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Abstract

The goal of this paper is to discuss the asymptotic behavior of weak solutions to
a class of parabolic equations involving fractional Laplacian in cylindrical domains
becoming unbounded in one direction. The results presented in this paper are new and
extend some main results in the literature for local and nonlocal elliptic problems with
Dirichlet boundary condition.
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1 Introduction and the Main Results

In this paper, we are interested in analyzing the asymptotic behavior of weak solutions
to the following fractional parabolic problem when £ — 400

Oug(x,t) + (=AY upe(x,t) = f(x,t)in  Qp x (0, T),
ue(x,t) =0 in (RN\QK) x (0, T), (L.1)
ug(x,0) = up(x) in Q.
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Fig.1 the domain Q,

Here 0 = 9/0t, T > 0, and the leading operator (—A)* is the fractional Laplace
operator defined on smooth functions by

P(x) — @(y)

(—A)Yp(x) = Cy,s lim e

dy xeRV, (1.2)

e—0t RN\ B, (x) |lx —
where s € (0, 1), B.(x) denotes the open ball in R centered at x € RY with radius
€ > 0. The constant C  in (1.2) is given by

T (M)

Cns = —53 , (1.3)
72(1 —s)

where I' denotes the usual Gamma function. The fractional Laplacian and the constant
Cn s have been studied in detail in [2]. We point out that in the PDEs literature, the
operator (1.2) is also known as the restricted fractional Laplacian (see, e.g., [9, 10]).
In the setting of bounded domains, it was proven in [28] that the operator (1.2) is
different from the spectral fractional Laplacian operator, whereas in the whole space
RY | it was proven in [27] that the operator (1.2) has ten equivalent definitions.

In the sequel, we introduce some notations that we will use in the rest of the paper.
Forx = (x1,x2, ..., xn) € RY, we set

x = (x1, X2), Xo=(x2,x3,...,xN). (1.4)

Let £ > 0, we shall denote by Qy = (—¢,£) xw C RN (N = 2)the cylinder of length
¢ with the open bounded set @ € RV ™! as the cross section. A schematic picture of
the domain €2, is shown in Fig. 1.

Recently, the study of fractional Laplacian and related problems has been received
an increasing amount of attention because of their connection with many real-world
phenomena. Indeed, the fractional Laplacian appears in many different areas, such
as anomalous diffusion, quantum mechanics, finance, optimization, and game theory;
see [1, 4, 15] and the references therein.
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In the past, many problems of partial differential equations of the type “¢ — 400"
were studied by several researchers. In a seminal paper published in 2001, Chipot and
Rougirel in [19] considered the following parabolic problem

dpue — div(A(x, )Vuy) = f(X2,1) in Q¢ x (0,7),

ug =0 in 92 x (0, T), (1.5)
ug(x,0) = up(X2) in Qy,
where Qp := (—¢,€)P X w, w is a bounded open subset of RN-P 1 < p <N,

A(x,t) = (aij)i,j=1,..,ny isan N x N matrix satisfies some conditions. It was proved
in that paper, for any fixed £p > 0 the unique weak solution u, of (1.5) converges to
Uoo in L2(0, T'; Lz(QgO)) and L%(0, T; H! (£2¢,)) with a speed larger than any power
of % where u is the unique weak solution of this cross section problem

Orttoo — div(Az2(x, 1) Vx,le0) = f(X2,1) in w x (0,T),
Uoo =0 in dw x (0,T), (1.6)
Uoo(x, 0) = up(X2) in w.

Moreover, in [19] it was studied the asymptotic behavior of solutions as £ — +00 to
a class of quasilinear parabolic equations. Later on, Chipot and Rougirel [18] inves-
tigated the same question for a class of elliptic equations. Since then, there several
interesting results have been established by many authors from different points of
view. Among them we refer the reader to Guesmia [29, 30], Chipot and Xie [20],
Chipot and Yeressian [21], Chipot and Mardare [22], Chipot et al. [25, 26], Esposito
et al. [16] and the references there.

Next, in order to study the asymptotic behavior of (1.1) as £ — 400, we need to
recall from [5] some properties of the fractional Sobolev spaces that will be used in
the sequel. For any s € (0, 1) the space H*(R") is defined by

HSRY) = [u € L2RY) : [u] v < oo] :

where [u] , gy is the so-called Gagliardo semi-norm defined by

2
s [ ) —u)
[”]s,z,RN = /RM —|x — y|N+2s dxdy.

For every u, v € H*(RV), we define

(t ) s vy = (0, V) 2 +/ (u(x) —u(y))(v(x) —v(y))

R2N |x — y|N+2_y dXdy (17)

One can show easly that this is an inner product and the corresponding norm is denoted
by Il | gs wwy- Itis well known that H* (RV) is a Hilbert space with respect to the inner

product defined in (1.7) and C2° (RM) is a dense subset of H* (RY). In what follows,
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we let © be an open bounded subset of RY and define the space Hi(R2) by
HS(Q) = {u cH'RY): u=0 ae.in RN\Q} ,
equipped with the norm
el := lluell s wv)y-
We shall look for a solution to (1.1) in the following proper class of regularity

W(0, T; HJ(RQ)) = [u € L*(0, T; HJ(Q)), u, exists and u; € L*(0, T; LZ(Q)} :

One can show easily that W (0, T’; Hg (£2)) is a Banach space when endowed with the
norm

T T
lulld = /0 lu() 1> d +/O s (01122 d.
Finally, we define the bilinear form a : Hg(2) x Hj(2) — R as

_ (u(x) —u(y)v(x)
a(u,v) =Cny A;N /RN = [N dxdy

_ Cws / / (u(x) = () WE) = v(y)
- 2 RN JRN

|x _y|N+2s

dxdy.

