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Abstract

We study the system of the split equality problems in Hilbert spaces. In order to solve
this problem, we introduce several new iterative processes by using the Tikhonov
regularization method. This approach is completely different from previous ones.
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1 Introduction

The split equality problem was first introduced and studied by Moudafi in [19]. This
problem is formulated as follows: Let H, H; and H> be three real Hilbert spaces. Let
C and Q be two nonempty closed and convex subsets of H; and H», respectively.

Find p € C and g € Q such that Ap — Bqg =0, (1.1)

where A: H; — H and B : Hy — H, are two bounded linear operators.

The origins of Problem (1.1) can be found in [2]. The authors studied alternating
minimization algorithms with costs-to-move. Next, a particular case of Problem (1.1)
has been also studied by Attouch et al. in [3, 4] when C and Q are two minimizer point
sets of two convex functions f and g, which are defined on H; and H>, respectively.
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We know that Problem (1.1) has some important applications in game theory,
variational problems, partial differential equations, and intensity-modulated radiation
therapy (see, e.g., [3, 9]). Thus, Problem (1.1) is an interesting topic of nonlinear anal-
ysis, which has attracted the attention of many mathematicians around the world. So,
many algorithms have been presented for solving Problem (1.1) (see, e.g., [8, 11-14,
18, 20, 21, 25, 27-31]).

If H = H> and B = I'"2 then Problem (1.1) becomes the split convex feasibility
problem. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces
H; and H,, respectively. Let A : H; — Hj be a bounded linear operator. The split
convex feasibility problem (SCFP for short) is formulated as follows:

Find an element p € C such that Ap € Q. (1.2)

The SCFP was first introduced and studied by Censor and Elfving [10] for modeling
certain inverse problems. It plays an important role in medical image reconstruction
and in signal processing (see [6, 7]). Thus, all of the iterative methods or algorithms
to approximate the solution to Problem (1.1) can be applied to find the solution to
Problem (1.2).

We know that most applied problems are ill-posed problems in the sense, they
do not satisfy at least one of the following three requirements: (1) The problem is
solvable; (2) Its solution is unique; (3) The problem is stable in the sense, any small
change in the input data leads to only small changes in the output data (the solution
of the problem) (see, e.g., [17]). Thus SEP and its related problems are also ill-posed
problems. One popular effective method for solving the ill-posed problems is the
Tikhonov regularization method which is introduced by Tikhonov (see, e.g., [1], [26]).

In this paper, we study the system of the split equality problems. In order to find a
solution to this problem, we first introduce a new implicit iterative method by using the
Tikhonov regularization method. Next, we propose an explicit iterative regularization
method and prove the strong convergence of it when the control parameters are chosen
suitably.

2 Preliminaries

Let H be areal Hilbert space. We denote by (x, y) i the inner product of two elements
x,y € H.The induced norm is denoted by || - || g, that is, ||x|| gz = +/(x, x) 5 for all
x e H.

Let C be a nonempty, closed and convex subset of H. It is well known that for each
x € H, there is unique point Pg x € C such that

lx — P x||\g = inf ||x — ullg. 2.1
ueC

The mapping Pg’ : H — C defined by (2.1) is called the metric projection of H
onto C. We also recall (see, for example, Section 3 in [16]) that
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(x — Plx,y—PHx)y <0 Vxe H, VyeC.
Lemma 2.1 Let H be a real Hilbert space and C be a nonempty, closed and convex
subset of H. Then forall x,y € H, we have
i) (x =y, Px — Pllyyu = | P x — PEyIG;
i) (x =y, (I = PEOx = (I = PEYy)w = I = PE)x = (1 = PE)YIIG.
Definition 2.2 Let f : H — (—00, o0] be a proper function. The subdifferential of
f is the set-valued operator d f : H — 2 which is defined by
afx)={veH: f(y)—fx)=(v,y—x)g Yy € H}.

Definition 2.3 An operator S : H — H is called

a) L-Lipschitz with Lipschitz constant L > 0 if for all x, y € H, we have
1Sx = Sylla < Lllx — ylla-

In the above inequality, if L € [0, 1), then S is called a strict contraction and if
L =1, then it is said to be nonexpansive.
b) y-strongly monotone with constant y > 0 if the inequality

(x =y, 8x = Sy)uw = ylx — ylI%

holds forall x,y € H.

