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Abstract

Using Mujica’s linearization theorem, we extend to the holomorphic setting some
classical characterizations of compact (weakly compact, Rosenthal, Asplund) lin-
ear operators between Banach spaces such as the Schauder, Gantmacher and
Gantmacher—Nakamura theorems and the Davis—Figiel-Johnson—Petczynski, Rosen-
thal and Asplund factorization theorems.

Keywords Vector-valued holomorphic mapping - Operator ideal - Linearization -
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Introduction

S. Dineen [6, p. 417] pointed out that a remarkable result due to K. F. Ng [18] provides
a Banach space G*°(U) whose dual is isometrically isomorphic to the Banach space
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H>(U) of all bounded holomorphic complex-valued functions on an open subset U
of an arbitrary complex Banach space E, endowed with the supremum norm.

J. Mujica presented in [16, Theorem 2.1] a linearization theorem for bounded
holomorphic mappings which is a refinement of Dineen’s idea. Specifically, he
proved that there exist a Banach space G°°(U) and a bounded holomorphic map-
ping 8y : U — G*°(U) satisfying the following universal property: for each complex
Banach space F and each bounded holomorphic mapping f: U — F, there exists a
unique bounded linear operator Ty : G°(U) — F suchthat Tody = f.R.Ryan[23]
had previously obtained a polynomial version of Mujica’s theorem by using a tensor
product approach. In [7], P. Galindo, D. Garcia and M. Maestre established a lineariza-
tion theorem for holomorphic mappings of bounded type. Moreover, J. Mujica and
L. Nachbin also obtained in [17] a linearization theorem for holomorphic functions
between locally convex spaces.

Applying Ng’s theorem, Mujica defined the space G*°(U) as the norm-closed lin-
ear subspace of H*°(U)* formed by those functionals which are t.-continuous when
restricted to the closed unit ball of H*°(U), where 7. denotes the compact-open topol-
ogy on H*°(U). The correspondence f +— Ty is an isometric isomorphism between
the space H*° (U, F) of all bounded holomorphic mappings from U into F with the
supremum norm, and the space L(G*>°(U); F) of all continuous linear operators from
G®°(U) into F with the operator norm. The mapping dy: U — G*°(U) is defined
by 8y (x) = 8(x), where §(x) is the evaluation functional at x defined on H*(U).
The proof of Theorem 2.1 in [16] shows that the closed unit ball of G*°(U) coincides
with the norm-closed absolutely convex hull of 8y (U). In particular, G*°(U) is the
norm-closed linear hull of 8y (U) in H*°(U)*.

In Section 3 of his paper [16], Mujica briefly dealt with holomorphic mappings
that have compact type range. To be more precise, he showed that a mapping
f € H®(U, F) hasrelatively compact range (respectively, relatively weakly compact
range, finite rank) if and only if its linearization Ty € L(G*°(U); F) is a compact
(respectively, weakly compact, bounded finite-rank) operator. Our purpose in this
paper is to complete the study initiated by Mujica.

From a local point of view, the properties of compactness, weak compactness,
Rosenthal and Asplund for holomorphic mappings from U into F were addressed
by R. M. Aron and M. Schottenloher [2], R. Ryan [24], M. Lindstrém [13] and N.
Robertson [21], respectively. Let us recall that a mapping f: U — F is said to
be locally compact (respectively, locally weakly compact, locally Rosenthal, locally
Asplund) if every point x € U has a neighborhood V, C U such that f(Vy) is
relatively compact (respectively, relatively weakly compact, Rosenthal, Asplund) in
F. Clearly, every mapping f: U — F having relatively compact range (respectively,
relatively weakly compact range, Rosenthal range, Asplund range) is locally compact
(respectively, locally weakly compact, locally Rosenthal, locally Asplund); however,
the converse is not true in general for mappings f € H*(U, F) (see Example 3.2 in
[16] for the first two types of mappings).

We have organized this note as follows. In Sect. 1, we recall Mujica’s linearization
theorem and some of its consequences that will be needed to establish our results. With
the aid of the notion of transpose mapping of a bounded holomorphic mapping, Sect. 2
is devoted to the analogues for bounded holomorphic mappings of the results due to
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Schauder, Gantmacher and Nakamura on the compactness and weak compactness of
the adjoint of a bounded linear operator between Banach spaces. We suggest the reader
to compare our results with Schauder and Gantmacher type theorems for holomorphic
mappings of bounded type established by M. Gonzélez and J. M. Gutiérrez [8-10]
and R. Ryan [23, 24].

As a main result, we show that some factorization theorems for bounded linear
operators between Banach spaces can be extended to the holomorphic setting. This
is the case of the Davis—Figiel-Johnson—Petczynski factorization theorem [5] which
states that every weakly compact operator factors through a reflexive Banach space,
the Rosenthal factorization theorem (see [1]) which asserts that every Rosenthal oper-
ator factors through a Banach space not containing £, and the Asplund factorization
theorem which assures that every Asplund operator factors through an Asplund space
(see [4, Theorem 5.3.5)).

