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Abstract
This paper is concerned with the following Kirchhoff-type problem:

- (a + b/ |Vu|2 dx) Au—+AV(x)u =g, u) + f(x,u) inR3,
R3
u e H'(RY),

where a, b and X are real positive parameters. The nonlinearity g(x, u) + f(x, u) may
involve a combination of concave and convex terms. By assuming that V represents
a potential well with the bottom V ~!(0), under some suitable assumptions on f, g €
C(R? x R, R), we obtain a positive energy solution uZ ,, vVia combining the truncation
technique and get the asymptotic behavior of u,j' , a8b — 0and A — +o00. Moreover,
we also give the existence of a negative energy solution u,, , via Ekeland variational
principle.
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1 Introduction

In this paper, we are concerned about the existence and asymptotic behavior of non-
trivial solutions for the following Kirchhoff-type equations with concave—convex
nonlinearities:

— (a +b/ |Vu|2dx> Au 41V (x)u =g, u) + f(x,u), xeR3,
R3

u e HY(R?),
(Kb,)

where a, b and A are real positive parameters, V € C(]R3, R)and f, g € C(]R3 xR, R).
We assume that the potential V (x) satisfies the following conditions: (V) V(x) €
C(R3 R) and V(x) > 0 on R?;

(V) there exists ¢ > 0 such that V. := {x e R3: V(x) < ¢} is nonempty and has
finite measure;

(V3) @ = int V-1(0) is a nonempty open set with a smooth boundary and Q=
v=10).

It is well know that problem (/Cp, ;) originates from the stationary analogue of the
Kirchhoff equation

Uy — (a +b/ |Vu|2dx) Au = f(x,u). (1.1
Q
Equation (1.1) was first presented by Kirchhoff [23], which proposed a hyperbolic-type
equation
9%u Py E (Lloul? 9%u
—_ =+ — —| dx)—=—=0
Ly (h tar )y lax| ) o

for free vibrations of elastic strings. This type of model extends the classical
D’ Alembert’s wave equation and takes into account the chord length variation induced
by transverse oscillations. For this, more details on the Kirchhoff equation and further
mathematical and physical interpretation, we recommend the readers to read [3, 6,
13] and the references therein. It is worth mentioning that after Lions [25] introduced
an abstract functional analysis framework, problem (1.1) began to receive a lot of
attention.

In (KCp,2), if we set V(x) = 0 and replace R3 and g(x,u) + f(x,u) by abounded
domain Q C R and f(x, u), respectively, then we get the following Kirchhoff-type
equation:
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—(a+b/ |Vu|2dx) Au = f(x,u) in€,
Q
u=20 on 0%2.

(1.2)

Such problems are often referred to be nonlocal because of the presence of the term
( fQ |Vu|2dx) Au which implies that (1.2) is no longer a pointwise identity. This
phenomenon provokes some mathematical difficulties, which lead to the study of
such a class of problems particularly interesting.

If A =1and g(x, u) = 0in (Kp 1), then(Cp, ) simplifies to the following Kirchhoff
problem:

— (a +b/ |Vu|2dx> Au+V@u= f(x,u), xeR. (1.3)
R3

Many researchers have focused on the effect of the nonlinear term f and potential V
of Eq. (1.3) on the solution. One usually assumes that V (x) = 1, or V (x) is periodic,
or V(x) = I_/(|x|), or V(x) is coercive, while f may be a general nonlinearity, or a
critical nonlinearity, or a subcritical nonlinearity. By using variational method, there
have been many results on the existence, nonexistence and multiplicity of nontrivial
solutions, for such problem depending on the assumptions of the potential V and f.
See, for example, [14, 17, 19-21, 24, 27, 29, 37] and references therein.

When A # 1, we emphasize that hypotheses (V})—(V3) was firstly introduced by
Bartsch and Wang [5] in the study of nonlinear Schrodinger equations. It is worth
mentioning that the condition (V3) plays an important role in proving the asymptotic
behavior of nontrivial solutions. We note that, the conditions (V{)—(V3) imply that
AV is referred as the steep potential well if A is sufficiently large and one expects
to find solutions which localized near its bottom €2; especially, Zhang and Du [36]
considered the problem (/Cp ;) with steep potential well while A > 0, g(x,u) = 0
and f(x,u) = |u|P"%u as the case of 2 < p < 4. In fact, f(x,u) := |u|P~>u with
2 < p < 4 does not satisfy the Ambrosetti—-Rabinowitz condition; the boundedness
of Palais—Smale sequence becomes a major difficulty in proving the existence of a
positive solution. By combining the truncation technique and the parameter-dependent
compactness lemma, they proved the existence of positive solutions for » small and A
large. Various elliptic equations with steep potential well are studied in [4, 9, 11, 21,
22,30, 32, 34] and the references therein.

In (KCp 1), we note that the nonlinearity g (x, )+ f (x, u) may involve acombination
of concave and convex terms. Equations like (KCp 5 ) have been extensively studied due
to its strong physical background. Combined effects of concave—convex nonlinearities
were firstly investigated by Ambrosetti, Brézis and Cerami [2] on the following elliptic
equation:

— Au = Auli2u A+ plulP2u, u e HY(S), (1.4)
where @ C RY is a bounded domain, 1 < g <2 < p < 2* and 2* = % They

obtained infinitely many solutions with negative energy for 0 < u <« A = 1. Subse-
quently, Willem [33] extended the results of (1.4) in [2]; they proved the existence of
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infinitely many solutions with high energy by Fountain Theorem. Afterward, Liu and
Wang [26] obtained nodal solutions of Schrédinger equation involving a combination
of convex and concave terms.

