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Abstract
This paper is devoted to the following class of nonlinear fractional Schrédinger equa-
tions:

(=AY u+V@u = f(x,u)+rgx,u), inRY,
where s € (0,1), N > 2s,(—A)® stands for the fractional Laplacian, A € R is a
parameter, V € C (RN, R), f(x, u)is superlinear and g(x, u) is sublinear with respect
to u, respectively. We prove the existence of infinitely many high energy solutions of
the aforementioned equation by means of the Fountain theorem. Some recent results

are extended and sharply improved.

Keywords Fractional Schrodinger equation - Fountain theorem - Infinitely many
solutions
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1 Introduction

Consider the following fractional Schrédinger equation

(=AY u+V@u= f(x,u), xeR", (1.1
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where s € (0, 1), N > 2s and (—A)* stands for the fractional Laplacian which can
be defined for a sufficiently smooth function u as

u(x) —u(y)

|N+2de, xeRY, (12

(=AY’ u(x) = C(N,s) lim
e—>0" JRN\B(x.e) X —

where B(x, &) = {x € RY : |x| < ¢} and C(N, s) > 0 is a dimensional constant
that depends on N and s (see [6]).
Equation (1.1) arises in the study of the following fractional Schrodinger equation

10, W(x, 1)+ (A W(x, 1) + (V(x) — o)W (x,1) = h(|W(x, )P (x, 1),

when looking for standing waves, that is, solutions of the form W(x,?) =
exp(—iwt)u(x). The fractional Schrédinger equation was introduced by Laskin [14,
15] in the context of fractional quantum mechanics, as a result of extending the Feyn-
man path integral from the Brownian-like to Lévy-like quantum mechanical paths. It
is also appeared in several subjects such as plasma physics, image processing, finance
and stochastic models, see for instance [1, 4, 10, 16].

In recent years, Eq. (1.1) has been extensively studied under various assumptions
on V and f and there are many interesting results in the literature on the existence and
multiplicity of solutions to problem (1.1) has been obtained via variational approaches,
we refer the readers to [3, 5, 7-9, 11-13, 17, 19-23]. In particular, the existence of
infinitely many high or small energy solutions to problem (1.1) was established in [5,
7,9, 11-13, 17, 20] by the aid of variant fountain theorems (see [25]) or the symmetric
mountain pass theorem (see [24]). However, there are few papers concern with the
existence of infinitely many (high or small) energy solutions to problem (1.1) in the
case where f(x, u) is a combination of sublinear and superlinear terms at infinity with
respect to u, see for instance [7, 17, 21].

In [7], Du and Tian considered the following class of fractional Schrodinger equa-
tions with concave and critical nonlinearities

(=AY u+ Veu = na@)lul?2u + [u)>2u, xeRV, (1.3)
where (and in the sequel) 2} = Nziv% is the critical Sobolev exponent, > 0 is

a parameter 1 < q < 2,a(x) is positive continuous functions satisfying a(x) €

L7 RY)NL Feg (RV) and V (x) satisfies the following assumptions

(V) V e C(RN,R) satisfies inf . cpv V(x) > Vo > 0, where Vj is a constant. More-
over, there exists o > 0 such that

lim meas{x e RN : [x —y| <ro, V(x) <M}=0, VM >0,

[yl=00
where meas(.) is the Lebesgue measure on R". The authors proved that there exists

w* > 0 such that, forany 0 < u < u*, problem (1.3) possesses infinitely many small
energy solutions by using the Dual fountain theorem.
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In [21], Timoumi established infinitely many small energy solutions to the problem
(=A)'u+V(x)u =g(x,u) +h(x,u), inRY,

by means of the Dual Fountain Theorem (see [24]), where V (x) satisfies assumptions
(V), g(x, u) is sublinear in # and A (x, u) is superlinear in u.
Li and Shang [17] studied the following problem

(=AY u+V@u = fx,u) +rh)|ul??u, xeRV (1.4)