¢) hemicontinuous at a point xo € H if S(xo + t,x)—Sx¢ as t, — 0 where {t,,} is
any sequence of positive real numbers. The operator S is called hemicontinuous
if it is hemicontinuous at each element x € H.

d) coercive if there exists a function c¢(¢) defined for ¢+ > 0 such that c¢(tr) — o0 as
t — 00, and the inequality

(. 8x)g = c(lixllm) x| m

holds forall x € H.
e) bounded on bounded sets if S(M) is a bounded set for each bounded set M C H.

Remark 2.4 Tt follows from Lemma 2.1 that 7 — Pg is a nonexpansive mapping.

In the sequel, we are going to use the following lemmas in the proofs of the main
results of this paper.

Lemma 2.5 Let H be a real Hilbert space. Suppose that F : H — H is a L-
Lipschitz and y-strongly monotone mapping. Then for any ¢ € (0,2y/L?), we
have I — eF is a strict contraction mapping with the contraction coefficient

T=41—8QRy —eL?).

Proof For any x, y € H, we have
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1" —eF)x — (" —eF)ylly
=[x —y) —e(Fx — Fy)l}
= |lx =yl —2&(x =y, Fx — Fy)y + &*[|Fx — Fy|l
< llx = yl3; — 2eyllx — ylI3, + L2 x — yI%
=[1—eQy —eL)]|x -y

Thus, it follows from the condition & € (0, 2y /L?) that I — ¢ F is strict contraction
mapping with the contraction coefficient 7 = /1 — ¢(2y — eL?2). O

Lemma 2.6 [15] Let T be a nonexpansive self-mapping of a closed and convex subset
C of a Hilbert space H. Then the mapping 1™ — T is demiclosed, that is, whenever
{xn} is a sequence in C which weakly converges to some x € C and the sequence
{(I — T)(x,)} strongly converges to some vy, it follows that (I — T)(x) = y.

Lemma 2.7 [24]
Let {T',} be a sequence of nonnegative numbers, {b,} be a sequence in (0, 1) and
let {c,} be a sequence of real numbers satisfying the following two conditions:

i) Pnp1 < (1 =0Ty + bnen;
i) Y ol by =00, limsup,_, ¢, <0.

Then lim,_.~ I';, = 0.

3 Main Results

Let Hy, H, and H, be three real Hilbert spaces. Let C; and Q;, be nonempty closed
convex subsets of H; and H», respectively,i = 1,2,...,N.Let A; : H — H
and B; : H, — H,i = 1,2,..., N, be bounded linear mappings and let b;,
i=1,2,...,N,be N given elements in H. Suppose that

Qi={(x,y) e’ (Ci x Qi): Aix—Biy=b;, i =1,2,...,N} #0.

Consider the problem of finding an element (x*, y*) € Q, we denote this problem
by (SSEP).

3.1 Implicit Iterative Method
First, we introduce a new Tikhonov regularization method type to approximate a

solution of Problem (SSEP).
We define the sequences {x,} and {y,} by the following implicit iterative method:
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M-

(™ = P+ A7 (Aixy = Biyw = b)) + S =0, (1)

—

M-

(™ = Py = BEAixa = Biya = b)) +auTyn =0, (3.2)

i=1

where {«,, } is a sequence of positive real numbers, S : Hy — HyandT : Hy — H>
are two bounded on bounded sets, hemicontinuous and strongly monotone mappings
with the constants yg and yr, respectively.

Theorem 3.1 i) Foreach n, the system of equations (3.1)—(3.2) has a unique solution

(Xn» Yn)-
i) Iflim,_ o, = 0, then x,, — x*, y, — y* with (x*, y*) € Q and (x*, y*) isa
unique solution to the following variational inequality

(x =x*, Sx™ g, + &y — ¥y, Ty" ), >0, V(x,y) € Q. (3.3)
Proof i) We rewrite the equations (3.1) and (3.2) in the following form
Fan (xn, Yn) = Ov (34)
where F,, : Hy x Hy — Hj x Hj defined by
Fa, (@) = (Z (™ = PEYY + AT(Aix = Biy = b)) + S,
i=1

(™ = Py = B (Ax = By b)) + anTy>,
i=1

foralla = (x,y) € H; X H>.
We know that H; x H> is a Hilbert spaces with the inner product

