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Abstract

We give Sobolev-type inequalities for variable Riesz potentials I,y f of functions
in Musielak—Orlicz-Morrey spaces of an integral form £L®“(G). As a corollary, we
give Sobolev-type inequalities on £®®(G) for double phase functions ®(x,1) =
P 4 a(x)t’f(x).
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1 Introduction

Let G be an open bounded set in RY. Let a(-) be a measurable function on G such
that

0 < inf a(x) < supa(x) < N.
xeG xeG
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We define the Riesz potential of variable order «(-) for a locally integrable function
f on G by

o) f(x) = fG lx — y|*D=N £(y) dy;

when «(-) is a constant «, this is simply written as I f.

Sobolev-type inequalities for I, f have been established on various function spaces
by many researchers. Sobolev-type inequalities were studied on variable exponent
Lebesgue spaces LPO) in [7, 9, 11], on two variable exponent Lebesgue spaces
LPO (log L)4®) in [12, 25], on variable exponent Morrey spaces LP)V in [2, 13,
14,22, 23, 28], on Musielak—Orlicz—Morrey spaces L% in [19, 20].

In the previous paper [32], we gave Sobolev-type inequalities for /) f of functions
in variable exponent Morrey spaces of an integral form £P)-®(G), as an extension of
[29, Theorem 5.4] from Morrey spaces of an integral form.

In this paper, we establish a Sobolev-type inequality for I, f of functions in
Musielak—Orlicz—Morrey spaces of an integral form £% ¢ (G) defined by general func-
tions ® (x, ) and w(x, r) satisfying certain conditions (Theorem 4.5), as an extension
of [32, Theorem 4.4]. To do this, we apply Hedberg’s method ([17]) and the bound-
edness of the maximal operator M in £L®“(G) (Theorem 3.4) which is an extension
of [32, Theorem 3.5].

As an application of our general theory, we give Sobolev-type inequalities (Theo-
rem 5.3) in the framework of double phase functions @ (x, #) with variable exponents
given by

D(x,t) = tP® + a(x)r?™,

where p(-) and ¢ (-) satisfy log-Holder conditions, p(x) < g(x) forx € G and a(-) is
nonnegative, bounded and Holder continuous of order 6 € (0, 1]. For the studies by
Mingione and collaborators, see [3, 4, 8]. We refer to [20, 27] for Sobolev’s inequality
and to, e.g., [6, 10, 16, 24, 30, 33] for the recent results.

Throughout the paper, we let C denote various constants independent of the vari-
ables in question and C(a, b, - - - ) be a constant that depends on a, b, - - - only. The
symbol g ~ h means that Cclh< g < Ch for some constant C > 0.

2 Musielak-Orlicz-Morrey Spaces of an Integral Form

To define the norm of Musielak—Orlicz—Morrey spaces of an integral form, let us
consider a function

O(x,1) : G x[0,00) — [0, 0)

satisfying the following conditions (®1) — (P3):

(®1) P(-,r)ismeasurableon G foreacht > 0and ®(x, -) is continuous on [0, c0)
foreach x € G;
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(®2) there exists a constant A; > 1 such that
A7l <@(x, 1) < Ay forallx € G;

(®3) ¢+ D(x, 1)/t is uniformly almost increasing on (0, co), namely there exists
a constant A, > 1 such that

D(x,11)/t1 < Ay®(x, 1)/t forall x € G whenever 0 < #] < 1.

We write

¢(x,1) = sup (P(x,s)/s)

O<s<t

and
— t -
d>(x,t)=/ ¢(x,r)dr
0

for x € G and r > 0. Then ®(x, -) is convex and
D(x,1/2) < B(x, 1) < AyP(x,1) 2.1

forall x € G and t > 0 since ¢(x, -) is increasing on (0, 0o) for each x € G.

Forx € RY andr > 0, we denote by B(x, r) the open ball centered at x with radius
rand dg = sup{|x — y| : x,y € G}. Foraset E C RV, |E| denotes the Lebesgue
measure of E.

