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Abstract

In this note, we study the blowup of classical solutions to the three-dimensional com-
pressible Navier—Stokes equations with revised Maxwell’s law. First, we improve the
previous blowup result with initial density away from vacuum by removing three
restrictions. Next, we present a blowup result for the classical solutions with decay
at far fields when the shear relaxation time is zero by introducing a new averaged
quantity.
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1 Introduction

In this note, we consider the following three-dimensional compressible Navier—Stokes
equations with revised Maxwell’s law (see [10] for instance):
pr + div(pu) =0, A1)
(pw); +div(pu ® u) + Vp(p) = divs, '

where the fluid density p = p(x,?), the fluid velocity u = u(x,t) = (ui(x,1?),
uy(x, 1), us(x, t)) and the stress tensor S = S(x, ¢) are the unknown functions with
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(x,1) € R? x R*. The function p(p) = ap” represents the pressure with @ > 0 and
y > 1 being two constants, y is called the adiabatic exponent. The stress tensor S
is assumed to satisfy the revised Maxwell’s law: S = S| + S»I, where S| and S, are
given by the following equations

2
ruSot+S1==uKVu+—VuTy—§qum, (1.2)
7(8); + S = Adivu, (1.3)

where 1 and A are positive constants, 1 and 7, denote the shear relaxation time and the
compressible relaxation time, respectively, [ represents 3 x 3 identity matrix. Equations
(1.2) and (1.3) were first proposed by Yong [14] from some mathematical point of
view, later Chakraborty and Sader [2] showed the fact that the division of S into two
parts has its physical meanings, where the importance of this model for describing high
frequency limits is underlined together with the presentation of numerical experiments.

There were some works about the mathematical analysis of the Navier—Stokes equa-
tions with revised Maxwell’s law in the literature. Yong proved that system (1.1)—(1.3)
is symmetric hyperbolic system, which implies local well-posedness immediately.
Again due to the symmetric hyperbolic property of system (1.1)—(1.3), the important
property of finite propagation speed is available, which allows one to define some
averaged quantities as in [8] and shows finite time blowup of solutions by establishing
a Riccati-type inequality, see [10]. Precisely, Wang and Hu [10] considered system
(1.1)—(1.3) with initial data

(p,u, Sy, $)(x,0) = (po, g, Sq0, $20) (x), (1.4)

they showed that if the initial data (pg — P, ug, S19, S20) are compactly supported in
Br = {x € R3||x| < R} for some R > 0 with p being any positive constant, then
there exists a constant o such that

(o, 1) —p,u, 1), 81, 1), $2(-, 1)) = (0,0,0,0) (1.5

on D = {x € R3||x| > R + ot} for C! solutions (p(-, 1), u(-, 1), Si (-, ), $2(-, 1)) to
the Cauchy problem (1.1)—(1.4) on [0, T'], see Proposition 2.1 of [10]. This guarantees
that the following averaged quantities are finite:

nmw=/<mLo—mw, (16)

]R3

A ::/ Sy (x. t)dx. (1.7)
R3

F(t) ;:/ x - (pu)(x, t)dx. (1.8)
R3

By establishing a Riccati-type inequality of F(¢), the authors of Wang and Hu [10]
proved that the life span of any C! solution to (1.1)—~(1.4) must be finite for some
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special large initial data. Unfortunately, the following three restrictions are required
in [10]:

m(0) > 0, Trace{Sip(x)} =0, A(0) <O. (1.9)

In this note, our first aim is to give a blowup result for the C ! solutions to (1.1)—(1.4)
without the conditions (1.9).

When 71 = 75 = 0, the system (1.1)—(1.3) is reduced to the classical compressible
Navier—Stokes system. Many authors have studied the blowup of smooth solutions to
the classical compressible Navier—Stokes system, see [1, 3, 5-7, 9, 12, 13] and the
references therein. Particularly, the authors of Jiu [S] and Wang et al. [9] investigated
the blowup of classical solutions to the classical compressible Navier—Stokes system
when the density and the velocity decay at far fields. Motivated by Jiu [5] and Wang
et al. [9], we can present a blowup result of classical solutions to (1.1)—(1.4) when
71 = 0 and the density and the velocity decay at far fields. This is our second aim of
this note. Different from Jiu [5] and Wang et al. [9], for the problem (1.1)—(1.4) we
cannot obtain the conversation of the total energy or the decrease with time of the total
energy. This makes us difficult to get the upper bound of the momentum of inertia,
which is crucial to establish the Riccati-type inequality of a weighted momentum. To
overcome this difficulty, we introduce a new averaged quantity J (¢) [see (3.3) below],
which decreases with time and is related to the total energy.