(e, y1), (2, Yo HyxHy, = (X1, Y1) Hy + (X2, Y2) iy

for all (x1, y1) and (x2, y2) in H; x Hj and the norm on Hy x H; is defined by

G, W ey < =/ I1x 11, + 19117,

for all (x, y) € H; x H> (see, e.g., [22, Proposition 2.2], [23, Proposition 2.4]).
We first show that F,, is a monotone mapping. Indeed, for any a = (x1, y1) and
b = (x2, y2) in H| X Hj, we have
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(a — b»Fan (@) — Fy, (b))Hlez

H H,
=Y 1 —xo, (I = PEYxy — (1 — P10y,
i=

+ (x1 —x2, A7 (Ai(x1 —x2) — Bi(y1 — y2)) i,

M=

+ ay

—

X1 —x2, Sx1 — Sx2) my

H H.
+ Y i =y, (I = PSHyr — (™ = Pyl

MZ ==

(y1 = y2, B (Ai(x1 — x2) — Bi(y1 — y2))) Hy

1
+onyi =2, Tyt = Ty2)m,

=Y (x1—xp. (I = Py — (11— PExo)
i=1

N
+ Z(Ai (x1 —x2), Ai(x1 —x2) — Bi(y1 = y2))u

1
+au{x; — x2, Sx1 — Sx2)my

N
- Z (v = y2, (72 = POy — (1™ — Py m,

N
— Y (Bi(y1 — y2). Ai(x1 — x2) — Bi(y1 — y2))m

+
c
S —_
=
|
<
v
~
=

- Ty2)H2
=Y (1 —xo, (I = PYx — (1™ = Py,

+ ap(x1 — x2, Sx1 — Sx2)

+
-

(v =2, (I = PPy = (12 =PIy m,

||A (x1 —x2) — Bi(y1 — )%

+
z _MZ

yi—=y2.Ty1 —=Ty2)n,

It follows from Lemma 2.1, the strongly monotone of S and 7', and the above
equality that
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N
(@ —b. Fo,(@) — Fo, ) riyxct, = »_ N7 = PEYxy — (1™ = PEYxa |13,

i=1

N
H. H:
+ Y A" = Py — (M = POyl
i=1

N
+ Y A1 —x2) = Biyi — )y

i=1
+an(yslar — xallgy, + vrlly = y2013,)
> 0. (3.5)

This implies that Fy, is a monotone mapping. Moreover, we also have

(a—b, Fa,(@) — Fa,(0)) 1y, > an(ysllxr — x2ll3, + vrlyi — y2013,)
> o min{ys, yr}(lx1 — x2l1 3, + Iyt — y203,)

= c(lla = bllayxm)lla — bl by xh, s

with ¢(t) = o, min{ys, yr}t for all + > 0. This implies that F;, is a coercive
mapping.

It follows from the hemicontinuity of § and 7T that F,, is a hemicontinuous
mapping. We conclude that Fy, is a single valued hemicontinuous monotone and
coercive mapping on H; x Hj, and hence R(Fy,) = Hy x H (see, e.g. [5, Proposi-
tion 1]). Thus Equation (3.4) is solvable.

Next, we prove the uniqueness of the solution (x,, y,) of Equation (3.4). Indeed,
suppose that (u,, vy,) is also another solution to Equation (3.4). Let a = (x,,, y,) and
b = (up, vy), it follows from Fy, (a) = Fy,(b) = 0 and (3.5) that

ysllxn — unllgy, + yrllyn — vallgy, <0.
This implies that x,, = u, and y, = v,. So, Equation (3.4) has a unique solution,
that is, the system of equations (3.1)-(3.2) has unique solution (x,, y,).
ii) Take any ¢ = (x, y) € , thatis, Fy, (¢) = o, (Sx, T'y). From (3.5), we have
(@ — ¢, Fa, (@) = Fa, () ttyxcty = on(vslxn = %3y, + yrllyn — 513,)-
On the other hand, we also have
(a —C, FO(,, ((l) - Fan (C)>H|XH2 = _an((-xn - -)zv S-)E)Hl + (yl’l - )_77 T.)_])H2)

Thus, we obtain
xn — %113, + lyn — Fll,
1

< ——(X =X, S, + 9 =Y. TY) 1)
min{ys, yr}
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IA

——(lxn = XN 15X ey + 1yn = Y I T Y 1)
min{ys, yr}

< o — £, + Ivn — 513, ISE 1, + 17515,
~ min{ys, yr} g e & 2
(3.6)

This deduces that

(IS N7, + 1T 3117,)-

Ixn — %1% + lyn — 313y, < ————s
nooT T B2 = (min{ys, yr})

Thus we see that two sequences {x,} and {y,} are bounded. Hence, there are two
subsequences {x,,, } and {y,,} of {x,} and {y,}, respectively, such that x,,, —x* and
Ym,—Y*, as n — oo.