In addition, for Kirchhoff equation with concave—convex nonlinearities, there are
many papers concerned with the existence of standing wave solutions. Chen et al. [§]
studied the following Kirchhoff-type problem of the form

— (a +b/ |Vu|2dx> Au = kia()|u|972u + kab(0)|u|P"2u, x € Q, (1.5)
Q

where  C R3 is bounded domain, 1 < qg <2,4<p<6,k =1landk > 0.
They obtained two solutions for (1.5) with k&, > 0 small enough. Afterward, Cheng
et al. [12] also proved that (1.5) has two positive solutions and two negative solutions
with a(x) = 1 and b(x) € L°°(2). More recently, Shao and Mao [28] studied the
following nonlinear Kirchhoff-type problem with concave—convex nonlinearities:

— <a +b/ |Vu|2dx> Au = pg(x,u)+ f(x,u) inQ,
Q
u=0, on 0%2,

(1.6)

where €2 C RR3 is a bounded domain with smooth boundary 4, u € Rand f, g €
C(£2, R). Under the conditions that f, g satisfy the following hypotheses:

(g1) there exist constants 1 < g1 < q2 < -+ < ¢u < 2 and functions h;(x) €
2
LT (Q,RY)(i =1,...,m) such that

o8]
sG] < Y il Vx,u) € @ x R;
k=1

(g2) there exists & € (1,2) such that 0 < éug(x,u) < Gx,u) = f(;‘ g(x,t)ds,
Vx € 2, u e R\ {0};

(f1) there exist C > 0and 2 < p < 6 such that | f(x, u)| < C(1 + |u|P~1), V(x,u) €
Q x R;

(fz) lim ;-0 = 0 uniformly in ;

( f3) there exists v > 4 such that

fxu)
u

0<vF(x,u) <uf(x,u), Vx € Q, u € R\ {0},
where F(x,u) = [y f(x,1)dr;
(];4) there exists R > 0 such that infycq ju>r F(x,u) > 0,

they proved the existence of infinitely many high-energy solutions by using Fountain
Theorem and got the existence of at least one sign-changing solution by the method
of invariant sets of descending flow.
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Very recently, Che and Wu [7] studied a class of Kirchhoff equation with steep
potential well and concave—convex nonlinearities as follows:

— <a +b/ |Vu|2dx) Au+ AV u =a)|ul2u +bx)|ul’?u inRY,
RN

where N > 3,1 < g < 2 < p < min{4,2%}, a(x) € Lﬁ(RN, RY*) and
b(x) € L®(R", R). By combining the Ekeland variational principle and the filtration
of Nehari manifold, they proved the multiplicity of positive solutions for the above
problem when b is sufficiently small and A is large enough. Considering the same
potential as (Vi) — (V3), Chen et al. [9] also studied the following Kirchhoff-type
equations:

— (a + b/ |Vu|2dx> Au—+ AV (xX)u
R3

=a()|ul?%u 4+ bx)|ulP2u, xeR3, (1.7)

where . > 0,1 <g <2 < p<4d,alx) € Lﬁ(R% and b(x) € L®(R?). They
proved that the above problem admits at least one positive energy solution and a neg-
ative energy solution via the truncation functional and Ekeland variational principle.
The existence and multiplicity of solutions to the Kirchhoff equations have been
extensively studied over the past few decades. However, there are relatively few papers
that consider the case that the nonlinearity contains the concave—convex terms at the
same time. Moreover, the nonlinear term arising in these problems was always assumed
to be superlinear or sublinear; little has been done in the literature on problem (KCp ;)
with a more general nonlinearity involving a combination of concave and convex
terms. Motivated by the above works, the following questions appear naturally:

(Q1) if the nonlinearity is a more general nonlinearity involving a combination of con-
cave and convex terms, will the problem (KCp, ) with steep potential well admit
two nontrivial solutions?

(Q») compare with Shao and Mao [28], if function f is super-quadratic at infinity, will
problem (/Cp ;) possess a solution?

The aim of this paper is to consider the existence and asymptotic behavior of nontrivial
solutions for Kirchhoff-type equation (KCp ) ) with steep potential well and more gen-
eral concave—convex nonlinearities. To state our main results, we make the following
assumptions:

(f1) fecC (]R3 x R, R) and there exist constants Cp > 0 and p € (2, 6) such that
|f (o) < Co(l+ lul”™);
(f2) there exists constant v > 2 such that
0 <vF(x,u) < f(x,wu, ¥Vx € R*, Yu € R\ {0},

where F(x,u) := i f(x,1)dt;
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(f3) f(x,u) =o(lul) as |u| — O uniformly for x € R3;
(g1) g € C(R?® x R, R) and there exist constant 1 < g < 2 and function h(x) €

2
L7 (R3, RT) such that
lg(x, w)| < h(x)lul?™";

(g2) there exists 6 € (1, 2) such that
1 u
0< gug(x, u) < Gx,u) = / g(x,t)de, Vx € R, ue R\ {0}.
0

In this paper, comparing with problem (1.6), we are no longer dealing with Kirchhoff-
type problems on bounded domain. Furthermore, unlike the work described in [28],
we will investigate the existence of nontrivial solutions to problem (/Cp ;) when the
condition (f2) is satisfied. Obviously, ( f2) is weaker than the condition ( fg). Recall
that (f2) is the super-quadratic condition, if v > 2, f may not be 4-superlinear
at infinity. Due to the effect of the nonlocal term, if we apply the Mountain Pass
Theorem directly to the energy functional, (PS). condition or (C). condition of the
corresponding functional is very difficult to be proved by a standard argument.

In addition, since the corresponding energy functional of (XCp ;) is not bounded
below on both Nehari manifold and Nehari—-Pohozédev manifold, the method in [7,
24, 31] is no longer appropriate to deal with this problem. It leads us to seek for
new methods to deal with the kinds of problems. Inspired by Zhang and Du [36], to
surmount the difficulty, we use the truncation technique and the parameter-dependent
compactness lemma to prove that the boundedness of Cerami sequence and later the
existence of the positive energy solution of (Kp 1) can be proved. After that, we study
the asymptotic behavior of the positive energy solution of (KCp ;). Furthermore, since
the nonlinearity g(x, #) + f(x, u) may involve a combination of concave and convex
terms, we finally investigate the existence of the negative energy solution via the
Ekeland variational principle.

2 Variational Settings and Main Results

In this paper, we make use of the following notations:

e |M] is the Lebesgue measure of the set M.

e X' denotes the dual space of X.

o the weak convergence is denoted by —, and the strong convergence is denoted
by —.

e § is the best Sobolev constant for the embedding of DL2(R3) in LO(R3).

e Cand C;(i = 1,2, ...) denote various positive constants.

In this section, we establish the variational framework of the Equation (Cp ;) as
elaborated by Ding and Szulkin [16] and give some useful preliminary results. Firstly,
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we give the definition of some spaces. As usual, for | < s < 400, we let

1
luly = (/ |u|de)’ . Yue L*RY.
]R3

Let
H'(R?) = {u € L>(R%) : Vu € L*(R%)}
with the inner product and norm

(u, v) g1 =/ (VuVv +uv)dx, |ullg = (u,u);ﬁ.
R3

Throughout this paper, we work in the following Hilbert space
E= {u e H'(RY): /ﬂ;} V(u?dx < oo},
which is equipped with the inner product and norm
(u,v) = /R3(“V”V” + V@uv)dx, ful = (u, u)'/?,

where a > 0 is from (Kp 3). For A > 0, we also need the following inner product and
norm

(u,v)sz @VuVo+ AV @uv)dx, ully = (u,u),’”.
]R3

Itis clear that |Ju|| < |Ju||x forA > 1.Set Ey = (E, || - ||1), then we have the following
lemma.