Remark 1.1 For the results about the non-isentropic Navier—Stokes equations with
revised Maxwell’s law, we can refer to [4, 11].

2 Improvement on the Blowup Result of Wang and Hu [10]

Our result in this section is stated as follows.

Theorem 2.1 Let (p, u, S1, $») be a C' solution to the Cauchy problem (1.1)—(1.4)
for 0 <t < T with the initial data (pg — p, Uy, S0, S20) being compactly supported
in Bg := {x € R3||x| < R}. For any fixed tf >0, if

F(0) > \/Z[m(()) +2IBUNNBPIBEN)] + 3|A0) + IGO)(R +otf) (2.1)

and

F(O g dt B 2.2
0= fo 2R +o02mO) +pBOI| 22

then Ty < tf, where
* 4 13 — —
|B(t])| = §JT(R +ot)’, p=pp), GO = - Trace{Sio}dx. (2.3)
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Proof By (1.6), (1.1); and (1.5), we get
m'(t) = / prdx = —/ div(pu)dx =0, 2.4)
R3 R3
which implies that
m(t) = m(0). (2.5)
In view of (1.7), (1.3) and (1.5), one has
, 1 A . 1 1
A(t) = —— Srdx + — divadx = —— Srdx = ——A(1), (2.6)
2 JR3 2 JR3 72 JR3 (%)
so we obtain
|A(@)| = A(0)]e = < |A(0)]. (2.7)
By (1.2), we know that
110, Trace{S} + Trace{S;} =0 2.8)
due to
T 2 .
Trace{(Vu + Vu' ) — gdlvu]l} = 0. 2.9)
Define
G(t) = / Trace{S; (x, t)}dx, (2.10)
R3
then by (2.8), we have
_L
1G] =1G0)e 7 <|G(0)]. (2.11)

It follows from (1.8), (1.1)2, (1.5), (2.7) and (2.11) that

F'(r) =/ x - (pu),dx
R3

= —/ x - div(pu @ u)dx — f x-V(p(p) — p)dx —i—f x - divSdx
R3 R3 R3

:/ p|u|2dx+3/ (p(p) —ﬁ)dx—S/ Sgdx—/ Trace{S;}dx
R3 R3 R3 R3

= / plul®dx + 3/ (p(p) —p)dx —3A@1) — G(1)
B(1) B(t)
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z/l;()plulzdx—35IB(I)|—3|A(0)|—IG(O)I, (2.12)
t
where

B(t) = {x e R}||x| < R+ot}, |B()| = gn(R +o1)3. (2.13)

By the Schwarz inequality, it holds

2
F(t)? = (/ x-,oudx) 5/ |x|2,0dx-/ plul?dx. (2.14)
B(t) B(t) B(1)

By (1.6) and (2.5), we know that

/ Ix|?pdx < (R +0t)2/ pdx = (R + o1)? U (p — p)dx +/ ﬁdx}
B(t) B(1) B(t) B(1)

= (R+ o) [m(t) + DB = (R +ot)? [m(0) + p|B(1)]].
(2.15)

Combining (2.12), (2.14) and (2.15), we obtain

Fl) > F(t)?
T (R+01)2[m(0) + p|B(1)]

—3pIB()| = 3[A0)] = [GO)]. (2.16)

For any fixed ] > 0, when 0 <t < ¢}, it follows from (2.16) that

, F(1)?
F'(t) > —
2(R 4+ a1)2[m(0) + p|B(1)|]
F(1)?
2(R 4 otf)% [m(0) + p| B(1])]

—3p|B(t))| = 3|A0)| — |GO)] ¢ .
(2.17)
By (2.1), we know that

F(0)?
2(R+o11)% [m(0) + p| B(1])]

—3pIB(t) = 3|A(0)| - [G(0)| > 0, (2.18)

which together with (2.17) imply that F/(0) > 0, so F(¢) > F(0) > 0 holds at least
for a small time # > 0, then by (2.17) we derive that

F(1)?