It follows from Lemma 2.1, (3.1) and (3.2) that

—o, ({x, — X, an)Hl + Y — s T)%)Hz)

N
= (o — & (UM = Px, — (1 = PNy

+
=
=
3
|
f“
b
s
>
=
3
&
<
&)
Sy
B

=1
+ D =5, U= PSy, = (I =PI g,

N
+ ) (Aixy — Biyn — AiX + B;3. Aixy — Biyn — bi)
=
N N
H H.
> Y A = PEYxall, + D N = PaHyallg,
i=1

i=1

N
+ ) lAixa — Biya — bill%. (3.7)
i=1
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Since {x,}, {y,} are bounded and S, T are two bounded on bounded sets mappings,
there is a positive real number K such that

max{sup [|x, || gy SUp ||y |l 2> sUp [1Sxn [l 11y, sUp | Tynllmy} < K.
n n n n

From (3.7), we get

N N
oA — Py, + Y 1a™ = Sy,
i=1 i=1
N
+ ) llAixn — Biyn — bill%
i=1
< KQK + |l + 15150t

It follows from lim,,_, o0 ¢, = O that

HILHQO(IHI - Pgl Ynllm =0, nlgl;o (7t — ng)ynlle =0, (3.8)
Jm | Aixp — Biyn — billu =0, (3.9)

foralli = 1,2, ..., N.In particular, we have that
Tim (11— e, gy = 0. lim (1" = Po2)ym, iy = 0. (3.10)
Jim (| Aixm, — Biym, = bilu =0. (3.11)

From Lemma 2.6 and (3.10), we infer that (x*, y*) € C; x Q;. Since A; and B;
are bounded linear mappings, and x,,, —~x*, y,,, —y*, we obtain

AiXm, — Biym, — bi—Aix* — Biy" — b;.
This combines with (3.11), one has A;x* — B; y* = b;. Thus, we have (x*, y*) € Q.

Next, we show that (x*, y*) is a unique solution to the variational inequality (3.3).
It follows from (3.6) that

(xn — %, 8X) 1, + (Yn — 3. Ty, < 0.
Replacing n by m,, and letting n — oo, we get
(" =%, 8X)m + (=3, Ty)m, <0, (3.12)
for all (x,y) € Q. Set (x7, y;) = (x*, y*) +t(x —x*, y — y*) with t € (0, 1).
Since Q2 is a closed convex set, and (x*, y*), (x, y) € 2, we have (x;, y;) € Q. So, in

(3.12), replacing (x, y) by (x;, y¢), one has
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(F =2 ST+t =y + =Y TG +tG =y )Nw, 20, Ve € (0, 1).
Using the hemicontinuity of S, T and letting t — 0%, we obtain
(& =x*, Sx™p + =y, Ty )m, >0, VX, §) € Q, (3.13)

that is, (x*, y*) is a solution to the variational inequality (3.3).
We now establish the uniqueness of (x*, y*). Suppose that (u*, v*) is also another
solution to the variational inequality (3.3), that is,

(x —u*, Su*) g, + (y —u*, Tu*) g, > 0, V(X §) € Q. (3.14)

In (3.13) and (3.14), replacing (x, y) by (u*, v*) and (x*, y*), and adding the resulting
inequalities, we obtain

(.X* - M*7 Sx* — Sy*)H] + <y* - U*, Ty* - Tv*)Hz <0.
Since S and T are strongly monotone with the constants ys and yr, it follows that
* *)12 * *)12
ysllx™ —ully, +yrlly” — vy, <0,

which implies that ™ = x* and v* = y*. Thus (x*, y*) is unique solution to the
variational inequality (3.3).

It now follows from the uniqueness of (x*, y*) that x,—~x* and y,—y*. Finally,
we show that x, — x* and y, — y*. Indeed, in (3.6), replacing (¥, y) by (x*, y*),
one has

1

(X = X", SX )+ 0 =Y TY Y1)
min{ys, yr}

2 2
lben = x* 13, + v — Y113, <
Letting n — oo, we infer that x, — x* and y,, — y™*.

