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Abstract
The main purpose of this paper is to look for solutions of the following critical nonlinear
Dirac equation

—iea-Vu+apu+Vx)u = K(x)|u|p_2u + QX)) |ulu x € R?,

where ¢ > (01isasmall parameter,a > Oisaconstant, p € (5/2,3),a = (o1, a2, «3) is
triplets of matrices, a1, oz, a3 and B are 4 x 4 Pauli-Dirac matrices. The potential V (x)
may attain +a at somewhere or at infinity, K, Q € C 1 (R3, R™) are two functions.
When ¢ > 0 small, we will prove the existence and concentration of the solutions by
using variational methods under some mild assumptions on the potentials V, K and

0.
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1 Introduction and Main Results

In this paper, we concerned with the following nonlinear Dirac equation with critical
nonlinearities

—iea -Vu+afu+ V(x)u = K(x)|u|p_2u + Qx)|ulu, (1.1)
where u : R — C*isa spinor field, V = (%, %, %), a > 0 is a constant. oy,

an, a3 and B are 4 x 4 Pauli-Dirac matrices:

. OO‘,,;k (L O
ak—(ak()) 1 <k <3, ﬂ—<0_12>

01 0—i 10
w=(T0) »=(1%) ==(02)

where o is the conjugate transpose of 0. It is well known that the most general form
of Eq. (1.1) is

with

—ihid Y = ichS{_ ok — mc* By — M)W + Fy(x, ¥), (1.2)

where £ stands for Planck constant, m > 0 denotes the mass of particle, ¢ is speed
of light. Equation (1.2) plays an important role in quantum electrodynamics [21].
In mathematics, under the assumptions F'(x, e")lp) = F(x, ) for any 0 € [0, 2r]

and ¥ (¢, x) = e%’ w(x), then the Eq. (1.2) is equivalent to the following stationary
equation

ihE,?:]akakw+aﬁw+ Vx)w = Fy(x, w), (1.3)

where a = mc, V(x) = (@ + p)ly and Fy(x, w) = %Fw (x, ¥). Especially,
Eq. (1.1) can be regarded as a generalized stationary equation of (1.2) in the case that
F = %K(x)|1//|1’ + %Q(x)|1//|3 and ¢ = h. The external fields in (1.3) arise in models
of mathematical models of particle physics for many years [22, 24]. The most common
examples of nonlinear Dirac equation are the massive Thirring model [29] (vector self-
interaction) and the Soler model [27] (scalar self-interaction). Various nonlinearities
appear in models for unified field theories. For more physical background one can
refer to [28].

For the Soler model F(w) = %H(ww), H € C*R,R), by using variational
methods, Esteban and Séré [19] obtained infinitely many solutions under the following
assumptions:

Vix)=w, H'(s)-s > 0H(s), F(—w) = F(w) and w € (—a, 0)
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for all s € R and some 6 > 1. This may be the first literature to study the nonlinear
Dirac equation by using variational theory. After that, Bartsch and Ding [2] obtained the
standarding wave solution of Eq. (1.3) under V (x) and F (x, w) are period depend on x.
This is a change in the study of nonlinear Dirac equations from autonomous systems
to non-autonomous systems. Their work benefits from the critical point theory of
strongly indefinite functional developed in [1]. Further, Ding and Ruf [16] considered
the Coulomb-type potential and obtained the existence and multiplicity of solutions
for asymptotically quadratic nonlinearities. For more results on the existence and
multiplicity of solutions of (1.3), we refer to the literature [12, 20] and their references.

According to [13], when the Plank constant 7 > 0 is small enough and tends
to zero, the solution of (1.3) is called semiclassical states. From physical point of
view, this is related to the correspondence principle proposed by Niels. Bohr in the
early development of quantum mechanics. This principle describes a corresponding
relationship between quantum mechanics and classical mechanics, it provides a new
view of physics. To the best of our knowledge, there have been many literatures seeking
the existence and concentration phenomenon of the semiclassical states for nonlinear
Dirac equations. Under the condition V(x) = 0 and Fy(x, w) = Px)|w|P 2w,
2 < p < 3, Ding [13] obtained ground state solutions of (1.3) which concentrate the
maximum points of P(x) as i — 0, it is the first result about semiclassical state of
the nonlinear Dirac equation. This results was later generalized to the case