We refer to the book of R. E. Megginson [14] for a complete study on weak topolo-
gies and linear operators on Banach spaces; to the monograph of J. Mujica [15] for
the theory of holomorphic mappings on Banach spaces; and to the book of A. Pietsch
[20] for the theory of operator ideals.

Notation. Through the paper, given a complex Banach space E, we denote by

Bg, 103 g, Sg and E* the closed unit ball, the open unit ball, the unit sphere and the
dual space of E, respectively. For a set A C E, lin(A), lin(A), co(A), T6(A), aco(A)
and aco(A) stand for the linear hull, the norm-closed linear hull, the convex hull,
the norm-closed convex hull, the absolutely convex hull, the norm-closed absolutely
convex hull of A in E, respectively. If E and F are locally convex Hausdorff spaces,
L(E; F) denotes the vector space of all continuous linear operators from E into F.
Unless stated otherwise, if £ and F are Banach spaces, we will understand that they
are endowed with the norm topology. Given T € L(E; F), T*: F* — E* denotes
the adjoint operator of 7.

We will sometimes use the following notation: foreachx € E and x* € E*, (x*, x)
is defined to be x™*(x).

1 Preliminaries

Let U be an open subset of a complex Banach space E. We know that H*°(U) is a
Banach space under the supremum norm and it is actually a dual Banach space. In fact,
there are different ways to construct a predual of H°°(U). The most straightforward
one is as the norm-closed linear subspace of H*>°(U)* generated by the functionals
8(x) € H*®(U)* with x € U, defined by

@), fl=rfx (feH*W)).
Theorem 2.1 in [16] justifies the following notation.

Definition 1.1 Let U be an open subset of a complex Banach space E. The space
G°°(U) is the norm-closed linear subspace of H*°(U)* given by lin {§(x): x € U}.
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For consistency with the preceding notation, we may consider the mapping
dy: U — G®°(U) defined by éy(x) = §(x) forx € U.
In [16], Mujica established the following properties of G*°(U) and & .

Theorem 1.2 [16, Theorem 2.1] Let E be a complex Banach space and let U be an
open set in E.

(1) 8y: U — G®U) is a holomorphic mapping with ||§(x)|| = 1 forall x € U.

(2) For every complex Banach space F and every mapping f € H*®(U, F), there
exists a unique operator Ty € L(G®(U); F) such that Ty o 8y = f, that is, the
diagram

commutes. Furthermore, || Ty ” = | flso-

(3) For every complex Banach space F, the mapping Jy r: f v+ Ty is an isometric
isomorphism from H* (U, F) onto L(G*®(U); F). Its inverse JJIF is the mapping
T — T o8y from LIG®(U); F) onto H*(U, F).

(4) H®U) is isometrically isomorphic to G®°(U)*, via the mapping Jy :=
Ju.c: H®(U) — G®(U)* given by

Ju(F)=Tr (f € HZ)).
As a consequence, we have

(Ju(f),Su) = fx) (f e HZU), x € V).

(5) The closed unit ball of G*°(U) coincides with the norm-closed absolutely convex
hull of §y (U).

From Theorem 1.2 (4), we immediately deduce that on bounded subsets of H*>*(U),
the weak™ topology agrees with the topology of pointwise convergence.

Corollary 1.3 Let U be an open subset of a complex Banach space E. Let (f;) be a
netin H®(U) and f € H>®U).

(1) If (fi) = f weak* in H*°(U), then (f;) — f pointwise on U.
(2) If (fi) is bounded in H*® (U) and ( f;) — f pointwise on U, then (f;) — f weak*
in H*U).

Using Corollary 1.3, we obtain the following result.
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Corollary 1.4 Let E and F be complex Banach spaces, let U and V be open subsets
of E and F, respectively, and let f: U — V be a holomorphic mapping. Then,
there exists a unique operator fe L(G®WU); G=(V)) such that fo Sy =38y o f.
Furthermore, ||f|| =1

Proof Let Cr: H* (V) — H*(U) be the composition operator defined by
Cr(g =gof (g€eHTV)).

Clearly, Cy € L(H®(V); H*®(U)) with [|Cy|| = 1. We claim that Jy o Cy o J‘71 is
weak*-to-weak* continuous from G*°(V)* into G*°(U)*. Let (¢;) be anetin G*°(V)*
and ¢ € G®(V)*. Assume that (¢;) — ¢ weak™* in G*°(V)*. By [14, Corollary
2.6.10], (¢;) is norm-bounded in G*(V)*. Clearly, (J‘jl(¢,-)) — J‘jl(¢>) weak*®
in H(V). Hence, (J;,'(¢:)) — J,, ' (¢) pointwise on V by Corollary 1.3 (1). In
particular, (J;l(q‘)i) of)— J;l(d)) o f pointwise on U. As the net (J;l(cﬁi) o f)
HJ (@)
1.3 (2) guarantees that (J‘jl(qﬁ,-) o f) - Jy ') o f weak* in H*°(U), that is,
(Cr(Jy (@) — Cr(Jy ' () weak* in H®(U). Finally, (Ju (Cy(Jy ' () —
Ju (Cf(J‘j1 (¢))) weak* in G (U)*, and this proves our claim.

