be the group of all maps form N* to G with the pointwise multipli-
cation. For f, g € C(N¥, G), define the equivalence relation f ~ g in case there exists
no € N¥ such that f(n) = g(n) for all n > ng. Write Q(N¥, G) := C(N¥, G)/ ~.
Also, for each z € Zk, let T.:C (N, G) = C(NK, G) be the automorphism defined
by

fn—2)n—2z>0

k k
eG otherwise (f e CN',G), n e NY).

T.(f)(n) ={

Then 7 induces an automorphism, denoted again by 7, on Q(Nk , G), which is
T.(fD) = [T.(f)]. S0, T : Z¥ — AutQ(N*, G) is a homomorphism and we consider
the semidirect product group Q(N¥, G) x ZF.

Note that for every g € G and x € A®°, one may define (g, x) € C(Nk, G) by

9(g, x)(n) := (g, x(0,n))  (n e N).

Moreover, [15, Lemma 3.7] says that there exists a unique action G ~ A®° by defining

(& -x)(m,n) :=¢(g, x(0,m))-x(m,n)  ((m,n) € )

forevery g € G and x € A™.
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Definition 5.1 A self-similar k-graph (G, A) is said to be pseudo-free if forany g € G
and p € A, g - = pand (g, u) = eg imply g = eg.

According to [15, Lemma 5.6], in case (G, A) is pseudo-free, then we have
g-uw=h-pand ¢(g, u) =¢h,pn) = g=h
forevery g,h € G and i € A.

Definition 5.2 Associated to (G, A) we define the subgroupoid

Gg.A = {(M(g - x); Ty ([e(g, XD, d(pn) — d(v); UX> 18 €06,

m,v e, s(n)=g-s)}
of A% x <Q(Nk, G) X7 Zk> x A with the range and source maps

r(x;[fl,n—m;y)=x and s(x;[fl,n—m;y) =y.

Note that if we set
Z(w, g, v) = {(u(g -x); Ty ([o(g, )], d () —d(v); vx) ix € s(V)A"O} ,
then the basis

Be.an :={Z(u, g, v):m,ve A, geG,s(u)=g-s)}

induces a topology on Gg a. In case (G, A) is pseudo-free, [16, Proposition 3.11]
shows that G A is a Hausdorff groupoid with compact open base B¢ .

Definition 5.3 Let (G, A) be a pseudo-free self-similar k-graph and R a unital com-
mutative x-ring. Then the Steinberg algebra associated to (G, A) is the R-algebra

ARr(Gg,n) :=spang{lp : B is a compact open bisection}

endowed with the pointwise addition, the multiplication fg(y) := ), sy J(@)8(B),
and the involution f*(y) := f(y ~")*forall y € Gg.a.

To prove Theorem 5.5, we need the following lemma.

Lemma 5.4 Let (G, A) be a pseudo-free self-similar k-graph. Let v,w € A° and
g, heGwithg-v=h-v=w.Then Z(v, g, w)N Z(v, h, w) = @ whenever g # h.

Proof Suppose that (g - x; [¢(g,x)],0;x) = (h -y, [e(h, ¥)1,0;y) € Z(v, g, w) N
Z(v, h,w) where x,y € Z(w). Theny =x, g-x = h-x and [p(g, x)] = [p(h, x)].
Since (G, A) is pseudo-free, [15, Corollary 5.6] implies that g = h. m]
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Theorem 5.5 Let (G, A) be a pseudo-free self-similar k-graph. Then there is a
(unique) x-algebra isomorphism ¢ : EPr(G, A) — Ar(Gg.A) such that

¢ (sp) = 1zGueg,sqy and @uy,g) =170, 4 -1

forevery uw e A, v e A and g € G. In particular, the elements rsy, and ruy g With
r € R\{0} are all nonzero.

Proof Foreachv e A, u € A and g € G, define

SH = 1Z(p,,ec,s(p,)) and Uv,g = 1Z(v,g,g*l-v)'

Since S; = IZ(IMEG,S(M))il . = IZ(S(M),EG,M) an<.i U;k’g = IZ(U,g,gfLU)*l. =
l7(4-1.0,6-1,v)> @ long but straightforward computation shows that {S,, Uy ¢} is a

(G, A)-family in Ar(Gg . a). Then, by the universal property, such x-homomorphism
¢ exists.

[16, Proposition 3.11] says that G A is ample with compact open base B¢ A . Since
each element Z(u, g, v) of B, A can be written as

Z(p, 8,v) = Z(, €6, s Z(s (1), & s Z(v, e, s() ",

¢ is surjective.