It is important to point out that the asymptotic behavior of solutions to elliptic and
parabolic equations involving fractional Laplacian in domain becoming unbounded
in one or several directions is still not well studied in the literature and need further
attention. As far as we know at this moment, there is still no research that focuses on the
asymptotic of solutions as £ — o0 to linear or nonlinear parabolic equations driven
by the fractional Laplacian. However, to the best of our knowledge, the asymptotic
behavior of the solution of nonlocal elliptic problems in cylindrical domains becoming
unbounded has been studied first by Yeressian [12] and more recently by Chowdhury
and Roy [7] and Ambrosio et al. [31]. The author in [12] considered the following
elliptic problem

(=A)ug(x) = f(x) in 2, (1.8)
ug=0 in RM\Qy, '

and established this result

Theorem Let uy be the unique weak solution of (1.8) for s = % with the condition
that

support(f) € Q\Qe1 and |fll,2g, < 1. (1.9)
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Then there holds
C
/ u%(x)dx <= Ve > 0,
Q Y4
1

where C > 0 is a constant independent of £.

Subsequently, Chowdhury and Roy [7] have extended Yeressian’s result to the case
where s € (0, 1). Moreover, when the force term f is defined only on w C RN-1,
namely, f = f(x2, x3, ..., xy) the authors in [7] proved the following result:

Theorem Let us assume s € (%, 1), f(x2,x3,...,xy) € L%(w). Let uy be the unique
weak solution of (1.8) for each £ and u~, be the unique weak solution of the following
equation on the cross section w of the cylinder 2y,

(=AY uoo = f(x2,x3,...,xN) In w,
{uoo =0 in RMw, (1.10)
where (—A")* denotes N — 1-dimensional fractional Laplace operator. Then for each
o € (0, 1), we have

1
/Q Z g — uool? dx < a7 Ve 0.
In [31] Ambrosio et al. considered the following elliptic problem
(1.1D)

(—Apnv+)*up = foo in Qév+k,
ug =0 in RN\ QN K

where QQ/H‘ = oV x Béf CRYVXRN N > 1,0V isa given bounded and
Lipschitz domain in RNV, Béf can be the rectangle (—¢, Z)k or the Euclidean ball of
radius ¢ about the origin, and (—Apn+)* is N + k-dimensional fractional Laplace
operator. The authors have proved in [31] the following results:

(cApveuu) {(—Agn) uu)

) =

2 =2 (CUN)~
el 2 gty ueHS @V \o0) 14l2 )

e Ilim inf
=400 ue Hg (@) )\{0)

e For a given fo, € L%(w") and u be the unique weak solution of (1.11). Then

. up(x,t)dt — uoo strongly in Hj(w), as £ — +oo,

k
ZkBl B}

where u is the unique weak solution to the following problem

{ (_ARN)SMOO = foo in CUNs (1.12)

Uoo = 0 in RM\ V.
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Djilali and Rougirel [17] investigated the existence and the asymptotic behavior of
weak solutions to the following time fractional diffusion equations

Dg,;uf —Aug = f in Q¢ x (0, 7T),
ug =0 on 9 x (0, T), (1.13)
(81— *ug)(0) =vin Q.

where Q; = (=€, )P x @ C R? x RV=P_ A is the classical Laplace operator, and
Dg‘t is the so-called Riemann—Liouville fractional derivative of order 0 < o < 1
defined as

d
D () 1= 4 (05 ) (1) = (ra—a)/("s) “v(s)ds)

By using the Poincaré inequality and selecting a suitable test function, the authors
proved the existence of two positive constants € and C independent of ¢ such that

T
/ [ IV(uy — too)|? dxdt < Ce ¢t
0 Qp

where 1 is the unique weak solution of this problem

D‘())‘ﬁtuOO —Aux = fin wx (0,7T),
Uso =0 on dw x (0, 7), (1.14)
(81-a ¥ 0)(0) = v in w.

Motivated by the above results especially by [7, 12], in this paper we shall discuss the
asymptotic behavior of weak solutions as £ — 400 to the nonlocal parabolic problem
(1.1). It is important to highlight that this is the first time the asymptotic behavior of
weak solutions as £ — 400 to (1.1) is analyzed.

Before we go into details, we introduce various notations that would be used. We
denote by (, )q the duality between H~*(Q2) and H(2). The L2(§2)-norm will be
denoted by ||. ||2,. The short hand notation u(¢) = u(., t) for any ¢ € [0, T'] will be
used throughout of the paper.

Now we define the notion of weak solution to problem (1.1).

Definition 1.1 Let ug € L*(%) and f e L*(0,T; L>(X)). We say that u, €
W(0, T; Hj(2,)) is a weak solution of (1.1), if for any v € HJ(£2,) there holds

/ orue(t)yvdx + a(ue(t), v) = f()vdx forae. t € (0,T), (1.15)
Qg Qg

ue(0) = uo(X2). (1.16)

@ Springer



Asymptotic Behavior of Parabolic Nonlocal Equations... Page7of25 19

In the first of our main results, we shall show that the unique solution of (1.1) converges
to the unique solution of the following problem in the L?-norm

oo + (—A)use = f(X2,1) in o x (0, 7),
Uoo =0 in (RV""\w) x (0, T), (1.17)
Uso (0, x) = ug(Xp) in .