2
where A > 0 is a parameter, p € [1,2),h € L7 (RY) and V and f satisfies the
following assumptions:
(V') V(x) € C(RY,R),inf gy V(x) > Vo > 0 and lim|y o0 V (x) = 00
(f) f € C(RN x R, R) and there exist constants a1, a2 > 0, ¢ € [2, %) with
2S2 + = Sq <3 1 such that

|f,wl < arlul +alul?™", V(x,u) e RY xR

where S, is the best constant for the embedding of X C L9 (RN ) and

_ 2
{u eL? RN / / [ (x) :t/S_ZZ)J dx dz+f V()u@x)?dx < —|—oo};
RV JRN |x —Z] RN

(f2) lim % = oo uniformly in x € RY and there exists r; > 0 such that
t—00

F(x,u) > 0, forany x € RV, u € R and |u| > r|, where F(x,1) =
fo f(x, s)ds;
(f3) 2F(x,u) < f(x,uw)u,VY(x,u) € RV x R.
(Fy) f(x,—u) = —f(x,u) forall (x,u) e RN xR
By using the symmetric mountain pass theorem, the authors showed that there exists
a constant Ao > 0 such that, for any A € (0, X¢), problem (1.4) possesses infinitely
many high energy solutions.
Motivated by these works, in the present paper we are concerned with the existence
of infinitely many high energy solutions to the following class of fractional Schrédinger
equation

(=AY u+V@u = f(x,u)+rgx,u), inRY, (1.5)

where A € R is a parameter, V (x) satisfies assumptions (V) and f and g satisfy the
following assumptions

(F1) f e C(RN xR, R) and there exist constants c1, ¢ > Oand p € (2, 27¥) such that
|fe ] < etlul +ealul”™!, Vx,u) e RY xR,

where 2} = NZN is the critical Sobolev exponent.
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(F) lim % = +ooae. x € RN, where F(x, u) = fO” f(x, t)dt and there exists

|u]—o00

r1 > 0 such that

inf F(x,u)>0;

xeRN ju|>r;
(F3) There exist constants i > 2, ¢c3 > 0 and ag > 0 such that such that

WF(x,u) < fO,wu+calul®, Y(x, jul) € RY x [ag, 00).

2
(g1) There exist constants 1 < 8; < 8 < 2 and positive functions & € L% (RV)
(i =1, 2) such that

lgCr, w)| < &)l + &) w7, V(x,u) e RN x R.

(g2) g(x,—u) = —g(x,u) forall (x, u) € RN x R;

By using the Fountain theorem (i.e., [24, Theorem 3.6]), we prove the existence of an
unbounded sequence of nontrivial solutions {u} to problem (1.5) under assumptions
(V), (F1)—(Fs) and (g1)—(g2). Our result extends and sharply improves that in [17].

The remainder of this paper is organized as follows. In Sect. 2, we prepare the
variational framework of the studied problem. In Sect. 3, employing the fountain
theorem (3.1), we establish the existence of infinitely many high energy solutions to
problem (1.5).

2 Variational Setting and Main Result

In this section, for the reader’s convenience, we shall introduce some notations and
we revise some known results about the fractional Sobolev spaces which can be found
in [6].

As usual, for 1 < p < 400, we define

1

P
lullr == llull, = ([ Iul”dX> . ueLPRY),
RN

The fractional Sobolev space H*(RY) = W*2(R") is defined by
vy 3

e R L R

with the inner product and the norm

(. v) s = ff (u(x) —u(y))(v(x)‘— v(y))dxdy+/ L )()dx,
RN xRN |x — y|N+2s RN
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2 _ [u(x) — u(y)|2 2
||u||Hs = (u,u)gs = //I;NXRN dedy + o [u(x)|“dx,

where the norm

_ 2
// |u(x) —u(y)| dxdy
RN xRN |x — y|N+2s
is the so-called Gagliardo semi-norm of u.