We will show the injectivity of ¢ by applying the graded uniqueness theorem. Note
that the continuous 1-cocycle ¢ : Gg .o — 7K, defined by c(u(g - x); [f],d(n) —
d(v); vx) :=d(u) —d(v), induces a Zk-grading on Ar(Gg,a)- Also, ¢ preserves the
7k -grading because it does on the generators. Now, to apply Theorem 4.2, we assume
¢(a) = 0 for an element of the form a = Y ;_, rju, g with gi_l VS g._1 - v for
1 <i,j < 1. We may also assume that the g;’s are distinct (otherwise, combine the
terms with same g;’s). We then have

1

¢(a) = ZriIZ(v,gi,gi_l'U) =0.

i=1

Lemma 5.4 says that the bisections Z(v, g;, g; 1) are pairwise disjoint. Hence, for
each i, if we pick some o € Z(v, gi, gi_1 -v), then r; = ¢(a)(x) = 0. Therefore
a = 0, and Theorem 4.2 concludes that ¢ is injective. We are done. O

Combining [20, Theorem 6.7], [15, Theorem 5.9], and Theorem 5.5 gives the next
corollary. (Although in [15] it is supposed |A| < oo, but [15, Theorem 5.9] holds
also for A with infinitely many vertices.)

Corollary 5.6 Let (G, A) be a pseudo-free self-similar k-graph over an amenable
group G. Then the complex algebra EPc (G, A) is a dense subalgebra of Og. » intro-
duced in [16].

In the following, we see that the Kumjian-Pask algebra KP(A) from [2] can be
embedded in EPR (G, A).
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Corollary 5.7 Let (G, A) be a pseudo-free self-similar k-graph. Let the Kumjian-Pask
algebra KPg(A) be generated by a Kumjian-Pask A-family {t, : u € A}. Then the
map t,, > s, embeds KPg(A) into EPR(G, A) as a x-subalgebra.

Proof We know that KPg(A) is Z¥-graded by the homogenous components
KPg(A), := spang {tﬂt;" pu,veAN dpn)—dy) = n} .

for all n € Z*. Then, the universal property of Kumjian-Pask algebras gives a graded
x-algebra homomorphism ¢ : KPr(A) — EPg(G, A) such that ¢(¢,) := s, and
¢(t;j) = s; for every u € A. Moreover, Theorem 5.5 shows that ¢ (rt,) =rs,, # 0
forallr € R\{0} and v € A. Therefore, the graded uniqueness theorem for Kumjian-
Pask algebras [2, Theorem 4.1] implies that ¢ is injective. O

Definition 5.8 Let G be atopological groupoid. We say that G is topologically principal
if the set of units with trivial isotropy group, thatis {u € G O s=Tawynr=—1w) = {u}},
is dense in G,

The analogue of the topologically principal property for self-similar k-graphs is
G-aperiodicity (see [15, Proposition 6.5]).

Definition 5.9 Let (G, A) be a self-similar k-graph. Then A is said to be G-aperiodic
if for every v € AY, there exists x € vA® with the property that

x(p,o00)=g-x(q,00) = g=eg and p=¢qg (Vg € G, Vp,quk).

Theorem 5.10 (The Cuntz—Krieger uniqueness) Let (G, A) be a pseudo-free self-
similar k-graph. Let (G, A) be also G-aperiodic. Supposethat ¢ : EPr(G, A) — Ais
a x-algebra homomorphism from EP g (G, A) into a x-algebra A such that ¢ (rs,) # 0
forall0 # r € Randv € A°. Then ¢ is injective.

Proof First note that G 4 is a Hausdorff ample groupoid by [16, Proposition 3.11],
and that B¢ A is a basis for Gg A consisting compact open bisections. Also, [16,
Lemma 3.12] says that G a is topologically principal (so is effective in particular).
So, we may apply [5, Theorem 3.2].

Denote by ¢ : EPg(G, A) — Ag(Gg, a) the isomorphism of Theorem 5.5. If on
the contrary ¢ is not injective, then neither is 5 =¢goy ARr(Gg.A) — A. Thus,
by [5, Theorem 3.2], there exists a compact open subset K C gg{ )A and r # 0 such

that ¢7(r11<) = 0. Since K is open, there is aunit U = Z(u, eg, t) € B, a such that
U C K. So we get

P(rsust) = d(rly) = ¢(rlunk) = r1x)(1y) =0,

and hence

B (rSs() = $(55)D (rsus’)P(s,) = 0.

This contradicts the hypothesis, and therefore ¢ is injective. O
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6 Ideal Structure

By an ideal we mean a two-sided and self-adjoint one. In this section, we characterize
basic, Z*-graded and diagonal-invariant ideals of EPg(G, A), which are exactly all
basic Q(N¥, G) x1 Zk-graded ones.