The weak solution of problem (1.17) can be defined in a similar way to Definition 1.1.

However, for the reader’s convenience we shall state it in full.

Definition 1.2 Let ug € L?(w) and f € L?(0, T; L?>(w)). We shall say that us, €
W(0, T; Hj(w)) is a weak solution of (1.1) if for all v € H(w) there holds

Cy_
/ oo (NVd Xy + D18
) 2

/ / (uoo(X2,1) — oo (Y2, 1)) (v(X2) — v(¥2))
RN-1 JrRN—1 |X2_Y2|N—l+2s

dX,dY, :f f(Xo,HvdX>,,
w

(1.18)
fora.e.r € (0,T), and
Uoo(0) = uo(X2). (1.19)

In order to solve problem (1.1), one can convert it into a first-order abstract Cauchy
problemin H = Lz(Qg). To this aim we define the functional ¢ from H to (—oo, +00]
by

_ 2 .
%fsz —W(‘);t_)y‘ﬁszév;t)) dxdy if wug € Hy(Q0),
o(ue) =
+oo if u € H\ HJ ().

It is easy to see that ¢ is convex, lower semi-continuous and proper. It was proven in
[11, Theorem 2.3] that solving problem (1.1) in the sense of Definition 1.1 is equivalent
to solve the following abstract Cauchy problem:

dug (1) :

=5~ tope@®) > f®)inH, 0<t<T, (1.20)
w(x,0) = ug

where d¢(u,) denotes the subdifferential of ¢ at u, in the sense of convex analysis.
Since ug € L2(Qg), then by [6, Theorem 3.6 and Lemma 3.3], for any T > 0, there
exists a unique solution u, to the Cauchy problem (1.20).

The existence and uniqueness of weak solution to problem (1.17) can be obtained
similarly by considering the functional i from ‘H = L?(w) to (—oo, +00] as

1 Xo,0)—ttoo (Y2,1))? .
3 et -1 PRI dXodYs i uoo € Hy(w),

Y(Uso) =
+oo if us € H\ Hj().
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Our first result in this paper is the following:

Theorem 1.3 Let uy be the unique weak solution of (1.1) and us be the unique weak
solution of (1.17). Assume that the functions f € L*(0, T; L*(w)) and uy € L*(w)
are independent of x1, that is

f, )= f(X2,1),  uo(x) = uo(X2).

Moreover, if s € (%, 1) then for any fixed £o > 0 there exists K > 0 independent of £
such that

2 2
”Mf - MOO”LOO(O,T;Lz(QgO)) + ||I/t( - uOO”LZ(O,T;LZ(Q(O))

K {||M0||%,w + ||f||L2(0,T;L2(w))}
= 7251 ’

for any large enough ¢ > 0.

This result can be seen as an extension of the main result of Chowdhury and Roy
stated above to the case of nonlocal parabolic equations. Here we will give a simpler
proof than the one outlined in [7]. The proof of Theorem 1.3 will be based on some
energy estimates and on a nonlocal Poincaré inequality established by Chowdhury-
Csat6-Roy-Sk in [8] as well as with a suitable choice of a test function in the weak
formulation. We point out that it is still not clear if the result presented in Theorem 1.3
can be extended to the case of more general domain of the type Q2 = (—¢, £)’ x w C
R? x RN~P where p > 1. However, from the point of view of applications, the most
interesting case is when p = 1.

In the next theorem, we are interested in studying the asymptotic behavior of solu-
tions to (1.1) as £ — +oo for every value s € (0, 1) and where the functions f and
ug not only depend on X, but also on x.

Theorem 1.4 Let uy be the weak solution of the problem (1.1) for s € (0, 1). Assume
that f and ug satisfy the following conditions:

support(f) C Qe\QLe—1, 1 f 20,7020\ = (1.21)
and
support(uo) C \Qe—1, luoll2@ne, ) = 1- (1.22)

Then there exists C > 0 independent of £ such that for all £ > 0 we have

C
2 2
el oo 0.7:22 0y + 14e 20,7 120000 = ga—mre

foreach o € [0, 1) and € € (0, 2).
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As it was pointed out by Chipot in [23] and by Yeressian in [12] the estimates obtained
in Theorems 1.3 and 1.4 are important in numerical computations of solutions in large
domains, for example when one is only interested to compute the solution in a small
subdomain. Furthermore, these estimates are also important in the proof the well-
posedness of equations in unbounded domains with right-hand side non-decaying at
infinity.

Before concluding, we mention some problems related to our results that we hope
will inspire further research:

e Does Theorem 1.3 extend to case where s € (0, 1) ?.

e It would be interesting to see in Theorems 1.3 and 1.4 when it is possible to obtain
an exponential rate of convergence.

e Under the assumptions of Theorem 1.3, is it possible to find estimates of uy — 1
in Hg(2q,) 2.

The rest of this paper is organized as follows. In Sect.2, we introduce some prelimi-
naries which will play important roles in the proofs of the main results. In the other
sections, we shall prove our main results.

