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Abstract

This paper is concerned with a class of nonlocal dispersal problem with Dirichlet
boundary conditions. We analyze the limit of solutions when the dispersal kernel is
rescaled. Our main results reveal that the solutions of Dirichlet heat equation can be
approximated by the nonlocal dispersal equation. The investigation also shows that the
nonlocal dispersal equation is similar to the convection—diffusion equation by taking
another special kernel function.
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1 Introduction

Let K : RV xRY > R be a nonnegative, continuous function such that
f]RN K (y,x)dy = 1 for all x € R¥. Nonlocal dispersal equation of the form

u;(x,1) =A;N K, yu(y,t)dy —u(x,1t), (1.1)

and variations of it have been widely used to model diffusion process [1, 3]. As
stated in [9, 11], if u(x, ¢) is thought as a density at position x at time ¢ and the
probability distribution that individuals jump from y to x is given by K (x, y), then
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]RN K (x, y)u(y, t) dy denotes the rate at which individuals are arriving to position
x from all other places and u(x,t) = fRN K(y, x)u(x,t)dy is the rate at which
they are leaving position x to all other places. This consideration, in the absence of
external sources, leads immediately to that u(x, ) satisfies (1.1). For recent references
on nonlocal dispersal equations, see [2—4, 17, 19] and references therein.

Itis known from [1, 9] that nonlocal dispersal equation shares many properties with
the classical heat equation. Moreover, Cortazar et al. [6] proved that a suitable rescaled
nonlocal equation with convolution kernel function can approximate the classical heat
equation with Dirichlet boundary condition. We refer to [5, 13—16, 18] for the recent
study of nonlocal rescaled problems. In the present paper, we study nonlocal dispersal
problem with non-homogeneous kernel functions. We then analyze the approximation
solutions when the dispersal kernel is rescaled. To do this, let us first consider the
nonlocal dispersal equation

ur(x,t) = fRN Jx, x —y)[u(y,t) —u(x,t)]dy in Q x (0, 00),
u(x,t) =g(x,1) inRVM\Q x (0,00), (1.2)
u(x, 0) = uo(x) inQ,

where € is a bounded smooth domain of RY, J : R¥Y x RY — Risa nonnegative
dispersal kernel such that fRN J(x,y)dy =1 for any x € RY. The function g(x,t)
is defined for x € ]RN\Q, t > 0 and ug(x) is defined for x € 2. In (1.2), the values
of u(x, t) are prescribed outside €2, which is analogous to the Dirichlet boundary
condition for heat equation [1, 4]. Throughout this paper, we make the following
assumptions.

(A1) J : RY x R¥Y — R is nonnegative, smooth, J(0,0) > 0, J(x,y) =

J(Ixl, [yD) forx, y € RN.Moreover, [pv J(x, y)dy = land [py J(x, y)|y[*dy <

oo for any x € RV,

(A2) The function g(x, t) and uo(x) are smooth functions.

It follows from the assumption (A1) that the dispersal kernel function J may not
be a symmetric function. However, we shall prove that the rescaled nonlocal dispersal
equation of (1.2) is analogous to heat equation

us(x,t) = Au(x,t) in Q2 x (0, 00),
u(x,t) =g(x,t) in Q2 x (0, 00), (1.3)
u(x,0) = ug(x) in Q.

Note that the regularity of solution u(x, ¢) to (1.3) is related to the properties of €2,
up(x) and g(x, 1), see [7, 8]. So in this paper, we assume that u(x, t) is the unique
solution to (1.3) and

= C2+a,1+0{/2(§2 x [0, T1)

for some 0 < o < 1. Take ¢ > 0, we consider the rescaled kernel function of J(x) as
follows
8 = —— (x,
ST N\ )
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here d(x) is given by
1
dx) == | J@x, lyl*dy. 1.4
0= 5y [, TPy (14)

By (A1), we know that d(x) is positive and finite for x € 2. We then consider the
nonlocal dispersal equation

(ue)i(x, 1) = S%fRNJe(x, X = Wue(y, 1) —uelx, )]dy inQ x (0, 00),
ugs(x, 1) =g(x,t) in RN\Q x (0, 00),
ug(x,0) = ug(x) in Q.
(1.5)
Existence and uniqueness of solutions to (1.5) will be established in Sect. 2. We show
that there exists a unique solution u. (x, ¢) to (1.5) such that

ue € C'([0, 00); L'()).

Now, we are ready to state the main result.