Let (G, A) be a pseudo-free self-similar k-graph. Since Gg o is a Hausdorff
ample groupoid [15, Theorem 5.8], gg{ )A is both open and closed, and for every
f € Ar(Gg.n) the restricted function f'GS”A = fxgg))A lies again in Ar(Gg.A)-

Then Ay (Qg),) 1) is a *-subalgebra of Ag(Gg,A) and there is a conditional expectation
€ : Ar(Gc.) — AR(Gg) defined by E(f) = flgo for f € Ar(Ga.n). Let

D = spanR{s,Ls;j : i € A} be the diagonal of EP (G, A). In light of Theorem 5.5,
it is easy to check that the expectation is £ : EPr(G, A) — D defined by

8(SMMS(M)’gS3<> = SM,VSg,eGsus; (,veEA, s(u)=g-s©)).
Definition 6.1 Anideal I of EPg(G, A) is called diagonal-invariant whenever £(I) C

1. Also, I is said to be basic if rs, € I implies s, € [ forall v € Alandr € R\{0}.

Definition 6.2 Let (G, A) be a self-similar k-graph. A subset H C A9 is called

(1) G-hereditaryifr(u) e H — g-s(u) € Hforallg e Gandu € A;
(2) G-saturated if v e A and s(vA”") € H forsomen e N — v e H.

In the following, given any H C A%, we denote by Iy the ideal of EPg(G, A)
generated by {s, : v € H}. Also, for each ideal I of EPr(G, A), we define H; :=
veA:s, el

To prove Theorem 6.8 we need some structural lemmas about the ideals 7y and
associated quotients EPr(G, A) /1.

Lemma 6.3 If I is an ideal of EPRr(G, A), then H; = {v € A sy, € I} is a
G-saturated G-hereditary subset of A°.

Proof The proof is straightforward. O

Lemma 6.4 Let H be a G-saturated G-hereditary subset of A® and Iy the ideal of
EPRr(G, A) generated by {s, : v € H}. Then we have

Iy = spang {suugq g0 18 € G, s(u) =g -s(v) € H}, 6.1)

and Iy is a Z¥-graded diagonal-invariant ideal.

Proof Denote by J the right-hand side of (6.1). The identity

SM-MS(M)»gS\T =Su (SS(M))uS(M),gSj
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yields J € Iy. Also, using the description of EPg(G, A) in Proposition 2.7, it is
straightforward to check that J is an ideal of EPr(G, A). So, by s, = Sylty e 55, J
contains all generators of Iy, and we have proved (6.1).

Now, (6.1) says that Iy is spanned by its homogenous elements, hence it is a graded
ideal. Moreover, let a = Zé:l Sui”S(m),giS:,» € Iy such that s(u;) = g - s(v;) € H.
Then, in particular, each term of a with g; = e belongs to I . Therefore, £(a) € Iy,
and /g is diagonal-invariant. O

Let H be a G-saturated G-hereditary subset of A” and consider the k-subgraph
A \ AH. Then the restricted action G ~ A \ AH is well defined, and hence
(G, A\AH, ¢|Ggxa\an) is also a self-similar k-graph. So we have:

Lemma 6.5 Let (G, A) be a pseudo-free self-similar k-graph. If H is a G-saturated
G-hereditary subset of A°, then (G, A\ AH) is a pseudo-free self-similar k-graph.

Proof The proof is straightforward. O

Lemma 6.6 Let H be a G-saturated G-hereditary subset of A°. For everyv € A® and
r € R\{0}, rs, € Iy impliesv € H.

Proof Let {t,,, wy ¢} be the generators of EPR (G, A \ AH). If we define

tu s(u) ¢ H Wy v ¢ H
Su = {Oﬂ otherwise and Uy g := {O ’ otherwise,

then {S,,, Uy ¢}isa (G, A)-family inEPr(G, A\ A H), and by the universality, there is
a sx-homomorphism ¥ : EPR(G, A) — EPR(G, A\AH) such that ¥(s;,) = S, and
Y(upg) =Upgforallyu e A,v e A and g € G. Since ¥ (s,) = Oforeveryv € H,
we have Iy C ker . On the other hand, Theorem 5.5 implies that all ¥ (rs,) = rt,
are nonzero for v € A\ H and r € R\{0}.

Now assume rs, € Iy for some v € A and r € R\{0}. If v € AP\ H, then
Y(rsy) =rty # 0, and we get rs, ¢ kery D Iy, a contradiction. O

In fact, Lemma 6.6 says that I is a basicideal with H;,, = H for every G-saturated
G-hereditary subset H of A°.

Proposition 6.7 Let H be a G-saturated G-hereditary subset of A°. Let {tu, wy, o}
be the (G, A \ AH)-family generating EPr(G, A \ AH). Then the map
EPR(G, A\AH) — EPg(G, A)/Iy defined by

yﬁ(t,iws(m,gtj) = sﬂus(ﬂ),gs:‘ +Ig (n,ve A\ AH, g€ G)
is an (R-algebra) x-isomorphism.