Lemma 2.1 Under the conditions (V1) — (V,), the embedding E; — L* (R3) is con-
tinuous for . > 1 and 2 < s < 6. Hence, there exists d; > 0 (independent of . > 1)
such that

luly < dsllull < dsllull,, Yu € E. (2.1

Proof From (V) and (V>), we get

/qu|2dx+|u|2dx=/ |Vu|2dx+/ |u|2dx+/ u|? dx
R3 R3 V. R3\V,

1
3
5/ |Vu|2+|vc|§(/ |u|6dx> —I—c_lf V(ou? dx
R3 V. R3\ V.
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<maxfa! +a V557, c*‘}/ (@|Vul® + V(x)|ul?) dx.
]R3
(2.2)

Itimplies that E — H!(RR?) is continuous. By (2.2), Holder and Sobolev inequalities,
as A > 1, there exists Cs (independent of A) such that

6—s5 s—2

4 4 3(2—s
/ ul® dx < </ |M|2dx> <f |u|6dx) < Co8 5 Juls
R3 R3 R3

for any s € [2, 6]. Thus, for each s € [2, 6], there exists d; > 0 (independent of
A > 1) such that

luls < dsllull < dsllull, foru € E.

Therefore, the embedding E; — L* (R3) is continuous. O

Lemma 2.2 Assume that (V1)—(V») and (g1) hold. Define ¥ (u) := fR3 G(x,u)dx.
Then,

(i) (¥ (), v) = [3 g(x, v dx, Yu, v € E;;
(ii) w/ cE) — E;\ is weakly continuous.

Proof The proof is similar to Xu and Chen [35]. For the reader’s convenience, we give
the completed proof here. We will use the following inequalities:

la +b" < 2" !(lal" + [bI"), 1<n<oo, 2.3)
la +b]" <2"(la]" + |b]"), O0<n<l. '
(i) By (g1), Lemma 2.1 and Holder’s inequality, we have
! &t \
|G, w)ldx < — | [h()[|ul?dx < —=|h| 2_|ull}. 24
R? q JRr3 q

Next, we prove (wl(u), V) = fR_a g(x, u)v dx by definition. By (g1), (2.3), Lemma 2.1
and Holder’s inequality, for all u, v € E; and € [0, 1], we get

‘/ g(x,u~+tv)vdx 5/ (h(x)|u + tv|97 ") |v| dx

R3 R3

5/ 207 o) (el + ol vl dx
R3

<24~ |h%(|u|g—1 + [ Yl

< +00.
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Therefore, by Lebesgue’s Dominated Theorem, for all u, v € E; and & € (0, 1), we
obtain

Yu+1tv) — )
1
. Gx,u+tv) —G(x,u)
= lim dx
t—0 JR3 t

= lim/ glx,u+&tv)vdx
t—0 JRr3

= / g(x,u)vdx.
R3

(ii) Applying (g1), Lemma 2.1 and Holder’s inequality, for all u, v € E;, we have

W (), v) = lim

W @), v)| s/ lg(x, )v] dx
]R3
5/ hCO ™ o] dx
R3

q+1 -1
<d, Ihlﬁllullx vl

which implies that w/ € E/A We now prove that w/ D Ey — E; is weakly continuous.
Let u,,—u in E;, then there exists My > 0 such that

lunll = Mo and |lull = Mo. 2.5

We claim that

/ lg(x, uy) — g(x, u)|2dx — 0 asn — oo. (2.6)
R3

2
On the one hand, since h(x) € L2 (R3, R1), for every ¢ > 0, there exists 7, > 0
such that

(/ |h(x>|23qu) < /.
|x|>7¢

Combining this with (g1), (2.3), (2.5) and Holder’s inequality, we have

2—q
2

f |g(x,un)—g(x,u)|2dxs4/ B2 @) (297D 4 u?@=D) dx
|x|>7¢

[x[=7¢

2 2—q
§4</ |h<x>|ﬁdx) (1597 + w3970y
[x[>7e
2(g—1 2(g—1
< de(ual3 7 + )
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2(g—1 2(g—1 2(g—1
< 4ed D (lun 12970 4 g 3970y

< 8edy TV mp Y. 2.7

On the other hand, we only need to prove
/ (g(x, up) — g(x,u))*dx — 0, asn — oo. (2.8)
[x|<Te

In fact, since u,—u in E;, up to subsequence, there exists a subsequence {uy, }ren
such that

U, — win L2 (R®) and up, (x) = u(x) ae.x e RPask — oco. (2.9)

Arguing by contradiction, we assume that there exists constant &g > 0 such that
/ (8. tn) — gr, w)?dx > g9, VK €N, (2.10)
[x]<7e

By (2.9) and Theorem A.1 in [33], passing to a subsequence if necessary, we can
assume that

]

Z/ [ttn, — u|2dx < +o00.
k=1 xI=Te

1
Set w(x) = (Xpo; lun, (x) — u(x)|?)? for |x| < 7, then J
Applying (g1) and (2.3), Vk € N and |x| < 1., we have

2
<z @ dx < +oo.

lg(x, i) — g(x, )]? < 4R () (Jun 12472 + [u]*72)
< 229N RO Py, — w972 + [u*72)

< 22N () P (w172 + [ul?172),

and using Holder’s inequality, one has

/ 22 h O (0?72 + [u]* %) dx
[x|<t¢

g-1 g-1
< 2%t R, (/ |a)|2dx> + (/ |u|2dx>
=4 lx|<Te lx|<Te

< +00.

Thus, by Lebesgue’s Dominated Convergence Theorem, we obtain
/ lg(x, ) — g(x, u)>dx — 0 ask — oo.
[x|<Te
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This contradicts (2.10) and so (2.8) holds. Equation (2.7) and (2.8) shows that claim
(2.6) is true. Hence, it follows from (2.6) and Holder’s inequality that

W () — ¥ (), v) = /RS(gu, Un) — g(x, u))v dx

1
< (/ g (x, 1) —g(x,u)|2dx)z vl
]R3

— 0 asn — oo.