V(x) #0, min V(x) < liminf V(x) (1.4)
xeR3 [x|—o00

and the nonlinearity with the form Fy,(x, w) = f(Jw|)w in [15], where nonlinearity
is subcritical. When the potential V satisfies (1.4), Ding and Ruf [17] also considered
Eq. (1.3) with the nonlinearity Fy, (x, w) = P(x)(g(Jw|) + |w|)w. In [18], Ding and
Xu proposed the following local condition of the potential V (x): there is a bounded
domain A C R3 such that

min V(x) < mil;lll\ V(x) (1.5)

x€eA X€

and they established the same conclusion as [15]. It is worth mentioning that this local
condition (1.5) weakens (1.4). In fact, (1.5) is similar to the classical global condition
proposed by Rabinowitz [26] in nonlinear Schodinger equation. For more semiclassical
results, we refer the reader to the surveys [5-7, 14, 31, 32, 34] for reference to the
literature.

In this paper, we first construct the semiclassical states of the critical Dirac equation
with degenerate potential(the potential V may attain £a or approach =£a at co), and
then discuss the concentration phenomenon of the semiclassical state as i = ¢ — 0.
To state our main results, we need the following assumptions.

(V) V e CHR3, R) satisfies supgs |V (x)| < a, there exist the constants T € (0, 2)
and v € (0, +00), such that

a—|V(x)| =

1+ |x|*
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(K) K € C'(R¥R) and 0 < k; < K(x) < ko(1 + |x])7 for any x € R? with
constants k] > 0, ko > Oand v/ > 0.

Q) Qe CY(R3,R)and 0 < q1 < 0(x) < g2 <ooforany x € R3 with constants
g1 > 0and g2 > 0.

(S) There is a bounded domain A C R3 with smooth boundary d A such that

n(x)* VV(x) >0, VK(x) * VV(x) < 0Oforany x € 9A,
VOx) * VV(x) <0, VO(x) * VK (x) > 0 for any x € dA,

where 7i(x) denotes the unit outward normal vector to dA at x.

Without loss of generality, we assume 0 € A. For any set @ € R3,8 > 0, ¢ > 0,
we define

Q‘S:{xeﬂ@:dist(x,sz) ;= inf |x — y| <5},
yeQ
ngixeR3:8xeS2}.

Denote for § > 0 small O(8) = {x € A : dist(x, dA) > §&}. Then there is 5o > 0
such that SUP A 80\ O (50) VK(x)*VV(x) <0and SUP 750\ O (89) VOx)*VV(x) <O0.
The main results of this paper are as follows.

Theorem 1.1 Suppose that assumptions (V),(K),(Q) and (S) hold. Then, for p €
(5/2, 3), there exists eg > 0 such thatifO < ¢ < €o, Eq. (1.1) has a nontrivial solution
ug, satisfying that for any § > 0, there exist C1 = C1(8) > 0 and C» = C(8) > 0

such that
2—t
dist(x, O T
lus| < Caexp (—Cl (M) ) .

Our problem concerns the Sobolev critical situations, so it is difficult to deal with
compactness in order to get semiclassical state. As we will see, the energy functional
associated to Eq. (1.1) is strongly indefinite. Thus, we cannot use the standard critical
point theory [33] to solve it. On the other hand, we allow the potential V (x) can be reach
a or tends to a at infinite. This potential V' destroys the linking structure of the energy
functional. In order to overcome these difficulties, we follow the methods in references
[6] and [32]. We first introduce a truncation function and adjust the nonlinear term
appropriately. Secondly, we make use of an idea of the penalization approach similar to
that used in [4, 8, 9] in the energy functional by subtracting a penalized functional term
P., which ensures the linking structure of the energy functional. Combining truncation
techniques and the penalization functional P, it makes the Palais-Smale sequences
bounded and relatively compact, so we can deal with the modified problem. Finally,
by some regularity and L° estimate of solutions which solves modified problem, we
can get the semiclassical state of Eq. (1.1).

The paper is organised as follows. In the next section we present some preliminary
notions on the Dirac operator, introduce the modified functional and give some basic
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lemmas. In Sect. 3, by using an abstract linking theorem, we prove the existence of
nontrivial solutions of the modified problems when ¢ is small. In Sect. 4, we give
a profile decomposition with respect to a family of solution {u.} which obtained in
Sect. 3 and get some regularity estimates on the {u.}. Finally, in Sect. 5, we finish
the proof of the main theorem.