We also consider a weight function w (x, r) : G x (0, 0c0) — (0, co) satisfying the
following conditions:

(w0) w(-,r) is measurable on G for each r > 0 and w(x, -) is continuous on
(0, 00) for each x € G;

(wl) r — w(x,r) is uniformly almost increasing on (0, co), namely there exists a
constant ¢; > 1 such that

w(x,r) < clo(x, r)

for all x € G whenever 0 < r| < r, < 00;
(w2) there exists a constant ¢; > 1 such that

&Hlo@,r) <wx,2r) < Hox,r)

for all x € G whenever r > 0;
(w3; wp) there exist constants wy > 0 and ¢3 > 1 such that
Gl <ok, r) <8

forallx e Gand 0 < r < 2dg.
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Let f~ = infyeg f(x) and fT := sup,.; f(x) for a measurable function f on
G. Let us write that L.(f) = log(c + 1) forc > land ¢t > 0, LV(t) = L.(1),
o :
L&V = L@ @),

Example 2.1 Let o (-) and B(-) be measurable functions on G such that 0 < o~ <
0T < wpand —c(wy — o(x)) < B(x) < c for all x € G and some constant ¢ > 0.
Then

o, r) =r"OL,1/r)f®
satisfies (w0), (w1), (w2) and (w3; wy).

Given ®(x, 1) and w(x, r) as above, we define the £® norm by

1 £l coy = inf{ A0

2dg , . d
sup (/ o) (/ ® (. 1 £ IV dy) _r> - 1}7
xeG \JO |B(x,r)| GNB(x.r) p

which is the Luxemburg norm ([18]). The space of all measurable functions f on
G with || f|| oo, < oo is denoted by L®(G). The space L% (G) is called a
Musielak—Orlicz—Morrey space of an integral form. Here note that 2d can be replaced
by kdg with k > 1. In case ®(x,1) = tP® L®?(G) is denoted by LP)?(G) for
simplicity. If p(-) = p, then we write LPO-2(G) = LP(G).

Remark 2.2 1f there exists a constant Cy > 0 such that

2dg dr
/ C()(X,r)— SCO
0 r

for all x € G, then we see that L®®(G) # {0} since

26 @ (x,r) — dr 2d6 dr
_— Dy, Ddy| — =< A1A2 o(x,r)— < A1A2Co
o |IB, M| \JenBx.n r 0 r

for all x € G by (2.1) and ($2). See also [5, Lemma 1].

We shall also consider the following conditions for ®(x, #): Let p > 1,9 > 1 and
v > 0 be given.

(®3;0; p) t+— t~PD(x,1t) is uniformly almost increasing on (0, 1], namely there
exists a constant Az o , > 1 such that

tl_pCD(x,t]) <A20,p tz_p ®(x,n) forallx € G whenever0 < <t < 1;
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(P3;00;q9) t+> t79P(x, 1) is uniformly almost increasing on [1, o), namely there
exists a constant Az o 4 > 1 such that

tl_qCD(x, 1) < Az og tz_qCD(x, 1) forall x € G whenever 1 <1 < ty;
(®5;v) forevery y > 0, there exists a constant By, ,, > 1 such that
cD(xs t) S B)/,Uq)(y9 t)

whenever x,y € G, |[x —y| <yt Vandt > 1.

Remark 2.3 We refer to [1, p. 2544] and [15, Section 7.3] for (®5; v). If ®(x,1)
satisfies (®3; 00; q), then it satisfies (®3; 00; ¢') for 1 < ¢’ < gq. If ®(x, t) satisfies
(®5; v), then it satisfies (®5; V') for all v/ > v.

We give some examples of @ (x, 7).

Example2.4 Let p(-) and g;(-), j = 1, ..., k be given measurable functions on G
such that 1 < p~ §p+ < oo and —o0 <qj_ qu <o0o,j=1,...k. Then,

k
D), (g0 (5, 1) = 1P 1—[ LY )4

satisfies (®1), (2) and (P3). This function satisfies ($3; 0o0; g) for 1 < g < p~ in
generaland for 1 < g < p~incaseq; >O0forall j =1,... k.

