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Abstract

In this paper, we deal with nonsmooth robust semi-infinite multiobjective optimiza-
tion problems. Both necessary and sufficient optimality conditions are established. We
also investigate Mond—Weir-type dual problems under assumptions of generalized
convexity. Applications to nonsmooth robust fractional semi-infinite multiobjective
optimization problems and nonsmooth robust semi-infinite minimax optimization
problems are also provided. Some remarks and examples are provided to illustrate
our results.
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1 Introduction

A semi-infinite multiobjective optimization problem is the simultaneous minimiza-
tion with a finite number of objective functions and an infinite number of inequality
constraints. Recently, characterizations of the solution set, optimality conditions and
duality for semi-infinite multiobjective optimization problems have been investigated
by many authors. We refer the readers to the papers [7, 9, 10, 20, 24, 27, 30, 32,
36-40, 42, 45, 47, 50, 51, 54, 55] and the references therein. By using the Mor-
dukhovich/limiting subdifferential, Chuong and Kim established optimality conditions
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and duality theorems for efficient solutions of a semi-infinite multiobjective optimiza-
tion problem (SIMP) in [9]. Chuong and Yao obtained optimality conditions and
duality for isolated solutions and positively properly efficient efficient solutions of
the problem (SIMP) in [10]. Optimality conditions and duality theorems for efficient
solutions of a fractional semi-infinite multiobjective optimization problem were given
in [7, 47]. Optimality conditions for a convex problem (SIMP) were obtained in [20].
In [24], authors studied optimality conditions and mixed-type duality for a problem
(SIMP). Khanh and Tung established Karush—Kuhn—Tucker optimality conditions for
Borwein-proper/firm solutions of a problem (SIMP) with mixed constraints in [30].
Authors investigated approximate optimality conditions, approximate duality theo-
rems and approximate saddle point theorems for a problem (SIMP) in [32]. Optimality
conditions for approximate solutions of a problem (SIMP) were studied in [50]. The
Karush-Kuhn-Tucker optimality conditions and duality for a problem (SIMP) were
given in [54]. The strong Karush-Kuhn-Tucker optimality conditions for a Borwein
properly solution of a problem (SIMP) were obtained in [55].

On the other hand, robust optimization has emerged as a remarkable deterministic
framework for studying optimization problems with uncertain data (see, e.g., [2, 3]).
By using robust optimization, theoretical and applied aspects in the area of optimiza-
tion problems with data uncertainty have been investigated by many researchers (see,
e.g., [4, 6, 8, 13-16, 21, 22, 29, 31, 33-35, 41, 52, 53] and the references therein).
But only a few publications focus on the optimality conditions and the duality theo-
rems for semi-infinite optimization problems with data uncertainty. The robust strong
duality theorems for a convex nonlinear semi-infinite optimization problem with data
uncertainty in constraints were given in [13]. In [14], authors obtained necessary and
sufficient conditions for stable robust strong duality of a robust linear semi-infinite
programming problem. A duality theory for semi-infinite linear programming prob-
lems with data uncertainty in constraints was introduced in [21]. In [22], authors
established dual characterizations of robust solutions for a multiobjective linear semi-
infinite program problem with data uncertainty in constraints. Optimality conditions
and duality theorems for the semi-infinite multiobjective optimization problems with
data uncertainty were studied in [33]. Approximate optimality conditions and approx-
imate duality theorems for a convex semi-infinite programming problem with data
uncertainty were considered in [34]. By using the Clarke subdifferential, approximate
optimality conditions and approximate duality theorems for the nonsmooth semi-
infinite programming problems with data uncertainty were given in [31, 52]. On the
other hand, the local isolated efficient solutions are originally called “strongly unique
solutions” in [12] and after that, “strictly local (efficient solutions) Pareto minimums”
in [25] and “‘strongly isolated solutions” in [10]. Furthermore, these solutions are not
necessarily isolated points due to [28] (Example 1.1). Besides, there were many stud-
ies on isolated efficient solutions and properly efficient solutions for multiobjective
optimization problems (see, e.g., [5, 17, 19, 23, 26, 43, 44, 48, 49] and the refer-
ences therein). Recently, the authors have studied norm-based robustness for a general
vector optimization problem, and in particular, problems with conic constraints and
semi-infinite optimization problems in [43, 44]. In these papers, they have addressed
the relationship between norm-based robust efficiency and isolated/proper efficiency.
However, quite few papers consider isolated efficient solutions and properly efficient
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solutions for nonsmooth semi-infinite multiobjective optimization problems (see, e.g.,
[10, 30, 42, 45]). As far as we know, up to now, there is no paper devoted to isolated
solutions and properly efficient solutions for nonsmooth robust semi-infinite multiob-
jective optimization problems.

Inspired by the above observations, we provide some new results for optimality
conditions and duality theorems for isolated solutions and positively properly efficient
solutions of nonsmooth robust semi-infinite multiobjective optimization problems in
terms of the Clarke subdifferentials. The rest of the paper is organized as follows. Sec-
tions 1, and 2 present introduction, notations and preliminaries. In Sect. 3, we establish
optimality conditions for strongly isolated solutions and positively properly efficient
solutions in nonsmooth robust semi-infinite multiobjective optimization problems. In
Sect.4, we study Mond—Weir-type dual problems with respect to nonsmooth robust
semi-infinite multiobjective optimization problems. In Sect. 5, we provide applications
to nonsmooth robust fractional semi-infinite multiobjective problems and nonsmooth
robust semi-infinite minimax optimization problems. Finally, conclusions are given in
Sect. 6.

2 Preliminaries

Throughout the paper, we use the standard notation of variational analysis in [11, 46].
Let us first recall some notations and preliminary results which will be used throughout
this paper. Let R” denote the n—dimensional Euclidean space equipped with the usual
Euclidean norm || - ||. The notation (-, -) signifies the inner product in the space R”.
Let D be a nonempty subset of R”. The closure and the interior of D are denoted by
clD and intD. The symbol B stands for the closed unit ball in R”. As usual, the polar
cone of D is the set

D° = {yeR” | {y,x) <0,Vx ED}.

Besides, the nonnegative (resp., nonpositive) orthant cone of Euclidean space R”
is denoted by R, = {(x1,---,x,) | x; > 0,i =1,--- ,n} (resp., R" ) forn € N :=
{1,2,---}, while intR’} is used to indicate the topological interior of R’} .

Let f : R" — R. We say that f is locally Lipschitz function, if for any x € R”,
there exist a positive constant L > 0 and a neighborhood U C R” of x, such that

|f(x1) = f(x2)| < Lllx1 — x2[|, VX1, x2 € U.