Now, by [14, Corollaries 3.1.11 and 3.1.5], there is a unique operator f €
L(G®(U); G=(V)) such that (f)* = Jy o Cy o J;,'. Clearly, || f]| = |I(/)*]| =
[ICrIl =1.Given g € H®(V) and x € U, we have

= ||¢; || for all i, Corollary

is norm-bounded since H Jy ! (¢i) o

(D Uv(©), 8u @) = (v (g) o F,8u ) = (Jv(g), Fux)))

and

((J0 0 €1 o d7H V@), 80 () = (Ju(C(8). 8u () = Ju(g o ), su )
= (£ (1) = (v (). by (F ().

From above, we infer that
(v (®). FGu())) = (Jv(g). 8v(f(x) (g € HX(V), x € U),
the surjectivity of Jy : H®(V) — G®(V)* yields
(6. FGu@)) = (4. 8v(f(x)) (¢ €G¥(V)*, x € V),

and this implies that f o 8y = 8y o f. o

We finish this section with some results related to the transpose of a bounded
holomorphic mapping.
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Let U be an open subset of a complex Banach space E, let F be a complex Banach
space and let f € H>®(U, F). Given ¢ € F*, itisclear that p o f: U — C is
holomorphic with

(o NI =llelllf Ol = llelll flleo

forall x € U. Hence, ¢ o f € H®(U) with [l¢ o flloc < ll@ll |l flloo- This justifies
the following.

Definition 1.5 Let U be an open subset of a complex Banach space E, let F be a
complex Banach space and f € H>®(U, F). We will call the transpose mapping
f': F* — H®(U) defined by f*(¢) = ¢ o f the transpose of f.

Clearly, f* is linear and continuous with || f*|| < || fllso- In fact, || || = || f llso-
Indeed, for 0 < ¢ < || fl, take x € U such that || f(x)|| > || flloc — €. By Hahn—
Banach theorem, there exists ¢ € F* with ||¢| = 1 such that ¢ (f(x)) = || f(x)]]. We
have

1 @ _ ool
t o0 o0
171 = e T 2 T

Z (SN =1FN > 1 flleo — €

=l¢o fll

Letting ¢ — 0, one obtains || f|| > || flls» as desired. Moreover, note that

((Ju o f)9), 8(x)) = (Ju(@o [),8(x))
=9(f(0)) = (¢, Tr((x))
=((Tp)*(9), 8(x))

forallp € F*and x € U, and since G*®(U) = lin(8y (U)), we deduce that Jy o f' =
(Ty)*, that is, ft= Jljl o (Tr)*. We have proved the following.

Proposition 1.6 Let U be an open subset of a complex Banach space E, let F be a
complex Banach space and let f € H®(U, F). Then f' € L(F*; H®(U)) with
NN = Il flloo- Furthermore, f' = JJl o (Ty)*

We next see that the mapping f +> f identifies H>°(U, F) with the subspace of
L(F*; H*®(U)) formed by all weak*-to-weak* continuous linear operators from F*
into H*(U) (see [14, Corollary 3.1.12]).

Proposition 1.7 Let U be an open subset of a complex Banach space E and let F be
a complex Banach space. The mapping f > f' is an isometric isomorphism from
H*(U, F) onto L((F*, w*); (H*(U), w*)).

Proof Let f € H®(U, F).Clearly, ' = J;; o (T)* € LI(F*, w*); (H®(U), w))

by Theorem 1.2 (2) and [14, Theorem 3.1.11]. Moreover, we have || f|| = || |l by
Proposition 1.6. It remains to show the surjectivity of the mapping in the statement.
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Take T € L((F*, w*); (H®(U), w*)). Then, Jy o T € L((F*, w*); (G®U)*, w*))
and, by [14, Theorem 3.1.11], there isa § € L(G*°(U); F) such that S* = Jy o T.
By Theorem 1.2 (3), there exists f € H*(U, F) such that Ty = S. Hence, T =
JJI o (Ty)* = f', as desired. O

2 Linearization of Holomorphic Mappings with Compact Type Range

Let us recall that a bounded linear operator between Banach spaces T : E — F is said
to be compact (separable, weakly compact, Rosenthal, Asplund) if T (Bg) is relatively
compact (respectively, separable, relatively weakly compact, Rosenthal, Asplund) in
F.

We denote by F(E, F), F(E,F), K(E, F), S(E, F), W(E, F), R(E, F) and
A(E, F) the linear spaces of bounded finite-rank linear operators, approximable linear
operators (i.e., operators which are the norm limits of bounded finite-rank operators),
compact linear operators, bounded separable linear operators, weakly compact linear
operators, Rosenthal linear operators and Asplund linear operators from E into F,
respectively. The following inclusions are known:

F(E,F)C F(E,F) CK(E,F) CW(E, F) CR(E, F)N A(E, F),
K(E,F) C S(E, F).