1.1 Notations

Throughout this paper, the letters ¢, ¢;, K,C, C;, i = 1,2,..., denote positive
constants which may vary from line to line but independent of £.

2 Some Preliminary Results

In order to prove Theorems 1.3 and 1.4, we shall need several preliminary results.

Proposition 2.1 ( [3, Proposition 1.2]) Let V be a Banach space which is dense and
continuously embedded in the Hilbert space H. We identify H = H "sothatV < H =
H < V'. Then the Banach space W, = {u € LP(0,T, V), u' € LP (0, T, V)
is contained in C([0, T, H). Moreover, if u € W), then ||u(t)||Lz(Q) is absolutely
continuous on [0, T], we have

%nu(z)niz(g) = 2(us (1), u(t)), a.e.on [0, T1,
and there is a constant C > 0 such that
lullco,r,5y < Clullw,, forall ue W,.
In the next lemma, we state the fractional Pioncaré inequality due to Chowdhury-

Csat6-Roy-Sk [8, Theorem 1.2] where the authors established the best constant for
this inequality in certain unbounded domains.

Lemma 2.2 (Pioncaré Inequality) Consider the strip Dos = R™ x @ C RN with
1 <m < N, where w is a bounded open subset of RN ™. Then for 0 < s < 1, we
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19 Page 100f25 T. Boudjeriou

have

2 2
[M]S,Z,]RN 2 . [u]S,Z,RN*m

= Py_p (@)=

P2 (D ):= = m
Vs (Doc weHy@\(0)  [lull3,

inf
ueH§ (Doo)\(0} [|ull3 1,
To the best of our knowledge, the fractional Poincaré inequality has been studied only
in some papers [8, 12—14]. In [12], it was proved a fractional Pioncaré inequality
for the spaces Hj(€2) without driving the best constant. Later on, in [8] Chowdhury-
Csat6-Roy-Sk obtained the best constants for fractional Poincaré inequalities for the
spaces Hj(£2) in certain unbounded domains. Specifically, they proved that the best
constant in the regional fractional Poincaré inequality P,%,y (R x (=1, 1)) and the best
constant in the fractional Poincaré inequality PI%,_S(R’" X w) are equal to those of
the cross sections, that is to Pllys((—l, 1)) and Pf,_m,s (w), respectively, where w is

a bounded open subset of R¥Y~"". Very recently, Mohanta and Sk in [14] proved a
fractional Poincaré inequality in the setting of WS "P(Q)- spaces for 1 < p < oo with
establishing the best constant. Furthermore, they studied the asymptotic behavior of
the first eigenvalue of the nonlocal Dirichlet p-Laplacian problem when the domain is
becoming unbounded in several directions. Finally, in [13], the authors extended the
results of [8] to the setting of fractional Orlicz-Sobolev spaces.

In the following lemma, we give an important relation between the constants Cy ¢
and Cn_1 s which appear in the definition of the fractional Laplacian.

Lemma2.3 Foreach N € Nands € (0, 1), let Cy s be the constant defined in (1.3).
Then one has Cn s®On = Cn_1.5, where

dz
R (1+z%) 7

Proof The proof is somehow similar to that in [7] but we include it for completeness
since it differs in some significant details. Indeed, from [32, Theorem 8.20] we have

3 r'(p)T
/2 (sin6)%? " (cos 9)2" 1 dp = L@ p.q >0, (2.2)
0 2I'(p +q)

where I denotes the gamma function. On the other hand, by using the change of
variable z = tan(0) in (2.1), we obtain

z 1 N+2s—1
—9 U dr 2 [ va—2 ., L) T (F5)
Oy = T = (cos 6) do = N .
0 (14272 0 I (82)
From this and by the definition of Cy  in (1.3), we deduce the desired result. O

Lemma 2.4 Let uy be the weak solution to (1.1). Then, there exists K > 0 a constant
independent of £ such that

Cns [T Jue(x, 1) — ug(y, DI
<(0.T: = dxdydt
leell oo, 75 2200 + 5 /0 /RN /RN x — y|V¥2s ray
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< Kol o + 1 B0 112000 |- 2.3)

Proof Taking v = uy in (1.15) and using the Young’s inequality, we obtain for a.e.
te(0,7)

L Cvs lueCx, ) — ue(y, )12
d_”uf(t)”z QZ /];N /I\QN I-x_le+2S d.xdy

< ||f(t)||2,sz£||uz(t)||2,m-

Using the fractional Pioncaré’s inequality and the Young’s inequality we derive

d ) Cn.s lue(x, 1) — ue(y, DI )
Sl g, + /H;N fRN 20— dxdy < O 0,

where C; > 0 independent of £. Further, integrating on (0, #) we obtain for a.e. ¢

Cy, lue(x, o) — ue(y, o)
lue @30, + =5 / /H; ) /H; e dxdydo

< ol o, +2c1/0 1O g, dr.

< Ke{luold o+ 1 0 71200y | -

where K = max {2C}, 1} . Thus the proof is now complete. O

The following lemma will be a key in proving Theorem 1.3.