2 Preliminaries

Firstly, using the scaling w(x) = u(ex), we can rewrite the Eq. (1.1) as the following
equivalent equation

—ia Vw4 aBw+ Viex)w = K(ex)|w|P? 2w + Q(ex)|wlw x e R*. (2.1)

If w is a solution of Eq. (2.1), then u(x) := w(x/e) is a solution of the Eq. (1.1).
Therefore, we will mainly focus on this equivalent equation in the remaining part of
the paper.

For convenience, let Hy := —ia - V 4 af denotes the Dirac operator, it is a self-
adjoint operator on L?(R3, C*) with domain D(Hy) = H'(R3, C*). According to
[19], we know that

o (Ho) = o.(Ho) = R\(—a, a),
where o (Hp) and o.(Hp) denote the spectrum and the continuous spectrum of Hy,
respectively. Consequently, the space L>(R>, C*) possesses the orthogonal decompo-
sition:

LZ(R3, (C4) =LY"®L, u=u"+u"

such that Hy is positive definite in L™ and negative in L. Let | Hy| denote the absolute

value of Hy and |H0|% denote its square root. We define £ := D(|H0|%), then by [19],
we know that E is a Hilbert space if endowed with the inner product

(u, v) = Re (|Hol*u, | Holv)
2

and the induced norm ||u ||2 = (u, u), where Re stands for the real part of a complex
number. By [19], this norm is equivalent to the usual H %(R3, C*)-norm, there-

fore, E embeds continuously into L4 (R3, C*) for all ¢ € [2, 3] and compactly into
LZ)C(R3, C*) for all ¢ € [1, 3). Moreover, since o (Hy) = R\(—a, a), we have

alul3 < u)?, forallu € E. (2.2)
Furthermore, E can be decomposed as follows

E=ET®E",
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where ET = EN LY and E- = E N L~ and the sum is orthogonal with respect to
inner product (-, -) and (-, -)1,. In addition, it follows from [18, Proposition 2.1] that

49 q
cqllu™ll§ < llulld forallu € E,

where ¢, > 0 is a constant.
The energy functional of (2.1) is

Je(w) =l / (—ia - Vw, w) + (aBw, w)dx + l / (V(ex)w, w)dx
2 R3 2 R3

1 1 3
- — K(ex)|lw|Pdx — = Q(ex)|w| dx.
p Jr? 3 Jgr3
By the decomposition E = E* @ E~, we can rewrite J; as follows

1 1
o) =3 (w1 = 1) + 5 f (V (6w, w)dx
R3

1 1 5
- — K(ex)|w|Pdx — = O (ex)|w| dx.
p Jr3 3 Jgrs3

According to standard arguments, we know that J, : E — R is of class C I For
w, v € E, there holds

Jg/(w)v = Re/ (Hyw + V(ex)w — K(sx)|w|p_2w — Q(ex)|w|w) - vdx,
R3

where w - v express the usual inner product in C*. Moreover, in [15, Lemma 2.1] it is
proved that critical points of J, are weak solutions of nonlinear Dirac Eq. (2.1).

From now on, we will construct a penalized functional P, as that used in [4, 10,
11] and a truncation function as that used in [6] and so that our modified functional
have nontrivial critical points.

Let ¢ € C®(R™, [0, 1]) be a cut-off function such that p(t) = 1if 0 <t < 1,
¢(t) =0if ¢t > 2 and for any ¢t > 0. Set b.(t) = ¢(¢t) and m.(¢) = fé b (s)ds for
any t > 0.

Let £ € C®°(R™, [0, 1]) be a cut-off function such that ¢ () = 0 if t > &, and
c(@) =1if0 <t < 8y/2,and ¢'(r) < 0 for any r > 0. Define x (x) = ¢(dist(x, A))
and

ge(x,t) = min{hg(x,1),p(x)} foranys >0, x € R3,

where ¢ (x) = > and

— Kk
l+\x|4+’
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3-p
2

ho(x, 1) = K (ex)tP~2 + gg(sx)ﬂ’*z mg(ﬁ))

3-p

2

n S_TPQ(ex)ﬂ’ (ms(tz)) ).

Let us define
fe(x, 1) = x(ex)he(x, ) + (1 — x(ex))ge(x, 1),
then for (x, ) € R? x Rt and G, (x, 1) = fé ge(x, s)sds

t
Fé’;‘(xat):/ fg(X,S)Sds
0

3-p

2

1 1 )
= e | —K@0)” + 20(ex) (me(®)) * ) + (1 = (@) Gex, ).
p 3

We denote the sets Vy = {x € R?: V(x) = +a}and V := Vi UV_. By (V), we
can choose Iy large enough, such that (V)? ¢ B(0, lo/2). Setting x4 and x_ be the
characteristic function of the sets

B+:=<V+)5u{|x| =l - v<x>z%“}, B_ = (V_)Y'U {|x| > Iy : v<x>s—%“}.