The Clarke generalized directional derivative of f at x € R” in the direction d € R”
is defined as follows:

FCG d) = limsup LT 1D =)

x—x,10 t
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The Clarke subdifferential of f at x € R" is defined as follows:
0 f(@) =y eR" | fO(x;d) = (y,d),¥d € R"}.

Let S be a nonempty closed subset of R”. The Clarke tangent cone to S at x € S is
defined by

T€(%; ) == {v e R" | d€ (%; v) = 0},

where dg denotes the distance function to S. The Clarke normal cone to S at x € S is
defined by

NE&: S) :=TC(x; 5)°.

A function f : R" — R is said to be convex if for all x, y € R" and all 1 € [0, 1],
then

FOx+ A =2y =Afx)+A=2fO).
If f is a convex function and x € R”
0@ =y eR" | f(x) = f(}) = (y,x — %), ¥x € R").

Suppose that S is anonempty closed convex subset of R” and X € S. Then, N€ (¥; )
coincides with the cone of normal in the sense of convex analysis and

Nix; ) :={zeR"|(z,y—X%) <0,Vy € S}.

Let T be a nonempty infinite index set and V; € R?,¢ € T be convex compact
sets. Let g; : R" xV; — Rforallt € T. We say that g;, t € T are locally Lipschitz
functions with respect to x uniformly in¢ € T, if for any x € R", there exist a positive
constant L > 0, a neighborhood U C R" of x and v; € V; such that

lgr (x1, vr) — gr(x2, v)| < Ll|x1 — x2||, Vx1,x0 € U, Vv, € Vy, 1 €T.

The following lemmas will be used in the sequel.

Lemma 1 (See [11], Corollary page 52) Let S be a nonempty subset of R" and x € S.
Suppose that f : R" — R is locally Lipschitz function near x and attains a minimum
over S at x. Then,

0e€dCf(x)+NC&:S).
Lemma2 (See [11], Propositions 2.3.1 and 2.3.3) Suppose that f; : R" — R, k =

1, .-+, mare locally Lipschitz functions around x € R". Then, we have the following
inclusions:
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(1) € (afr)(X) = ad€ fi (%), Va € R.
(i) C(fi+-+ fu) (@ CICALE) + -+ + 0 fu (D).

Lemma 3 (See[11], Proposition 2.3.12 and [50], Lemma 2.3) Suppose that f;, : R" —

R,k =1,---,m are locally Lipschitz functions around x € R". Then, the function
o) ;= max{fx(-) | k = 1,---,m} is locally Lipschitz function around x and one
has

m m
0 C U exd fi®) | (@1, -+ am) €RT Y "oy =1,
k=1 k=1
ar [fe(X) — ()] = 0}
Lemma4 (See [11], Proposition 2.3.14) Let f,g : R" — R be locally Lipschitz

functions around x € R", and suppose that g(x) # 0. Then i is locally Lipschitz
8

function near x € R" and one has

—_ C - _ —_ C -
5C (i) ) c BV — D)
g 87 (x)

In this paper, we consider a nonsmooth semi-infinite multiobjective optimization
problem with data uncertainty in constraints:

min f(x) := (fi(x), -, fn(x)),
(USIMP) (e v) < 0,V1 € T, ¥x € Q,

where T is a nonempty infinite index set, 2 is a nonempty closed subset of R”",
fr :R" > R, k=1, ---,marelocally Lipschitz functions with f := (f1, -+, fim)-
Letg; : R"xV; — R, t € T belocally Lipschitz functions with respect to x uniformly
int € T and let v, € V;,t € T be uncertain parameters, where V;, C R?,¢ € T are
the convex compact sets.

The uncertainty set-valued mapping V : T = R is defined as V(¢t) := V,; for
all t € T. The notation v € V means that v is a selection of V,ie.,v : T — RY
and v; € V, forall ¢ € T. So, the uncertainty set is the graph of V), that is, gph) =
{(t,v) |ve € Vst €T}

The robust counterpart of the problem (USIMP) is as follows:

min £ (x) := (f1(x), -, fu(x)),

(RSIMP) s.t. gr(x,v) <0,Vv, € Vy,Vt € T,Vx € Q.

The feasible set of the problem (RSIMP) is defined by

Fi={xeQ|gkxv)<0VYyeV,VteT}
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Definition 1 A point x € F is called

(i) ([10]) alocal efficient solution of the problem (RSIMP) if there exists a neighbor-
hood U C R” of x such that

fx)— &) ¢ —RI\{0}L,Vx e UNF.

(ii) ([18]) a local isolated efficient solution of the problem (RSIMP) if there exist a
neighborhood U C R” of x and a constant v > 0 such that

 max {fi(x) = fi(D} = vllx = X[, Vx e UNF.

(iii) ([10]) alocal positively properly efficient solution of the problem (RSIMP) if there
exist a neighborhood U € R" of x and B := (B1, - -+ , By) € intR’} such that

B, f(x) = (B, f(X)),Vx e UNF.

When U := R”, one has the concepts of a global efficient solution, a global isolated
efficient solution and a global positively properly efficient solution for the problem
(RSIMP).

Let R() be the linear space given below

R .= {A = ()ser | s = Oforall t € T but only finitely many A, # 0}.

Let RS_T) be the positive cone in R defined by
RT = {,\ — Gu)er € R | 3, > 0forall 7 T}.

With A € R, its supporting set, T(1) := {t € T | A, # 0}, is a finite subset of 7.
Given {z;} C Z,t € T, Z being a real linear space, we understand that

Y hzif TO)#0,

Z AiZi =\ 1€T ()

reT 0, if T =4.

Forg,, teT,

D Mg if T #9,

Z A&t = teT (L)

o 0, if T =4a.
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3 Robust Optimality Conditions for Isolated Efficient Solution and
Properly Efficient Solution

In this section, we establish optimality conditions for local isolated efficient solutions
and local positively properly efficient solutions of the problem (RSIMP).
The following constraint qualification is an extension of Definition 3.2 in [52].

Definition2 Let X € F. We say that the following robust constraint qualification
(RCQ) is satisfied at x if

N &R e [szafgf@ v,)} + N Q)

reA@F) LreT
v,EVt
where
AG) = (e RY) | dg(X, v) =0,V €V, V1 € T) (1)

is set of active constraint multipliers at x € 2.

Now, we propose a necessary optimality condition for a local isolated efficient
solution of the problem (RSIMP) under the qualification condition (RCQ).

