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Abstract
In this paper, we study the Schrodinger—-Bopp—Podolsky system

—Au+V@)u+ou=pufu)+u in R3,
—A¢ + a*A’¢ = dmu? in R3,

thereinto, we request that @, © > 0, the function V(x) and f(u) satisfies some spec-
ified conditions. By using constraint variational method and quantitative deformation
lemma, we derive two results. If u is large enough, the system has a least-energy
sign-changing solution u,,. Moreover, the energy of the solution is twice as large as
that of the ground state solution.

Keywords Schrodinger—Bopp—Podolsky system - Sign-changing solution - Critical
growth - Nonlocal term - Variational method

Mathematics Subject Classification: 35J50 - 35B33 - 35D30 - 35J48

Communicated by Maria Alessandra Ragusa.

Supported by National Natural Science Foundation of China (No.11971393).

B Xing-Ping Wu
wuxp@swu.edu.cn

1 School of Mathematics and Statistics, Southwest University, Chongqing 400715, People’s Republic

of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40840-022-01441-7&domain=pdf
http://orcid.org/0000-0003-1494-2237

45 Page2of19 Y.-X.Huetal.

1 Introduction

In this paper, we consider the following Schrodinger—-Bopp—Podolsky system
—Au+V@u+¢u=pnfu)+u’ in R3, (LD
—Ap +a?A%p = 4mu? in R3, '

thereinto, we request that a > 0, which is the Bopp—Podolsky parameter, u > 0, the
potential function V : R? — RT and the nonlinearity f : R — R satisfies some
suitable hypotheses.
The most common Schrédinger—Bopp—Podolsky system is
—Au+V@)u+ K@x)pu = f(x,u) in R3, 12)
—A¢ +a*A%p = 4mu? in R3, (.

which was first studied in [1] in mathematical literature, and we refer to the recent
paper [1-14] for more physical details, we will omit it here.

In recent years, in [1], P. dAvenia and G. Siciliano studied the system (1.2) when
V (x) is a constant, K (x) = g2 and f(x, u) = |u|’"u. By using variational method,
they obtained the existence and nonexistence results. Moreover, they have shown that in
the radial case the concentration behaves of the solutions they found. In particular, they
take two different approaches to overcoming compactness of the Sobolev embedding
H'(R3? — L*(R>»Q2 < s < 6): by means of the Splitting lemma; by looking
for solutions in the subspace of radial functions of H'(IR?), both of which are only
available for the case p € (2, 6). However, the authors do not cover critical cases. In
[15], Chen and Tang studied the existence of solutions of system (1.1), by using some
new analytic techniques and new inequalities, they found nontrivial solutions, ground
state solutions of Nehari—Pohozaev type and ground state solutions of Nehari type in
constant potential case. On the other hand, for the case of non-constant potential, they
proved that system (1.1) admits ground state solutions for all © > 0 large enough.
In [16], Li, Patrizia Pucci and Tang considered the system when K(x) = q2 and
f(x,u) = plu|P~ u4|u|*u. They firstly proved the existence of ground state solutions
for the “limit” problem, by using a global compactness lemma, they proved that Palais—
Smale condition holds and the existence of ground state solutions. Therefore, the
main results of [15] and [16] has extended the existence results in [1] to critical
cases. Moreover, in [17] Yang, Chen and Liu considered a class of Schrodinger—
Bopp—-Podolsky system with critical growth. They proved the existence of nontrivial
solution without any growth and Ambrosetti-Rabinowitz conditions.

Based on the above observations, we find that more of the research around
the Schrodinger—Bopp—Podolsky system is the ground state solution. Motivated by
[15, 18-20] and an originate idea of [21], the main purpose of present paper is
to investigate the existence of least-energy sign-changing solutions for the critical
Schrodinger—-Bopp—Podolsky system with subcritical perturbations. And, we suppose
that V : R — R+t and f : R — R satisfy the following assumptions:

(V) V(x) € C(R3, RY) is coercive;
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(fi) f €C'(R, R), ‘tlliglo& =0and lim L =0;

|t]— 00
IAU)

(f2) The function e is increasing on (—oo, 0) and (0, +00).

Thus, we can say that, for any fixed a > 0, a pair (4, ¢) € H x D is a solution of
(1.1) if and only if the following equations hold

/ [Vu - Vo + V(x)uvldx +/ ouvdx = / [wfu)+ wlvdx, Vv e HI(RS),
R3 R3 R3

/ V¢~V§dx+a2/ APALdx =471f cu*dx, V¢ eD,
R3 R3 R3

where D and H is a function space that will be introduced in Sect. 2.
Then our results can be stated as follows.