Without loss of generality, assume that § is small enough, there exists a 6 € (0, 1)
satisfying

+V(x) > %Ta forx € B+ and V(x) € [—0a,Oa] forx ¢ B= B, UB_.

For ¢ (x) = Wedeﬁneé,g:ﬁ@xR—)Rby

Kk
I+|x 47"

0, 1< ¢(x); R t
£, ) = { 5t =% o) <1 <20(0); E(x,1) =/ £(x, 5)ds,
20 =3¢ (x), 1= 2¢(x), -

and define the penalized functional P, : E — R by
a - —~
Pe(w) = 3 X (ex)&(x, |w|)dx,
R3
where ¥ (x) = x4 (x) — x_(x). Itis clear that P, : E — Ris of class C! and

Pl(w)v = %Re/ X (ex)E(x, [w)hw - vdx forany v € CPR, CH,  (2.3)
R3
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where £(x, 1) € C1(R? x R, [0, 2]),

1 0. L < pQ):
Ern) = o) § 0O gy <1 < 26 (0);
t 2360 4 5 94 (x)
t ’ - :

Moreover, for w,—w weakly in E, there holds
Pl(wy)v — Pl(w)v forany v e C°(R?, C*).

Now we define the modified functional &, : E — R

D (w) = 1/ (—ia-V+a/3)w~wdx—|—1/ (V(ex)w, w)dx
2 Jr3 2 Jr3
— Pe(w) —/ Fe(x, [w])dx
R3

1 1
=5 (=) 5 [ View e = )~ [ et wpar.
2 2 Jgr3 R3

By (V), (K), (Q) and (2.3), we know that &, is of class C!, and for w, v € E, there
holds

P (wyv = Re/ (How + V(ex)w — %i(ex)g(x, lwhw — fe(x, lwhw) - vdx,
R3
and the critical points correspond to weak solutions of
a ~
—ia - Vw +aBw + V(iex)w — gx(sx)é(x, lwhw = fe(x, lw)w.

Lemma 2.1 For small ¢g > 0 and ¢ € (0, &), the energy functional ® satisfies the
Palais-Smale condition.

Proof Assuming {w,} C E is a Palais-Smale sequence for @, i.e., {®.(wy,)} C

R is bounded and @/ (w,) — 0 in E*, we shall show that {w,} has a convergent
subsequence in E. We first verify the bounded-ness of {w,} in E. Observing that

on(D)[|wall = @ (wy) (w; —wy,)

= Jlwal* + Ref V(ex)w, - (wh —w;)dx
R3
- Re/l; fg(X, |wy Dwy - (w; - w;)dx

a ~ ~
_ —Re/ FEOE @, lwahw, - (wF — wy)dx
8 R3
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= ||wn||2+/R3(V(s>— SREOE . lwa ) (w1 = wy P)dx

- Re[3 fe(x, lwaDwy - (wf —w;)dx. 2.4)
R

By the similar argument as [32, Lemma 2.2], we get

L, (ven = §xence, wnb) (1w P = fu ) ds
> — max{6, %}nwnu2 —Ce¥T S, (2.5)

On the other hand, it may be assumed that ®.(w,) — ¢, then

1
¢+ llwyll = ®c(wy) — Eq)/g(wn)wn

1 1
= / <§fe(x’ |wn|)|wn|2 — Fe(x, |wn|)> dx + Epsl(wn)wn — Pe(wy).
R3
(2.6)

By the definition of P, (2.2) and the fact ||x_(ex)¢ |2 < Ce™ +5/2, we deduce
1, 3a
_Pg(wn)wn_Pa(wn) > —— X—(ex)|wy|¢dx
2 2 R3
> —Clix—(E)dlallwala > —Ce* 2w, [ 27)

If he(x,t) > ¢ (x), then by the definition of g.(x, t) and G.(x, t), we have
1 ) 1 2
Ge(x, 1) = §¢(X)t - Ed)(X)to + He(x,10), he(x,10) = $(x),

where H, (x, o) = [° 1 Pl p P
e (x, 19) = 0 hg(X,S)SdS = PK(&‘X)IO + 3Q(8x)t0 (mg(to)) 7. So there
holds

1
< §¢(x>r§ — He(x, 1) (2.8)

1
S8 (x, 10)15 — Ge(x, 1)

Since h.(x, tp) = ¢ (x), i.e.,

3—p
K0l + §Q(ex)t0’"2 (ms(tg)) 2

3-p_

2

3— 1
+ 500 (me@) T b)) = ¢ (),

@ Springer



3344 Y.Wen et al.

If 7o > 1, then we have

3_—

K0l < Kol 2+ §Q(sx)z(§"2 (mg(t§)>T = ().