Let .7 (RY) be the Schwartz space of rapidly decaying C* functions in RY. We
recall that the Fourier transform of a function u € . (R") is defined as

1 .
Fu(§) = / e ™y (x)dx.
RN
By Plancherel’s theorem, we have
luly = Full2, Yu e 7 RY).

Lets € (0, 1), the fractional Laplacian (—A)® of a function u € .7 (R") is defined
by means of the Fourier transform as

F ((=A)'u) ¢) = [E1* FuE), Vse (D).
The space H*(R") can also be described via the Fourier transform as follows
H*RY) := {u e L°RY) : / (1+ |§|2)S | Zu©)dg < oo} :
RN

and the norm is defined by

1
Julrs = (/ (1+1g?) |£Zu(§)|2ds)2
RN

For the problem (1.5), we define the following Hilbert space
H:= {u e H'(RV) : / V() |ulfdx < oo},
RN

endowed with the inner product

vl // )~ ~ v
B RN xRN

|x _ y|N+2r

/ V(x)u(x)v(x)dx.
RN
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Then, the norm on H is given by

| ju() — u(y)P? :
lull := (//RNXM Ty +fR~ V(x>|u|2dx)

Obviously, by assumptions (V), the embedding H < H*(R") is continuous.

From [6], the embeddings H*(R") « LP(R") is continuous for p € [2,2}].
Therefore, H — L” (RN ), 2 < p < 2% is continuous, namely, there exist constants
1np > 0 such that

lullp, < npllull, YueH, pel2,2]], 2.1
Moreover, from [20], we know that the embedding H «— L?” (RN ) is compact for
2 < p < 2} under condition (V).

For the fractional Schrodinger equation (1.5), the associated energy functional is
defined on H as follows

L, (u) = %llu”2 — AN F(x,u)dx — A/RN G(x,u)dx. 2.2)

By hypotheses (V), (F1) and (g1), the functional / is well define and of class CY(H,R)
with

, (u(x) —u(y))(v(x) —v(y))
(I (u), v) = /H;zw = dxdy

—i—/ V(x)uvdx — / f(x, u)vdx — A/ g(x,u)vdx, (2.3)
RN RN RN
for all v € H. Besides, the critical points of / in H are solutions of problem (1.5).

Now, we are ready to state the main result of this paper as follows.

Theore_m 2.1 Assume that conditions (V), (F1)—(Fy) and (g1)—(g2) hold. Then there
exists & > 0 such that problem (1.5) possesses infinitely many nontrivial solutions
{ur} provided |A| < A. Moreover, there holds

L, (uy) — oocask — oo.
Remark 2.1 Since the problem (1.5) is defined on the entire space R”, the main dif-
ficulty of this problem is the lack of compactness for Sobolev embedding theorem.
In the context of studying of the existence of solutions for the classical Schrodinger
equation

—Au+V@u= f(x,u), xeRY,

Bartsch et al. [2] presented the general conditions (V) which guarantee the
compactness of the embeddings {u € H' (RY) : [pn V(X)|u?dx < 400} <
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L? (RN ) , pEl2, %]. Furthermore, conditions (V') are weaker than the coercivity
condition (V') used in [17].

Remark 2.2 Firstly, comparing with Theorem 1.1 in [17], our assumptions (F})—(F3)

are more general than (f1)—(f3). Indeed, let f(x,u) = au + b|u|”_2u, where a >

ZSg,b > qu]I and p € (2,23). Then, clearly f satisfies (F7) but not (f}) since
a b

@ + m > 2. Secondly, let

15
fx, 1) =3|t|r — 7|t|1/2t +1, teR.
Then,
1
F(x,0) =t = 311P/* + Etz.