Theorem 1 Let x € F be alocal isolated efficient solution of the problem (RSIMP) for
some v > 0. Suppose that fi : R" — R, k =1, --- , m are convex functions and the
qualification condition (RCQ) at X holds. Then, there exist o == (a1, -+ - , &) € RY

m
with Zak =1,v €V, t € T and ) € A(X) defined in (1) such that
k=1

m
VB C Y o d fi@) + Y a0l g (X, v) + NE(F: Q).
k=1 teT

Proof Supposethatx € F isalocal isolated efficient solution of the problem (RSIMP).
Let

V) = max {fi(x) — fi(X)} —vllx — X||. Vx € R™.

Since x € F is alocal isolated efficient solution of the problem (RSIMP), there exists
a neighborhood U C R”" of x such that

Y(x)>yY(x)=0,Vx e UNF.
It follows easily that x is a local minimizer of the following scalar problem

iréi? WU(x).
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Note further that we have || - —x|| is a convex function. Thus, using Corollary 1 in [1],
we deduce that

8¢ (v]| - —F|) (%) € 8¢ (&‘ﬁm (el = fk@)}) (@) + NG F).

From 9€ (v|| - —%||) () = vB, Yv > 0, one follows
vB C §° (]Lr}(agm (i) = fk@)}) (®) + NC(E ). 2)

Thank to Lemma 3, we have

e (13% i) — fkoz)}) @

m m 3)
c {Zakacfk()a | = 0, k=1, ,m, Y oy = 1].
k=1 k=1
Because the qualification condition (RCQ) holds at x € F.
So, one implies

N‘@ne Y [Zx,afgt(x, v,)] + NG Q). @)
reA(x) LteT
v EVs

where
AGR) = {A e R | Ayg (%, v) = 0,¥v, € V)Vt € T} .

It yields from (2) to (4) that

m m
vB C {Zakacfk@) | =0, k=1,--,m, Y oy = 1}
k=1

k=1
+ U [thafgt(i,vt)]+zvc(x;sz).
A€A(X) LreT

v,eV,

m
Therefore, there exist o € R’}r’ with Zotk =1,v, € Vy,t € T and . € A(x) defined
k=1
in (1) such that

m
VB C Y o d fi(®) + Y M0 g (%, v) + NE(F: Q).
k=1 teT
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The proof is complete. O

The following simple example shows that the qualification condition (RCQ) is
essential in Theorem 1.

Example 1 Let f : R — R? be defined by f(x) = (f1(x), f>(x)), where
fix) = fr(x) =x* x €R.
Take T = [0, 1], v, € V, =[2—1¢,2+1t],t € T andlet g, : R x V;, — R be given by
gr(x,v) = v,x2,x eRveV,teT.

We consider the problem (RSIMP) with m = 2 and Q = (—o0, 0] C R. By simple
computation, one has F = {0}. Now, take x = 0 € F. Then, it is easy to see that x is
a global isolated efficient solution of the problem (RSIMP). Indeed, we have

max { fi(x) — fi(©)} = x2 > v|x| = v|]x — X||, Vv > 0,Vx € F.
1<k<2

Besides, take x =0, B=[—1,1],v=1> 0,0 = (1, a2) € Rﬁ_ witha; +op =1,
we have NC(x; Q) = NC(&; (—o0, 0]) = [0, +00), € fr(X) = {0}, k = 1,2 and
Bxcgt(f, vy) = {0}, for any v; € V;, t € T. Itis easy to see that

2
VB = [—1,11 ¢ [0, +00) = ) " axd fi(F) + Y 105 g1 (X, v) + N (¥; ),
k=1 teT

forany A € A(x), vy € V4, t € T. Thereason is that the qualification condition (RCQ)
is not satisfied at x = 0. Indeed, one has

U [Z 208 g (X, v,):| + NC(F; Q) = [0, +00).

reA(x) LteT
v eV,

However, N (i; F) = NC(&; {0}) = R. Clearly, the qualification condition (RCQ)
does not hold at x.

The following simple example proves that, in general, a feasible point may satisfy
the qualification condition (RCQ), but if this point is not a global isolated efficient
solution of the problem (RSIMP), then

m
VB C D ard fi(®) + ) hdy (T v) + NOGE: Q)
k=1 teT

does not hold.
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Example2 Let f : R — R? be defined by f(x) = (f1(x), f>(x)), where
fix) = H(x)=x+1,x €R.
Take T = [0, 1], v, € V, =[2—1¢,2+1t],t € T andlet g, : R x V;, — R be given by
&(x,v) = —vtxz, xeRveV,teT.

We consider the problem (RSIMP) with m = 2 and Q = (—o0,0] C R. By sim-
ple computation, one has F = (—o0,0]. By Choosing x = 0 € F, it is easy to
see that NC(x; Q) = N€(x; (—00,0]) = [0, +00), 3¢ fi () = {0}, k = 1,2 and
afg, (x,v;) = {0}, Vv, € V;,t € T. Therefore, we have

U [thafgt(x, vf)} + NC(F: Q) = [0, +00).

reA(x) LteT
v eV,

Moreover, we have N€(k: F) = N (X; (=00, 0]) = [0, +00). Clearly, the qualifi-
cation condition (RCQ) holds at x = 0. Besides, take x = 0,B =[-1,1],v =1 >
0,0 = (a1, 2) € RY with ) +a = 1, one implies 9 fi () = {1}, k = 1,2 and

VB =[—1,1] £ [1, +00) = {1} + [0, +00)
2

= > adC fi® + Y MO g (F v) + NE(F: Q).
k=1 teT

Hence, condition

2
VB C Y endC fi®@) + Y M gi(E, v) + NE(GE; Q)
k=1 teT

does not hold. The reason is that x = 0 is a global isolated efficient solution of the
problem (RSIMP). Indeed, we can choose x = —2 € F = (—00, 0]. Clearly,

max {fr(x) — fr@®)}=x+1—-1=-2 <2v=v|lx — x|, Vv > 0.
1<k<2
Now, we propose a necessary optimality condition for a local positively property

efficient solution of the problem (RSIMP) under the qualification condition (RCQ).

Theorem 2 Let x € F be a local positively property efficient solution of the problem
(RSIMP). Suppose that the qualification condition (RCQ) at x holds. Then, there exist
B e intRY, v, € Vy,t € T and A € A(X) defined in (1) such that

m
0e Y B fi®) + Y 20 g (%, v) + NG Q).
k=1 teT
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Proof Let x € F be a local positively property efficient solution of the problem
(RSIMP). Then there exist a neighborhood U € R"” of x and 8 := (B, -, Bu) €
intR"} such that

(B, f(x)) = (B, f(X)),Vx e UNF.