Theorem 1.1 Assume that u € C*te-14/2(Q3 x [0, T)) is the solution of (1.3) and
ug(x,t) is the solution of (1.5), respectively. Then, there exists C = C(T) such that

sup flug(-, 1) —u(-, 1)|Lo@) < Ce” — 0ase — 0.
1€10.T]

From Theorem 1.1, we can see that the nonlocal dispersal Eq. (1.5) is similar to the
Dirichlet heat equation (1.3). It follows from the classical works of Ignat and Rossi
[10] that the asymmetric nonlocal dispersal equation may be similar to the convection—
diffusion equation. However, our result shows that the nonlocal dispersal Eq. (1.5) may
also be similar to the diffusion equation without convection.

In the second part of this paper, let us consider the nonlocal dispersal equation

ur(x, 1) = fpn J(y,x — Yy, 1) —u(x,1)]dy in Q2 x (0, 00),
u(x,t) =g(x, 1) in RN\ x (0, 00), (1.6)
u(x,0) = up(x) in Q.

For ¢ > 0, we use the rescaled kernel function

1
1000 = s ()

eNd(x) g

and study the rescaled nonlocal dispersal equation

uf (1) = 2L fon JE(y, x — Y (v, 1) —u®(x, H)]dy in Q x (0, 00),
uf(x, 1) = g(x, 1) in RM\ x (0, 00),
u®(x,0) = ug(x) in ,

(1.7)
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here, d(x) is given in (1.4). Existence and uniqueness of solutions to (1.6) and (1.7)
will be established in Sect. 2. We show that there exists a unique solution u®(x, t) to
(1.5) such that

u® € C1([0, c0); L' (Q)).

In order to get a simple statement, we assume further that J satisfies the following
condition.

(A3) There exists ¢ > 0 such that J(x, y) = 0 for [x|] > c and |y| > c.
We shall prove that the rescaled nonlocal dispersal Eq. (1.7) will approximate the

convection—diffusion equation

uy = Au+qx)-Vu inQ x (0, 00),
ulx,t) =g(x,t) in 02 x (0, 00), (1.8)
u(x,0) = up(x) in 2,

where ¢(x) = (q1(x), g2(x), - -+ , gy (x)) and g; (x) is given by

‘ _ 1 aJ(x,y) '
ql(x)—d(x) /RN ™ yyidy

fori =1,2,--- ,Nandy = (y1,¥2, -+, YN)-.

Theorem 1.2 Assume that (A1) — (A3) hold. Let u € C*te-142/2(¢3 x [0, T']) be the
solution of (1.8) and u®(x, t) be the solution of (1.7), respectively. Then, we have

sup [u®(, 1) —u(-, t)llp=@ — 0ase — 0.
tel0,T]

By Theorem 1.2, we know that the nonlocal Dirichlet Eq. (1.7) is similar to the
classical convection—diffusion equation. Our main results reveal that nonlocal dispersal
equation with non-homogeneous kernel function may also be similar to convection—
diffusion equation.

The rest of the paper is organized as follows. In Sect. 2, we prove existence
and uniqueness of solutions to our nonlocal models. The main results are proved in
Sect. 3.

2 Existence and Uniqueness

In this section, we establish the existence and uniqueness of solutions to our main
models. Here by a solution of (1.2), it is understood in an integral sense.

Definition 2.1 A solution of (1.2) is a function u € C([0, 00); L' (2)) such that

t
ulx,r) = uo(x)—i—/ / Jx, x—=[uly,s)—ulx,s)]dyds, (x,t) € Qx (0, 00),
0 JRN
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and
u(x, 1) = g(x, 1), (x,1) € RN\Q x (0, 00).

The solution of (1.6) can be defined by a similar way. Since the argument for (1.6)
is analogous, we first study the model (1.2). Existence and uniqueness will be obtained
by Banach’s fixed point theorem. Fix 7y > 0 and consider the space

X, = {w € C([0, 10]; L' ())}.
We then know that X;, is a Banach space with norm
ol = max [l )

Define 7 : X;, — X;, by

t
Ty (w)(x, 1) = up(x) +/ /N J(x, x —y)[u(y,s) —u(x,s)ldyds, (x,t) € Q x (0, 00),
0o Jr
where it is assumed that
ux, 1) =g(x, 1), (x,1) € RN\Q x (0, 00).