Thus, w, is weakly continuous, and then, wl is continuous, i.e., ¥ € Cl(EA, R). The
proof is completed. O

As aconsequence, the Euler-Lagrange energy functional /5 , : £, — Rassociated
with Eq. (KCp,5) given by

1 b 2
Iy () = E/R%(a|Vu|2 +AV)u?) dx + 2 (/R3|Vu|2dx>

—/ G(x,u)dx—f F(x,u)dx
R3 R3

is well defined and 1, , € C 1 (Ej, R). Furthermore, for any u, v € E,, there holds

(1;/”(”), v) = (a—i-b/ |Vu|2dx>/ VuVuvdx
’ R3 R3

—l—/ AV(x)uvdx—f g(x,u)vdx—/ f(x,u)vdx.
R3 R3 R3

It is standard to verify that the weak solutions of Equation (/Cp ;) correspond to the
critical points of the functional 7 ;.

For our convenience, without loss of generality, we need to assume thata = 1 in
Theorem 2.1-2.5. At first, we establish the existence of the positive energy solutions
of Equation (KCp ») in this paper.

Theorem 2.1 Suppose that (Vi) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. Then,
there exist T > 0, by > 0, by > 0and \* > 0 such that for each b € (0, min{by, bt})
and h € (\*, 00), problem (Kp ;) has at least a nontrivial solution u;:)» in E; when

p—

q=2 p=2\ T p—2
= p — r
h < 8d! dpe—q \" . 8Cypa2dp dip2—q) \"*
=7 q C]/deZd[I;LI(p -2) p Cl/zd%dgCI(P -2)

=+ .
Moreover, u,, , satisfies

2

0 < lluy,ln <T and Iy, (uy,) > 0.
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Next, we give the asymptotic behavior of the positive energy solution u}f , Obtained
by Theorem 2.1 as b — 0 and A — +o0.

Theorem 2.2 Suppose that (Vi) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied.
If u;' , s a nontrivial solution of problem (Ky, ;) obtained by Theorem 2.1, for each

b € (0, min{bg, br}) and any sequence {A,} C (1*, 00), then “1—:)\,, — “1-: in E as
Ap — 400, where uz_ € H& (R2) is a nontrivial solution of
—(1+b [oIVul>dx) Au=g(x,u) + f(x,u) in Q,
(’Cb,oo)
u=~0 on 022.

Theorem 2.3 Suppose that (V1) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied.
If u;)" ;. Is a nontrivial solution of problem (Kp. ) obtained by Theorem 2.1, for each

A € (¥, 00) and any sequence {b,} C (0, min{bg, br}), then ubt N~ uf in E; as
b, — 0, where uf € E, is a nontrivial solution of

(Ko,5.)

—Au+AVx)u=gx,u)+ f(x,u) in R3,
u e H'(R?).

Theorem 2.4 Suppose that (Vi) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. If
u;’k is a nontrivial solution of (Kp)) obtained by Theorem 2.1. Then, u;/\ — ug
in HYR3) as b — 0 and . — +00 up to subsequence, where ug' € HO1 (RQ) isa

nontrivial solution of

(ICO,OO)

—Au=g(x,u)+ f(x,u) in Q.
u=0 on 02.

Finally, we give the existence of the negative energy solutions of Equation /Cp, ;.

Theorem 2.5 Suppose that (Vi) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied.
Then, there exist p’ > 0 and Ay > 0 such that for all . > Ay and

42 p=2\ —53
hl 2 < 8dy (__dipC—q) "7 8Cipady [ dip@—q) ")
2 =\ 7\~ 7 ~< ’
2—q q C]/zdgdll)CI(P -2) p C1/2d22d11’7q(p -2

problem (K ;) has at least a nontrivial solution uy ;. € Ey satisfying

0 < lluy, I < 0" and Iy, (uy,) <0.

This paper is organized as follows. In Sect. 3, we present some preliminary results
on a truncated functional. In Sect. 4, we give the existence of the positive energy
solution. Furthermore, we complete the proofs of Theorem 2.2-2.4 in Sect. 5. Finally,
the existence of the negative energy solution is studied in Sect. 6.
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3 Some Results on Truncated Functional

In this section, we will establish some properties of a truncated functional. It is to over-
come the difficulty of finding bounded Palais—Smale sequences or Cerami sequences
for the associated function /7, ;. Based on this, we need to give the following defini-
tions. As Zhang and Du [36],letn € C 1 ([0, 00), R) be a cutoff function and it satisfies
0<n<land

n) =1 0<tr=<1,

n()=0, t>2,
ma5<|n’(r)| <2, t>0,
1>

n'() <0, t>0.

Using 7, for any 7 > 0, we move to study the truncated functional / hT , By — R
defined by

7 (u)—l/ (|Vu|2+w(x)u2)dx+é Il / |Vu|2dx2
b.A _2 R3 4)7 T2 R3

—/ G(x,u)dx—/ F(x,u)dx, 3.1
R3 R3

where 7 is a smooth cutoff function such that
lalZ _ [ 1 lulx <7,
T\ 1 0, flullx = V2T,

According to n € CL([0, 00), R) and Iy, € CHE,,R),itis easy to infer that IbTA is
of class C! by a standard argument. Moreover, for any u, v € E;, we have

2
(72 (), ) = (e, vy + b (”””*) Vul} [ uvuds
R3

T2
b llull} 4
+ﬁ77 < T2 (u, V)1 Vuly
—/ g(x,u)vdx—/ f(x,u)vdx. (3.2)
R3 R3

With this penalization, by choosing an appropriate 7 > 0 and constraining b > 0
sufficiently small, we may obtain a Cerami sequence {u,} of / Z ,, satisfying [luy ||y <
T. According to the definition of n, {u,} is also a Cerami sequence of I, ; when
lunlln < T.

To obtain the Cerami sequence, we first show that the truncated function / ; , satisfies
the mountain pass geometry.
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Lemma 3.1 Suppose that (Vi) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. Then,
foreach T,b > 0 and ) > 1, there exist a, p > 0 (independent of T, b and ) such
that for all

q== p—2 =2
|h| 2 < 8d3 dip2—q) e + 8C1/2d§d’€ dyp2—q) )
o <|—-|— s
=a q Cl/Zdzzd,fQ(P -2) p Cl/Zdzzdgq(p -2

and ||lul|x = p,

If, () > a.
Proof By (f1) and (f3), for every ¢ > 0, there exists C. > 0 such that
|fx w)] < elul + Celul”™!, V(x,u) e R x R. 3.3)