Theorem 1.1 Assume that (V), (f1) and (f2) holds, then there exists u* > 0 such
that for all w > p*, the system (1.1) has a least-energy sign-changing solution u,,
which has precisely two nodal domains.

Theorem 1.2 Assume that (V), (f1) and (f>) holds, then there exists u** > 0 such
that for all p > w™*, the energy of any sign-changing solutions for system (1.1) is
strictly larger than two times of the energy of the ground state solution.

Remark 1.3 In fact, there are some differences obviously caused by the nonlocal term,
and some good methods of seeking sign-changing solutions for local problems seem
not be applicable to nonlocal problems. We borrow the idea from [21], trying to seek
a minimizer of the energy function J, over the constraint M, = {u € H with ut #£
0: ((J) ), ut)y = ((Ju) (), u”) = 0}; then we prove that the minimizer is the
sign-changing solution of system (1.1). For the proof of Theorem 1.2, we define the
manifold NV, = {u € H'(R?) \ {0} : ((J)(u), u) = 0}, then there exists positive
constants s, ¢ for u™ and u~ respectively such that su™t and ru~ both in N, using
the results in [15], we have a ground state solution v, with 7, (v,) = }\r}f Ju(u), and
n

thus we can compare the energy between sign-changing solutions and ground state
solutions by inequalities.

The rest of this paper is organized as follows. In Sect. 2, we present some preliminary
notations and Lemmas. In Sect. 3, we prove Theorem 1.1 and Theorem 1.2.

2 Preliminary

In this paper, we use the following notations:

e H={ueD"2R3: IR V (x)u?dx < oo}, with the norm

|| =/ (Vul* + V(x)u?)dx.
R3
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LP(R3) is the usual Lebesgue space endowed with the norm

|u|§ = / lu|Pdx and |u|oo = ess sup |u(x)| forall p € [1, 6).
R3

xeR3

C; denote a positive constant and is possibly various in different places.
(-, -) denote action of dual.
ut := max{u(x), 0}, u~ := min{u(x), 0}.
\Vul%
e § = ==
ueD!2(R3) s

Let D be the completion of CZ° (R3) with respect to the norm || - ||p induced by
the scalar product

(o, ¥)p :=[ V¢~V1pdx+a2/ ApAyrdx.
R3 R3

Clearly, D is a Hilbert space continuously embedded into D'?(IR?) and conse-
quently in LO(R3).
Next, we present the following basic results.

Lemma 2.1 (Lemma 3.1, [1]) The space D is continuously embedded in L™ (RR>).

Lemma 2.2 (Lemma 3.2, [1]) The space CSO(R3) is dense in
A:={p e D"2(RY : A¢p € L*(RY))}

normed by /{¢, ¢)p and, therefore, D = A.

In view of the Riesz Theorem, for every fixed u € H L(R3), there exists a unique
solution ¢, € D of the second equation in (1.1). Let

x]

1l—e a
K()C) = T

We have the following fundamental properties.

Lemma 2.3 (Lemma 3.3, [1]) Forall y € R3, k(- — y) solves in the sense of distri-
butions

— A +a*A’p = 4nsy.

Moreover,

(i) ifg € L} (R3) and, for a.e. x € R, the map y € R? 80 s summable,

loc [x—y|

thenk x g € LY (R,

loc

(i) if g € LR with | <5 < 3, thenk * g € LY(R?) for g € (325, + ool.
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In both cases k *x g solves
— Ap +d’ AP =4dmg 2.1
in the sense of distributions, we have the following distributional derivatives
Vik*xg)=(Vk)*xg and Ak *xg)=(Ak)*xg a.e.in R3.

For any fixed u € H'(IR?), the unique solution in D of the second equation in (1.1)
is given by

Gu =K * u’. 2.2)

Then we have the following useful properties.

Lemma 2.4 (Lemma 3.4, [1]) Foreveryu € H'(R3) we have:

(1) forevery y € R, ¢u(iy) = du(-+ y);

(2) ¢u = 0;

(3) foreverys € (3, +00], ¢, € L*(R>) NCo(R3);

(4) foreverys € (3/2, +00], Vo, = Vi x u®> € L*(R3) N Cy(R3);
(5) ¢u €D;

(6) llpulls < Cllull*;
(7) ¢y is the unique minimizer of the functional

1 2
E) = 3IV813+ S 18915 - fR pudx, ¢ €D;

(8) if vy—v in H'(R?), then ¢y, —¢, in D.