This completes the proof. O

We have the following theorem regarding to the distance between two solutions
(X1, yn) and (xp,, y;m) of the system (3.1)—(3.2).

Theorem 3.2 Let (x,, y,) and (xm, ym) be two solutions of the system (3.1)-(3.2)
corresponding to oy, and a,,. Then we have the following estimate

ot —
e =5l + 1w = 3l < Kr =, (3.15)

n

where K1 = K~/2/min{ys, yr}.

Proof Leta = (x,, y,) and b = (X, yin). It follows from Fy, (a) = Fy,,(b) = 0 and
(3.5) that
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0= (a — b, Fu,(@) — Fap, (b)) iy x 1y
= (@ — b, Fo (@) — Fopy (D)) iy x 11, + (@ — b, Foyy (B) — Fapy (D)) 1,11y
=(a—Db, Fan(a) - Fan(b)>H|xH2
+ (o — o) (X — X0y SXi) 1y + 0 — Ym> TYm) Hy)
> o (vsl1xXn — Xmll7y, + vrllyn — yml3,)

+ (o — o) (X — Xy Sxm)Hl + V0 — Ym> TYm)H2)~

This implies that

o (Vsllxn = xml 3y, + vrllyn — ymll7,)

< Klop — ap|(llxg _xm”Hl + llyn — ym||H2)~

And hence, we have

2 2
llx, — xm”[-]l + llyn — )’m”[-]z

. |ty — o
< (K /min{ys, w})%um — Xl + 10 = ymll i)

n

. |ty — oty | 2 2
< (K/min{ys, VT})O[— 2(|lxn — xm”Hl + llyn — Ym”HZ)a
n

which shows that

|y — am
0 = Xl + = i, < Ky,
n

This completes the proof. O

3.2 Explicit Iterative Method

First, we have the following proposition.

Proposition 3.3 Ler Hy, H» and H, be three real Hilbert spaces. Let C; and Q;,
be nonempty closed convex subsets of Hy and Ha, respectively, i = 1,2,..., N.
Let A; : H — Hand B, : Hy — H,i = 1,2,..., N, be bounded linear
mappings and let b;, i =1,2,..., N, be N given elementsin H. Let S : Hy — H)
and T : H, — Hj be two strongly monotone mappings with constants ys, yr and
Lipschitz mappings with the constants Lg, L, respectively. Then for each o > 0, we
have that

Fa(x,y) = (Z (U = P+ AT(Aix = Biy = b)) + @S,
i=1

(U = Py — BFAx — Biy — b)) + aTy),
i=1
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Y(x,y) € H x H»

is a y-strongly monotone and L-Lipschitz mapping on Hy x Hp with y
[(N +aLsT)?+ yX’B](l +4N2), where Ls1 =

NEIAL 1Bl

min{ys, yrle and L
max{Ls, L1} and y4 p = max;=12
Proof For any a = (x1, y1) and b = (x3, y2) in H| X Hj, it follows from (3.5) that

,,,,,

(@ = b, Fu@) = Fo®)) i = (sl — w2l + yriy = i)
> amin{ys, yr}lla = bl}, p,

This implies that F, is y-strongly monotone mapping on H; x Hp with

y = amin{ys, yr}.
Next, we have
I Fa@) = Fa®) 3 11,
N " i
|t 0 e
i=1
N 2
+ Z AT (Aj(x1 —x2) = Bi(y1 — y2)) + a(Sx| — sz)H H
i=1

+| i (= Pi2yi = a2 = P2)ys)
i=1

N
=3 B At —x2) = Bty =) +aTn )|
i=1
N
< [V +aLg) e = vl + 3 1ANUA v =32l + 1Bi vt = vl |
i=1
N
+ [V el = vl + Y IBAA NI =52l + 1Billyn = 2l ]
i=1

N
< [ +aLolvr = xallm + 73 g 2 (v = xally + Iyt = 2l

i=1

N
+ [+ oLy = vl +v3 5 Dt = xallay + Iy = v2llm)

Rt )

i=1

<[(N+aLg)* + yg‘,B][nxl —x2llf, + (Z(”xl —x2lla, + 11— 2llH,)
N
+ (N +aLy)® + y;,‘,B][nyl — g, + <Z<“x1 — 2l + 11— 2llm,)

i=1
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<IN +aLs)*+v4 glllla = bligy, g, + 2N (lx1 = x2llm, + Iyt — y201 )%
<[(N+aLs)*+ v} glllla = bll3y, g, + 4N (lx1 — x201F, + Iyt — y213,)]
<[(N+aLsp)* +v4 gl +4ND)la = bl -

where Ls 7 = max{Ls, L7} and y4 p = max{| A|l, || Bl|}. This implies that F,, is
a Lipschitz mapping with the constant

L= IV +aLs1)? + v} 511 +4N2).