Then,Vx e UNF,
Y Befi@) = Befi(®). ©)

k=1 k=1

For any x € R”, set
m
D(x) =) Brfi(x).
k=1

Applying (5) we deduce that x is a local minimizer of the following problem

min ®(x).

xeF
Since function @ is locally Lipschitz at x, so we deduce from Lemma 1 that

0e€3Dx)+ NCx; F). (6)

According to Lemma 2, we have
3P (¥) = ¢ (Z ﬂkfkc)) @) =) A filD. @)
k=1 k=1

Because the qualification condition (RCQ) holds at x € F. So, one implies

N R < | [thafg,<x,vt)]+Nc<f;sz), ®)
reA(x) LteT
v eV,

where
AE) = (e RY) | dg(F, v) =0, Vo, €V, V1 € T},
It yields from (6) to (8) that

0ed e+ U [Zx,afgt(x,vt)}wvca;sz).

k=1 reA®) Lrer
v eVy
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Therefore, there exist 8 € intR"Y, v, € V;,t € T and A € A(x) defined in (1) such
that

m
0€ Y B fi®) + Y 20 g (%, v) + NO(G: Q).
k=1 teT

The proof is complete. O

Now, we introduce a concept of the robust (KKT) condition for the problem
(RSIMP).

Definition 3 A point x € F is said to satisfy the robust (KKT) condition with respect
to the problem (RSIMP) if there exist § € intR”, v, € V,,t € T and A € A(x)
defined in (1) such that

m
0 Bdfi@ + Y 1df g (E ) + NE(F: Q).
k=1 teT

The following simple example proves that a point satisfying the robust (KKT) con-
dition is not necessarily a global positively properly efficient solution of the problem
(RSIMP) even in the smooth case.

Example 3 Let f : R — R? be defined by f(x) = (fi(x), f2(x)), where
fi) = fr(x) =x>, x eR.
Take T =[0,1],v; € Vs =[2—t¢,2+1t],t € T andlet g; : R x V; — R be given by
gr(x,v) = —vtxz,x eR,v,eV,teT.

We consider the problem (RSIMP) with m = 2 and 2 = (—o0, 0] C R. By simple
computation, one has F' = (—o00, 0]. By choosing x = 0 € F, we have N€ (x; Q) =
NE(&; (=00, 0]) = [0, +00) and 0 fi(X) = {0}, k = 1,2, 3¢ g (¥, v;) = {0}, vy €
Vs, t € T. On the other hand, take 8 = (81, f2) € intRi, it is easy to see that

2

0 €[0,400) = > Brd fi(®) + D 13 &(X, v) + NC(F; Q),
k=1 teT

forall A € A(x),v; € Vi, t € T. Thus, the robust (KKT) condition is satisfied at
x. However, x = 0 € F is not a global positively properly efficient solution of the
problem (RSIMP). To see this, we canchoose x = —1 € Fand 8 = (B1, f2) € intR%r.
Then, it is easy to see that

2 2
S Bifel) =—Br+B) <0= Pfi(®).

k=1 k=1
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Before we discuss sufficient condition for a global positively properly efficient
solution of the problem (RSIMP), we introduce the concepts of convexity, which are
inspired by [37].

Definition 4 We say that g; : R” x V; — R, € T are quasiconvex on 2 at x € Q if
forall x € Q,

g(x,v) < g (x,v) = (x,x —x) <0,Vx; € 3xcgz(i, v), Yo, € Vi, Ve eT.

Definition 5 We say that f := (f1, -, fim) is pseudoconvex on 2 at x €  if for all
x € 2, there exist x; € 8ka()2), k=1,---,m such that

(X, x —X) > 0= fi(x) > fr(X),k=1,---,m.

Now, we will give a sufficient condition for a global positively properly efficient
solution of the problem (RSIMP).

Theorem 3 Assume that Q is a convex set and X € F satisfies the robust (KKT)
condition. If f is pseudoconvex on Q2 at x and functions g;,t € T are quasiconvex
on Q2 at x, then x € F is a global positively properly efficient solution of the problem
(RSIMP).

Proof Since x € F satisfies the robust (KKT) condition, there exist 8 € intR’} and
x; €€ fir(X), k=1,---,m,x, € 3g,(X,v,), v € Vs, t € T, A € A(¥) defined in
(1), as well as w € NE€(x; ) such that

m
D B+ Y hxi+w =0,
k=1

teT

which is equivalent to
m
<Z,3kxk,x—x>+<ZA,x,,x—x>+<w,x—;>:0. 9)
k=1 teT
Since 2 is a convex setand w € N C()E; ), it follows that, for any x € €,
(w, x —x) <0.
From (9) it follows that

<§: Brxy, x — x> + <Zk,xt,x —x> >0,
k=1

teT

which means that

<Zﬂkxk,x—i>z —<Zktx,,x—i>. (10)
k=1

teT
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Moreover, for any A € A(x), then A;g;(x, v;) = 0, V¢ € T. Note that for any x € F,
then A, g;(x, v;) <0 forany v; € Vy,t € T. It follows that

Agi(x,v) <0 =240, v), Ve eT.

By g; is quasiconvex on 2 at X and x; € Bxcg[ (x,v), v, € V,,forallt € T, we obtain
(Aexs, x — Xx) <0,Vr € T. Itis easy to imply that

<ZA,x,,x—)€>§0. (a1

teT

Combining (10) and (11), we can assert that

<Z BrXxi, x — )f> > 0.
k=1

Since f is pseudoconvex on €2 at x, it follows that

m m
D Befi(x) =Y Brf(®).
k=1 k=1
Therefore, x is a global positively properly efficient solution of the problem (RSIMP).
The proof is complete. O

Now, we present an example to show the importance of the pseudoconvexity in
Theorem 3.

Example4 letx e Rand f : R — R2 be defined by f(x) = (fi(x), fa(x)), where

1
xzcos—, if x # 0,
X

Je(x) = {
0, ifx =0,

k=12 TakeT =[0,1],v, eV, =[2—-t,2+¢t],t € Tandletg, :RxV, - R
be given by

gr(x,v) = —vtxz, xeRveV,teT.
We consider the problem (RSIMP) with m = 2 and Q2 = [0, +00) C R. By simple
computation, one has F = [0, +00). By selecting x = 0 € F, one has N€¢ (x; Q) =
NE(; [0, +00)) = (=00, 0),

3¢ fr(®) =[—1,1],k =1,2 and Bxcg,(i, v) ={0},Yv, eV, teT.
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It can be verified that x = 0 € F satisfies the robust (KKT) condition. Indeed, let us
select B = (B1, o) € intRi with B + B2 = 1, itis easy to imply that

0e(—o0, 1] =[-1, 1]+ (=00, 0]
2

=Y Bd @) + Y a0 g (F.v) + NC(F: ),

k=1 teT
forall A € A(x) and v, € V;,t € T. However, x = 0 is not a global positively

properly efficient solution of the problem (RSIMP). In order to see this, let us take
1

£=—eF=]0,+00)and B = (B1, B2) € intR? with B + f> = 1. Then,
b4

Zﬂkfkm -— <0= Zﬁkfk(x>

k=1 k=1

1
The reason is that f is not pseudoconvex on 2 at x = 0. Indeed, take x = — € Q =

T
[0, +00) and xx = 0 € 3€ f (%) = [—1, 1],k = 1, 2. Clearly,
(e, x —%)=0>0,k=1,2.