It is easy to verify that the above function f satisfies (F1), (F2), (F4) and (F3) (which
was initially gave in [18]) with © = % However, f does not satisfy (f3), in fact we
have

f(x,t)t—ZF(x,t):|t|3—§|t|5/2<0, Vi € —2,2 )
2 = 4’4

This shows that (f3) is not satisfied. Finally, it is easy to see that g(x,u) =
Ah(x)|u|P~u considered in (1.4) is a special case of g(x, u) considered in this paper.
Furthermore, unlike (1.4), the parameter A in (1.5) is allowed to be sign-changing.
Consequently, Theorem 2.1 generalizes and sharply improves Theorem 1.1 in [17].

Remark 2.3 When s = 1, Eq. (1.5) becomes the classical Schrodinger equation
—Au+Vxu= f(x,u)+xrgx,u), xe€ RN,

As far as we know, our result is new even for the case s = 1.

3 Proof of the Main Result

Hereafter, we shall use ¢;, C;, i = 1,2, ... to denote various positive constants which
may change from line to line. We start this section by introducing some variational
preliminaries and abstract results that we need to prove our main results.

Definition 3.1 ((PS)-condition)

— A sequence {u,} C H is said to be a Palais—Smale sequence at level ¢ € R ((PS),
sequence for short) if I (u,) — ¢ and I'(u,) — 0in H* the dual space of H.

— The functional / satisfies the Palais—Smale condition at the level ¢ ((PS). condition
for short) if any (PS), sequence has a convergent subsequence.
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Lemma 3.1 Under the assumptions of Theorem 2.1, the functional I, satisfies the (PS).
condition for any ¢ > 0.

Proof Let {u,} C H be any (PS) sequence of I;, that is,
Li(uy) — ¢ >0, I (uy) > 0in H*. 3.1

First, we prove that {u,, } is bounded in H. Arguing indirectly, suppose that ||u, | — oo

asn — 00.Setv, = 2 then||v,|| = 1, thus{v,}isboundedin H.Using assumption

llunll?
(F1) we have

1
|F(x,u) =|F(x,u)— F(x,0)] = '/ f(x, tu)udt
0

1
5;/ Qnmﬁt+cﬂuwﬂﬁ*)dt (3.2)
0

=%WP+2mw, Vx,u) € RY x R.
p

Set F(x,u,) = f(x, up)u, — wF(x, uy,). Therefore, for x € RN and |u(x)| < ag, by
(3.2), we have

[ fO, wu — pF(x,w)] < | f G, wu| 4+ | F(x, u)l
< (ctlul + calul?) + <c1ﬁ|u|2+czﬁ|u|")
2 P
2 _
5( ZMC1+p:Mcza{)’ 2) Jue|?

2
= c3lul”,

where i and ag > 0 are given in (F3). Combining the above inequality with (F3), we
conclude that there exists ¢4 > 0 such that

Fx,u)= f(x,u)u — uF(x,u) > —C4|u|2, V(x,u) € RN x R. 3.3)

By (2.2), (2.3) and (3.3) , we have

-2
Wy () — I (). tt) == |2 + / Fx, up)dx — A / G(x. uy)dx
2 ]RN ]RN

-2
EM ”’/‘n”2 - C4/ |Mn|2dx - A/ G(x, upy)dx,
2 RN RN
3.4)
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where G(x, u) := g(x, u)u — nG(x, u). By (g1) one has

1G(x, u)] = |g(x, wu — pnG(x, u)|
= [gCx, wul + p|G(x, u)|

< Q0O + B0 + L@l + a0l (3-5)

= E )| + ya&a(x)|ul®,

2
where y; = %15’ (i = 1,2).Since & € LZ% (RV), it follows from (3.5), the Holder’s
inequality and (2.1)

/ G(x, uy)dx
RN

< / 1GCe. wn)ldx
RN

<n / E1 () a1 dx + 72 / £.(0) 1t 2 dx
RN RN

2 2\ 3
< ;‘m (/RN Iéi(x)l”fdx) (/RN |un|2dx)

8 8
<villéill 2 lluglly' + y2lléll 2 llunlly’
2-4) 2—6y

>

(3.6)