This completes the proof. O

We now introduce the following explicit iterative regularization method for finding
an element in 2. For any (dy, eg) € H; x H3, define the two sequences {d, } and {e,}
as follows:

(™ = PO, + AT (Aidy = Biew = b)) + S, .

-

dnt1 =dy — Snl:

(3.16)

-

enit = e —ea| Y (U7 = P{Pew — B (Aidy — Biew — b)) + anTey .

1

(3.17)

where {«,} and {g,} are two sequences of positive real numbers.

Remark 3.4 The iterative method (3.16)—(3.17) can be rewritten in the following form.
(dni1. enp1) = (I — 6, Fy ) (dy ), Y = 0. (3.18)

The strong convergence of the sequences {d,} and {e,} generated by (3.16)-(3.17)
are given in the following theorem.

Theorem 3.5 Suppose that the mappings S : Hy — Hy and T : Hy — Hj are Lg
and L Lipschitz, and ys and yr strongly monotone, respectively. If

2 min{ys,
o € (0, minlys. vrjen ) V=0 (O),
(N +anLs. )2 + 73 510 +4N2)

and the following conditions hold

(Cl) limy,_, o a, = 0;
(C2) Y02 enoty = 00;
(C3) limy— o0 &n/ay =0;
(C4) lim,,_, o 121 — %l

enat?

:0,

@ Springer



44 Page 14 0of 20 T.M. Tuyen

then d,, — x*, e, — y* with (x*, y*) € Q and (x*, y*) is a unique solution to the
variational inequality (3.3).

Proof We first show that the sequences {d,} and {e,} are bounded. Indeed, fixing
w = (x,y) € Q, ie, Fy,(w) = a,(Sx,Ty). Let w, = (dy, e,). It follows from
Lemma 2.5, Proposition 3.3 and the condition (C) that I71*H2 — ¢, F, is a strict
contraction mapping with the contraction coefficient

T =+/1 — &,(2min{ys, yria, — L),

where L = JI(N +aLs.1)? + 7§ 51(1 +4N?). Thus, from (3.18) we have

w1 — Wl ey <, = 1A — g Fo Y (wn) — Wy xy
< I — g Fy ) (wy) — (TP — g oy Y0 11y
+ &nll Fop, 0) |l 11, 5 11y
= (1M — g Fy ) (wy) — (T2 — g Foy Y (0) | 1y x 1y

+ enonll(SX, TY) 11y x 1,

gnan “(S)E’ T.)_])HH] ><H2

ffn||wn_u_)”H1><H2+(]_tn) 1 I
—tn

(3.19)

Next, since lim;,—, o €, /2, = 0, it follows that

Enlln entn(1 4+ 1)
1—1, &n(2min{ys, yrlo, — &, L)
I+71,

— 1/2min{ys, yr}.

= Qmin{ys, yr} — Lén/ay)

. . Ent
Thus, there is a positive real number K> such that sup,, 1 i

(3.19), we get

< K». Hence, using

n

lwnv1 — Wl xH < Tallwp — WliHxH + 0 = ) K2([(SX, TY) [y x 1
< max{llw, — WllH xH,, K20(SX, TY) I 1y x 1o}

< max{llwo — Wil xH,» K2l (SX, TY) | 1y xc b }-

This implies that the sequence {w,} is bounded, i.e., two sequences {d,} and {e,}
are bounded.