Proof 1f we set T), := s, + Iy and Wy,g =ty g+ Iy forevery v € AO, n e A, and
g € G, then {T, Wy ¢} isa (G, A\ AH)-family in EPg(G, A)/Iy (the relations of
Definition 2.5 for {T,, W, .} immediately follow from those for {5, uy ¢}). So, the
universality of EP(G, A \ AH) gives such x-homomorphism /. Note that s, € Iy
for each © € AH by (6.1), which gives the surjectivity of .
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To prove the injectivity, we apply the graded uniqueness theorem, Theorem 4.2.
First, since Iy is a Zk—graded ideal, EPg (G, A) /Iy has a natural Zk—grading and
is a graded homomorphism. Thus, we fix an element in EPr (G, A \ A H) of the form
a= Zézlriwv,g[ such that v € A\ H and gl._1 ‘v = g._1 -vforalll <i,j <L
Without loss of generality, we may also suppose that the g;’s are distinct. If ¥ (a) = 0,
then ¥ (a) = Zf’:l Fily,g; + In = Ig and Zé:l Fily,g; € Ig. Thus, for each
1 <j <I, wehave

I l
(Z ri””@i)“gj'-u,gj‘ = Z I",’I/tv’gigj—l e Iy  (byeq. (5) in Definition 2.5)
i=1 i=1

and since /g is diagonal-invariant,

!

FjSy =Tjlyes =& <Zriuv,gigj_l> ely.

i=1

Asv ¢ H,Lemma 6.6 forces r; = O foreach 1 < j </, hence a = 0. Now Theorem
4.2 implies that v is an isomorphism. O

Theorem 6.8 Let (G, A) be pseudo-free self-similar k-graph. Then H +— Iy is a one-
to-one correspondence between G-saturated G-hereditary subsets of A° and basic,
7k -graded and diagonal-invariant ideals of EP(G, A), with inverse I — Hj.

Proof The injectivity of H +— Iy follows from Lemma 6.6. Indeed, if Iy = Ig
for G-saturated G-hereditary subsets H, K C A9, then Lemma 6.6 yields that H =
Hp, = H, =K.

To see the surjectivity, we take a basic, Zk-graded and diagonal-invariant ideal /
of EPr(G, A), and then prove I = Iy,. Write J := Iy, for convenience. By Propo-
sition 6.7 we may consider EPg(G, A \ AH;) = EPg(G, A)/J as a *-R-algebra.
Let {s;,uy ¢} and {t,, wy ¢} be the generators of EPg(G, A) and EPR(G, A)/J,
respectively. Since J C I, we may define the quotient map g : EPr(G, A)/J —
EPRr(G, A)/I such that

qty) =su+1 and q(wyg) =uy e+ 1

forall w € A, v € A and g € G. Notice that g preserves the grading because I is
a ZF-graded ideal. So, we can apply Theorem 4.2 to show that ¢ is an isomorphism.
To do this, fix an element of the form a = 25:1 riwy, g With v € AO\H1 such that

gi—1 SV = gj_l -vforl <i,j <landg(a) =0. Then Zle Filty,g; € 1. As before,
we may also assume that the g;’s are distinct. Thus, for each 1 < j </, we have

! !
bj = <Zrmv,gi><ugi1'v’gl_1> = Zriuv’gigj—l el.
i=1 ’ ’ i=1
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Since [ is diagonal-invariant and basic, the case r; # 0 yields rjs, = 7juy e =
E(bj) € 1, and thus s, € I and v € H;, which contradicts the choice of v. It follows
that r;’s are all zero, and hence @ = 0. Now Theorem 4.2 implies that ¢ is injective,
or equivalently I = J = Iy, as desired. O

In the end, we remark the following about Q(Nk, G) X1 Zk—graded ideals of
EPR(G, A).

Remark 6.9 Let (G, A) be a pseudo-free self-similar k-graph and Gg A be the asso-
ciated groupoid. Denote by I' := Q(NK, G) x7 Z* the group introduced in Sect. 5.
If we define ¢ : Gg. o — [ by c(x; y;y) := y, then ¢ is a cocycle on G A because
c(af) = c(a) *r c(B) for all a, B € Gg. A with s() = r(B). Hence, it induces a
I'-grading on Ag(Gg.A) = EPr(G, A) with the homogenous components

Ay =spang{ly : V C c_l(y) is a compact open bisection }

(see [6, Proposition 5.1] for example). By a similar argument as in [6, §6.5] and
combining Theorem 5.5 and [6, Theorem 5.3], we may obtain that the ideals of the
form Iy, described in Theorem 6.8 above, are precisely the basic, I'-graded ideals of
EPRr(G, A).
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