8 ) 3 8
< vimy' I&tlle, lun 1™ + y2n3? €2 g, luan |12

. 5 5
= Cillilloy lun ™ + C2lI521l0, Il [,

where C; = ;115 and 6; = 5251 = 1,2. Combining (3.1) with (3.4) and (3.6), for
sufficiently large n € N, there exists a constant C3 > 0 such that

C3 > uly(up) — (1)1(”")1 Up)

n—2
> ||un||2—c4f |un|2dx—xf G(x, up)dx
2 RN RN
nw—2
> = lunll® = callunll3 = 1AL (CrllE o, lun I + C2llE2ll6, llunll®?)
which yields
2
-2 1 C C
||un||§ K __[ HY 1||E;I|gh
it 2¢s e | lunll [l |21
Czllézllez]
+A—.
lluy |22
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Since 1 < §1 < 63 < 2 and |lu,|| — oo, we can choose a large n € N so that

C3 C1ll&1ls,

C -2
i 21182116, _ M
llutn]|? [, [|2=01

lunl?=22 = 4

+ (Al

’

we then conclude

lenll} =2,

> (3.7
lunll® = 4cq

2
llvnlly =

Set 2, = {x € RN : |u,(x)] < ri}and A, = {x € RV : v,(x) # 0}, then
meas(A,) > 0 due to (3.7). Besides, since ||u,|| — oo as n — 00, we obtain

luy(x)] > 00 as n— 0o, Vx € A,. 3.8)

Hence, A, C RV \ @, for n € N large enough.
Similarly to (3.6), by (g1), (2.1) and Holder’s inequality, we derive that

/ G(x,un)dxs/ sl(x>|un|51dx+f £.(1) 1t 2l
RN RN RN

) é
< 1&ulloy lunlly' + 2116, llun 115

5 5 5 5
< 1&ulloym3" lun ™ + 1182110157 llun 11

(3.9)

Therefore

—> 0, asn — 00,3.10)

/ GO, )l | &1 1o, len 10 + 1€2 110, 122z 1172
RN

x <
lluen 112 llun 112

in view of ||u,|| = ooand 1 < §; < 82 < 2. Hence, by (3.2), (2.1), (2.2), (3.1), (3.8),
(3.10) and Fatou’s lemma, we obtain

L. (uy)

=00 ||up||?

1 F(x, G(x,
. [__f O‘_Lgl)dx_kf (X_z)d}
n—oo | 2 RN gl RV |lun|]

1 F E) F b
— 14 im [_ [ e [ Md}
2 n—0oo Q, u RN\Q,, u

n n

1 - Fx,
< — + limsup |:(cl + corf 2) / |v,|2dx —/ (x—zun)v,zldx]
2 n— 00 RN RM\Q, uy
1 _ L. F(x,u,)
p 2 2 s Un 2
< 3 + <01 + cory ) n; — hnnilo%f /RN\Q,, Tvndx
F )
<Cy- / timinf 20 1) 24,
An n— oo un
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. . F(x7 un) 2
=Cy4— lim inf ———xa,(0)]v;dx — —o0, as n—>o0. (3.11)
RN n—>00 u;

This is an obvious contradiction. Consequently, {u,} is bounded in H.
Since {u,} is bounded in H, then there exists a constant M > 0 such that

luqll <M, VneN. (3.12)
Furthermore, passing to a subsequence, there is u € H such that

u,—uin H,
up, — win LP(RY), 2 < p < 2% (3.13)

Uy, —> U a.e. in RV,

By (F1), (2.1), (3.12), the Holder’s inequality and (3.13), it has

/RN | f e, un) — f(x,u)] (uy — u)dx
< / [fCe, upn)|(uy — u)dx +/ | f(x, w)|(u, —u)dx
RN RN

=ci f (lunl + lul) up —u)dx + 02/ (|7~ + P~y — w)dx
RN RN

= Csllup — ull2 + Cellup — ullp = 0n(1), (3.14)

where Cs = c1(ma2M + ||ull2), Co = 2 (nﬁ_lMP—1 + ||u||£_1> and 0, (1) — 0 as
n— oo.