Our aim is to study the following holomorphic variants of these concepts. If U is an
open subset of a complex Banach space E and F is a complex Banach space, we will
consider bounded holomorphic mappings f: U — F that have a range f(U) C F
satisfying an algebraic or topological property as, for instance, finite-dimensional
range, relatively compact range, separable range, relatively weakly compact range,
Rosenthal range or Asplund range.

Note that if 7 € L(E, F), then T is a compact (respectively, separable, weakly
compact, Rosenthal, Asplund) linear operator if and only if the holomorphic map-
ping T |§ has relatively compact (respectively, separable, relatively weakly compact,

Rosenthai Asplund) range.

The study of the connections between these compactness properties of a mapping
f € H®(U, F) and its corresponding associated operator Ty € L(G®(U); F) was
initiated by Mujica in Propositions 3.1 and 3.4 of [16]. Apparently, these results are
the only known on this question and they have been included here with their proofs
for the convenience of the reader. We have divided our study for the different types of
holomorphic mappings considered.
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2.1 Bounded Finite-Rank Holomorphic Mappings

Let us recall (see [16, p. 72]) that a mapping f: U — F has finite rank if lin(f (U))
is a finite dimensional subspace of F in which case this dimension is called the rank
of f and denoted by rank( f). Let H;_-O( U, F) denote the linear space of all bounded
finite-rank holomorphic mappings from U to F.

Theorem 2.1 Let U be an open subset of a complex Banach space E, let F be a
complex Banach space and let f € H*® (U, F). The following are equivalent:

(1) f:U — F has finite rank.
(2) Ty: G®(U) — F has finite rank.
(3) f': F* — H*®(U) has finite rank.

In that case, rank(f) = rank(Ty) = rank((Tf)*) = rank(f").
Proof Recall that f(U) = Ty (6y (U)) by Theorem 1.2 (2).

(1) < (2) ([16, Proposition 3.1 (a)]): If f has finite rank, then lin(f(U)) is finite
dimensional and therefore closed in F'. We have

Tp(G*(U)) = Ty(1in(y (U))) € Ty (lin(Sy (U)))
=1in(T; 8y (U))) = lin(f (U)) = lin(f (V)

and hence T has finite rank. Conversely, if 7 has finite rank, then f has finite rank
since

lin(f(U)) = lin(T¢ 6y (U))) = T¢(lin(8y (U)))
C Ty(lin(8y (U))) = Tr (G (U)).
Furthermore, in this case, we have rank(f) = rank(7’y).

(2) < (3): Since the space F(E, F) of bounded finite-rank linear operators is a
completely symmetric operator ideal (see [20, 4.4.7]), we have

Tr e F(GZW), F) & (Tp)* € F(F*,G*U)")
& f1=J; o (Tp)* € F(F*, H®(U)).

In this case, we now have rank(7'y) = rank((7y)*) = rank(f"). ]

2.2 Holomorphic Mappings with Relatively Compact Range

We denote by HE (U, F) the linear space of all holomorphic mappings from U to
F that have relatively compact range. The equivalence (1) < (3) of the next result
is a version for holomorphic mappings with relatively compact range of the classical
Schauder’s theorem on the relationship of the compactness of a bounded linear operator
between Banach spaces and its adjoint.

@ Springer



On Holomorphic Mappings with Compact Type Range Page90of16 20

Theorem 2.2 Let U be an open subset of a complex Banach space E, let F be a
complex Banach space and let f € H*(U, F). The following are equivalent:

(1) f:U — F has relatively compact range.

(2) Tr: G®(U) — F is compact.

(3) f': F* — H*®(U) is compact.

(4) f': F* — H®U) is bounded-weak*-to-norm continuous.

(5) f': F* — H®(U) is compact and bounded-weak*-to-weak continuous.
(6) f!: F* — H>®(U) is compact and weak*-to-weak continuous.

Proof (1) < (2) ( [16, Proposition 3.1 (b)]): Since 8y (U) S Bg, if Ty €
K(G>°(U), F), then T¢(8y(U)) must be relatively compact in F, and therefore
f e H,OCO(U, F) since f(U) = Ty(sy(U)) by Theorem 1.2 (2). Conversely, since
Bgo(yyy = aco(8y (U)) by Theorem 1.2 (5), one has

Ty (Bgeo)) = Tr(aco(dy(U))) < aco(Tr(8y(U))) < aco(Tr(8y (U))).

So, if f € HEWU,F), then Tr(Sy(U)) is relatively compact in F, hence
aco(T¢(8y (U))) is compact in F' by Mazur’s compactness theorem ( [14, Theorem
2.8.15]) and the fact that aco(A) = co(IDA) for any subset A of a normed space E,
where ID denotes the closed unit disc of C. Therefore T (Bge(y/)) is relatively compact
in F, which means that Ty € K(G*°(U), F).