Lete = where d» > 0 is from (2.1). Then, for each u € E,, by (2.4) and (3.3),

1
2d3°
we have

1 b [ llull;
1N ) = 5||u||§ + 0 ( T2)L |Vul3 — A; G(x,u)dx — /ﬂ;} F(x,u)dx

q
zzll IIA——IhI IIMIIA——I |2—?| 17
o
/2d
z—ll IIA——IhI I| ullf - » L ullf
1 2 C1/2d
= Ilull} (Z——Ihl flaell ™ p2 % 17~

where the constants d, > 0 and C, J2d3 > 0 are independent of 7', b and A.
Define

Ot) = ———1"2 4+ 2n| 2 1972, 120,
p q =q
and then we get
lim Q(r) = lim Q(r) = +o0,
t—+o00 t—0t

which implies that Q(¢) is bounded below. Thus, Q(¢) admits a unique minimizer fy:

1
djlh| 2 p2—q) \ "
2—q

Cyppazdpa(p = 2)

) =
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By the definition of Q(¢), one has

inf Q1)

te[0,400)

= Q(t)

2 P—

q _ P—q P q _ =

=dg|h|z dylhl 2 p(2—q) +dpcl/z[,% dlh 2 P2 =)\’
a7\ Cipedpa(p —2) P Crppazdpa(p —2)

q=2 p=2
i (2 (e T, Cipgdy [ dipe-q) \""
= 2 p— —_— _—
2 q CI/ZdZZdII;q(p -2) P Cl/zdgdSQ(P -2)

> 0.

<
SN

Q

BN

Thus, we can choose

1= p b==
n < |38 (e \7 8Cipa3dp [ dip2—9q)
= = q C]/Qd%d;J)Q(p -2) p C1/2dzzdgq<17 -2

and ||ul|; = p = tp > 0 such that

[N}
v‘m
|
EYINY
~
|
[

T 2 1 p?
Iy, ) > p (4_1 —0(p)) = 3 =a > 0.
O

Lemma 3.2 Suppose that (Vi) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. Then,
there exists bg > 0 such that for each T, A > 0 and b € (0, by), we have IbT’)L(e) <0
for some e € C3°(R2) with [Vely > p.

Proof We first define the functional 7, : E; — R by

1
To(u) = -/ (Vul® + AV (x)u?) dx —/ G(x,u)dx —/ F(x,u)dx.
2 R3 R3 ]R3
From ( f1)-(f3), there exist C1, C2 > 0 such that
F(x,u) > Cilul’ — Calul?, V(x,u) € R x R. (3.4)

By virtue of (g2) and (3.4), if we choose a positive smooth function ¢ € CgO(SZ), we
have

2
Jx(ﬂp)=%/ |V¢|2dx—/ G(x,np)dx—[ F(x, t¢) dx
Q Q Q

2
1

< —/ |Vg0|2dx+C1t2/ |e|2dx—C2t”/ lpl” dx
2 Ja Q Q
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— —00

ast — +oo for v > 2. Thus, there exist f > 0 large enough and e := 7¢ such that
Jn(e) < —1 with |Ve|, > p . Since

1720 = @ + 2 (L5 193 < <14 2 yves

h’)he— ae 477 T2 62_ 4 62,

then there exists bg := |Vt|4 > 0 (independent of A and T') such that IhT ,(e) < 0 for
1 ,

each T, A > O and b € (0, by). The proof is finished. O

Next, in order to prove Theorem 2.1, we shall a stronger version of the Mountain
Pass Theorem in [18], which allows us to find Cerami sequences instead of Palais—
Smale sequences.

Theorem 3.1 (See [18]) Let X be a real Banach space with its dual space X/, and
suppose that J € C'(X, R) satisfies

max{J0),J(e)} <u<n< | inf  J(u)

ullx=p

for some < n, p > 0ande € X with ||le||x > p. Let c > n be characterized by

= inf max J(y (1)),
¢ yeFte[Oﬁ] ()/( ))

where I' = {y € C([0, 1], X) : y(0) = 0, y(1) = e} is the set of continuous paths
Jjoining 0 and e. Then there exists a sequence {u, C X} such that

Jn) = c>n and  (1+ uallx)IJ @)y — 0 asn — oo.

By Lemmas 3.1 and 3.2, we now define the mountain pass value cg , of bT, , by

C = inf max I y()),
b,A yel te[0,1] b’)‘( ())

where
[':={y € C(0, 1], E») : ¥(0) =0, y(1) =e¢}.
Note from Lemma 3.2 that I is nonempty.

Applying Lemmas 3.1, 3.2 and Theorem 3.1, we thus deduce that for any 7 > 0,
A >,

q=2 =2
2 < 8] dip2—q) N 8C1/2d§d5 dip2—gq) e
L o< |2 Gremd)
>4 9 \Cipedpa(p—2) P Crppazdpa(p —2)
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and b € (0, by), there exists a Cerami sequence {u,} C E, such that

I (un) = cf ;. and (14 Jlun ) | (1) (un) l,,— 0 asn—oco. (35)

Obviously, according to Lemma 3.1, cg , = a > 0. Next, we also give an estimate on

the upper bound of the mountain pass value cg ,» which is the important part of the
truncation technique.

Lemma 3.3 Suppose that (Vi) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. Then,
forevery T > 0, L > 1 and b € (0, by), there exists M > 0 (independent of T, b and
A) such that Cl{,x <M.

Proof By (g2),(3.4) and e € C{°(2), we have

t
I, (te) = f|Ve| dx+ ( ”e”l>
(/ |Ve|2dx> —f G(x,le)dx—/ F(x,te)dx
Q Q Q
l2 2 bo 4 2 : 2 2
5—/ Vel dx + —t </ |Ve| dx) + Cyt /|e| dx—Cztv/ le]” dx.
2 Ja 4 Q Q Q

Thus, there exists a constant M > 0 (independent of 7', A and b) such that

cb P tn;(z)ni Ib 3 (teg) < M.

This competes the proof. O

The following lemma shows that the Cerami sequence {u,} satisfies |u,l|l, < T,
which is the key ingredient of this paper.

Lemma 3.4 Suppose that (V1) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. If
{un} C E, is a sequence satisfying (3.5), then up to a subsequence, there exist T > 0
and bt > 0 such that for each A > 1 and b € (0, min{bo, br}), there holds

limsup [luy |l < T.
neN

Proof Suppose by contradiction, for any 7 > 0, there exists a subsequence of {u,},
still denoted by {u,,}, such that ||u, ||, > T. Next, we divide the proof into two case:

(@) lunlls > V2T
(i) T < llunllx < V2T.