However,
1 _
fk(x) === < 0= fi(x),k=1,2.
o

4 Robust Duality for Properly Efficient Solution

In this section, we consider the Mond—Weir-type dual problem (MWD) with respect
to the problem (RSIMP).

For x € R", anonempty and closed set 2 C R", 8 := (B, --- , Bin) € intRY with
m
Y Be=landr e R v e Vit €T, fi=(fi.- . fu). g7 = (8)rer. letus
k=1
denote a vector function L := (L1, ---, L;,) by

L(x,B.2) = f(x).

We consider the Mond—Weir-type dual problem (MWD) with respect to the primal
problem (RSIMP) as follows:
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max L(y, 8,2)
m
st 0e Y B fiy) + Y Mgy, v) + NC(: Q).
k=1 teT
(MWD) Z)»zgr(y, v)>0,v, eV, teT,
teT
m
yeQ peinR Y f=1xreR{.
k=1

The feasible set of the problem (MWD) is defined by

m
Fywp = { (3. 8. 1) € @ x intRY x RY 10€ Y Bd fiuy) + Y 10 gy, vr)
k=1 teT

m
FNC: Q)Y Mg (yv) =00, €Vt €T, Y pr = 1} :
teT k=1

In what follows, we use the following notation for convenience:
U<vsSu—ve —R’_’ﬁ\{O}, u ﬁ v is the negation of u < v.
Now, we will introduce the following definitions for a global efficient solution and
a global positively properly efficient solution of the problem (MWD).

Definition 6 A point (7, 8, ) € Fymwnp is called
(i) A global efficient solution of the problem (MWD) if

L(y, B, ») — L(3, B, ») ¢ R\{0}, V(y, B, 1) € Fuwp.

(i) A global positively properly efficient solution of the problem (MWD) if there
exists 0 := (01, - - - , Oy) € —intR’} such that

(0.L(y.B,2) = (0, LG, B. ). ¥(y. B, 1) € Fuw.
Motivated by the definition of the generalized convexity due to [9, 10], we will
introduce a concept of the generalized convexity as follows:

Definition 7 We say that (f, g7) is generalized convex on 2 at x € €, if for any
x € Qx € fir(®),k=1,--- ,mand x; € 3¢ (%X, v,), v, € V;,t € T, there
exists w € TE(x; ©) such that

fi(x) = fi(®) = (e, w) k=1, ,m,
gr(x,v) —gr(x,v1) > (x;,w), Vet e T.

Remark 1 Note that, if Q is a convex set and fx(-),k = 1,--- ,m, g (-, v), v, €

Vs, t € T are convex functions, then ( f, gr) is generalized convex on 2 at any x € 2
with w := x — x for each x € Q.
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The next example shows that the class of the generalized convex functions is prop-
erly larger than the one of the convex functions.

Example5 Let f : R — R? be defined by f(x) = (fi(x), f2(x)), where
N =x% frx) =x* x € R
Take T = [0, 1],v; € V; =[0,2 —¢],Vt € T and let g; : R x V; — R be given by

X .
g, v) = vx?, x € R,v, € V\{0}, 1 € Tand go(x, 0) = { 3 itx =0,
x

, ifx <O.

Consider @ = R, x = 0 € ©, one has NC(x; Q) = N (x;R) = {0}, T (x: Q) =
TC€(x; R) = R.Itis easy to see that ( f, g7) is generalized convex on 2 at X. However,
go(+, 0) is not a convex function. Indeed, let x; = 1,x; = —1 € R, and choose

A= 3 € [0, 1], we have

1
go(Axy + (1 —2A)x2,0) =0 > 3= Ago(x1,0) + (1 — A)go(x2, 0).

In the line of [15], we will introduce a concept of the generalized convexity as
follows:

Definition 8 We say that (f, gr) is pseudogeneralized convex on Q at x € €, if for
any x € Q, x; € 8cfk()_c), k=1,--- , mandx, € Z)Xcg[(f, v), v € Vi, t €T, there
exists w € TC(¥; ) such that

(x,w) > 0= fi(x) > fr(@X),k=1,---,m,
gr(x,v) < g (X, v) = (x,w) <0,Vr eT.

Remark 2 1f (f, gr) is generalized convex on Q2 at x € 2, then (f, g7) is pseudogen-
eralized convex on 2 at x € Q.

The next example shows that the class of the pseudogeneralized convex functions
is properly larger than the one of the generalized convex functions.

Example6 Let f : R — RR? be defined by f(x) = (fi(x), f2(x)), where
T iftx >0,

fi)y=13""

x, ifx <O,

x, ifx >0,
f2(x) = {O, ifx <O.

Take T = [0, 1],v, € V; =[0,2—¢],Vt € Tandletg, : RxV, > R,r € T = [0, 1]
be given by

ifx <O,

X
g, v) =vx? x e R, € V{0, 7 € T and go(x,0) :={ 3’ _
—x, ifx > 0.
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Consider @ = R, ¥ = 0 € Q, one has NC(¥; Q) = N°(x;R) = {0}, T¢(x; Q) =
T€(x;R) = R. It is easy to see that (f, g7) is pseudogeneralized convex on 2 at ¥.
Meanwhile, (f, gr) is not generalized convex function on €2 at x.

Now, we establish the following weak duality theorem, which describes relation
between the problem (RSIMP) and the problem (MWD).