Lemma 2.5 (Theorem 2.1, [22]) If V (x) satisfies (V), then H is compactly embedded
in LP(R3) for any p € [2, 6). Especially, for any p € (2, 6), there exists C > 0 such
that

julp < Cllull, Vu e H.
In view of [1], the energy function of (1.1), defined in H'(R? x D by
1 2 2 1 2
Su,¢p) = - [[Vul”+ V(x)u“ldx + = Pu“dx
2 R3 2 R3
vl < IAg3 / [WF ) + u01d
- — - — - u) + —u’ldx
lor P12 T g 10012 T K 6

is continuously differentiable and its critical points correspond to the weak solution
of (1.1). In order to avoid the difficulty originated by the strongly indefiniteness of the
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function S, we apply the reduction procedure used in [1] and get the reduced function
1 2 2 1 2 16
TuW) = = [Vul"+Vx)u“ldx+- Puu-dx— [WF(u)+—-u’ldx, (2.3)
2 R3 4 R3 R3 6
which is of class C! on H and, forall u,v € H

(T (), v) = / [Vu - Vv + V(x)uvldx +/ duuvdx — / (i f () + u’vdx,
R3 R3 R3
2.4)

Remark 2.6 The following statements are equivalent:
(i) The pair (u, ¢) € H x D is critical point of S, that is (u, ¢) is a solution of (1.1);
(ii) u is a critical point of 7, and ¢ = ¢,.

Hence, if u € H is a critical point of 7, then the pair (u, ¢,) is a solution of (1.1).
As we defined before, for the sake of simplicity, in many cases we just say u € H,
instead of (u, ¢,) € H x D, is a solution of (1.1).

Next, we define the manifold
M, = {u € H with ut #0: ((J,L)/(u), uty = ((J#)/(u), u—) =0},
and fixed u € H with u™ # 0.

Lemma 2.7 Assume that (V), (f1) and (f>) holds, if u € H with u* # 0, then we
have the following results:

(i) There exists a unique pair (s,, t,) € (0, +00) x (0, +-00) such that s,u™ +t,u~ €
M, and

Jﬂ(suu+ +tu") = max JM(su+ +tu").
(s,1)€(0,400) x (0,+00)

(ii) If (Ju) (), u®) <0, then 0 < s, 1, < 1.

Proof (i) For any u € H with u® # 0, to prove that there exists a unique pair
(Su, tu) € (0,+00) x (0, +00) such that s,ut + t,u™ € M, is equivalent
to prove that ((J,)' (suu™ + tyu™), suu™) = ((J) (squ™ + tyu™), tuu™) =0,
which means the following equations have a unique solution:

s2Nut? st fgs dur luTPdx + 522 [s ¢y luTPdx

—us [gs flsu™ +tu ) uTdx — s [ps [ut|%dx = 0;
Plu=l> it [ du-lu [Pdx + s21% g5 e lu™Pdx

—ut ng flsu™ +tuHu"dx — 16 ng lu~|%dx = 0.

(2.5)

Firstly, we claim the existence of the pair (s, #,).
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Define
aus.) =P+t [ gt x5 [ gt P
—Ms/ flsut +tu~ yutdx — s° / |u+|6dx (2.6)
hu(s,t) =2 lu” > +¢* / bu-u” [Pdx + 57t / b+ lu” [Pdx
]R3
—y,t/ f(su++tu_)u_dx—t / |u_|6dx. 2.7
R3 R3
By (f1), for any ¢ > 0, there exists C; > 0, we have
|f (O] < elt] + Celt]. (2.8)
Using (2.8) and Sobolev inequality, we get
0uG5.9) =571 P st [ gt P45t [ g P
R3 R3
—,us/ f(su)uTdx —s6/ |u+|6dx
R3 R3

2s2||u+||2—eus2/ lut?dx —Cs,us6/ lut|®dx —s6/ lut(dx
R3 R3 R3

>(1 — euC)s*lu™|*> — pCasSlu™® — C35°u™5.