If the case (i) holds, then by Lemma 3.3, (3.5) and (f2) , for n large enough, we
have that

M+1=cf; +1
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1
v

11 b b\ A llunl b Nl
= (E — ;) ”Mn”)zL - <; - Z) n ( ;Z)L |Vun‘g - ZUTZT] ]:lZ)L |Vl/tn‘42‘”un”)2L
1 1
+ / —fx, upuy — F(x,uy) ) dx _/ G(x,uy) — —g(x, up)uy | dx
R3 % R3 %
1 1 2 1
> E_f ”un”)L_ G(x,up) — —g(x, up)uy, | dx.
v R3 v

By (g1), (2.1) and Holder’s inequality, we get

1 1
f (G(x,un) - —g(x,un)un) dx < / |G (x, un)|dx + —f lg(x, un)un|dx
R3 1% R3 V JR3

1 1
5/ (—+—) () 1 dx
R3 \ 4 v

(q +v)di
v

> 1] ) — ~ (L) ). )

=

R 2 llun . (3.6)
2—q

Thus,

11 (q +v)d?
M+1> (5 - —) luplly — —21h| 2 llunllf,
Vv qv 2—q

which is a contradiction, when T > 0 sufficiently large.

If the case (ii) holds, then
o Munll3
n (% <2. (3.7)

14113 o Nl
”(% =1 and o { S0t ) =

It follows from ( f2), (3.6) and (3.7) that

11 A T
375 ||un||x_;||(1b,x) )l g Mol

1 1 2 1 Ty
= E - ; lunlly + ;«Ib,)L) (tn), up)

b b llun |12 . bl

=1 (un) + (; - Z) n ( 72 | IVuls + o (=52 | IVunl3
1 1

- / <_f(-xa un)un - F(X, un)) dx +/ (G()C, up) — —g(x, Mn)un) dx
R3 \V R3 v

b b (q +v)d?
< 17, (uy) + (— -~ —) lunll} + q—vzlh%nunui

v 4

< I}, (un) + CbT* + CTY. (3.8)
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By virtue of 1], (u,) — ¢/ , and Lemma 3.3, for n large enough, one has
7. T T
) = 26, <2 max 1] (re) < 2M. (3.9)
€0,

On the other hand, for n large enough, we have that

11 S TR 5
573 llunlly — ;II(IM) @)l g lunlln = €T —T. (3.10)

Combining with (3.8)—(3.10), we have

CT>—T —CTY <2M + CbhT?,

which s a contradiction for T large enough if by := % > 0andb € (0, min{bg, br}).
So the claim follows. O
Remark 3.1 From the above lemma, the sequence {u,,} obtained in Lemma 3.4 is also

a Cerami sequence at level cZ’ ,, > Ofor Iy 5, that is,
Iy j.(un) = ¢ and (L4 Junll) | Up3) () 1l = 0.

Lemma 3.5 Assume that ( f1) and ( f3) hold. If u,—u in H! (R3), then along a subse-
quence of {un},

tim s | [ ) = =0~ flpds| =0,
" e H R3). gl <1 1R
Proof This lemma has been proved on pages 77-80 of [15] and the appendix of Ack-
ermann and Weth [1]. O

We are now ready to give the compactness condition for 7 ;. For this, we need
to establish the following lemma to prove that /, ; satisfies the Cerami condition by
relying on the relevant parameters.

Lemma 3.6 Suppose that (V1) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. If
{u,} C E, is a sequence satisfying (3.5), then up to a subsequence, there exists
A* > 1 such that for each b € (0, min{bg, br}) and A € (A*, 00), {u,} C E, contains
a convergent subsequence.

Proof By Lemma 3.4, up to a subsequence, we have that ||u, ||, < T.Thus, there exist
u € E; and A € R such that

up,—u in E,,
(R%), Vs €[2,6),
u, - u a.e.onR>,

3 S
up —> u inLj
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and
/ Vi |? dx — A2, f |Vu|?>dx < A2
R3 R3
It follows from Lemma 2.2 and Holder’s inequality that
/ g(x,up)vdx — / g(x,u)vdx, YveE),.
R3 R3

Then, I, (u,) — 0 implies that

(1+bA2)/ Vqudx—}—/ AV (X)uv dx
R3 R3

—/ f(x,u)vdx—/ gx,w)vdx =0, VYvekE,.
R3 R3

Taking v = u in (3.11), we obtain

(1+bA2)/ |Vu|2dx+f AV (x)u? dx
]R3 ]R3

—/ f(x,u)udx—/ gx,u)udx =0.
R3 R3

(3.11)

(3.12)

Next, it is sufficient to prove that u, — u in E,. Let v, := u, — u, then v,—01in E,_.

Since u,—u in E;, we obtain

lunll3 = (Uny V)3 + (W, tn)s + (U, )
= [lugll3 + llull + o(1)

By the weak lower semi-continuity of norm, we have

lvallx = llunlls + Null < Nuplin +liminf [ju, ||, < 2T.
n—o00

It follows from (V) that

1
v |3 :/ v?dx +/ vidx < —Jlual? +o(1).
R3\V, Ve Ac

Then, by the Holder and Sobolev inequalities, we have

(3.13)

(3.14)

_ a—1 _ o—1 _g
[alp < 10nl3 1onls 7 < S°T [0al IVl ™ < S7T (&)™ 2 Jualls + 0(1),(3.15)

@ Springer



Class of Kirchhoff-Type Problems Involving the... 3489

where 0 = (’z;p” > (. On the one hand, by the definition of the operator norm and

Lemma 3.5, we get

' /R L) = £ v = @0k da

< Nunll g1 w3 sup
peH R, o]l 41 <1

‘/W[f(x, up) = f(x,v0) — f(x,u)]pdx| = o(l). (3.16)

Since v,—0 in H'(R?) and v, — 0 in Lj,. (R3) for s € [2, 6), then it follows from
(3.16) that

/ fx, up)u, dx :/ f(x,u)udx+/ f(x, vp)v, dx
R3 R3 R3
+/ f(x,vn)udx+/ f(x,u)v, dx
R3 R3
+ /W[f(x, un) — f(x, vp) — f(x, u)luy dx

:/ f(x,u)udx+f fx,vp)v,dx +o0(1). (3.17)
R3 R3

From (3.3), (3.14), (3.15) and let ¢ = -5, we get

2 -2 2
/3f(x7vn)vndx§3|Un|2+cs|vn£ |Un|p
R\

1 I _
< SIalZ + Cy oz @Tdp) =257~ o)™ vl + o(1).
(3.18)
On the other hand, according to Lemma 2.2, we have
/ g(x,un)undx—/ g(x, u)udx
R3 R3
=/ [g(x, un) — g(x, u)luy dx+/ g(x, u)(uy —u)dx
R3 R3
1
2
< (/ Ig(x,un)—g(x,u)lde> Iun|2+/ g(x, u)v, dx
R3 R3
— 0 asn — oo. (3.19)

Combining (3.13) and (3.17)—(3.19), we infer that
o(1) = (I, (itn), uy)
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= ||un||§+b|wn|§—f F O u)uy dx—/ g (x, uy)uy dx
]R3 R3
— ||u||%—bA2|Vu|%+/ f(x,u)udx+/ g(x, wudx
R3 R3
= lluall — /R} [, v)v,dx — /w[g(x,un)un — g(x, wyu]dx + bA*
— bA?|Vuls + o(1) = |loal} — /R fx vn)vadx + o(1)

1 ol
> (E—Cl/zdzz(Zpo)p 2577 () ™) vl + o(1).