Moreover, we see that @ () (4,1} (%, 7) satisfies (®5; v) for every v > 0if p(-) is
log-Holder continuous, namely

) — PO < —2 (x yeG)
PP ==

with a constant C, > 0 and g (-) is (j + 1)-log-Holder continuous, namely

Cj
() —qi (V)] < — . yeG
lgj(x) —q;(MI = L§’+1)(1/|x 0 (x, y€G)

with constants C; > 0 foreach j =1, .. .k.
Example 2.5 Theorem 3.4 applies, e.g., to the following nondoubling functions

px)
et

D (1) = P — p(x)t — 1, Da(t) = 1P, d3(1) = -1

which satisfy (1), ($2) and ($3). We refer to [21, Examples 3-5] for the conditions
on p and g which (®3; 0; p) and (P3; o0; ¢) hold.
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Example 2.6 The double phase function with variable exponents
O(x,t) =t"PY + a1, x € G, 1 > 0,

where p(x) < q(x) for x € G, a(-) is a nonnegative, bounded and Holder continuous
function of order 8 € (0, 1], was studied in [20]. We refer to [20, Lemma 5.1] and
Section 5 for the conditions on p(-) and ¢ (-) which (®1), ($2), (®3), ($3;0; p7),
(®; o0; p7) and (P5; v) hold.

3 Boundedness of the Maximal Operator

For alocally integrable function f on G, the Hardy-Littlewood maximal function M f
is defined by

1
Mf(x) =sup ——— lf(»ldy.
r>0 |B(X, )| JGnBx,r
We know the boundedness of M on L7“(G).

Lemma 3.1 ([32, Lemma 3.2]) Suppose
(wl") r = r~®lw(x, r) is uniformly almost increasing in (0, dg] for some €1 > 0.

If p > 1, then there is a constant C > 0 such that

IMfllcrec) < Cllfllicree)
forall f € LP®(G).

Remark 3.2 Note that (w1”) implies (w1).
Let w(x,r) = r"®L,(1/r)#® be as in Example 2.1. Then note that (w1’) holds
forO <e <o

Lemma 3.3 Suppose @ (x, t) satisfies ($3; 0; p), (P3; 00; q) and (P5; v) for p > 1,
q > land v > 0 satisfying v < q/wy. Set

1
I(fix,r) = ——— f(y)dy

|B(x, )| Jenawx,n
and

1 1/po
J(fix,r) = —— Dy, d
(f5x.7) |B(x, )| JenBx.rn 0 7) Y

forx € Gand 0 < r < dg, where 1 < pg < min(p, q). Then, given L > 1, there
exist constants C; = C(L) > 2 and Cp > 0 such that

®(x, I(f; x,r)/C1)"" < CLI (f; x,7)
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forallx € G, 0 < r < dg and for all nonnegative measurable functions f on G such
that f(y) > 1 or f(y) =0 foreachy € G and

“ <f2dc w(z,t) (f @ (y, f( ))d>g><L (3.1
o\ B \Jerpen TP T) =8 '

Proof Given f as in the statement of the lemma, x € G and 0 < r < dg, set
I =I1(f;x,r)and J = J(f; x,r). Taking f, note that (3.1) implies

w(x,r)

|B(x, )| JenBx,r)

2r w(x,t) (/ > dt
=) Bl @ (y, f(») dy) — < CoL,
B O/r 1B(x, )] \Jensen 0. SN dy ) —=Co

®(y, f(y) dy

so that
J< Cé/pow(x,r)_l/p"Ll/po. (3.2)

We treat only the case J > 1. Since ®(x, NP soast — oo by (®3; o0; q)
and pg < g, there exists K > 1 such that

O (x, K)/P0 = o(x, /Py, (3.3)

With this K, we have by (®3; oo; ¢) and py < g

1/po
O(y, ()
1/po
f(ndy < K|B(x,r)|+A K/ R CAR A SO R—
/Gmm,r) 20n ™ Jonpen @, K)V0

Since K > 1, by ($3; o0; q), we have
d(x, DV/PJ = d(x, k)P0 > Azéé{’qu/qu;(x, 1l/po,
so that, in view of (3.2) and (w3; wp),
K9 < A3 00,4 J7° < CoAr o qw(x,7) 'L < CoAz o0 qC3 L1~
orr < yK~9/%0 with y = (CyA2,00,4¢3L)"/*. Thus, if |x — y| < r, then
=yl <y KT <y K

since v < g/wp. Hence, by (®5; v) with B)l,{fo —B
1
/ f(y)dySKlB(x,rﬂ{1+(A1A2’oo’po) /pO,B}
GNB(x,r)
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as in the proof of [20, Lemma 3.3]. See [21, Lemma 9] and [20, Lemma 3.3] for details.
O

In view of Lemmas 3.1 and 3.3, we show the boundedness of M on £L¥®(G) as an
extension of [32, Theorem 3.5].