On the other hand, it follows from (g1), (2.1), (3.12), Holder’s inequality and (3.13)
that

/ lg(x, up) — g(x, u)|(uy — u)dx
RN
sf |g<x,un)|(un—u>dx+/ lg (e, )| (un — u)dx
RN RN
< f E1.0O) |un | (uy — wdx + / (00 |un |2 (uy — u)dx
RN RN
3.15
+/ 100l uy, —u)dx+/ £ ()l (u, — uydx G19)
RN RN
= (e T AR

Sr—1 Sr—1
2l 2 (N2 ™"+ Nl ") Nt = w2
02

< (My + M) |lup — ull2 = on(1),
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where M; = &l 2 (ngi‘lM’Sf—l + ||u||§"‘1), i = 1,2. Then, combining (2.3),

(3.1), (3.14) and (3.15), for n € N large enough, we have
on(1) = (I; (un) — I (1), up — u)

=t =l = [ 0G0 = 0] G = w0

—AANmumm—g@mnwn—mm
= Jlun — ull* + 0,(1).

Consequently, u;,, — u strongly in H as n — oo. Thus, the functional 7 satisfies the
(PS), condition for any ¢ > 0. The proof is completed. O

Let (X, || - ||) be a Banach space such that X = @, X; with dim X; < +o0 for
eachi € N. Set

k 00
Ykz@Xi, zkz@xi.
i=1 i—k

In order to prove Theorem 2.1, we shall use the following Fountain Theorem.

Theorem 3.1 [24, Theorem 3.6] Let X be an infinite dimensional Banach space.
Assume that ¢ € CY(X,R), p(—u) = @) for all u € X. If, for every k € N,
there exist py > ry > 0 such that

(A1) o satisfies the (PS). condition for every ¢ > 0;

(A2) ar:= max @) <0.
u€Yy, llull=px
(A3) by = inf o(u) > oo ask — oo.

ueZy,llull=rg

Then ¢ has a sequence of critical points {uy} such that (uy) — +o0.

Since H < L? (RN ) is compact under assumptions (V) and L> (RN ) isaseparable
Hilbert space, then H possesses is a countable orthonormal basis {e j}?‘; |- Define

k 00
X;j=Re;, i =PX,;, z= & X;. keN-
j=1 j=k+1

Then, H = @311 X and Yy is finite dimensional.

Lemma 3.2 Assume that (V), (F1) and (g1) hold, then there exist . > Oand ry > 0
such that

in I, (u) - 400 ask — oo
ueZi, ull=rk

whenever |A| < A.
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Proof Similar to Lemma 3.8 in [24], for any 2 < p < 2¥, we have

Bi(p) :== sup  |ull, =0, (3.16)

ueZi, llul=1

as k — oo.
By (2.2), (3.2), (3.9) and (3.16) we obtain

L) = %||u||2 - /RN F(x,u)dx — ,\/RN G(x,u)

v

1 c1 o P )
2 g ull® = lels = el — 4 (Nl Nl + 21l n3? a2

1 Cl 9 2 C2p
> —lull® = = BE@Null®* — =B (p)ull? — |A|
> > Pi P

\%

8 I
(Nl 1l + 12 g2 ]2

According to (3.16), we can choose a large ko > 1 so that
BZ(2) < L ovksk
k = 2’ =0
This provides
1 (& 5 5
L) 2 gl = B (Pl = 12 (N oy 1l + 12y )
For any u € Zj satisfying ||u|| > 1, we have
81 81 %) 8§ < 81 ) 82
1€ loy ' lull® + 182 lloa 5 el < (U1 lloymy' + 1€21leam5” ) N2,
since 1 < 81 < &> < 2. Hence, we obtain
1 (o) 5 5
Lw) 2 gl = A7 (p)ull” = 121 (N loymd! " + N g2 112
1 o 5 5
2 el = 8L ONal” = ] (Ko’ +1leen’) hel™ - G.17)