Therefore, we can choose

2 eo-1)°
(2€) jpp 2Ty 25771) 1

A® = max ,
c

such that v, — 0in E, for all A > A*. This completes the proof. O

4 Proof of Theorem 2.1

Proof of Theorem 2.1 Let T be defined as in Lemma 3.4. By Lemmas 3.1 and 3.2,
there exists by > 0 such that for every A > 1 and b € (0, by), I bT, ,, possesses a Cerami

sequence {u,} at the mountain pass level ch ,- From Lemmas 3.3, 3.4 and Remark 3.1,
we know that there exists b7 > 0 such that for every A > 1 and b € (0, min{bg, br}),
after passing to a subsequence, {u, } is a Cerami sequence of I, ; satisfying |[u,l|l, < T,
that is,

T
sup [luplly < T, Ib,l(un) — Cp.a
neN

and
(I+ IIMnIIA)IIIb,A(un)IIE; -0
as n — +oo. It follows from Lemma 3.6 that there exists A* > 0 such that for each

b € (0, min{bg, by}) and 1 € (A*, 00), the sequence {u,} C E, contains a convergent
subsequence. Without loss of generality, we can assume that there exists uZ , € Ex

such that u, — u;L , in E; as n — oo. Furthermore, we have

+ + T ! +
0< ””b,x”k <T, Ib,)\(ub,;h) =cp; >0 and Ib’)\(uh,)\) =0.

Consequently, we infer that u;rJ is a nontrivial solution of (KCp ;) for all b €
(0, min{bg, by} and A € (A*, 0co0). This ends the proof. O
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5 Asymptotic Behavior of Nontrivial Solutions

Proof of Theorem 2.2 We follow the argument in [36] (or see [4, 10]). Let b €
(0, min{bg, br}) be fixed. For any sequence {A,} C (A%, +00) with A, — o0,
where

2 1 1/o
(€, jpp 2Ty 2571) 1

A% = max , ,
c

letu, = uZ ;, be the critical point of /j, 5, obtained by Theorem 2.1. By Lemma 3.4,
we have

0 < lluplly, < T foralln. 5.1
Thus, up to a subsequence, we may assume that
un—\u; in E,

(R3) for s € [2,6),
u, —> u?; a.e.on R3.

up — uf in LY

It follows from (5.1), Fatou’s lemma and (V) that

2
”un”)m 0

0< / V(x)|u2'|2dx < liminf/ V(x)uﬁ dx < liminf
R3 n—oQ R3 n—o0 n

Hence, uZ‘ =0ae. inR3\ V~1(0), and so u,j' € HO1 (£2) by the condition (V3).

Next, we claim that u,, — ”Z in L5(R3) for all s € (2, 6). Contrary to the con-
clusion, by Lions’ vanishing lemma in [33], there exist €, > 0 and x,, € R3 such
that

/ (n —u)?dx > €,
By (xy)

which shows that |x,| — oo as n — oo. Thus |B,(x,) N V.| - 0asn — oo.
Moreover, by Holder inequality, we get

2
f Uy — )2 dx < 1By (x) N Vel 3 it — uf 2 = 0
Br(xn)mvf

as n — oo. Consequently, we get

2 2
lunl?, = hnc / u2 dx
By (xp)N{V =c}
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= )hnC/ (un — ub) dx
By (xp)N{V =c}

= AucC (/ (uy —u;:)zdx—/ (n —uy )zdx>
By (xn) B, (x,)NV,

— 400 asn — o9,

which contradicts (5.1). Thus, we have that u, — u; in L*(R®) for all s € [2,6).
Therefore, from (3.17) and (3.19), we obtain

/ fx, up)u, dx = f S e, uy )ub dx + o(1) 5.2)
R3 R3
and
/ g(x, up)u, dx = / g(x, u, )ub dx + o(1). (5.3)
R3 R3
Now, we prove that u,, — uj in E. Indeed, by the fact that

Iy n)s i) = (L5 (), uf) =0,

we have
lunlly, + bIVunl3 = f 80x, tn)uy dx + / F O unun dx (5.4)
R R’
and

<1+b/ |Vun|2dx>/ VunVug'dx—i—/ )L,,V(x)unugdx
R3 R3 R3

= /Mg(x,un)u; dx—l—/]Rg f(x,un)u;r dx.

It follows from uj = 0 almost everywhere in R3 \ V~1(0) that
luf 2+ bIVun 31Vuy 13 = /3 g, ul)uy dx + f3 e uduy dx + o(1)5.5)
R‘

Passing to subsequence if necessary, we assume that ||u,, ||in — B1 and |Vun|% — Bo.
By Fatou’s Lemma, we get

Vi 3 < liminf |Vuu |3 = fa. (5.6)
From (5.4) to (5.6), we thus deduce that
Bi + b3 = llupll* + b2l Vuy 3 < lluf 11> + bB3.
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Therefore, 1 < || u;’ . By the weak lower semi-continuity of norm, we have

2
lup|* < lim inf |1 < lim sup Ju, ||I* < limsup [lu, 15, = B1 < lluj|I*, (5.7)
n—oo n—o0

which shows that [|u,||> — ||ub |?> as n — oo. Since E is a uniformly convex Hilbert
space, it yields that u,, — u, p inE.