Theorem 3.4 Suppose ® (x, t) satisfies (D3; 0; p), (O3; 00; q) and (O5; v) forp > 1,
q > 1l and v > 0 satisfying v < q/wg. Assume that (w1") holds. Then there is a
constant C > 0 such that

IMfllgooc) = Clfllzeoc)

forall f € L%°(G).

Proof Set py = min(p, ¢g). Then py > 1. Consider the function
Do (x, 1) = P(x, 1)/P0.

Let f be a nonnegative measurable function on G with || f |l ze0G) < 1/2. Let

J1 = fXixeG:fx)=1}> J2 = f — f1. Applying Lemma 3.3 to f and L = 1, there exist
constants C; > 2 and C» > 0 such that

Do (x, Mfi(x)/C1) < C2M[ Do (-, f1(1))](x),
so that

®(x, Mf1(x)/C1) < C5° [M[ D0 (-, f(-))](x)]7 34

forallx € G.
On the other hand, since M f> < 1, we have by (®2) and (3)

D(x, Mf2(x)/C1) < A1A2 (3.5

forallx € G.
By (2.1), (3.4), (3.5) and Lemma 3.1, we obtain

2dg w(z,r) — dr
/ ( / ® (v, Mf(1)/2C1)) dx) a
o 1Bz )| \JenBe.r r
A; /MG (z,r) (/ )dr
— bd(x, M Cyd —
=2 { b 1G] Jonge,, © O MA@/CD dx )=
2dg
+/ ¢ okr) (/ <1>(x,Mfz(X)/C1)dX) ﬂ}
o |Bz )l \Jenaer r

26 gy(z, 1) dr 2dg W
= {/ ( [ e sonwr dx) T [ e 7}
0 |B(z,1)| GNB(z,r) ; A .

<C
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for all z € G since there exists a constant C3 > 0 such that

2dg d 2dg d 2dg ¢
f w(Z,r)_r:/ r_slw(z,r)'rsl—rfcf <o (36
0 r 0 r 0 r

for all z € G by (wl’) and (w3; wp). Thus, this theorem is proved. m]

4 Sobolev-Type Inequality

We recall the following lemma from [19].

Lemma4.1 ([19, Lemma 5.1]) Let F(x,t) be a positive function on G x (0, 0o0)
satisfying the following conditions:

(F1) F(x, -) is continuous on (0, 00) for each x € G,
(F2) there exists a constant K| > 1 such that

Kfl <F(x,1)<K; forallx € G;

(F3) t >t F(x,1)is uniformly almost increasing for some &' > 0; namely there
exists a constant Ko > 1 such that

tl_glF(x, H) < Kztz_S/F(x, ty) forall x € G whenever 0 < t| < 1.
Set
Ffl(x,s) =sup{t > 0; F(x,t) <s}

forx € Gands > 0. Then:

(1) F~Y(x, ) is nondecreasing.

2
Fl e, at) < (KoW)YE F~ 1 (x, 1) .1

forallx € G,t >0and A > 1.
3

Fx, F-'(x,0) =1

forallx €e Gandt > 0.
“
KV < Flxe Fx,n) < K2°t

forallx € Gandt > 0.
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&)

1/¢ )
min{l’ <K1s[(2) } < F—l(x,S)gmax{l,(Kles)l/a}

forallx € Gands > 0.

Remark 4.2 Note that F(x,t) = ®(x,?) is a function satisfying (F1), (F2) and (F3)
with K] = A, K = Ay and ¢’ = 1.

We consider the following condition:

(dwa) there exist constants &, > 0 and A4 > 1 such that
B (o)) = A0 (x0T
forall x € G whenever 0 < r| <1y < dg.