1 _ (o) _
= Jlul® [Z”“”z 2 _ ;ﬂ,f(p)llull” 2 _ |A|K]

where K = [|&1lg,115' + l|&2lg,n3. For each k € N sufficiently large, taking

1/(p=2)
ry == —p .
82 (p)
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Then, by virtue of (3.16) we obtain
ry — +o0o0 as k — oo.

Then, there exists k1 > 1 such thatry > 1 whenk > ki.By (3.17), foru € Z, |u|| =
rx, we have

I, &) -8
mwa%G¢®—;%@¢2—Mm)

1 -
= (er‘sz - %ﬁ,ﬁ’(p)r,f’ 2 IA|K> (3.18)

1,
= (gr,f 2 |k|K).

2—87
Putting A = 1](6_1( then, Ay > O and Ay — oo as k — oo. Let
A = inf Ak
k>k

where k = max{ko, k1}, therefore, for any A € R satisfying |A| < A we get from
(3.18)

2
-
MMzé,ue&ww=m
Hence, for k > k we deduce

2
’
inf L) >-% > 400 as k— oo
ueZy, |ull=rx 16

whenever |A| < A. This completes the proof. O

Lemma 3.3 For any finite dimensional subspace Yy C H, there holds

max I (u) <O.
u€Yy, |lull=pk

Proof Let Y, be any finite dimensional subspace of H, we claim that there exists a
constant Ry = R(Y;) > 0 such that [, (#) < O |u|| > Ry. Otherwise, there is a
sequence {u,} C Y such that

lupll = oo and I (un) > 0. (3.19)

Set v, = ”Zﬁ, then ||v,|| = 1. Therefore, by the Sobolev embedding theorem, up to
a subsequence, we can assume v,—v in H,v, — vin LP(RVN) 2 < p < 2¥) and
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v, - vae. inRY. Set E = {x e RN : v(x) # 0}. Since on the finite dimensional
subspace Y} all norms are equivalent, there exists a constant ox > 0 such that

”u”p > o llull, Yu € Y,

and then
[ ual? dx = af ual? . v e
]RN
which yields
a]f < lim lon P dx = ”Un”z
n—00 RN

Hence meas(E) > Oand then |u,(x)| — oo for all x € E. Using (2.2) and (3.19) we
obtain

1
—||un||2 > / F(x,u,)dx + k/ G(x,u,)dx, Vxe RV,
2 RN RN

Therefore,

1 F(x, G(x,
_2/ Of_uzn)dx“/ Getn) g
27 Jry lunl Bl

Then, by (3.10) and Fatou’s Lemma we deduce

1 F(x,
— > lim inf/ M|v,1|2dx
2 =00 JRN |un|2
F(x,u .. F(x,
> lirninf/ uwnlzdx > / lim inf Mlv,,ﬁdx = 400.
n—o Jg |un|2 E N7 |un|2

We have a contradiction. This shows that there exists a constant Ry = R(Y;) > 0
such that 7 (u) < O forall u € Y \ Bg,(0). Hence, choosing px > max{Ry, r}, we
conclude that

max I (u) <O.
ueYy, lull=pk

O

Proof of Theorem 2.1 We have I, € C'(H, R) is even in view of (F4) and (g2). On the
other hand, by Lemmas 3.1 and 3.3, the functional I, satisfies the conditions (A)—
(A») of the Fountain Theorem 3.1, respectively. Moreover, condition (A3) is satisfied
whenever |[A| < 2 due to Lemma 3.2. Thus, the functional 7, has a sequence of critical
points {ux} C H such that I, (uy) — oo as k — oo, whenever |A| < A, that is,
Eq. (1.5) possesses infinitely many solutions. O
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