(2) < (3): Applying Schauder’s theorem [14, Theorem 3.4.15] and [14, Proposi-
tion 3.4.10], we have

Ty € K(G®U), F) & (T)* € K(F*, G™®(U)")
& =15 o (Tp)* € K(F*, H®(U)),
(2) & (4): Similarly, one obtains
Tr € K(G™(U), F) & (Ty)* € LU(F*, bw™); GZU)")
& fl=Jy" o (Tp)* € LUF*, bw*); H®(U)),

by [14, Theorem 3.4.16], where bw* denotes the bounded weak* topology.
4) & (5) < (6) follows directly from [12, Proposition 3.1]. ]

Next, we identify H§® (U, F) with the subspace of L((F*, w*); (G™(U), w™))
consisting of all bounded-weak*-to-norm continuous linear operators from F* into
H>® ().

Proposition 2.3 Ler U be an open subset of a complex Banach space E and let F be

a complex Banach space. The mapping f > f! is an isometric isomorphism from
HE U, F) onto L(F*, bw*); H*(U)).

Proof Let f € H,OCO(U, F). Then, f' € L((F*, bw*); H®(U)) by Theorem
2.2 and ||f']] = | fll by Proposition 1.6. To prove the surjectivity, take
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T e L((F*, bw*); H®(U)). Then, Jy o T € L((F*, bw*); G®U)*). If Qg~w)
denotes the natural injection from G*°(U) into G*(U)**, then Qgooy(y) o
Ju oT € L((F* bw*);C) for all y € G*°(U) and, by [14, Theorem 2.7.8],
Ogey(y) o Jy o T € LU(F*,w*);C) forall y € G®(), thatis, Jy o T €
L(F*, w*); (G=°(U)*, w*)) by [14, Corollary 2.4.5]. Hence, Jy o T = S* for some
S € L(G®(U); F) by [14, Theorem 3.1.11]. Note that S* € L((F*, bw*); G®(U)*)
and this means that § € K(G*(U), F) by [14, Theorem 3.4.16]. Now, S = Ty
for some f € H,OCO(U , F) by Theorem 1.2 (3) and Theorem 2.2. Finally, we have

T=J;' o8 =J; o (Tp)* = f. O
2.3 Bounded Holomorphic Mappings with Separable Range

We denote by HZ' (U, F) the space of all mappings f € H**(U, F) such that f(U)
is separable. Clearly, ’H,OCO(U, F) is contained in HgO(U, F).

Theorem 2.4 Let U be an open subset of a complex Banach space E, let F be a
complex Banach space and let f € H*(U, F). Consider the following assertions:

(1) f: U — F has separable range.

(2) Ty: G®(U) — F has separable range.

(3) (Tr)*: F* — G°(U)* has separable range.
(4) f': F* — H*®(U) has separable range.

Then, (1) & 2) < (3) & 4).

Proof (1) < (2): We next use some inclusions obtained in the proof of Theorem 2.1.
If f(U) is separable, then so is lin(f(U)), and since T7(G®(U)) C lin(f(U)), we
deduce that T (G*°(U)) is separable. Conversely, if T (G*°(U)) is separable, then so
is f(U) since f(U) C lin(f(U)) € Tr(G>(U)).

(3) < (4): We apply that the space S(E, F) of all bounded linear operators between
Banach spaces having separable range is an operator ideal (see [20, 1.8.2]).

(3) = (2): Weapply thatif T € L(E; F)and T* € L(F*; E*),thenT € S(E, F)
(see [20, 4.4.8]). O

2.4 Approximable Bounded Holomorphic Mappings

We now enlarge the set of bounded finite-rank holomorphic mappings as follows. We
say that a mapping f € H*(U, F) is approximable if it is the limit in the uniform
norm of a sequence of mappings of H% (U, F). The set of such mappings will be
denoted by H%(U , F).

Next, we see that every approximable mapping f € H*(U, F) has relatively
compact range.

Proposition 2.5 Let U be an open subset of a complex Banach space E and let F be
a complex Banach space. Then, H%(U ,F) CHEWU, F).
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Proof Let f € H%(U, F). Hence, there is a sequence (fu)neN in HZ (U, F) such
that || f, — flloo = 0 asn — oo. Since Ty, € F(G®U), F) by Theorem 2.1,

F(G®(U), F) € K(G™U), F) and || Ty, = T¢| = |Ts—s| = Ifu = fllso for
all n € N, we deduce that Ty € K(G™(U), F) by [14, Corollary 3.4.9], and so
f e Hg (U, F) by Theorem 2.2. O

An application of the principle of local reflexivity obtained by C. V. Hutton [11]
shows that an operator 7 € L(E; F) can be approximated by bounded finite-rank
linear operators from E into F if and only if 7* can be approximated by bounded
finite-rank linear operators from F* into E*. We now invoke Hutton’s theorem to
obtain the following.

Theorem 2.6 Let U be an open subset of a complex Banach space E, let F be a
complex Banach space and f € H*® (U, F). The following are equivalent:

(1) f:U — F can be approximated by bounded finite-rank holomorphic mappings.
(2) Ty: G®(U) — F can be approximated by bounded finite-rank linear operators.
(3) f': F* — H®(U) can be approximated by bounded finite-rank linear operators.