) S R o2 m©) + 51 B0 @19)
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and

F(1)?
2(R+0t1)% [m(0) + p|B()]]

—3pIB(t)] = 3]A(0)| - [G(0)| > 0 (2.20)

hold whenever F(¢) exists and 0 < ¢ < t{. We divide (2.19) by F ()2 and integrate
the resultant inequality over [0, tl* ] to have

1 1 1 /fl* dt
> — > _ . (2.21)
F@O) F@O) F( 0o 2(R+o01)?[m(0)+p|B(1)|]

On the other hand, by (2.2) we know that

1 /’1 dt
- - ’
F(0) 0 2(R+00)?[m(0)+p|B(®)|]

(2.22)

which together with (2.21) imply that 77 < ¢. We complete the proof of Theorem
2.1. u|

Remark 2.1 In Theorem 2.1 above, we show the blowup of classical solutions to the
problem (1.1)—(1.4) without the three restrictions m(0) > 0, Trace{Si9(x)} = 0 and
A(0) < 0, so we have improved the blowup result of [10].

3 Blowup for Solutions Decay at Far Fields

In this section, we need the following averaged quantities:

1) = 1/ xPox, Ndx, 3.1
2 ]R3
1 5 a
E(t) = —f plal“dx + —/ pVdx = Ex(t) + Ei(1), (3.2)
2 Jrs y — 1 Jrs
J(t) == E(1) + T—zf S2dx (3.3)
' 2\ R3 2 ’ '

where I(t), E(t), Ex(¢t) and E; (¢) represent the momentum of inertia, the total energy,
the kinetic energy and the internal energy, respectively, which have been used in [5, 9].
We remark that the averaged quantity J(7) is new in the literature. In this section, we
only consider the classical solutions with decay at far fields. Precisely, for any 7 > 0,
we require that the solutions (p, u, Sy, S») satisfy that

olul®, p? [ul, |Saul, [uVul, |x|plul?, |x|pY, [xVul, [xS2|, [u] € L®(0, T; L' (R?)).
(3.4)

We should remark that the condition (3.4) guarantees that the integration by parts in
our calculations makes sense (see also [5, 9]).
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The main result of this section is stated as follows.

Theorem 3.1 Let (p, u, Sy, S») be a C! solution to the Cauchy problem (1.1)—(1.4)
with Ty = 0 satisfying (3.4) for 0 < t < T, with the initial data satisfying 0 <
[A0)], 1(0), J(0) < +4o00. For any fixed t5 > 0, if

F(0) > \/6|A(O)|{[max{2, 3(y — DIO) + 3|A0) 1% + 2F (0)z + 21(0)}
(3.5)

and

t*
F0) > f dar ,
o 2{[max{2,3(y — D}J(0) + 3|A(0)|]t2 + 2F(0)t +21(0)}
(3.6)

then T, < t5.

Proof We multiply (1.1), by u and integrate it over R3 to have
/ (pu); - udx +/ div(pu ® u) - udx —I—/ Vp(p) - udx
R3 R3 R3
2
= u/ div[(Vu + Vu’) — Zdivul] - udx +/ VS, -udx,  (3.7)
R3 3 R3

where we have used S = S| + S, and (1.2) with t; = 0. We use integration by part
and (1.1); to obtain

/ div(pu®u) -udx = / diV(pu)|u|2dx +f pu-Vu - udx
R3 R3 R3

1
=/ div(pu)|u|2dx+—/ ou - V(ju|?)dx
]R3 2 R3

1
-/ div(pu)|u|>dx
2 R3

1 2
=3 - orlul“dx. (3.8)

Similarly,

/ Vp(p) -udx = ay/ 0" 'Vp - udx
R3 R3

ay
y — 1 Jgs
ay

= /ﬂ§3 p” ~ldiv(pu)dx

Ve’ - (pu)dx
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a]/ _
=V_I/RB/)V Lordx

d Y
L 3.9)
dt RV — 1

/ VS -udx = —/ S>divudx. (3.10)
R3 R3

We estimate the integral ng div[(Vu+Vul)— %divu]l] -udx as follows. Noticing
that

0 oup 0 oup duyp 0 duq us
divivu+ve)y = (2— [ — )+ — (— + —= )+ — [ —+ —
(Ve +vu') = ( 8x1<8x1)+8x2 <8x2+8x1)+8x3 <8x3+8x1 ’
a (0 a a (0 a (0 a
R ﬂ + 2 +2— & + — 2 + ﬂ ,
8)61 8x2 axl 8x2 3)62 3)63 3)63 a)Q

d ouy n ous n d ouy n ous ) d ous
dx1 \ 0x3 0x1 dxp \ 0x3 0x2 0x3 \ 0x3 ’
(3.11)