Choosing ¢ > 0 small enough such that 1 — euCy > 0, then g, (s, s) > 0 for
s > 0 small enough. Similarly, we obtain that h,(¢,7) > 0 for t > 0 small
enough.

By (f2), we can easily get that:

f)t=4F@) >0, te(—o00,0)U(0,400). 2.9)

By Lemma 2.4 (6), (2.9) and Sobolev inequality, we also have that
gu(t, 1) =t ut|? +¢* / bt |u* Pdx + 1t / - |uT Pdx
R3 R3
— ,u/ frwyutdx — z6/ lut1dx
R3 R3

5t2||u+||2+z4/ ¢”|u+|2dx—t6/ lut|%dx.
R3 R3

ast — 400, g,(t,t) - —oo, whichmeans g, (¢, ) < 0forz > 0large enough.
Similarly, we obtain that &, (s,s) < 0 for s > 0 large enough. Assume there
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exists 0 < r < R such that

gu(r,r) >0, g,R,R) <O,
hy(r,r) >0, hy(R,R)<0O.

Thus, we have

gulr,t) >0, gu(R,t) <0, Vt €lr,R].
h,(s,r) >0, hu,(s,R) <0, Vs €[r, R].

Then there exists a pair (s, t,) € (0, 4+00) x (0, +00) such that g, (s,, 1,) =0
and hy, (sy, t,) = 0, thus s,u™ + r,u™ € M,.

Secondly, we claim the uniqueness of the pair (s, #,).

Casel.u € M,.

By the definition of manifold, we have

||ui||2+/ ¢ui|ui|2dx+/ ¢ﬁ|ui|2dx=uf f(u)uidHf |u™(0dx.
R3 R3 R3 R3
(2.10)

Let (s0, fo) be a pair of suitable numbers such that sou™ + tou~™ € M x With
0 < 59 < t9. Then we have

2 2 4 2 2.2 2
sellut)? + s /R3 bus it Pdx + 5312 /}R3 b lut Pdx

= M/ f(sou+)sou+dx+s8/ |u+|6dx.
R3 R3
(2.11)

2 —n2 4 —2 2.2 —2
2| +ro/ Gu-u |dx+sor0/ Gut I Pelx
]R3 ]R3

=u/ f(touf)toufdx—i-tg/ |u7|6dx.
R3 R3
(2.12)

Operating #(2.12)-(2.10), we have:
0

1 —n2 2 —6 Sou™)  fu), 4
Gz = DIl Z(to_l)/R3 e fdx | s = G e .

(2.13)

Using (f2),iftp > 1, the inequality is absurd; therefore, we obtain that 0 < sp <
to < 1. Similarly, we also obtain that so > 1. Consequently, so = 79 = 1.
Case2.u ¢ M,.
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Suppose that there exists two pairs (s, #1), (s2, #2) such thatv = sju™ +1Hu~ €
M, w = sout + thu~ € M,,. Therefore, we have

) h _ n _
w:szu++t2u = —s1u++—t1u = —v++—v .
S1 1 S1 14

Through the analysis in Case 1, we have

w_b_,

S1 1
80, §1 = 2, ] = tp. The uniqueness is complete.

Thirdly, we claim that the pair (s,, ,) is a maximum point.
For any u € H with u* # 0, by (2.9), we have

jﬂ(su+ +tu")
1
= E/ [V (sut + tu_)l2 + V) (sut +tu")?ldx
R3
1
n / Dsut1u- |Su+ + tuilzdx - H«/ F(SM+ + tu")dx
4 R3 R3

1
- —/ |su++tu_|6dx
6 R3

s? +2 st +2 t 2
=—||M I+ = lu"|l +—/ P+ u Idx+—/ du-lu"|"dx
2 4 4 Jgs

22

t
Lo |Gl Pdx + 2 | 9 ut|Pdx

4 4
- /]R WF (su™ + tu")dx — —|u+|g — —|u_|g
S2 2
<Dt + || et / Gu+ lu™2dx

— / Gu-lu~ |2dx+— ¢u ™ *dx

6 6 6 6

+T ¢u luT2dx — |M+|6—€|M_|6-

Obviously, J, (su™ +tu~) — —oo as (s, 1) — o0o. Thus, J, (su™ + tu~) only
have a unique maximum point such that

Jﬂ(subﬁ' +tu") = max J,L(su+ +tu).
(5,1)€(0,4-00) x (0,4-00)
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(i) If ((Jp) (), u®) < 0, by the definition, we have