Lemma 4.3 Suppose ®(x, t) satisfies (P3; 00; q) and (P5;v) forg > 1andv > 0

satisfying v < q/wo. Assume that (dwa) holds. Then there exists a constant C > 0
such that

f Ix — y[*ON f(y)dy < C8* Do (x, w(x,8)7")
G\B(x,6)

forallx € G,0 < 8 < dg/2 and nonnegative f € L¥®(G) with I fllzow@G) <1

Proof Let f be a nonnegative measurable function with || f|| ooy < 1/2.Letx € G
and 0 < 6 < dg/2. By (®3) and ($3; o0; q),

min{l, (A1A2)~"s} < F~'(x, 8) < max{1, (A142,00,49)'/9);
cf. Lemma 4.1 (5). Set
¢] = max {A1A263, (AlAg,oo,q@)—lng} .
Then we have by (w3; wp), Lemma 4.1 and the condition v < g /wg

o~ (x.cro@, = yD7') = min{l, (414 167" = 1

and

o (x.cro0x, Ix = ¥ ") < max(1, (A1 Az, gerdslx = y| 7))

= (A1A2,00,4€183d5 ") 9 (|x — y|/dg) /4
< (A1A2,00,gC183d5 )9 (Ix — y|/dg) ™Y
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for all x, y € G. Hence,
—V
[x—=yl<c {CD*I (x, crox, |x — yl)*])}

for all x, y € G, where ¢, = dG(AlAz,oo’qC153d8w0)v/q. We find by (®3), ($5; v)
and Lemma 4.1 (3)

[ ey
G\B(x,8)
<[ e (x5 ) dy
G\B(x,5)

A / =y DN £ ()
G\B(x,8)

f) ek, fO) dy
{1 (x, clow(x, Ix — yl)—l)}7l P (y, @ ! (x, crolx, |x —yD71))

<[ e (x5 ) dy
G\B(x,5)

X

+ C/ b = 3O N o, [x = yDO! (x, crotr e = ¥) ) @, £ dy
G\B(x,8)
=1L+ Ch.

Let jo be the smallest integer such that 2108 > dg. By (wl), (w2), (4.1) and (Pwa),
we obtain

Jo
I = /

; =y e (x, cro(x, |x — )’|)_1) dy
N(B(x,2/8)\B(x,2/~18))

Jo
<Y @5 o (x, o(x, 21'3)*1)
=1

< C8*o N (x, w(x, 8

as in the proof of [29, Lemma 4.2].
For I, it follows from (®ww), (4.1), (wl) and (w2) that

I < C6“Do~ (x, w(x, )7 00D 0 p i) dy
G\B(x,5) |B(x, |x — y]I
0 w(x,2/8)

Jo
< o7 (0. H™H Y @(y, f(»)dy
j=1

IB(x,2/8)| Jonpx.2is)
< 8o (x, w(x,8)7h

as in the proof of [29, Lemma 4.2]. Thus, the present lemma is proved. O
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To state our main theorem, we consider a function
Y(x,t): G x [0,00) — [0, 00)

that satisfies (®1) — ($3) and

(W) there exists a constant A” > 1 such that

v (x, t (a)_l (x, D (x, t)_l>)a(X)> <A, 1)

forallx e Gandt > 1.

Remark 4.4 In [26], we considered the condition like (W ®) for Musielak—Orlicz
spaces.

We give a Sobolev-type inequality for I, f of functions in L*®(G) by Theorem
3.4, as an extension of [32, Theorem 4.4].

Theorem 4.5 Suppose © (x, t) satisfies (D3; 0; p), (3; 00; q) and (O5; v) forp > 1,

q > landv > 0 satisfying v < q/wo. Assume that (w1") and (Pwa) hold. Then there
exists a constant C > 0 such that

Ha() fllgvocy = Clflicooe)

forall f € LY?(G).

Proof Let f be a nonnegative measurable function on G such that || ]| ze.0 ) < 1.
We may assume that

26 o (z,r)

sup/ _— (/ D (x, Mf(x)) dx) d_r <1 “4.2)
cJo 1Bz, )| \Jenair r

by Theorem 3.4. Letx € G and 0 < § < dg/2. By Lemma 4.3, we find

Io() f(x) = / Ix — "N f(y) dy + / lx — "N £ (y)dy
GNB(x,8) G\B(x,8)

<C {8”‘(x)Mf(x) F 8o (x, w(x, 5)*1)} .