Let h, = (x,, y,) which defined by the system of equations (3.1)-(3.2). It is easy
to see that two mappings S and T satisfy all conditions in Theorem 3.1 and hence
Xp — X%, y, = y* with (x*, y*) € Q and (x*, y*) is a unique solution to the
variational inequality (3.3).
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Now, in order to prove d, — x*, e, — y*, we will show that d,, — x, — 0 and
en — yn — 0. Indeed, it follows from the inequality

103,y < U900,y + 2060 % = ¥y
which holds for all x, y € H; x H, that

2 2
lwpr1 — h"+1||H1XH2 < [lwpg1 — ]’ln||[-1|><1-[2 + 2(wp1 — A1, by — hn—i—l)Hlez,

2 2
lwps1 — hn||1r-11><]-]2 < llw, — hn||[-]]x[-[2 + 2{wp41 — Iy, Wp+1 — wn)Hle2~
This leads to

lwptr1 — hnta ”%—leﬂz < lwn — hn”%{] xHy, T 2{Wnt1 = hp, Wnt 1 — W) Hyx Hy
+ 2{wu1 — hpyr, by — hn—i—])Hl x Hy
< llwn — hallzy, 1y
+ 2(||wn+1||H1xH2 + ||hn+l||H1xH2)||hn+1 - hn||H1><H2
+ 2({wp41 — hn, Wp41 — wn>H1><H2~ (3.20)

We now estimate the quantity (wp4+1 — hp, Wetr1 — Wa) H, xH,- 1t follows from
Fg, (h,) = 0 and (3.5) that

(Wp1 — hnawn—&-l - wn>H1><H2
= (w, — gnFotn(wn) — hy, wy — EnFan(wn) - wn)Hlez

= (w, — gnFot,, (wy) — hy, _gnFot,, (wn)>H1 x Hp

—&p{wp — hy, Fa,, (wn))Hlez + Sﬁnthn(wn)”%{] x Hy

—en{wy — hy, Fa,, (wy) — Fanhn>H1 xH, + SﬁnFan (wn)”%{lxﬂz

IA

—enttn (vslldn — xullzg, + vrllen — YullE) + &l Fo W) 11, w1,

IA

—enoty min{ys, yrHwn — k|3 i1, + &l Fooy W) 1, 5 1, -
(3.21)

From the boundedness of {w,}, it is easy to see that {F,, (w,)} is bounded too.
Thus, there exists a positive real number K3 such that

Sup{”wl’l”I‘leHza ”Fan(wn)”Hlez} =< K3~
n

This combines with (3.15), (3.20) and (3.21), we obtain

lwnt1 = B g, i, < (1= 2min{ys, yrlenon) lwn — hallFy, o,
+ Z(K\/E—I- K3)K| o1 — o

(27

+2K3¢e2. (3.22)
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Letting

Do = llwn = hall3y, xpry
b, = 2min{ys, yrlenay,

Upt] — &
(2([(\/54_ K3)L2"| + 2K32_">'

Enl; oy,

=
"7 2minfys, yr}

we can rewrite the above inequality as follows:
1-‘n+1 < —=b,)l'y + bycy.

It is not difficult to see that conditions (C1)—(C4) ensure that all the assumptions
of Lemma 2.7 are satisfied. Therefore we immediately infer that I',, — O, that is,
lwn = Rl pr, = O 0r lldy — Xnll3;, + llen — yall7;, — 0. This shows that ||, —
Xnllz, — 0, llen — yullw, — 0 and hence d,, — x*, e, — y™.

This completes the proof. O

Remark 3.6 1t is easy to check that o, = 1/./n and

2 minfys, yr)o;
[(N +anLs,r)?+y4 gl(1 +4NHM

&n =
with M > 1, satisfy all conditions of Theorem 3.5.

4 Relaxed Iterative Methods

In this section we consider Problem (SSFP) when C; and Q;,i = 1,2,..., N, are
sublevel sets of the lower semicontinuous convex functions ¢; : H; — R and ¢; :
H, - R,i=1,2,..., N, respectively. In other words,

Ci={xeH: ci(x) <0}
Oi={yeH:q()=<0},i=12,...,N.

Assume that ¢; and ¢;, i = 1,2,..., N, are subdifferentiable on H; and H,
respectively, and that the subdifferentials d¢; and d¢;, i = 1,2, ..., N, are bounded
(on bounded sets). At a point x, € H; and y, € H>, we define the subsets C; , and
Q; n as follows:

Cin={x€H:clxp) < {xn—x,&nH),

OQin={y€eHy: qi(yn) <{¥n— Y, Nin) )

where &; , € dc;i(x,) and n; , € 9¢g;(y,) foralli =1,2,..., N. The sets C; , and
Q; » are called the relaxed sets of C; and Q;, respectively. It is not difficult to see that
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C; n and Q; , are half-spaces of H and H», and that C; C C; », Qi C Q;.p, for all
i=1,2,...,N.