Proof We have

feHRU, F) & Ty € F(GXU), F)
& (Tp)* € F(F*,G(U)*)
o 1=, o (Tp)* € F(F*, H®(U))

by Theorem 1.2 (3) and Theorem 2.1 for the first equivalence, Hutton_’ s theorem [11,
Theorem 2.1] for the second one, and the operator ideal property of F(E, F) for the
third one [20, 4.2.2]. O

2.5 Holomorphic Mappings with Relatively Weakly Compact Range

The Davis—Figiel-Johnson—Pelczynski factorization theorem [5] asserts that any
weakly compact linear operator between Banach spaces factors through a reflexive
Banach space. We now extend this result to holomorphic mappings with relatively
weakly compact range and give also the analogs of Gantmacher and Gantmacher—
Nakamura theorems for such mappings.

We will denote by HJy,(U, F) the linear space of all holomorphic mappings from
U to F that have relatively weakly compact range. Clearly, H{® (U, F) is contained
in HY, (U, F).

Theorem 2.7 Let U be an open subset of a complex Banach space E, let F be a
complex Banach space and let f € H*® (U, F). The following are equivalent:

(1) f:U — F has relatively weakly compact range.

(2) Tr: G*(U) — F is weakly compact.

(3) There exist a reflexive complex Banach space G, an operator T € L(G; F) and a
mapping g € H*(U, G) suchthat f =T o g.
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(4) f': F* — H>®(U) is weakly compact.
(5) f!: F* — H>®(U) is weak*-to-weak continuous.

Proof (1) < (2) ([16, Proposition 3.1 (b)]): It follows with a similar proof to that
of the equivalence (1) < (2) of Theorem 2.2 by taking into account that the norm
closure and weak closure of the convex hull of a subset of a normed space coincide [14,
Corollary 2.5.18] and that the norm-closed convex hull of a weakly compact subset
of a Banach space is itself weakly compact [14, Theorem 2.8.14].

(2) = (3): Applying the Davis—Figiel-Johnson—Petczynski theorem, there exist a
reflexive complex Banach space G and operators T € L(G; F)and S € L(G®(U); G)
such that Ty = T o S. Taking g := S o dy € H*(U, G), we conclude that [ =
Trody=ToSody=Tog.

3) = (1): f(U) = T(g(U)) is relatively weakly compact because T is weak-
to-weak continuous by [14, Theorem 2.5.11] and g(U) is relatively weakly compact
in G since it is a bounded subset of the reflexive Banach space G (see [14, Theorem
2.8.2]).

(2) & (4): We have

Tr € W(GX(U), F) ¢ (Ty)* € W(F*,G®(U)*)
& =5 o (Tp)* e W(F*, H®(U)),

by Gantmacher’s theorem [14, Theorem 3.5.13] and [14, Proposition 3.5.11].
(2) & (5): We have

Ty e W(GFWU), F) & (Ty)" € LUF*, w"); (GFWU), w))
& fl=J5 o (Tp)* € LUF*, w*); (HX(U), w))

by Gantmacher—Nakamura’s theorem [ 14, Theorem 3.5.14] and [ 14, Corollary 2.5.12].
m}

We next identify H%(U, F) with the subspace of L((F*, w*); (G=°(U), w*))
formed by all weak*-to-weak continuous linear operators from F* into H>*°(U).

Proposition 2.8 Ler U be an open subset of a complex Banach space E and let F be
a complex Banach space. The mapping f > f' is an isometric isomorphism from
Hy (U, F) onto L((F*, w*); (H*(U), w)).

Proof In view of Theorem 2.7 and Proposition 1.6, we only need to show that the
mapping in the statement is surjective. Let T € L((F*, w*); (H*®(U), w)). Then,
JuoT € LUF*, w*); (G®°U)*, w)) by [14, Theorem 2.5.11], and this last set is
contained in L((F*, w*); (G (U)*, w*)) since the weak topology is stronger than the
weak* topology on the dual of a normed space. It follows that Jiy o T = S* for some
S € L(G®(U); F)by[14, Theorem3.1.11]. Hence, §* € L((F*, w*); (G®(U)*, w))
and, by Gantmacher—Nakamura’s theorem [14, Theorem 3.5.14], § € W(G*°(U), F).
Now, § = Ty forsome f € H%(U , F) by Theorem 1.2 (3) and Theorem 2.7. Finally,

T=J[;10S*=J[jlo(Tf)*zf’,asdesired. O
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2.6 Bounded Holomorphic Mappings with Rosenthal Range

Given Banach spaces E and F, a set A C E is called Rosenthal (or conditionally
weakly compact) if every sequence in A admits a weak Cauchy subsequence, and
a bounded linear operator T: E — F is called a Rosenthal operator if T(Bg) is a
Rosenthal subset of F'. Itis known (see, for example, [1]) that T: E — F is Rosenthal
if and only if it factors through a Banach space that does not contain an isomorphic
copy of £.