Theorem 4 Suppose that x € F and (y, B, )) € Fmwp. If (f, gr) is pseudogeneral-
ized convex on Q at y, then

fx) A Ly, B, ).
Proof Since (y, B, ) € Fmwp, there exist x; € 8ka(y), k=1,---,m,p € intR7Y

m
with Zﬂk =1landx, € 3Cg(y,v), v, €Vt €T, L € Rf) such that
k=1

- (Z Bk + Zm) eN“(; Q) (12)

k=1 teT

and

D Mgy, v) = 0. (13)

teT

Let x € F. Suppose on contrary that

f@x) = L(y, B, ).

m

Hence (B, f(x) — f(y)) < O0dueto S € intR} with Z,Bk = 1. Thus,
k=1

m m

D Befix) < Y Brfiy). (14)

k=1 k=1

Note that, for x € F, we have g;(x, v;) <0 forany ¢ € T. It yields that

> hgi(x,v) 0. (15)
teT
From (13) together with (15)
D hgxv) <Y kg, vi). (16)
teT teT

By the pseudogeneralized convexity of (f, g7) on Qaty € Q and (14), (16), for such
x€F CQux €dfiy),k=1,---,mx €3¢y, v), v € Vs, t €T, there
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exists w € TC(y; Q) such that

D B w) <0 (17)
k=1

and
D kel w) <0 (18)
teT

Combining (17) with (18), we can assert that

D Br ki w) + Y xp, w) < 0. (19)
k=1

teT

On the other side, we yield from (12) and the relation w € T (y; ) that

> Bl w) + Y (g, w) 20,
k=1

teT

which contradicts (19). Thus, f(x) ﬁ L(y, B, A). The proof is complete. O

The following example shows that the pseudogeneralized convexity of (f, gr) on
2 imposed in Theorem 4 cannot be removed.

Example7 Let f : R — R? be defined by

J @) = (i), 2(0)),

where f1(x) = fa(x) = 3, xeR Take T =[0,1],v;, €V, =[2 — 1,2 + ] and let
g R xV; — R be given by

gr(x,v) = —vtxz,x eR,v,eV,teT.

We consider the problem (RSIMP) with m = 2 and 2 = (—o0, 0] C R. By simple
computation, one has F = (—o0, 0]. Let us select x = -1 € f . Now, consider
the dual problem (MWD). By choosing y = 0 € Q,8 = (81, B2) € intRi with

Bi+ B = 1,5 e R, we have NC(3; Q) = NC(3; (—=00,0]) = [0, +-00) and
A€ fr(3) =0}, k=1,2,3C,(3,v;) = {0}, v, € Vs, t € T.ltis easy to see that

2
0 €0, +00) = > Bd fi(3) + D A3 &(F, v) + N (5 Q)
k=1 teT
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and B + fo = 1. Agi(F.v) = 0,v, € Vit € T. Thus, (7. 8.1) € Fyw-
teT
However, if x = —1 € F, then

f@ = (@), LE) = (=1, =1) 2 (0,0) = (L1(3. B. ). L2(§. B. 1))
=L, B, 1.

The reason is that ( f, g7) is not pseudogeneralized convex on 2 at y = 0. To see this,
we can choose y = —3 € Q and x; € 3¢ fi(¥) = {0}, k = 1, 2. Then, it is easy to
see that 7€ (7; Q) = T (¥; (—o0, 0]) = (—o0, 0] and

(e, w)=0>0,Ywe T (3:Q),k=1,2.
However,

fey) = =27 < 0= fi(3), k=1,2.

Now, we establish the following strong duality theorem, which describes relation
between the problem (RSIMP) and the problem (MWD).

Theorem 5 Suppose that x € F is a local positively properly efficient solution of the
problem (RSIMP) such that the qualification condition (RCQ) is satisfied at X. Then
there exists (B, 1) € intR xR suchthat (%, B, %) € Fuwp and f (%) = L(Z, B, 1).
If in addition (f, gr) is pseudogeneralized convex on Q2 at'y € Q, then (x, B, L) isa
global efficient solution of the problem (MWD).

Proof According to Theorem 2, there exist 8 € intR" and v, € V;,t € T, 1 € A(X)
defined in (1) such that

m
0eY B fi®) + Y 20 g (¥, v) + NO(GE: Q). (20)
k=1 teT
Putting
_ - A
ﬂk:: mﬁk ,kzl,"',m,)\[:: mt ,IET,
D B > B
k=1 k=1
m
one has B := (Bi, -+, Bn) € intR?Y with ZB" = 1,and A := (A)er € ]RSFT).

k=1
Furtl_lermore, the assertion in (20) is also valid when B;’s and X;’s are replaced by Ek’s
and X,’s, respectively. Besides, since . € A(x) defined in (1), we have A;g;(x, v;) =
0,Vt € T, it implies that Z)_Ltgt(i, v;) = 0 > 0. Therefore, one has (x, B, X €
teT
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Fywp. It is easy to imply that
f@) =L, B, 2.

Because (f, gr) is pseudogeneralized convex on 2 at any y € 2, so we apply the
result of Theorem 4 to deduce that

L(X, B, 3) = f(X) £ L(y, B, M),

for any (y, B, A) € Fmwp. Therefore, one has

L(y, B, %) — L(Z, B, ) ¢ RT\{0},V(y, B, 1) € Fmwp.

This means that (¥, 8, 1) is a global efficient solution of the problem (MWD). The
proof is complete. O

Remark 3 Note that our strong duality result appeared in Theorem 5 in not in an ordi-
nary way; that is, the solution of the dual problem is not guaranteed to be positively
properly efficient, only efficient, although the solution to the primal one is local posi-
tively properly efficient. As shown by [5] (Example 4.6), for the case when V;,t € T
are singletons and 7 is a finite set, we cannot gain in general a positively properly
efficient solution for the dual problem, even in the convex framework.

The next example asserts the importance of the qualification condition (RCQ)
imposed in Theorem 5. More precisely, if x is a global positively properly efficient
solution of the problem (RSIMP) at which the qualification condition (RCQ) is not

satisfied, then we may not find out a pair (B M) € intR’} x Rf) such that (x, ,3 L)
belongs to the feasible set Fyywp of the dual problem (MWD).

Example8 Let f : R — R? be defined by f(x) = (fi(x), f2(x)), where
fix) = fax) =x,x € R,
Take T =[0,1],v, €V, =[2—1t,2+t]and let g, : R x V; — R be given by
gr(x,v) = v,x2,x ceR,v, eV, teT.
We consider the problem (RSIMP) with m = 2 and Q2 = (—o0, 0] C R. By simple
computation, one has F = {0}. Now, take ¥ = 0 € F, B = (Bi, B2) € intR% with

B1 + B> = 1. Then, it is easy to show that X is a global positively properly efficient
solution of the problem (RSIMP). Indeed, we have

2 2
S Bfi) =x>0=" B fu(®).Vx € F.
k=1 k=1
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_Now, consider the dual problem (MWD). By choosing ¥ = 0 € 2, 4 € R, B =
(B1, B) € intR? with B + B> = 1, we have

NC(&; Q) = NC(&; (—00, 0]) = [0, +00)

and 8€ fi(¥) = {1}, k = 1,2,8% g (¥, v,) = {0}, v, € V,,Vt € T. Itis easy to see
that

0 ¢ [1,+00) = {1} + [0, +00)

2
=Y B fie®) + Y R g (F.v) + NC(F: Q).
k=1

teT

Thus, (%, B, 1) ¢ Fmwp. The reason is that the qualification condition (RCQ) is not
satisfied at ¥ = 0 € F. Indeed, we have N€ (x; Q) = N€(&; (—o0, 0]) = [0, +00)
and 3¢ g, (X, v;) = {0} forany v, € V;,t € T,

U [Zx,afgt(x, v,)} + NC(¥; Q) =0, +00).

reA(x) LteT
v eV,

Besides, one has N€(%; F) = N€(x; 0) = R. Therefore, the qualification condition
(RCQ) is not satisfied at x.