Next, we shall prove that uZ‘ is a weak solution of (KCp ). For any v € C§°(£),
since (Il/:,xn (un), v) = 0, it is easy to check that

<1~|—b/ |Vu;;|2dx>/ Vuvadx:/ g(x,uzr)vdx—l—/ f(x,u;)vdx
Q Q Q Q

ie., ul'f is a weak solution of (ICp o) by the density of C(‘)X’(Q) in H(} (€2). Finally, we
show that uZ‘ # 0. If not, we have u,, — 0 in E which implies that

0 < Ip 1, (un)|

1 b
< Slunlly, + 71Vunls + f F(x, u,) dx +f G(x, uy) dx
]R;

A

b £ C
sEnunuin+Z|wn|§‘+—|un|%+f|un|£ |h| ERUAE
1 b Ced d
< Slunlly, + 7 lual® +—|| al? + gp”n n||"+—|h| Nan |
-0

as n — oo. Thus, we have that
Iy, (uy) = 0 asn — oo.

Moreover, by virtue of u, being the critical point of /j ;, obtained by Theorem 2.1,

we get Ip , (up) = cg ,» Which is a contradiction. Therefore, “Z is a nontrivial weak

solution of equation (p o). The proof is thus finished. O
Proofof Theorem 2.3 Let A € (A%, 00) be fixed. For any subsequence {b,} C

(0, min{bg, br}) with b, — 0, let u,, := ub a be the critical point of I ;,, obtained
by Theorem 2.1. It follows from Theorem 2. 1 that

0 < |luyllp < T foralln.

Passing to a subsequence if necessary, we may assume that u,,—\u;L|r in E;. Note that
Il;,, 5 (un) = 0, we may deduce that u,, — uf in E; as the proof of Lemma (3.6).
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To complete the proof, it suffices to show that uj\' is a weak solution of Eq. (Ko ;).
Now for any v € Ej, since (I, 5 (u,), v) = 0, itis easy to check that

/R%(Vu;va—FAV(x)u;fv)dx = '[R%g(x,u;f)vdx +/Rg feulvdx.

Therefore, u;{ is a weak solution of (K ;). Furthermore, uj{ is a nontrivial solution

of Equation (/Cp ;). The proof is same to the last of part of the proof of Theorem 2.2
and so we omit it. This completes the proof. O

Proof of Theorem 2.4 Similar to the proof of Theorem 2.2, we can easily complete this
theorem. o

6 The Second Solution

In this section, we want to prove the existence of a positive solution and a negative
solution. To this end, we establish the following Ekeland variational principle, which
plays an important role in proving Theorem

Theorem 6.1 (Ekeland variational principle [18]) Let X be a Banach space, ¥ € C!
bounded below, v € X and €, > 0. If

W(v) < il}l(fllf +s,
then there exists u € X such that

/ 8
V) <inf W42, V@) < %8 lu— vl < 26.

8 3

Lemma 6.1 Suppose that (Vi) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. Then,
forany b > 0 and ). > 1, there exist ', p' > 0 (independent of b) such that for all

pP—q

q=2 P =2 p—2
| 2 < 8di (__dipC—q) \"T 8Cipgdr ([ dip2—q) \"
L = —_— — ’
=~ \ ¢ \Cipadiatp -2 P \Cipgdpa(p—2)

and ||ull; = p,

Iy (u) > o

Proof The proof of this lemma has been completed in Lemma 3.1. So we omit it. O

Lemma 6.2 Suppose that (Vi) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. Then,
forany b > 0 and ) > 1, there exists ¢ € E; with |||, < p’ such that I, ; (¢) < 0,
where p' > 0 is given in Lemma 6.1.

@ Springer



Class of Kirchhoff-Type Problems Involving the... 3495

Proof By (g2), there exist Cz, C4 > 0 such that
G(x,u) > C3lul’ = Cs, V(x,u) e R® xR.

Foranyt > Oandu € CSO(Q), it follows from (3.4) and (g») that
fz 2 bt 2532

Ip(tu) = — [Vul“dx + — ([ |Vul|“dx)” — G(x,tu)ydx — F(x,tu)dx
2 Ja 4 Jo Q Q

2 4

t bt

—/ |Vu|2dx+—(/ |Vu|?dx)?

2 Ja 4 Ja

+C4|Q|—C3t9f |u|9dx+Ct2/ |u|2dx—Ct”/ lu]” dx
Q Q Q

<0

IA

for t > 0 enough small. Thus, there exists 7 > 0 and ¢ := 7u such that I, ; (¢) < 0
when [|$l; < 0. o

Remark 6.1 By Lemmas 6.1 and 6.2, we can infer that 7, ; is bounded below in Bp/ 0)
and

c* = inf Ip,(@u) <0,

ueB ;(0)

where B, (0) = {u € Ej : |lull, < p'}.
Next, we show that I, , satisfies (PS). condition in Bp/(O) with ¢ < 0.

Lemma 6.3 Suppose that (V1) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied. Then,
there exists Ly > 1 such that 1 ;, satisfies (PS). condition in B, (0) with ¢ < 0 for
all A > A

Proof If {u,} C E; isa (PS). sequence for I ; in Bp/ (0) with ¢ < 0. Thus, we have
llnll; < p’. Therefore, there exist u~ € Ej and constant B > 0 such that

u,—u_in Ey, |Vun|% — B?, |Vu_|% < B2

The rest of the proof in this lemma is similar to Lemma 3.6. So we omit it. O

Proposition 6.1 Suppose that (V1) — (V3), (f1) — (f3) and (g1) — (g2) are satisfied.
Then, there exists A, > 0 such that for each

p—

q-2 p P=2N\ T p=2
hl 2 < 8di (__dipC—q) \"' SCipady [ dipC-q) |77
2 = ’
2=q q C1/2d22d;7761([7 -2) p C1/2d§d.’l’)q(p -2

and A > Ly, the functional Iy ; has a local minimizer u, , € E,. Furthermore, u, ,

b

is a nontrivial solution of Eq. (Kp ;. )and I (u, ,) < 0 with ||u, , || < p'.
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Proof 01_1 the one hand, by Theorem 6.1 and Remark 6.1, there exists a sequence
{un} C By (0) such that

Iy (uy) — ¢* and (Ib,k)/(un) — 0 asn — oo.

On the other l_land, by Lemma 6.3, there exists A, > 0 such that I, satisfies (PS)qx
condition in B,(0) with ¢* < O_for A > Xy Thus, up to a subsequence, there exists
a subsequence {u,} and u;k € B, (0) such that u, — u;/\ in E; for A > A.. Thus,

uy, ; is alocal minimizer on B,y (0) satisfying

Ipsuy,) = ¢* <0, (Ip;) (uy,) =0 and |uy, [, < o'

Obviously, u; , is a nontrivial solution of Equation (ICp ;) with I, ,\(u,; ;) < 0and
||u1;)\ llx < p’. The proof is completed. O

Proof of Theorem 2.5 By Proposition 6.1, we can complete the proof of Theorem 2.5.
]
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