‘We now prove a similar result for holomorphic mappings with Rosenthal range, and
the Rosenthal factorization theorem then allows us to factor these mappings through a
Banach space not containing an isomorphic copy of £;. We denote by H5' (U, F) the
linear space of all bounded holomorphic mappings from U to F' that have Rosenthal
range. Clearly, Hyy,(U, F) is contained in H (U, F).

Theorem 2.9 Let U be an open subset of a complex Banach space E, let F be a
complex Banach space and let f € H*® (U, F). The following are equivalent:

(1) f:U — F has Rosenthal range.

(2) Ty: G®(U) — F is Rosenthal.

(3) There exist a complex Banach space G which does not contain an isomorphic
copy of £1, an operator T € L(G; F) and a mapping g € H*° (U, G) such that
f=Tog.

Proof (1) < (2): It can be proved similarly as the same equivalence in Theorem 2.2
taking into account that the norm-closed absolutely convex hull of a Rosenthal subset
of a Banach space is itself Rosenthal (see [13, p. 357]).

(2) = (3): Rosenthal factorization theorem (see e.g., [1]) gives a complex Banach
space G not containing an isomorphic copy of ¢; and operators T € L(G; F) and
S e LG®WU); G)suchthat Ty = T o S. If we write g := Sody € H*(U, G), then
f=Tfody=ToSody=Tog.

(3) = (1): Notice that f(U) = T(g(U)) where T is weak-to-weak continuous
[14, Theorem 2.5.11] and g(U) is Rosenthal in G by Rosenthal’s £1-theorem [22]. O

2.7 Holomorphic Mappings with Asplund Range

By [4, Definition 5.1.2], a bounded set D C E is said to be Asplund or to have the
Asplund property if every convex continuous function f: E — R is D-differentiable
on aresidual subset of E. A Banach space E is called an Asplund space if every convex
continuous function f: E — R is Fréchet differentiable on a dense G setin E. This
definition is due to E. Asplund [3] under the name strong differentiability space. We
refer to R. D. Bourgin [4, Theorem 5.2.11] and R. R. Phelps [19, Theorem 2.34] for
some equivalent formulations of the concept of Asplund set in a Banach space. In
particular, we remark that the Asplund spaces are the Banach spaces for which each
separable subspace has a separable dual. We will also use the paper [25] by C. Stegall
for the properties of Asplund sets and Asplund operators in Banach spaces (see also
Theorem 5.5.4 in [4]).
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Following [25, Definition 1.2], we say that a closed, bounded, convex subset K
of a Banach space E has the Radon—Nikodym property (RNP) if for any finite mea-
sure space (€2, X, u), every m: ¥ — E that is u-continuous, countably additive,
of finite variation, with average range {M(E)_lm(E): EeX puE) >0} CK,is
representable by a Bochner integrable function. A Banach space E has RNP if every
closed, bounded and convex subset of £ has RNP. By [25, Theorem 2.8], a Banach
space E is an Asplund space if and only if E* has RNP.

Given two Banach spaces E and F, we say that an operator T € L(E; F) is
Radon—Nikodym if T factors through a Banach space W with W having RNP. We
denote by RN (E, F) the linear space of all Radon—-Nikodym operators from E into
F. According to [25, Theorem 2.11], we have that T € A(E, F) if and only if
T* € RN (F*, E*).

We will denote by HY (U, F) the linear space of all holomorphic mappings from
U to F such that f(U) is an Asplund subset of F. Clearly, H%(U , F) is contained
in YU, F).

Theorem 2.10 Let U be an open subset of a complex Banach space E, let F be a
complex Banach space and let f € H*® (U, F). The following are equivalent:

(1) f:U — F has Asplund range.

(2) Ty: G®(U) — F is Asplund.

(3) There exist a complex Asplund space G, an operator T € L(G; F) and a mapping
g € H®(U, G) suchthat f =T o g.

(4) f': F* — H*(U) is Radon—Nikodym.

Proof (1) < (2): Since f(U) is an Asplund set and T's(Bgeo(y) < aco(f(U)), then
T (Bgoo(yy) is an Asplund set by Lemmas 1.3 and 1.4 in [25] and Theorem 5.5.4 in [4].
(2) = 3):If Ty € A(G®(U), F), then Theorem 2.11 in [25] assures that Ty = T o S
with § € L(G®WU); G) and T € L(G; F), where G is a complex Asplund space.
Taking g := Sody € H®(U,G),wehave f = Tfody =T oSody =T og.
3) = (1): f(U) =T(g(U)) is an Asplund set by Theorem 2.8, Theorem 1.13 and
Lemma 1.7 in [25]. (2) < (4): By [25, Theorem 2.11], [20, 24.2] and Proposition
1.6, we have

Ty € AG™U), F) & (Ty)" € RN(F*,G*(U)")
& f1=J;" o (Tp)* € RN(F*, H®(U)). o
Combining Theorem 1.2 (3) with the results stated above, we see that the isometric

isomorphism f +— Ty from H*°(U, F) onto L(G*°(U); F) induces the following
identifications.