Finally, we establish the following converse duality theorem, which describes rela-
tion between the problem (RSIMP) and the problem (MWD).

Theorem 6 Assume that (x, ,3_, )_\) € Fmwp. If x € F and (f, g7) is pseudogeneral-
ized convex on Q2 at X, then x is a global positively properly efficient solution of the
problem (RSIMP).

Proof Since (x, 8, 1) € Fuwp, there exist x; € 3¢ fi(X).k = 1,---,m, B =
m

(Br.--+ . ) € InRY with Y "B = 1 and x, € 9Cg (¥, 0)). % € Vi.t € T,
k=1
A= (Ap)rer € Rf) such that

- (Z Brx + Zm) e N°(x; Q) 1)

k=1 teT

and B
> hgi(®, 1) = 0. (22)

teT

Let x € F. Suppose on contrary that X € F is not a global positively properly efficient
solution of the problem (RSIMP). For such 8 := (B1,--, Bm) € intR”Y, it then
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follows that there exists X € F such that
(B, F(®) < (B, r (D).

Thus,
D Befe < D Bifi(®). (23)
k= =1

Note that, for x € F we have g;(x, v;) < 0 forany ¢ € T. It yields that

D Mg (& 0) 0. 24
teT
From (22) together with (24)
D hgE ) <Y hgi(® ). (25)
teT teT

By the pseudogeneralized convexity of (f, gr) on Qatx € 2 and (23), (25), for such
FEeEFCQux €dfi(®),k=1,---,mx €3 g% o), 0 €V, t €T, there
exists w € TC(x; Q) such that

Z Br xx, w (26)

and B
A (xg, w) <O0. 27

~

€

Combining (26) with (27), we can assert that

Z,gk (X, w) + ZX; (x7, w) < 0. (28)
k=1

teT

On the other hand, we yield from (21) and the relation w € T (x; Q) that

> Bl w) + Y ay (. w) =0,
k=1

teT

which contradicts (28). This means that x € F is a global positively properly efficient
solution of the problem (RSIMP). The proof is complete. O
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5 Application
5.1 Application to Semi-infinite Multiobjective Fractional Problem

In this section, we consider a nonsmooth fractional semi-infinite multiobjective opti-
mization problem with data uncertainty in the constraints:

min f () <p1(x)’._. | pm(x))
(UFSIMP) 1) gm(x)
st.gr(x,v) <0,Vr e T,Vx € @,

where T is a nonempty infinite index set, €2 is a nonempty closed subset of R”",

Pksqr : R" — Rk = 1,--- ,m are locally Lipschitz functions. For the sake of

convenience, we further assume that gx(x) > 0,k = 1,--- ,m for all x € Q and

that pi(x) < 0,k = 1,---,m for the reference point x € €. In what follows,

we also use the notation f := (fi,---, fm), Where fi := ﬁ k=1,---,m. Let
qk

g R"xV, — R, t € T be locally Lipschitz functions with respect to x uniformly
int € T and let v; € V;,t € T be uncertain parameters, where V;, C R?,¢ € T are
the convex compact sets.

The robust counterpart of the problem (UFSIMP) is as follows:

min £ () = <p1(X) pm(X))
(RFSIMP) ’ qx) T gnx))’
s.t. gr(x,v) <0,Vv, € V;,Vt € T,Vx € Q.

The feasible set of the problem (RFSIMP) is defined by
={xeQ| gk v) <0,V €V, VteT}.

Definition9 A point x € F is called a local positively properly efficient solution of
the problem (RFSIMP) if there exist a neighborhood U C R" of x and 8 € intR"}
such that

(B, f(x)) = (B, f(X)),Yx e UNF.

When U := R", one has the concept of a global positively properly efficient solution
for the problem (RFSIMP)

Theorem7 Let x € F be a local positively properly efficient solution of the problem
(RFSIMP). Suppose that the qualification condition (RCQ) at X holds. Then, there
exist B € intR"Y, v, € Vy,t € T and ) € A(x) defined in (1) such that

0eY (acpkm LS (i)) + 3 10 ai(E ) + NCG: Q).
P “®’ py (29)

,uki=ﬂ—k_ k=1, ,m.

gr(X)’
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Proof Suppose that x € F is a local positively properly efficient solution of the
problem (RFSIMP), then X is a local positively properly efficient solution of the

problem (RSIMP) with f; = ﬁ, k = 1,---,m. According to Theorem 2, there
qdk
exist B € intR"}, v, € V;,t € T and A € A(x) defined in (1) such that

m
0 Bdfi@ + Y 1 g (X, v) + NE(F: Q). (30)
k=1 teT
Thanks to Lemma 4, fork = 1, - - - , m, one has

G ()€ pr (%) — pr()3€ qi (%)
[ () (31)

_ 5C - pk(x)ac - )
o 0 PO = e e

8C fi (%) = 9€ (ﬁ) &) C
qk

Combining (30) with (31), we can assert that

m -

8 - ©(X) - _ _
0ey. i3 <3cpk(x) - e achm) + ) 208 (%, v) + NOG: Q).

= (X) qr(X) =

. B
Now, by letting g = — fork=1,---,m, we get
qr (X)
- Pi(X)
0ey (acpkof) — @ ach(@) + > Mg (F, v) + NG Q),

k=1 teT
where A € A(x) defined in (1). The proof of Theorem 7 is complete. O

The following simple example shows that the qualification condition (RCQ) is
essential in Theorem 7.

Example 9 Let f : R — R? be defined by

p1(x) Pz(X))

f) = (ql(x)’ )

where p1(x) = pa(x) = x,q1(x) = g2(x) = x24+1,x eR. Take T = [0, 1], v; €
Vi=[2—-1t,241t]. Letg : R xV; — R be given by

gr(x,v) = vxl,x eR v, eV, teT.