Lemma 2.2 Assume that ug, vo € L' (). Then, there exists C > 0 depending only on
J and 2 such that

1117wy (w) — Toy (| < Ciolllu — v|l| + [luo — vollL1(q)
Joru,veXy.
Proof Note that
[1Zuo () — Ty (D11 ()
< /Q /0[ /RN J(x,x = y)([u(y,s) —v(y, s)] = [ulx,s) —v(x, s])dyds

xdx + |luo — voll L1 ()

t
5/ f/](x,x—y)|u(y,s)—v(y,s)|dydxds
0 QJIQ

t
+/0 /Q/QJ(x,x—y)lu(y,s)—v(y,s)ldydxds—i-||uo—v0||L1(gz),

we obtain that
1170 (w) — Ty (D] < Ctolllu — vl + [luo — vollL1(g)
for some C > 0. O
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Theorem 2.3 For every ug € L'(2), there exists a unique solution u(x, t) to (1.2) and
u € C'([0, 00); L1(2)). Q2.1

Proof By the definition of 7,,, we know that 7,,, maps X, into Xj,. Then, it follows
from Lemma 2.2 that 7, is a contraction map if we choose 7y small enough such that
Cty < 1. By Banach’s fixed point theorem, we get the existence and uniqueness of
solutions in the interval [0, 7y]. Then, we take u(x, fo) € L'(S2) as initial value and we
can obtain a solution up to [0, 27y]. Iterating this procedure, we get a solution u(x, )
such that

u € C([0, 00); L (Q)). (2.2)

But for any § # 0 and ¢ > 0, we have
ulx,t+68) —u(x,t)
t+8
:/ / J(x, x — ) [uly,s) —ulx,s)]dyds.
t RN

It follows from (2.2) and Lebesgue theorem that

ulx,t+68) —u(x,t) _

lim / Jx, x —y)u(y,t) —u(x,t)]dyds.
§—0+ ) RN
Hence, we know that (2.1) holds. O

Analogously, we obtain the following result.

Theorem 2.4 Foreveryug € LY(Q), there exists a unique solution u(x, t) to (1.6) and
u e C'([0, 00); L'()).
Atthe end of this section, we give the comparison principle. The sub-super solutions

are defined as follows.

Definition 2.5 A function u € C((0, T); L'()) is a super-solution to (1.2) if

ul‘(-xvt) Z fRN J(-x’-x - y)[u(yvt) _M(-xvt)]dyv X € Qat > 0’
u(-x7t)zg(xvt)ﬂ XGRN\Q,I>O,
u(x, 0) = uo(x), x € Q.

The sub-solution is defined analogously by reversing the inequalities.
We have the following results on sub-super solutions. One can see [6] for a similar
proof.

Theorem 2.6 Assume that u(x,t), v(x,t) are a pair of super-sub solutions to (1.2).
Then, u(x,t) > v(x,1t) for (x,t) € Q x (0, 00).

Theorem 2.7 Assume that u(x, t), v(x, t) are a pair of super-sub solutions to (1.6).
Then, u(x,t) > v(x,t) for (x,t) € Q x (0, 00).
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3 Proof of Main Results

In this section, we shall prove the main results of this paper. We first consider the case
of nonlocal dispersal Eq. (1.2).

Proof of Theorem 1.1 In (1.3), the functions g(x, #) and uo(x) are smooth, and we then
canextend u(x, t) to the whole space, see [8, 12]. Let v(x, t) be a CZte1+e/2 extension
of u(x,t) to RY x [0, T] and consider the operator

1
Le(w) = —2/ Je(x,x = Yoy, 1) —w(x,1)]dy.
& RN
We can see that V(x, 1) satisfies

Vi(x,t) =L (0)(x,t) + Fe(x,1), xe€Q,te(0,T],
v(x, 1) =g(x, 1)+ G(x,1), x e RM\Q, 1€ (0,T], 3.1
v(x,0) = uo(x), xeq,

where
Fe(x,1) = —L:(V)(x,1) + AV(x, 1).

Since G(x,1) = v(x, ) — g(x, t) is smooth and G (x, 1) = 0 for x € 92, we can find
M, > 0, such that
IG(x, )| < Me (3.2)

for x satisfying dist(x, 0Q2) < ¢.
The existence and uniqueness of solution u. (x, ¢) to (1.5) are followed by Theorem
2.3. Define we(x, 1) = V(x, t) — ues(x, t), then we get

(wS)l‘(-xv t) = Lé‘(a)é‘)(xv t) + Fé‘(-xa t)v X € Qvt € (Oa T]a
we(x, 1) = G(x,1), x e RM\Q, 1€ (0,T],
a)g(x,O)=O, x € Q.