one has

/ div(Vu + Vu’) - udx
R3
d (0o a (0o ad d
=/ w20 (L) D B 9 (o S ]
R3 dx1 \ 0x] dx2 \ 0xp 0x1 0x3 8)63 8x1
d oup ouy 0 ouy 0 our  Jdus
——+— 2— | — — d
+ /];QS 12 [8x1 (3)(2 + 8)(1) + 3)(2 (8)(2) + 8)63 <8X3 3)(2)i| *
d oup ous d dupy  ouz dus
R e Il R et A Rl d
+/R%u3 |:3x1 (3x3+8x1>+8x2<8x3 +8x2> 8x3 <8x3>i| *
ou; oup 2 oup
= -2 - - d
Asz(ax,> /Rs |:(8x2> +(8x3> :| x
ouy ouy aus 2 ous 2
- — — dx — — — d
/Ra |:(8x1) + <8x3> j| * A@ |:<8x1> + 0x2 *
o f (B e
dxpy 00X 0x3 0xp 0x3 8x2

ou; oup ouy 2
=-2 —+—1d
/R3Z(8x,> /3(8x2+3x1> *

du;  Ouz / duy  duz\?
— — 4+ —) dx— — 4+ — | dx. 3.12
/]R3 <8x3 + 8x1> * R3 (8x3 + axz) * 12)
3
2 . . 2 au,- 2
z div(dival) - = —— E — . .
3 /]R3 iv(divul) - udx 3 /1R3(l.:1 Bxi) dx (3.13)
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Consequently,
. . 2.
div [ (Va+ Vu' ) — =divul | - udx
R3 3
3 ou; ou;
=-2 —) d “)%dx
A‘Qz;(axi) **3 / (Zax,)
9 duz \? d duz\? d duz |
_/ dur dx_/ dur | dus dx_/ duy | duz\®
R3 \0x2  0xp R3 \0x3  0xp R3 \0x3  0xp
3 dua 3 dus\?
f—f dur | duz dx_/ dur | Ous )\
r3 \ 0x2 0x1 R3 \ 0X3 dx1
dur  ouj 2
- — 4+ —) dx. (3.14)
R3 \0x3  0x2
Combining (3.7)—-(3.10), (3.14) and (3.2), we obtain
d . dur  dur\’
—E@) < — Spdivadx — —+ — ) dx
dt R3 R3 \0x2  0x]
9 dus\> d dus\?
—/ e, s dx—/ 2 L) . (3.15)
R3 \ 0X3 0x1 R3 \ 0x3 0x)
We multiply (1.3) by and integrate the resultant equation over R? to have

w2 d S2dx = 1/ S2d +/ Srdivud (3.16)
2)\'dt R32.x— KR32X R321Vllx. .

In view of (3.15), (3.16) and (3.3), it holds

d o) < / dur | dur 2d f dur | dus 2d
— — —+ — x — —+ — x
dt - ®R3 \dx2  0xp R3 \0x3  0x]
2
dup  ouj
- —+—) dx <0, (3.17)
R3 \ 0x3 0X2
which implies that
J(@) <J©), 0=<t=<T. (3.18)

By (3.1), (1.1); and (1.8), we know that

1 1
I'(t) = 5/ Ix|?prdx = ——/ Ix|?div(pu)dx = / x - pudx = F(1).
R3 2 R3 R3
(3.19)
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In view of (1.8) and (1.1),, we get

Fo =[x Guids
R3
= —/ x - div(pu ® u)dx — / x - Vp(p)dx
R3 R3

2
+u f x - div[(Vu 4+ vaT) — 5divuﬂ]dx + / x - VSadx, (3.20)
R3 R3

where we have used S = S| + SI and (1.2) with 71 = 0. Using (3.4) and integration
by part, we obtain

3 5 D d
X1 (pu1)+@(/ouzu1)+%(ﬂu3u1) dx

— / x -div(pu ® u)dx = / —
R3 R dx1

-,

d d d
/ x3 [*(pulw) + Py (pugusz) + f(/mg)] dx
X2 d0x3

@

9 o 5B
, X2 [a(ﬂuluz) + E(Puz) + E(Pu?ﬂlz)] dx

=

R3 ax1
:/ p(u%+u§+u§)dx:/ plul?dx, (3.21)
R3 R3
—/ x-Vp(p)dx = 3af pVdx, (3.22)
R3 R3

2
p,/ x - div [(Vu +valy - fdivu]I] dx
R 3

=—u / \ Trace [(Vu +valy - %divuﬂ] dx =0, (3.23)
R

/ x - VSdx = —3/ Srdx. (3.24)
R3 R3
It follows from (3.20) to (3.24) that
F'(t) :/ ,0|u|2dx +3af pYdx — 3/ Srdx, (3.25)
R3 R3 R3
which together with (3.2) lead to