If o™} (x, D(x, Mf(x))_l) > dg /2, then, taking § = dg /2, we have I f(x) < C
by Lemma 4.1, (w1) and (w3; wp). If ™! (x, @(x, Mf(x))™") < dg/2, then take
8 = o ! (x, ®(x, Mf(x))~"). Then we have

Iy f(x) = CMf(x) <a)_1 (x, ®(x, Mf(x))_l>>a(x)
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by Lemma 4.1. Therefore, we obtain

Loty f(¥) < C} max {Mf(x) (07! (. o mren )™ 1} ,

so that by (W @), we have

Ve f0/C) =€ {\If (x, M) (07" (v o, Mf(x))_l)>a(X)> + 1}
< C{®(x, Mf () + 1.

Hence, it follows from (4.2) and (3.6) that

2dg w(z,1) (/ / ) dr
v W (x, Iy Cc) d -
/o 1Bz, | \Jonen (x, Loy f(x)/CY) dx ;

2d 2d
sc{/ M(f d>(x,Mf<x)>dx)dl+/ Gw(z,nd—r}
o Bz )| \JenB@n r 0 r

<C
for all z € G. Thus, we complete the proof. O
Remark 4.6 When ®(x, 1) = tP &) Theorem 4.5 was proved in [32, Theorem 4.4].

Remark 4.7 Let q)p(i),{qj(.)}(x,t) = P Hljzl(ng)(t))qj(x) and w(x,r) =
ro®L,(1/r)f®.
Set

W(x, 1) = [© 0, (g1 (r, )]7 OV POL 1y Oa0B@ /o)
where 1/p*(x) = 1/p(x) — a(x)/o (x). Then ¥ (x, t) satisfies condition (¥ ®) (see
[31, Remark 3.14]).
5 Double Phase Functions with Variable Exponents
In this section, let
w(x,r) =r’OL,(1/r)®

be as in Example 2.1 (Remark 3.2) and let p(-) and ¢(-) be real valued measurable
functions on G such that

(P1) 15p’§p+<oo,
Q) 1<q~ <q" <oo.
We assume that

(P2) p(-) is log-Holder continuous, that is,
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P — PO < —2 (x yeG)
PP = L=y

with a constant Cp, > 0, and
(Q2) ¢q(-) is log-Holder continuous, that is,

Cq
lg(x) —g(M| < m (x, y€G)

with a constant C; > 0.

As an example and application, we consider the case where ®(x, t) is a double
phase function with variable exponents given by

O(x, 1) =19 +a0)?1™, x € G, 1t >0,

where p(x) < q(x) for x € G, a(-) is nonnegative, bounded and Holder continuous
of order 6 € (0, 1] (cf. [20, 33]).

This @ (x, t) satisfies (®1), (P2), (P3;0; p7) and (P3; 00; p7). P(x, ) also
satisfies (®5; v) for v > supxeGO(q(x) — p(x))/0; see [20, Lemma 5.1].

Let Go ={x € G : a(x) > 0}

In view of Theorem 3.4, we have the boundedness of the maximal operator on
L% (G) in the framework of double phase functions ®.

Theorem 5.1 If p~ > 1 and sup,¢,(q(x) — p(x))/0 < p~/wo, then there exists a
constant C > 0 such that

Mfllzowi) < Clfllzooe
forall f € L%°(G).
Let p*(x) and ¢*(x) be defined by

1 _ 1 _a(x)
prx)  p(x)  o(x)

when 1/p(x) — a(x)/o(x) > 0, and

1 _ 1 _a(x)
g*(x)  q(x) o)

when 1/¢(x) — a(x)/o(x) > 0. In this section, set

W(x,t) = tp*(X)LE(t)a(X)P*(X)ﬂ(X)/U(X)

q*(x) a(x)g* (x)B(x)/o (x)
+ (a0 590 1, (e

forx e Gandt > 0.
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Lemma5.2 (/20, Lemma 5.6 (1), (3)])

(1) Ifinfreg,(o(x)/q(x) — a(x)) > 0 and infreg\G, (0 (x)/p(x) — a(x)) > 0,
then (dwa) holds.
(2) W(x,t) satisfies (VD).

Finally, by Lemma 5.2 and Theorem 4.5, we obtain a Sobolev inequality in our
setting.

Theorem 5.3 If p~ > 1, infycg, (0 (x)/q(x) — a(x)) > 0, infyegrg, (0 (x)/p(x) —
a(x)) > 0and sup,cg,(q(x) — p(x))/6 < p~/wo, then there exists a constant C > 0
such that

o) flligvoe) < Cllfligooq)

forall f € LY°(G).
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