Lemma2.5 Let x = (x1, Xp) € Q¢ and define u*(x,t) = uco(X2, t) where s is the
unique weak solution to (1.17). Then, for any v € Hg (2¢) there holds

CNS/ / (u*(x,t)—M*(y,t))(v(X)—v(y))d d
RN JRN

|x_y|N+2s

= —f ou™(x, Hvdx +/ f(X2,)vdx, ae te (0,T). 2.4)
Q Q

Proof Through direct calculations, we have
f f(Xp,t)v(x)dx —/ du*(Hv(x)dx
Q¢ Q¢

=/ / f(Xz,t)v(XLXz)ddeﬂ—/ / Oruco (X2, Hv(xy, X2) dXodxg
RJw RJw

by (1.18) Cn 0N
=  ———CnN_15s
CN—1,s R JRN-1

/ (oo (X2, 1) — uco(Y2, H)v(xy, X2)
RN—1 X, — Y2|N—1+2s

dYrdXodx
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by L 2.3 Xo,1) — Y, t , X
yLemma2.3 - SGN// / (Uoo (X2, 1) — oo (Y2 ))lf(ﬂ 2) dYrdXodx,
’ R JRN-1 JRN-1 | Xy — y2|N71+23

@*(x, 1) —u*(y, H)v(x)
=Cns AQN /I.QN v dydx

2\
Xy — Yo|N+2s (1 lx1—=y1l )
| 2 2| + 1X2—Y,|2

(u*(x, 1) —u*(y, H)v(x)
_CN,s/RN A{N Ix — y|N+2s dydx

=a*(),v) aete(0,T7).

Thus this completes the proof. O

3 Proof of Theorem 1.3
This section is devoted to the proof of Theorem 1.3. In R, we consider a function

p = p(x1) whose graph is given in Fig. 2.
Clearly this function satisfies

-1 1
0<p<l1, p=1on (——) po=0o0n R\(=1,1), |o|<2. (3.1

Before starting the proof, we prepare some technical lemmas.

Lemma 3.1 Let ux be the unique weak solution of (1.17) and uy be the unique weak
solution to (1.1). Then, for a.e.t € (0, T),

(e (1) — uco(D)pf (x1) € H (). (3.2

where pg(x1) = p (%)
Proof In order to show this lemma, it is enough to show that ¥,(x,7) :=

oo (X2, 1)p? (3) € Hi(Q) ae. t € (0, T). The proof of ug(x, 1)p? (3) € Hy(Q)
for a.e. t € (0, T) can be done similarly. Indeed, it is obvious that v, (1) € L2(¢)

<1

|
—
|

pol= === -=-2
o

[T E
—_

T
Fig.2 the function p
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a.e. t € (0, T). Hereafter, we consider the Gagliardo semi-norm of ¥, (¢)

ey = [ [ A 0 pedy
/gl /RN e (Txti;fﬁ(zy D rdy
+ A;{N\QZ (W(T;ti;ifiii’ D fedy
<2 [ RS s
_ 2
Lo Lo, LS s

=0
= I[t].

Next it is sufficient to prove that /[¢] is finite a.e. t € (0, T'). Indeed, by the symmetry
of the integral in the Gagliardo semi-norm with respect to x and y, one has

_ 2
11 :2/ / (Ye(x, 1) — ey, 1)) dxdy
Q JRN

| — y[NHs
=2 f [ [, LU
/Qe /R oo(x2,r)(pl<?v>+;pg(yl>>2 dyds
2
» /Q /R (y1><uo<;)<cxj,yr|)N+2Lzoo(Yz,z)> dyd
= I1[t] + DL[t].

In what follows, we show that

oo (X2, 1) — oo (Y, )|
N3 dydx < 0.
Qp JRN |x - )’| +as

Through direct calculations, we obtain

|uoo<X2,r)—uoo(Yz,r)|2d J
Q RN |x_y|N+2s yax

¢ Xy, t) — Y, )2
[ e a0l
—tJo Jry |x — y|N+2s
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¢ 2
X0, 1) — Yo, t

:/e/ ‘/RN oo (X2, 1) —uco(¥2, 1| N+2Y dydXodx

—tJo _ N+2s( lx1 =1 )

|X2 Y2| 1+ 1Xo— y2‘2

[ oo (X2, 1) — oo (Y2, )] dyi IVrdXod
- _ _ N+2s N+2s 24420X].

—tJo JRN-1 | X2 — Y2 R

|x17y1\2> 2
(1 + |X2—12?

With a simple change of variable, we obtain

ltoo(X2, 1) — thoo(Ya, 1)
N dydx
o, Jrv lx — y|N+2s

4 2

[hoo (X2, 1) — Uso(Y2, 1)]
<0 dY>dX»dxy,
- N/ /JRN I/RNI | X2 — Yo N=142s 204200

ae.te(0,7). (3.3)

< 200 lluoo (D35 1)

where Oy is given as in Lemma 2.3. Hence, this combined with the factthat0 < p, < 1,
yields

L[] < 80y |lus ()2 ae. te€(0,7). 34

S(RN—I)s

On the other hand, we have

2 2 . 2 2
Il[t]:4// Uz (X2, 1) (py (x1) = py (1) dydx
Q Jx—y|<1

|x_y|N+23

2 (Xo, 1)(02 2 2
+4/ / Uso (X2, 1) (pg (x1) — p7(y1)) dydx
Qe JIx—yl=1

|x _y|N+2s

C uz (X L D)|x — 2
L Bt
Q JIx—yl<1 |x — y|¥

2 (X2, 1)
+Cf / Mool ) dydx
Qe Jx—yj=1 |x — |x — y|N+2s

1
=—u t —dz+CZu O3
|| oo(>||2w/(0’1) v oo 12,

1
———dz <o ae.t e (0, 7).
/I.RN\B(O,I) |z|N+2s

Thus the proof is now complete. O
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We note that by Proposition 2.1, we have the following identity
Uco

f’/ dug( > d
——(uy —u —
0 J do ¢ 00)Pt do
13
d —
_ / / dlue = ucodbe (3o drdo
0 Q¢ do