It is well known that generally speaking, it is not easy to calculate the projections
Pg 'x and ng y. Therefore we introduce two relaxed iterative methods corresponding
to the the iterative methods (3.1)—(3.2) and (3.16)—(3.17), where Pg ! and Pg_z are

replaced by the operators Pg 'n and Pgl_ 2", respectively, which are defined as follows:

x, & —{x,, & ci(x
Pgl X = x — max {( %_l,n)H1 ( n %—;,n)Hl + z( n)’ 0}&""7
€012,
Py = y - max { (s 0in) by — (s n;‘,n)Hz ‘|"Ii()’n),0} .
Imi.nlZ,

We first state and prove the following theorem.

Theorem4.1 Let S : Hy — Hyand T : H, — Hj be two bounded on bounded
sets, hemicontinuous and strongly monotone mappings with the constants ys and yr,
respectively. Let {o,} be a sequence of positive real numbers. Then the system of
regularization equations

M-

((1”1 — PE )xn + Af(Aixy — Biyn — bi)) T Sxy =0, (4.1)

i=1

M-

(% = PG yw = B (Aixy = Biya = b)) + ca Ty =0, (42)

i=1

has a unique solution (xy, y,) for each n > 1. Moreover, if o, — 0, then
Xy — X5y, = y* with (x*, y*) € Q and (x*, y*) is a unique solution to the
variational inequality (3.3).

Proof Following the proof of Theorem 3.1, the system (4.1)—(4.2) has unique solution
(x5, Yn). Moreover, the sequences {x,} and {y,} are bounded.

We now prove that all weak subsequential limits of the sequence {(x,, y,)} belongs
to Q. Indeed, suppose that (x*, y*) is a weak subsequential limit of {(x,, y,,)}. There
are the subsequences {x, } and {y,, } of {x,} and {y,}, respectively, such that x,, —x*
and y,, —y*. Moreover, we also have

(1) limys oo (T = PE )xp, 1y = 0, Timyso0 (192 = P2 )y, 1, = 0,
(2) im0 ”Aixpn - Biyp,l —billg =0,
foralli=1,2,...,N.

Since the subdifferential dc; is assumed to be bounded on bounded sets and the
sequence {x,} is bounded, there is a positive real number K4 such that ||&; ,|| < K4

for all n > 1. It follows from Pg 'nx on € Cin and the definition of C; ,, that

H H
ci(ep,) < (™M = P&l )xp, ip )iy < Kal U™ = P& xp, i, — 0.
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This implies that lim inf, _, o, ¢; (x,) < 0. By the lower semicontinuity of the function
¢, we have

ci(x*) < liminf ¢;(xp,) <O0.
n—oo

This implies that x* € C;. By an argument similar to the one above, we also obtain
that y* € Q. Furthermore, from lim,, .« ||Aixp, — Biyp, — billm = 0, it is easy to
deduce that A;x* — B;y* = b;. Thus, we have (x*, y*) € Q.

Using similar argument to the one employed in the proof of Theorem 3.1, we
conclude that (x*, y*) is the unique weak subsequential limit of {(x,, y,)}, that it is
the unique solution to the variational inequality (3.3) and that x,, — x* and y,, — y*,
asn — oo.

This completes the proof. O

Finally, by using a line of proof similar to the one in the proof of Theorem 3.5 and
combining it with Theorem 4.1, we obtain the following theorem.

Theorem 4.2 Suppose that the mappings S : Hy — Hyand T : Hy — Hj are Lg
and L lipschitz, and ys and yr strongly monotone, respectively. Let {&,} and {a,} be
two sequences of positive real numbers. For any (dy, eg) € Hy x Hj, define the two
sequences {d,} and {e,} as follows:

N

dyr = dy —en| 32 (1 = PE )y + AFAidy — Biew = b)) +anSdy |,
i=1
N

€nt+1 = €p — En[z ((]Hz - Pgi%n)en - B;k(Aidn — Bje, — bz)) +anTen],
i=1

If conditions (C) and (C1)—~(C4) of Theorem 3.5 hold, then d,, — x*, e, — y* with
(x*, y*) € Q and (x*, y*) is a unique solution to the variational inequality (3.3).
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