F'(t) = 2E1(t) +3(y — DEi(1) — 3/3 Shdx. (3.26)
R
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We integrate (1.3) over R and use the condition |u| € L0, T; L' (R?)) in (3.4) to
have

d
n— Srdx +/ Srdx = )L/ divuadx = 0, (3.27)
dt R3 R3 R3

which together with (1.7) and (3.26) imply that

F'(t) = 2Ex(t) + 3(y — DE;(t) — 3A(t)
= 2E,(1) + 3(y — DEi (1) — 3A(0)e ™. (3.28)

By (3.19), (3.28), (3.2), (3.3) and (3.18), we know that

I"(t) = F'(t) < max{2,3(y — D}J(t) + 3|A0)]
< max{2,3(y — D}J(0) + 3|A(0)]. (3.29)

We integrate (3.29) over R3 twice and use (3.19) to obtain
1
I(t) < E[max{Z, 3(y — D}J(0) + 31A(0)[122 + F(0)r + 1(0). (3.30)
By the Schwarz inequality, (3.1) and (3.2), it holds
2
F(1)* = (/ x- pudx) < f Ix)?pdx - / plul>dx = 41(1)Ex (1), (3.31)
R3 R3 R3

which together with (3.28) and (3.30) imply that

F'(t) = 2E (1) — 3|A(0)| = Fer _ 31A0)]
- = 21(r)
F(1)?
> — 3]A(0)].
[max{2, 3(y — 1)}J(0) + 3]A(0)|1¢2 + 2F (0)t + 21(0)
(3.32)

This corresponds to (2.16), so the rest proof is similar to the one of Theorem 2.1, we
omit the details. O

In fact, if we assume A(0) < 0, we can obtain a refined blowup result for the
Cauchy problem (1.1)—(1.4) with solutions decay at far fields.

Corollary 3.1 Denote

cy =max{2,3(y — 1}, 2= V2[c1J(0) —3A0)]1(0) — F(0)2.  (3.33)
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Under the assumptions of Theorem 3.1, if we further assume that A(0) < 0, F(0) > 0
and

)T 334

then the life span T of the classical solutions to (1.1)—(1.4) satisfies that

T < Cl](o)ci o [FC(QO) + arctan FC(ZO)] - Cl](ofg))“(o) (3.35)
Proof By the condition A(0) < 0 and (3.28)~(3.30), we know that
F'(t) = 2E (1) + 3(y — DE;i (1) (3.36)
and
1) < %[maX{Z, 3(y — DIJO) = 3AO)2 + FO) +10).  (3.37)
Then (3.32) becomes
Fl() = F@” (3.38)

= [max{2, 3(y — D}J(0) — 3A(0)]¢2 + 2F (0)t + 21(0)

The inequality (3.36) implies that F(¢) increases with time, which together with
F(0) > 0 lead to the fact that F(t) > O for ¢t € [0, T>]. We use (3.33) to rewrite
(3.38) as

, F(1)?
F'(t) > 5 (3.39)
[c1J(0) —3A40)] 1 (t + —-L£Q + &
€1 T (0)—34(0) [c1J(0)—3A(0) ]2
Noticing that
3 = 2[c1J(0) — 3A(0)]1(0) — F(0)* > 2¢1J(0)1(0)
— F(0)? > 4Ex(0)1(0) — F(0)*> > 0, (3.40)

we have ¢o > 0. So we divide (3.39) by F(r)? and integrate the resultant inequality
over [0, 73] to obtain

1 1 1
- _
F@O) F@O) F(I?)
F(0)
1 [c1J(0) =3AON T2 + —For—3x00 F(O
> — | arctan ( /O 3A(0)> — arctan ©) , (341
(&) c 2
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which can be solved as (3.35). The proof of Corollary 3.1 is finished. O

Remark 3.1 The condition (3.34) in Corollary 3.1 is used to ensure that the upper bound
in (3.35) is positive. In fact, by using (3.34) and the monotonicity of the function tan x
in (0, %), we have

[o5) ( (653 F(O)) 2 F(0)

tan -+ arctan > .
c1J(0) —3A(0) F(0) [6) c1J(0) —3A(0) [65)
F(0)

=, (3.42)
c1J(0) —3A(0)

Remark 3.2 1f 7y > 0, we do not know how to treat the integral fR3 divS{ -udx, which
is crucial to obtain the inequality like (3.18). Perhaps we need to construct some new
averaged quantities for the case of 71 > 0.
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