1
= e = ue)pell3 g, (3.5)

(g — Uoo) pf dxdo

Here we have used the fact that 1, (0) — uxo(0) = 0.
Now we are in position to finish the proof of Theorem 1.3. Denoting vy := uy — oo,
we obtain by subtracting the identities (1.15) and (2.4) that

/ 8,«vg(t)wdx+CN’S/

oy 2 JrN

/ (ve(x, 1) —ve(y, D) (w(x) — w(y))
RN

|x_y|N+2s

dxdy =0 ae.te(0,T), (3.6)

for each w € Hj(2¢). According to Lemma 3.1, we know that vgp% € Hj(L2), and
hence by taking w = vy pl% in (3.6) yields

Cns
f Brve (1) vy (1) pf dx + —25 /
RN

Q 2
(e(x, 1) — v (v, D) (e (x, Hp7 (x1) — ve(y, DPF(¥1)) B
A{N PEaEE dxdy =0ae.t € (0, 7).
3.7
Integrating the latter identity over [0, ¢] and using (3.5), we get
1 2 CN Ky !
— t 2
SIvepel3 o, + =3 fo /RN /RN
— 2 _ 2
(ve(x, 0) — ve(y, 0))(ve(x, o) py (x1) — ve(y, o) p; (y1)) dxdydo = 0,
=y V2
(3.8)

which implies through simple manipulations

1 5 Cns | (ve(x, 0) = ve(y, 0))2p7 (x1)
—_ t - d d d
Sl el o, + =3 /O/R . Ty xdydo

__Cwas /f/ / 2y, e, @) = Ve, NWFED) = )
2 0 JRN JRN

|x — y N2

=

Cy . s€ /’/ (e(x, o) — ve(y, 0))2(pe(x1) + pe(y1))? dxdydo
o JrV JrN

2 |x _y|N+2s
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19 Page 16 0f 25 T. Boudjeriou

CNS v2(y, o) (pe(x1) — pe(y1))?
/ /1;@/ A{N |x—y|N+2S dxdydo

_ 2.2
< 2CN,S6/ f (ve(x,0) —ve(y, )" py(x1) dxdydo
RN JRV

|x _y|N+2s

V2 _ 2
CNS/ / / vy (¥, 0)(pe(x1) — pe(¥1)) dxdyds Ve > 0.
RN RN

|x _y|N+2s

Further, we may choose € small enough to guarantee the existence of a constant C > 0
independent of ¢ such that

_ 2
oo+ [ [ [ R LS

_ 2
5C// f v (v, 0)(pe(x1) — pe(31)) dxdydo, (3.9)
RN RN

|x _ y|N+2s

Using the nonlocal Poincaré inequality (see, Lemma 2.2) for the function vy oy, we
obtain

[ g ax
Q2

(e (x, 1) pe(x1) — ve(y, ) pe(y1))?
=¢ /RN /RN X — |V dxdy
(ve(x, 1) — ve(y, 1))2p2(x1)
SzC/RN/]RN |x—y|N+25 dxdy
(pe(x1) — pe(y1)) 202 (y, 1)
+2C /RN /RN P y|N+2S dxdy. (3.10)

Combining (3.9) and (3.10) yields
t
loe®pel3.q, + fo lve(e)pell3.q, do

! v2(y, o) (pe(x1) — pe(y1))?
<C ¢ dxdvydo.
= ‘/o /RfR x — y|V2s ravae

by Fubini’s theorem C u 0 /t/ v2(y o) (pe(x1) = pz())l))z dxidydo
= 1 k ) 1
| | o Jrw ? R |xl_y]|1+2S

N t
—ale [ [, donsondso G.11)
k=2 0 JRN

where

(pe(x1) — pe(y1))?
|xp — yi| 112

ge(y) = dxy. (3.12)
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Next, we examine the term g;(y1). Indeed, we observe that if |y;| > 2£ then

ge(y) = dx

PO .
R X1 — yr 142 —¢ X1 — yp |12
- 1( 1 n 1 )
Ts\I—L+n® [+ nl*)

On the other hand, if we assume that |y|| < 2¢, then from the fact that |p;| < 2 we
have

(pe (xl))2 from Fig.2. /‘E 1
X <

10on) = /‘f (pe(x1 + y1) — pe(y1))? dx1 + / (pe(x1 + y1) — pe(y1))? i
—L |xl|1+2S R\(*@,K) |x1|1+2s
<4/€ |x1|2d+2/ L
€ J_g |1 R\(—¢,0) |x1]1+%
C
=< ﬁ,

where C; > 0 independent of £. Therefore, we conclude that

& if y e (=2¢,20),

025
ge(y) = . (3.13)
{ % (l_(_’_lyl‘z,v + |£+;}1|2x) if Y1 € R\(_2E7 ZE)

Since ve(x,t) = ue(x,t) — uso(x, t), then from (3.11) we have
' N t
loe@pel g, + /0 loe@)pel g, do < C1 [ 0 /0 /R F O 0)gedydo
k=2
N T
<2 Lo [ [ udounsondyar
k=2 0 RN
N T
wallo [ [ donneoods =1+ (3.14)
k=2