1% + / bulu®Pdx < uf3 futdx + f | dx.
R R R

For the fixed u € H, by (i), we know that there exists a pair (s,, #,,) such that
suu 4+ tum € My, with 0 < 1, < s, then

2 2 4 2
sy llu | +Su/ dulu™ |Pdx
]R3
20,,+112 4 +2 2.2 +2
> sy llu™ |l +Su/ G+ |dx+sutuf Gy-u"|"dx
R3 R3
=M/ f(suu++tuu_)(suu+)dx+s3/ |u+|6dx.
R3 R3

It’s similar to the calculation in (i), we omitted it here. We have that

1 wut i
(&~ DIt ? = (55— 1) fw ju|%dx + M/R3[](Cs(:uf-)3) - {,fi)g)K“*)“dX-

By (f»), if s, > 1, the inequality is absurd, thus 0 < 7, < s, < 1. The proof is
complete.
O

Lemma 2.8 There exists p > 0 such that ||u™|| > p forall u € M.

Proof Yu € M,,, we have

11 + /}R Gulu* 2dx = ufR Faou*dx + /}R 't (Odx.

By (2.8) and Sobolev inequalities, we have that
a1 < )1 +f ulu*Pdx = uf fwyutdx +/ Ju*|°dx
R3 R3 R3

58,u/ |ui|2dx+C5M/ |ui|6dx+/ lut|dx
]R3 ]R3 ]R3

< Caepllu®|* + Cspllu™||® + Collu™|°.
Thus
(1 — Caep)|lu® | < Cspullu||® + Cellu™|®.

Choosing & > 0 such that 1 — C4ep > 0, then there exists p > 0, [[u®|| > p > 0. O

@ Springer



Existence of least-energy... Page110f19 45

Lemma 2.9 Suppose (V), (f1) and (f2) holds, let ¢, = inf [J,, then we have that

ueM,

lim ¢, = 0.
H—>00

Proof For any u € M, using (2.9) and Lemma 2.8, we have

1
Tulw) = Fu(w) = (T (), u)
_ Lo K _ 1 6
=l + 4/n{3[f(u)u 4F()ldx + A lu®dx

1
Z||u||2

v

2
“p > 0.
4~

v

Therefore, J,, (1) is bounded below on M ,. Thatis ¢, is well-defined. For Vu € H
with u® # 0, for each > 0, by Lemma 2.7, there exists a unique pair (s,, t,) €
(0, +00) x (0, +00) such that suu“' + t,u” € M,,. Therefore, by (2.9) and Lemma
2.7, we have that

0= Cu = uC}I./l\fi ju = jl_L(S[LM+ + [MM_)
m

1 _ 1 _
= EHSM”JF + i 1”+ 4 /]R3 ¢Suu++tﬂu‘|su“+ +fuu *dx
_ 1 1 _
< spllet 12+ g lu” I 4 S Cosllu™ Il + 2 Catllu™ 1,
To our end, we just prove that s, — O and ¢, — 0as u — oo.
Let ®, = {(sy, 1) € (0, +00) x (0, +00) : W, (sy, t,) = (0,0), n > 0}, where
W, is defined as follow: W, : (0, +00) x (0, +00) — R?
Wi (s, 1) = (T (su™ +1u™), su®), (T (su™ 4+ tu™), tu™)).
Then, we have that
2] w122t w12 + 2Cosp u |* + 2C 0t lu~ ||

—n2 -2
= ||su“+ + tu I~ + / s ¢Sﬂu++t#u— |5/4“+ + tuu |“dx
]R;

= M/ f(sMuJr + tubf)(sour + tuu)dx + / |suu+ + tﬂzflﬁdx
R3 R3

252/ |u+|6dx+r3f lu~[%dx.
R3 R3

Therefore, ®,, is bounded. Let {it,} C (0, o0) be such that ;,, — oo as n — oo.
Then, there exist sg and fy such that, up to a subsequence, (s, , #4,) — (S0, fp) as
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n — oo. Next, we claim so = #9p = 0. Suppose, by contradiction, that s > O or
fo > 0. Thanks to s,,,u™ + 1,,u” € My, for any n € IN, we have

”Sunu+ + tunu_”z + /];{3 ¢sﬂnu++t#nu* |Su-nu+ + tun“_|2dx
- M,,/3 F s u™ 4t u) (su,ut + 1,,u")dx +f3 15,0, u™ 4 1, u~|dx.
R R
(2.14)