Note that 7 € C2+14%/2(Q3 x [0, T]), we claim that there exists M> > 0 such that

sup |[[Fellreo@) = sup [[AV — L (V)| 1o(@) < Mag®. (3.3)
1€[0,T] 1€[0,T]

In fact, we know that

AV(x, 1) — L (V)(x,1)

~ 1 ~ ~
= AU(.X, t) - 82d(x) /I\QN JS(x’x - )’)[U(ya [) - 'U(X, t)]dy

~ 1 X=Y\ ~ ~
ZAv(x’t)_gN+2—d(_x) RNJ(X,?) [v(y,t)—v(x,t)]dy

~ 1 ~ ~
= Av(x,t) — % /]RN J(x,2)[v(x —ez, t) —v(x,t)]dz.
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8 Page8of13 Y. Dy, J-W. Sun

But 7 e C*t*142/2(Q % [0, T]), a simple argument from Taylor’s theorem shows
that -
AV(x,t) — L(V)(x, 1)

1 X avx, 1)
= AV(x,t) + d 00 Z ox; /RN J(x,2)zidz

N
9%V (x, 1)
J ,2)zizj dz + O(e”).
Zd(x Z: T, (¥, Dzizjdz+ 0(e%)

By the assumption (A1), we have

/ J(x,2)z;dz =0
RN

fori =1,2---, N and

J(x,2)zizjdz =0
RN

fori,j=1,2---,Nandi # j. Accordingly,

AV(x,t) — L:(D)(x, 1)

N 2~
- 1 d v(x,t)[ 5
= AV(x,1) — J(x,2)zidz + O(e®
Hey 2d(x)i§1: ax;  Jry (g de+ O

= 0(s%).
Hence,
sup || Fellzoo@) = sup |AV — Le(D)llp=@) < Mag”.
1€[0,T] 1€[0,T]
This gives that (3.3) holds.
Now, denote

wx,t) = Me% + Mje.

For x € 2, we have
Wi (x, 1) — Le(W)(x, 1) = M1e% > F(x,1) = (we)r(x, 1) — Le(we)(x,1). (3.4)
In view of (3.1-3.2), by choosing M, large, we obtain
wx,t) > we(x,t)
forx € RN\Q such that dist(x, 0R2) < e and t € [0, T]. Moreover, it is clear that
w(x,0) = Kre > we(x,0) =0. (3.5)

@ Springer



Approximation Solutions of Some Nonlocal... Page9of13 8

Thanks to (3.4-3.5), we have w(x, t) is the super-solution of (3.1). This yields
we(x, ) <wx,t) = K16% + Kse.

By a similar way, we can show that

w=—K &% — Kre
is a sub-solution and
we(x, 1) > w(x,t) = —Ke% — Kje.
Hence,
sup |lue(, 1) —u(, Hllr=x@) <Ce* -0 as ¢ -0
t€l0,T]
and we end the proof. O

In order to prove Theorem 1.2, we consider the elliptic equation

2 c .
vt(x, t) — Zf\’]JZI algj(x)a U(X,t) + ZIIV:I qlg(x)%;;l) m Q X (0, OO),

axiaxj'
v(x, 1) = g(x, 1) in 92 x (0, 00), (3.6)
v(x,0) = up(x) in Q,
where ¢ > 0, the coefficients
al.(x) = ! / J(x —ez,2)ziz;d
ij _2d(x) RN Z,2)ZiTjaz
and :
8 _ — — .
q; (x) = TES) /RN J(x —ez,2)zidz

fori, j=1,2---, N. We know from [8, 12] that (3.6) admits a unique solution
v& c C2+Dt,1+0t/2(g_2 % [0’ T])

We then have the following results.

Lemma 3.1 Assume that (A1) — (A3) hold. Let v(x,t) and v¢(x, t) be the solutions
of (1.8) and (3.6), respectively. Then, we have

sup [[v¥(-, 1) — v(, Dllre@ — 0ase — 0. 3.7
t€[0,T]

Proof Since

lim [ J(x —ez,2)zizjdz = / J(x,2)ziz; dz uniformly in Q
RN

e—=0 JrN
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8 Page100f13 Y. Dy, J-W. Sun

fori,j=1,2,---,Nand

/ J(x,2)zizjdz =0
RN
fori # j, we get
| ifi—
lim af; (x) = 1 l J.’
e—0 0 ifi #j.