In view of (3.13) and by using the fact that u,(y, t) = 0 in RV\Q,, we infer that

N T
I =2c1]_[9k/ / ul(y, 1)ge(y)dydt
k=2 0 RN

N T c [T
=20 []o [ [ wongoodar = 2 [ [ wdo.ndyar
k=2 0 Q ¢ 0 Q

(3.15)
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From this and according to Lemma 2.4, there exists C3 > 0 independent of ¢ such
that

C3
1= g {0l + 112072000 ) (3.16)

Next we note that from (3.13) and the fact that s > % we obtain

N T
n=2ci[o [ [ iy
k=2 JO JRY

N T 400
=20 []0 [ luOBdr [ getman
k=2 0 —0o0
N T
<201 16 [ 1B
0
k=2

26_ “+o00 —20
{/2 ge(y1) dyr +/2 ge(y1) dyr +/ ge(y1)dy1}
— [ g —

o]

_ 26T b o N1, 41
= 02s—1 '

Now by taking v = u, in (1.15) and using the the Young’s inequality and through
direct computations we derive

oo 1B < e (0l + 20 F 20,7320 ) - G.17)

This combined with the last inequality proves the existence of C5 > 0 independent of
£ such that

Cs (Iuo1B.., + 21l 20,7222
EZS*I '

I < (3.18)

Hence, by gathering (3.14), (3.16), and (3.18) we may obtain a constant K > 0
independent of ¢ such that

T
/ (e (t) — oo (1)) pex1) dx + / / (e (1) — oo (1)) pex) dixdt
Q 0 Q

K ol + 1£ 120,722 |

<
- £2s—1

, (3.19)

Since pg = 1 on ¢/, this leads to

T
lue() — uss®Il3 g, , + /O lue@) — s (D13, q, , d1

@ Springer



Asymptotic Behavior of Parabolic Nonlocal Equations. .. Page190f25 19

K ol + 1l 20.7:22000 |
2s—1 :

=

(3.20)
We choose ¢ large enough so that £/2 > £y, we obtain

2 2
||Mg - MOO”LOO(O,T;LZ(Q[O)) + ||M[ - MOO”Lz(O’Tle(QZO))

K {013, + 1 20,7220}
= 2s—1 :

Hence the proof is now complete.

4 Proof of Theorem 1.4

This section is devoted to prove Theorem 1.4. The next proposition is the key argument
to prove Theorem 1.4.

Proposition 4.1 let u, be the weak solution of (1.1). If for some 0 < y < %, there
exists a non-negative bounded Lipschitz continuous function p such that

_ 2
Sy = [ WO +y2,+25‘/p(x)) dy < X px) VxeRN, (41
RN [yl Cp

where Cp, > 0 is the Poincaré constant for the domain 4. Then, there exists Cy 5., >
0 independent of £ such that

2 2
”uZ\/B”LOO(O,T;LZ(Qg)) + ”uZﬁ”LZ(O,T;LZ(QZ))

T
ch,S,y{/ / fz(x,t)p(x)dxdt—i—f ug(x)p(x)dx}. 4.2)
0 Q Q

Proof From (4.1) and [12, Lemma 3], we have the weighted Poincaré inequality

2C), (ue(x, ) —ue(y, 1))*p(x)
v 7).
2, /RN /RN [V dxdyvt € (0, T)

/ ul(x, )p(x)dx <
Qp 1

(4.3)

In a similar fashion as above, one can show that u,(t)p € HS (2¢) ae.t € (0,7).
Thus, by taking v = ugp in (1.15) yields

/;2 orug(NDug(W)pdx +a(ue(t), ug(t)p) = /gz fx,Due(t)pdx ae.t €(0,T).
14 14
“4.4)
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Using Proposition 2.1, we obtain

d
Eallue(t)\/ﬁllige +a(ue(t), ue(t)p) =fQ f, Dug@)pdx ae.te€(0,T).
4

(4.5)
Next we note that
aue(t), uet)p)
_ CN,S/ / (e (x, 1) —ug(x, 1)) (we(x, ) p(x) —ue(y, l)/)(y)) dxd
B RN JRV |x — y|N+2s Y
_ %/’ (ue(x, 1) —ue(y, ))>p(x) dxd
2 Jry ey |x — y|N+2s Y
Cns (e(x, 1) —ue(y, ) (px) — p(y)ue(y, 1)
5 /RN » N dxdy.  (4.6)

This combined with (4.5) gives

(ue(x, 1) — ug(y, 1)*p(x)
|x _ y|N+2s

d
eVl g, + s /R ) dxdy0

RN
f G, Due(t)p dx
14

c / / (ue(x, ) —ue(y, 1)) (p(x)—p(y)ue(y, 1)
—CLN,s
RN JRN

dxdyae.t € (0, T).

lx — y|N+2s
4.7
The first term on the right-hand side can be estimated as follows:
1 2
2 fx,Hug®)pdx < — fo(x,)p(x)dx
Qy € Qg
+s/ ul(x,1)p(x)dx Ve > 0. (4.8)
Q