We consider the problem (RFSIMP) with m = 2 and 2 = (—o0, 0] C R. By simple
computation, one has F = {0}. Now, take x = 0 € F and 8 = (B1, B2) € intRz+
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with 81 + B2 = 1. Then, it is easy to show that x = 0 is a global positively properly
efficient solution of the problem (RFSIMP). Indeed, we have

x
x2+1

2
Y Bifix) =

k=1

2
>0=7) Fife@).Vx € F.
k=1

Since N€ (¥; Q) = NC(x; (=00, 0]) = [0, +00) and 3¢ g, (%, v;) = {0} at X = O for
any vy € V;,t € T, one has

U [Z 208 g (X, vt)i| + NC(F; Q) = [0, +00).

reA(x) LteT
v eV,

Moreover, N¢(%; F) = N€(x; {0}) = R. Therefore, the qualification condition
(RCQ) is not satisfied at x = 0. Now, take x = 0 € F and 8 = (B1, B2) € intR%r
with 1 + B2 = 1. Then, it is easy to see that 9€ py(¥) = {1}, 3 qx (¥) = {0}, ux =

X
— =pf. k=12,
qr(X)

0 ¢ [1, +00) = {1} + [0, +00)
2 -
= <8Cpk()f) - p"()f) ach()z))
= qr(X)
+> M0 g (E ) + NC(E: Q).

teT

forany A € A(x), v; € V;, t € T.This means that (29) does not hold. Hence, Theorem
7 is not valid.

The following simple example proves that, in general, a feasible point may satisfy
the qualification condition (RCQ), but if this point is not a global positively properly
efficient solution of the problem (RFSIMP), then (29) does not hold.

Example 10 Let f : R — R? be defined by

([ p1(x) p2(x)
1= (cn(x)’ qz(x))’

where p1(x) = pr(x) = x,q1(x) = ¢p(x) = x*>+ 1, x e R.Take T = [0, 1], v, €
Vi=[2—-1t,241].Let g : R x V; — R be given by

gr(x,v) = —lez,x eR v, eV,reT.

We consider the problem (RFSIMP) with m = 2 and 2 = (—o0, 0] C R. By simple
computation, one has F = (—o0, 0]. By choosing x = 0 € F, one has NEG; Q) =

@ Springer



On Isolated/Properly Efficient Solutions... Page270f31 73

NE(x; (—o0, 0]) = [0, +00) and 3¢ g; (X, v;) = {0}, Vv, € V,, t € T. Therefore, we
have

U [Zx,afgz(x, v»} + NC(¥; Q) =0, +00).

reA(x) LteT
v €Vy

Moreover, we have N C()E; F)=N C()E; (—o00, 0]) = [0, +00). Clearly, the qualifica-
tion condition (RCQ) holds at x = 0. Now, takex =0 € Fand 8 = (B1, B2) € intRz+
with B1 + B> = 1. Then, it is easy to see that 3 pr(X) = {1}, g (¥) = {0}, ux =

Br
=B k=1,2,
am

0¢ [1.+00) = (1} + [0, +00)
2 -
=D (e)cpk(az) -y ach@)
k=1

qi(X)

+ ) mdf g, v) + NEG: Q).
teT

forany A € A(x), v; € V4, t € T. Hence, condition (29) is not true. The reason is that
x = 0 is not a global positively properly efficient solution of the problem (RFSIMP).
Indeed, we can choose x = —1 € F = (—00,0] and 8 = (B1, B2) € intR%r with
B1 + B2 = 1. Clearly,

X
x2+1

2 1 2
Y Bifix) = =—5<0=) Bfi®.
k=1 k=1

5.2 Application to Semi-infinite Minimax Problem

In this section, we consider a nonsmooth semi-infinite minimax optimization problem
with data uncertainty in the constraints:

min max f(x),
(UMMP) I<k=m
s.t.gr(x,v) <0,Vt e T,Vx € Q,

where 7' is a nonempty infinite index set, 2 is a nonempty closed subset of R”",
fr :R" > R, k=1, ---,marelocally Lipschitz functions with f := (f1, -+, fm)-
Letg, : R"xV, — R, t € T belocally Lipschitz functions with respect to x uniformly
int € T and let v; € V;,t € T be uncertain parameters, where V;, C R?,¢ € T are
the convex compact sets.

The robust counterpart of the problem (UMMP) is as follows:

min max f(x),
(RMMP) I<k<m
s.t. gr(x,v) <0,Vv, € V), Ve € T,Vx € Q.
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The feasible set of the problem (RMMP) is defined by
F={xeQ|gx,v) <0,VYv;eV,VteT}

Definition 10 Let ¢(x) = 1n}(ﬂx fi(x),x € R". A point X € F is called a local
<k<m

isolated efficient solution of the problem (RMMP) if there exist a neighborhood U C
R™ of x and a constant v > O such that

@(x) —@(X) = v||lx —x||,Vx € U N F\{x}.

When U := R”, one has the concept of a global isolated efficient solution for the
problem (RMMP).

Theorem 8 Letx € F be alocal isolated efficient solution of the problem (RMMP) for
some v > 0. Suppose that fy : R" — R, k =1, --- , m are convex functions and the
qualification condition (RCQ) at x holds. Then, there exist @ := («1, -+, 0py) € Rﬂ

m
with Zak =1,v €V, teTand ) € AX) defined in (1) such that
k=1

m
vB C Y o dC fi@) + Y a0 g (. v) + NE(F: Q).
k=1 teT

ok (fk(i) —  max fk(i)> =0, k=1,---,m.

Proof If x € F is alocal isolated efficient solution of the problem (RMMP), then it is
also a local isolated efficient solution of the following problem

min ¢(x),

(RSIMP) s.t. gr(x,v;) <0,V € Vs, Vt € T, Vx € Q.

Theorem 1 says that there are v > O and v; € V;,t € T and A € A(X) defined in (1)
such that
VB C %) + Y M g%, v) + NE(F: Q). (32)
teT

According to Lemma 3, one has

0°p(F) =3¢ (ln;(ax fkoz))
C {Zykacfk(i) | (yls"' an)ERm»ZVkZ 17 (33)
k=1 k=1

Yk (fk(i) — max. fk(i)> = o} .
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By setting oy := yx,k = 1,---, m. From (32) to (33), we deduce that there exist
m

o= (-, o) € R with Zak =1,v, € V;,t € T and A € A(X) defined in

k=1
(1) such that

m
VB C Y axd fi(®) + Y ML &(E, ) + NO(E; ),
k=1 teT

ay (fk(i) — max fk(i)> =0,k=1,---,m.
The proof is complete. 0

6 Conclusion

In this paper, we obtained some new results for robust optimality conditions and
robust duality theorems for isolated efficient solutions and positively properly efficient
solutions of nonsmooth robust semi-infinite multiobjective optimization problems by
Clarke subdifferentials. In addition, some of these results are applied to study robust
optimality conditions for nonsmooth robust fractional semi-infinite multiobjective
problems and nonsmooth robust semi-infinite minimax optimization problems. The
results obtained in this paper improve the corresponding results in the recent literature.
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