Corollary 2.11 Let U be an open subset of a complex Banach space E and let F be
a complex Banach space. The mapping f + Ty is an isometric isomorphism from

HP U, F) onto T(G®(U), F) in the cases T = F, K, S, F, W, R, A.

Acknowledgements The authors are grateful to the referees for their helpful comments that have improved
this paper.

@ Springer



On Holomorphic Mappings with Compact Type Range Page150f16 20

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature.

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Alvarez, T.: Factoring Rosenthal operators. Publ. Mat. 32(1), 87-89 (1988)
. Aron, R.M., Schottenloher, M.: Compact holomorphic mappings on Banach spaces and the approxi-
mation property. J. Funct. Anal. 21, 7-30 (1976)
3. Asplund, E.: Fréchet differentiability of convex functions. Acta Math. 121, 31-47 (1968)
4. Bourgin, R.D.: Geometric aspects of convex sets with the Radon—Nikodym property, Lecture Notes in
Math. 993 (1983)
5. Davis, W.J., Figiel, T., Johnson, W.B., Petczynski, A.: Factoring weakly compact operators. J. Funct.
Anal. 17, 311-327 (1974)
6. Dineen, S.: Complex analysis in locally convex spaces. Elsevier, North Holland (1981)
7. Galindo, P., Garcia, D., Maestre, M.: Holomorphic mappings of bounded type. J. Math. Anal. Appl.
166(1), 236246 (1992)
8. Gonzilez, M., Gutiérrez, J. M.: Résultats de dualité pour applications non linéaires. (French) [Duality
results for nonlinear maps] C. R. Acad. Sci. Paris Sér. I Math. 316(9), 901-904, (1993)
9. Gonzdlez, M., Gutiérrez, J.M.: Schauder type theorems for differentiable and holomorphic mappings.
Monatshefte Math. 122(4), 325-343 (1996)

10. Gonzdlez, M., Gutiérrez, J.M.: Gantmacher type theorems for holomorphic mappings. Math. Nachr.
186, 131-145 (1997)

11. Hutton, C.V.: On the approximation numbers of an operator ideal and its adjoint. Math. Ann. 210,
277-280 (1974)

12. Kim, J.M.: On spaces of weak™ to weak continuous compact operators. Bull. Korean Math. Soc. 50(1),
161-173 (2013)

13. Lindstrom, M.: On compact and bounding holomorphic mappings. Proc. Am. Math. Soc. 105(2),
356-361 (1989)

14. Megginson, R.E.: An introduction to banach space theory. Springer, New York (1998)

15. Mujica, J.: Complex analysis in Banach spaces. Holomorphic functions and domains of holomorphy
in finite and infinite dimensions. North-Holland Mathematics Studies, 120. Notas de Matematica
[Mathematical Notes], 107. North-Holland Publishing Co., Amsterdam, (1986)

16. Mujica, J.: Linearization of bounded holomorphic mappings on banach spaces. Trans. Am. Math. Soc.
324, 867-887 (1991)

17. Mujica, J., Nachbin, L.: Linearization of holomorphic mappings on locally convex spaces. J. Math.
Pures Appl. 71(6), 543-560 (1992)

18. Ng, K.F.: On a theorem of Dixmier. Math. Scand. 29, 279-280 (1971)

19. Phelps, R.R.: Convex functions, monotone mappings and differentiability (2nd ed.), Lecture Notes in
Mathematics, vol. 1364. Springer, Berlin (1993)

20. Pietsch, A.: Operator ideals, North-Holland mathematical library (Translated from German by the
author), vol. 20, North-Holland Publishing Co., Amsterdam-New York (1980)

21. Robertson, N.: Asplund operators and holomorphic maps. Manuscripta Math. 75(1), 25-34 (1992)

o -

@ Springer


http://creativecommons.org/licenses/by/4.0/

20 Page160f16 A.Jiménez-Vargas et al.

22. Rosenthal, H.P.: A characterization of banach spaces containing £1. Proc. Natl. Acad. Sci. 71, 241-243
(1974)

23. Ryan, R.: Applications of topological tensor products to infinite-dimensional holomorphy, Ph.D. The-
sis, Trinity College, Dublin (1980)

24. Ryan, R.: Weakly compact holomorphic mappings on banach spaces. Pac. J. Math. 131(1), 179-190
(1988)

25. Stegall, C.: The Radon-Nikodym property in conjugate banach spaces. II. Trans. Am. Math. Soc.
264(2), 507-519 (1981)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	On Holomorphic Mappings with Compact Type Range
	Abstract
	Introduction
	1 Preliminaries
	2 Linearization of Holomorphic Mappings with Compact Type Range
	2.1 Bounded Finite-Rank Holomorphic Mappings
	2.2 Holomorphic Mappings with Relatively Compact Range
	2.3 Bounded Holomorphic Mappings with Separable Range
	2.4 Approximable Bounded Holomorphic Mappings
	2.5 Holomorphic Mappings with Relatively Weakly Compact Range
	2.6 Bounded Holomorphic Mappings with Rosenthal Range
	2.7 Holomorphic Mappings with Asplund Range

	Acknowledgements
	References