While the second term on the right-hand side can be estimated in this way

c / / (e(x, 1) —ue(y, ) (p(x) — p(y)ue(y, t)
—CN,s
RN JRN

|x7y|N+2v

_ —CN,S/ / (we(x, 1) —ue(y, ) (Vo x) +/p(W)Wp&) —o(¥)ue(y, t) dxd
]RN ]RN

|x — y|N+2s

CNA/ / e(x, 1) —ue(y, )P &) + Vo) >2
RN RN

‘x _y|N+Zs
chs W) = VP ui(y, 1)
dxdy
RN JRN [x — y|NF2s
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by @D 20y, / / (e, 1) = ey ) (VPT) + VOO
N RN |x — y|N+2s
VCN s 5
+ / S(p)uy(x,t)dx
2 ]RN
by 4.1) 2Cy (ue(x, 1) —ue(y, 1))*p(x)
= / /R T
vCy s
Zg’py /RN u%(x, t)p(x)dx
by(4.3) 2CN,: (ue(x, 1) —ug(y, 0)*p(x)
= / /RN bx — y|V+2 dxdy
vCN VCNsY (ue(x, 1) —ug(y, ) p(x)
1_2)/ fRN/n;zN gy = dxdy Vv > 0.
1/2
Now, by taking v = (@) we infer that
c (e(x, 1) —ue(y, 1))(p(x) — p(Y)ue(y, 1) drd
TENs N+2s xay
RN JRV lx — ¥l
12 (e (x, 1) — ug(y, 0)*p(x)
<C . . dxdy.
= (1—2y) /R/R v — y [N e
This combined with (4.7) and (4.8) yields
d (ue(x, 1) — ug(y, 1))*p(x)
VPR, + s / f P dvdy
< —/ f (x, t),o(x)dx+8f ue(x Hpx)dx
12 ue(x, t) —ue(y, )2 p(x
+Cy s / / (ug(x, 1) egvy,z)) o( )dxdy
1—2V RN JRN |x — y|N+2s
1 2C,e 8 172
=1 [ Punpwdss (725 +Cx ( 4 ) /
e Ja, 1 -2y 1-2y RN
2
, 1) — , 1
/ (ue(x, 1) —ue(y, 1))"p(x) dxdy. 4.9)
wy x—yN
Since 0 < y < %, we have
c & V" ¢
<
N,s 1 — 2]/ N,s»

thus by choosing & small enough, we get

2Cpe 8y 12
(& Cys.
1—2y + N,s( 3 ) < CpN.s
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From this and (4.9), it turns out that

_ 2
—||u£(t)\/—||2 o, T Kn.s, y/ [ CHC ti _Ltyz|gv}’+2tg) P dxdy

51 F2(x, H)p(x) dx. (4.10)
& Q

2, 8 \1/2 . o
where Ky v, = Cns— | =5 2y +Cn.s (1 2V) > 0. Using (4.3) and integrating
(4.10) over [0, ¢] yields

Kns,(1=2y) (7
||M£(l)\/5||%,gz + W—/ / u%(x,a)p(x)dxda
2C, o Jay

T
= l/ fz(x,t),o(x)dxdt—{-/ uj(x)p(x)dx,
0 Q Q

&

which can be rewritten as
t
lue)y/plR g, + /0 /Q W2 (x, 0)p(x) dxdo
1

T
scN,s,y{ f / 20, () dxdt + / u%(x)p(x)dx},
0 Q Q

1

. K (1-2y)
mm{ 1, 7N"Y'21/Cp

complete. O

where Cy 5, = } . Hence the proof of Proposition 4.1 is now

Foreach o € R and € € (0, 2) let us define

Pe(0) = 1+ lof

Obviously, the function p is non-negative, bounded, and Lipschitz continuous. Then,

for each A > 0 the function p; on RV defined by

pes(x) = pe (’;‘) @.11)

is also non-negative bounded and Lipschitz continuous. The proof of the following
lemma is quite similar to that of Theorem 5.1 and Remark 5.1 in [7], so we omit it.

Lemma 4.2 For each ) > 0 there exists a constant C. > O such that

€ + €, CE
Sen) = | (Voerlx |yTI)V+2§/ Per@)” dy = 5peax) VxRN,
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Now we are in position to finish the proof of Theorem 1.4. By choosing X large enough
so that

C 1
—€<L with 0 <y < —,
AB T Cp 10

we can apply Proposition 4.1 to obtain

T
/ M%(x,t)pe,x(X)dx—i—/ / ul (x, 1) pe.s(x) dxdt
Qo 0 Qoo

T
scN,s,y{ | [ renpacodnd+ u%(x)ps,m)dx}.m.lz)
0 Qp Q2

forany o € [0, 1) and £ large enough. Next, using assumptions (1.21)—(1.22), and the
definition of p¢ ; we obtain

([ o [ enaar)
_— us;(x,t)dx + us;(x,t)dxdt
A€+ e {/S:Z[ot 6( ) 0 Qpa Z( )

€

2 2
= € —1)° {”f”LZ(O,T;LZ(Qe\Qg,l)) + ”u()”LZ(QZ\QZ—I)} s

which implies for large ¢ that

T
/ u%(x, t)dx —+—/ / u%(x, t)dxdt
Qo 0 Qo
)\‘6 ()\‘6 _"_ gea)
<

2 2
= Tw-1ne U120 2@nee i * 0lagng, ) -
DEQE L) C
< < .
- (g _ 1)5 - ((l—a)e

Hence, the proof is now complete.
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