On the other hand, we have

. 1 0J(x,z
lim -J(x —ez,2)zidz = —/ ¥ZZ:’ dz.
e—0 JpN € RN ax
and so B
lim ¢; (x) = g;(x) uniformly in Q
e—>0
fori =1,2,---, N. Hence, we know that (3.7) holds. O

Lemma 3.2 Assume that (A1) — (A3) hold. Let v¢(x, t) be the solution of (3.6) and
u®(x, t) be the solution of (1.7), respectively. Then, we have

sup [[u® (-, 1) — v (-, D)llLeo@) — Oas e — 0.
te[0,T]

Proof Let 7¢(x,t) € RN x [0, T] be the extension of v¢ (x, 1) to RY x [0, T'], where
vé(x, t) is the unique solution to (3.6). Define the operator

1
LY (w) = ) /RN Ty, x = o, 1) —olx, )]dy.

Then, % (x, t) satisfies

Ff(x,l‘)=L8(58)(x,t)+Fg(x,l), xe,te(0,T],
v (x,t) = g(x,t) + G(x, 1), x e RM\Q, t €(0,T],
1°(x, 0) = up(x), xeQ,

where

N ~e
Fo(x,0) = —=LF @) (x, 1) + Z af; (x )a v (’C 2 +qu(x>—3vag,—’ 0,
i=1 t

i,j=1

Besides, since G(x,t) = v°(x, ) — g(x, 1) is smooth and G(x,t) = 0if x € 92,
then there exists M| > 0 such that

|G(x, )| < M¢
for x such that dist(x, 0Q2) < &.
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Denote w® (x, t) = v*(x, t) — u®(x, t), then we have

wi(x,t) = L*(w®)(x, 1)+ Fé(x,1), x € Q,te(0,T],
wé(x,t) = G(x, 1), x e RM\Q,re(0,T],

wé(x,0) =0, x € Q.

We claim that for ¢ > 0 is small, there exists M, > 0 such that

sup || Fellpo(@) < Mae®. (3.8)
1€[0,T]
In fact, we always have
N N ~
2%¢ (x, 1) 0% (x, 1) -~
Z ag; (x )—+qu<x)a—xl_ — L () (x, 1)
i,j=1 i=1
2e
- Z ISJ( )Bav gx t)
i,j=1 Xj
N vt (x t) 1 xX—y
; Jly, —= | [y, 1) = V(x,1)]dy.
+2 4w = 00 o <y - )[v(y ) = B(x. D] dy

i=1

Setz = (x — y) /e, then we get

1
WANJQ» - >[v(y, 1) —v(x,0)ldy

EZR

1 N av(x, 1)
=3 - J(x —¢ez,2) [; a—xi(—szl')

2~
- Z 07vlx, t)( ezi)(—ez;) + 0(*™) | dz

~ 0x;0x;

1 ov(x,t)
— E —J(x — ¢z, ; d
/RN 2. (x —ez,2)zi ox Z

1

/ Z J(x — ez, z)z,z,wdz-f- 0(e"),
Xj

i,j=1

this also shows that (3.8) holds,
Denote
w(x,t) = K16% + Kae.

1
=5, J(x —ez,)[0(x —ez, 1) —V(x,)]dz
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8 Page120f13 Y. Dy, J-W. Sun

For x € 2, by the claim above, we have

Wx, 1) — L) (x, 1) = K16% > Fo(x, 1) = (we),(x, 1) — LE (we) (x, ). (3.9)
We can take K7 large enough such that

w(x, 1) = Mie = |G(x, 1)
forx € RN\Q satisfying dist(x, 9Q2) < e and ¢ € [0, T']. Moreover, we have
w(x,0) = Kre > we(x,0) =0. (3.10)
Thanks to (3.9-3.10), we use the comparison principle to obtain
we(x,t) <w(x,t) = K% + Kpe.

Similarly, we can show that

we(x, 1) > wx, 1) = —Ke% — Kpe.
Hence,
sup |[ug(-, 1) — v(-, 1)||zo(@) < Ce”.
1€[0,T]
We end the proof. O

At last, let v € C2H14+2/2(Q3 % [0, T]) be the solution of (1.8). Then, we have
(-, 1) = v, Dz < 07 1) —v(, DL + [’ 1) — v, )| Le@)-
It follows from Lemmas 3.1-3.2 that

sup [u®(-, 1) —v(-, 1)|go@) — Oase — 0
t€[0,T]

and we end the proof of Theorem 1.2.
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