: +
According to s, u

that

— sou™ and t,,u” — fou” in H, by (2.8) and (2.9), we have

/]R3 Fsput + ty,u” ) (s, ut +1,,u”)dx

— / fsou™t + tou)(sou™ + tou")dx > 0 (2.15)
]R3

as n — 00. So, it follows from u,, — oo as n — oo and {Sun”+ + ty,u"} is
bounded in H, combining with (2.14) and (2.15), that we have a contradiction. Hence,
so =to = 0. Thatis, lim ¢, =0. O

JL—> 00
Lemma 2.10 There exists u* > O such that for all u > w*, the infimum c,, is achieved.

Proof Supposed that there exists a sequence {1, } C M, suchthat lim 7, (u,) = c,
n—0oo

obviously, {u,} bounded in H. Then by Lemma 2.5, up to a subsequence, there exists
auy, € H such that

Up—u, in H; (2.16)
up — uy, in LP(RY) for p € (2,6); (2.17)
p(x) = u,(x)  ae. in R3. (2.18)

Besides, we also have uff—\uff in H,ur — uff in L”(R*) and u, (x)* — uy (x0)*
a.e.in R3. ,

According to Lemma 2.9, there exists ©* > 0 such that ¢, < %Si forall u > p*.
Fixed p > u*, it follows from Lemma 2.7 that 7, (su;l“ +tu,) < Ju(uy) for all
s, t > 0.

Therefore, by using Brezis—Lieb Lemma, Fatou’s Lemma and Hardy-Littlewood—
Sobolev inequality, we have that

liminf 7, (su, + tu,)

2 2
Ky . = . _ _ _
> = Jim (s — w12+ g 1% + 2 lim (e — w12 + g 1)

n—0o0

—hmmf/ e |2dx+—11m1nf/ ¢+ |u+|2dx
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+—11m1nf/ b, |u_| dx~|——11m1nf/ b,- |u+|2dx

n—oo

—limsupuf F(su +tu, )dx—g lim (Iu —u+|6+|u+|6)
R3

n—oQ
0 6 6
2 2

_ s . 2 t . _ —2
= Jyulsuy + tuy) + = g —wil° 4+ = tim g, — |
6 6
N t
——hmu —ut®— = lim |u; —u;|®
6 n—oo0 ! ”‘|6 6n—>oo| n “'6

Letting A; = lim |lut —ut|?, Ay = lim ||u. —u_|%, By = lim |ul —ut|S,
gAr= lm fuy —uwi|l°, Ay = Hm fuy, —w, 1%, By = Hm fu, —uy g

and B = lim |u, — u;|g. Then we have that
n—oo

N §2 ) $6 /6
j#(suﬂ +tuﬂ)+3A1+EA2—gBl — EBZ < cyu. (2.19)
foralls > Oand ¢ > 0.
Firstly, we prove that ui # 0.
Since the situation u ;é 0 is analogous, we just prove u # 0. By contradiction,
we suppose u; x =0 Hence, let ¢ > 0 small enough in (2.19).
Casel: A1 =0.
In this case, we can induce that u," — u;‘
p > 0. Obviously, we have a contradiction.
Case2: A1 > 0.
If By = 0, from above, we have that %Al < ¢y forall s > 0, this is absurd.
If B; > 0, we can induce that

in H. By lemma 2.8, we obtain [|u}} || >

S2A S6B <
— A — — cy.
2 T g P =t

1
By the definition of S, we have that Bf S < Ay, thus we induce that

—S2 A 6 A3 S2 —A] — —S6 B <
c
2 - ()S I= 2 ! 6 L= "%u

. 3 2
It is easy to see that %ST = ng{%Al 6S3 A3} So we can get that
2 6
s s
Al — —
6

2

[S1[V8)

1
S2 < Blgcu<§S% forall u > p*,

W —

which is contradiction. Therefore, uff # 0.
Secondly, we prove that A| = Ay = 0.
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Since the situation A, = 0 is analogous, we just prove A| = 0. By contradiction,
we suppose A1 > 0.
By the definition of {u,} C M, we have that

(T un), uy) = (Tp) (), uy ) =0,

which is equivalent to

||uj;||2+/w bu, | 2dx _M/R% fwhHuldx —/}W lu1%dx = 0. (2.20)

||u;||2+f]R3 bu, i, |2dx _“/];{3 £ u, dx —/]R3 lu, 1%x =0.  (2.21)

Therefore, by using Brezis—Lieb Lemma, Fatou’s Lemma and Hardy-Littlewood—
Sobolev inequality and (2.20), we can deduce that

0= Jim (o P+ [ ol Pax = [ pautas = [ it
= lim (g = uf > + Nt 1%) + lim fR byl Pdx — Tim fR Sy dx
= Jim ) = w1 )
=A1+ uf|* + /R u,, | 1Pdx — /R fahufdx — By —uf|
=A| — By + ((T) (up), u}).
By (2.16), we have that ((J,,)"(uy), u;}) < 0, thus
A1 —B; =0,
which means
Ay > Bj. (2.22)
Since the equation (2.21) is analogous, we also can induce that
Ay > By (2.23)
So combining with (2.19), we have
2 2 §6 /6

S
e = Tu(suy, +tuy) + EAI + EAZ — g31 — ng
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sz 0 2 ¢
+ —
> Ju(suy +tuy) + (7 — E)A] + (E - E)Az-

There exists (5, 7) € (0, +00) x (0, +00) such that % — % > 0 and % — % > 0.
Thus

+ - 52 5O 2 46
ep = Julsuy, +tuy) + (3 - g)Al + (E _ g)Az

> ju(sulr +tu,)

> ¢y

That is, we have a contradiction. Therefore, we deduce that A| = A, = 0.
Lastly, we prove that ¢, is achieved.

For ut # 0, according to Lemma 2.7, there exists a pair (s,,M, tuﬂ) € (0,00) x
(0, 00) such that ¥ = suﬂuj + ty,u, € M,,. Furthermore, it is obviously that
(J) (), uk) < 0,500 < sy, 1y, < 1.

Since u, = suuu;‘ + ty,u, € M, and By = By = 0, the norm of H is lower
semicontinuous, we have that

~ 1 foe o~
Cu Sj,u(uu) - Z((ju) (”,u)a uu)

1 1 "
<—[luy >+ o fR . lu|Odx + 7 /R LGy — 4F (uy)ldx

1
<Hm infl.7,(en) = 7 (T (). )] = €y

So, we have that s, = ,, = 1, which means u,, € M, and J,,(u,.) = c,.
The proof is complete. O

3 The proof of main results

Proof of Theorem 1.1 Thanks to Lemma 2.10, we just prove that the minimizer u,, for
¢, is indeed a sign-changing solution of system (1.1). Since u, € M, according to
Lemma 2.7, we have that

Tu(suf +tuy) < Tt +uy) =cu, for (s, 1) € (0,00) x (0, 00\(1, 1). 3.1)

If (J,) (uy) # 0, then there exist § > 0 and 6 > 0 such that ||jli(v)|| > 6, for all
lv —uy,ll < 36.

Choosing o € (0, min{J, ﬁﬁsu D.LetD:=(1—0,1+0) x (1-0,1+0) and
I

g(s, t) = su;r +tu,,, (s,t) € D.In view of (3.1), it is easy to see that

Cp = ng%xj 0g <cy. (3.2)
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Lete := mm{(c“ ) 95} and Ss := B(uy, §), according to Lemma 2.3 in [23], there
exists a deformatlon n € C([0, 1] x H, H) such that

(@ n(l,v) = vifv ¢ (J) " ep — 2e, ¢ + 261N Sas);

() (1, TN Sys) € T

©) J.(n(1,v)) < J,u(v) forallv e H.

Firstly, we prove that

max_J,(n(1, g(s, 1)) < cp. 3.3)
(s,t)eD

In fact, follows from Lemma 2.7 that 7, (g(s, 1)) < ¢, < ¢, +e¢. Thatis, g(s, 1) €

j,f‘”Lg. On the other hand, we have

lig(s, 1) — upll® =ll(s — Dut + (¢ — D |I?
Iz "
<2(s = D2luf 1> +2¢t — D [lu, |12

<20 ||u,|* < 87,

which shows that g(s, t) € S5 for all (s, ) € D.

According (b), we can know that 7, (n(1, g(s, t))) < ¢, — ¢. Hence (3.3) holds.
Secondly, we need to prove that (1, g(D)) N M, # @.

Leth(s,t) =n(l, g(s, 1)) and

Wo(s, 1) := (((Tp) (g(s, 1)), uZ), (T (g(s, 1)), u,))
= (¢' (s, 1), 9*(5, 1)),

1 1
Vis, 1) = (;((J,J’(h(s, 0), h(s, "), ;((\7#)’(/1(& 1), h(s, 1)7)).
By direct calculation, we have that

dp! (s 1)
—— .y =luf)? +3/ Bu I3 |2dx+fw¢u;|u:|2dx

— ,u/ f/(u:)lu:|2dx - 5/]R3 |u:;|6dx.
9 (s )
4 —— . =2/ bu |u+|2dx

d (s 1)
4 — I, —2/ Gy luy 2dx.

0 (s 1)
& =l +3/ b 7, |2dx+f b, Iy, 1Pdx

N —6
—,u/R}f(uu)luﬂ dx—S/]R3|uM| dx.
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Let

2
M 90(3 l)|(1 <ﬂ?(s5,f)|(1,1)
| 9g! (s 1) 99~ (s,1)
5l == la,n

By using (f>) and u,, € M,,, we have that detM > 0. Since W is a C! function and
(1, 1) is the unique isolated zero point of Wy, by using the degree theory, we deduce
that deg(¥o, D, 0)=1.

So, combining (3.2) with (a), we obtain that g(s,7) = h(s,t) on dD. Conse-
quently, deg(¥1, D, 0)=1. That is W (sg, to) = 0 for some (sg, ?y) € D, so that
n(1, g(so, t0)) = h(so, tp) € M. By (3.3), we have a contradiction. Therefore we
conclude that u,, is a sign-changing solution for system (1.1).

Finally, we prove that u, has exactly two nodal domains.

To this end, we assume by contradiction that uy =u+uz+uzwithu; #0,u; >
0,u» <0, supptu; Nsupptu; =@ fori # j, i, j=1,2,3and ((J.) (uy), u;) =0
fori =1,2,3.

Setting v := u1 +up, we have that v = uj and v~ = us, i.e., vE # 0. Then, there
exists a unique pair (s, t,) of positive numbers such that s, v +1,v™ = syu; +tyus €
M. So, Tu(spu1 + tyu) > cp.

Moreover, since ((J,,) (u,), u;) = 0, we obtain that ((J,,)'(v), vt) < 0. Accord-
ing to Lemma 2.7, we have that (s,, ;) € (0, 1] x (0, 1]. On the other hand, we also
have that

1 1 1 1
0=ZKQWWMﬂZZWﬂ2+ZA&WWMQX+ZA§%mm%x

! 2 H 1 6
T | Puslusldx — = | fuz)uzdx — - | |uz|dx
4 R3 4 R3 4 R3

1 1
«nwy+1f mmm%x+—/ Gyl dx.
R3 4 R3

Then, by (2.9), we have that

cp =< jp,(sv’/ll + tyua) tju(svul + tyuy) — ((\ZL)/(SUMI + tyuy), syuy + tyus)
<wmnﬂmm+—/amﬁmex
+ZA;UWOM—AFWD+fWﬂm—4FWﬁMx

1
=T (1 +uz) — Z((JM)/(M +uz), uy + uz)

<JuW) =cy.
which is a contradiction, this is, u3 = 0 and u,, has exactly two nodal domains. O
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By Theorem 1.1, we obtain a least-energy sign-changing solution u, of system
(1.1). Next, we prove that the energy of u,, is strictly larger than two times the least
energy.

Proof of Theorem 1.2 Firstly, we define the manifold

Ny = {u € H\ {0} [{(T) (), u) = 0O};

*

= inf .
o ulel}wju(u)

Similar to the proof of Lemma 2.10, there exists u’f > 0, there is v, € N, 1 such
that 7, (v,) = ¢, > 0. By standard arguments, the critical points of the functional
Jy on N, are critical points of 7, on H. Thus, we obtain that v, is the ground state
solution of system (1.1). Details for [15], here we omitted it.

Let ™ = max{u*, u7}, suppose that u,, = uj; +u,. As the proof of Lemma 2.7,
there exists 0 < sy,,, fu, < 1 such that s, u)f € N, and 1,,,u;; € N,.

Therefore, in view of Lemma 2.7, we have that

265 < Tu(su,ul) + Tu(tu,uy) < Tplsuuh + tu,u) < Tuul +uy) =cp.

which shows that ¢, > 2¢j, and ¢}, > 0 cannot be achieved by a sign-changing

solutions in H. The prove is complete. O
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