From above, we know that 7y has an upper bound, i.e., there exists a constant M > 0,
suchthatfy < M. Similarly,if 7y < 1, then there holds K (ex)z} 24 0(ex)1f = ¢(x).
It follows that

1 _2 r_
=3 K (ex)| P2 | (x)| P2

1
‘Egs(x, 1015 — Ge(x, to)
Then

1
’/ (1 — x(ex)) (—gs(x, lwa D wn|* — Ge(x, |wn|)dx)'
]R3 2

p'+4) 3

SC/ |K(8X)I_ﬁl¢(X)|P%2 <Ce r2 . (2.9
R3\(A%),
Injecting (2.7), (2.8) and (2.9) into (2.6), we have
1 1
C+ wnl) = /R3 <§fs(x, lwn ) wn|* — Fe(x, |wn|)> dx + Epg/(wn)wn — Pe(wy)dx

1 /
> /R} (Ex@x)ha(x, lwaDlwal? = x(ex) He x, |wn|>> dr — Ce™ /2wy |

1 /
= /R? x(ex) <§hg(x, Jwn)lwnl® — He (x, |wn|>) dx — Ce™ /2 lwn]),
(2.10)

where H, (x, |w,]|) = folw"l he(x, s)sds. By Holder inequality and (2.10), we have

f X (EX)he (x, [wp)wy - (wF — w;)dx
R3

=

/R KDl - (f = w)dx

+ fR (e (. [wnDwy - (wF — w)dx

1 -1 1 _
< IK P [wnl I oy 1K P Twst = wi o ady,

+ fﬂ@ X (€X)he (x, [wy wy - (wyf — w;)dx

p=l  p=3 _
=CA A+ lwall) » & 7 K] ; Iy —wy |

1

P
3—p

L3
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+

/H@ X (ex)he (x, [wawy - (w; — wy)dx

=3 -1 ~ 5 \?
<Cev (IIwnII +llwall )+ (/Rgx(ew(ha(x, Iwnl)lwnI)ZdX>

%
x (/ |(w; — w;)|3dx) :
R3

~ 3=p
where Tx (x,1) = £20(ex)?72 (m(1%)) 7 + 320 (ex)1? (me (1))
Then (2.10) can be rewrite

3—p_
2

U (1),

' 1~ ~
CQU+ [wal) = =Ce™ 2wy + /R% x(ex) (Ehsoc, [walwal? — He (x, |wn|>) dx

115/2 ~ 3
> —Ce™ w4 e [ e (e hwaDlun) (2.11)
R

By the definition of g, (x, t), we have

’/R (1= x(x)) ge (v [waDwy - (w, — w;)dx' =" PP @12)
Combining (2.4), (2.5), (2.11) and (2.12), we have

. 1 / p=3 2p—1
mm{l—e,g}||wn||2—Cs’+3||wn||25c8 ? <||wn||+||wn|| p )
2
+ CA A+ wa )3 [Jwpll.

This implies the bounded-ness of {w,} in E for small gy and ¢ € (0, &).
Next we prove w, — w in E as n — oo, denoting z,, = w, — w, we have

DL (wn) () —2,) =0a(1), D)5 —2;,) = oa(D).

It follows that
o,(1) =Re(w;, zF) + Re(w; , z,) + Re fw V(ex)w, - (7 — z;)dx
—Re /M %)?(ex)g(x, lwaDwn - (2 = 2,) + fe(x, [wpDwy - (7 — z,)dx;
and
0=Re(w™,z) +Re(w,z,) +Re /R} Viex)w - (z7 —z, )dx

_ C_Z"’ = + - + -
Re[;@ SX(ex)ff(x, lwhw - (2 —z,) + felx, [whw - (7 — 2, )dx.
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Then there holds

on(1) =P, (wa) (5} — 2,) — DLW (2} —2,) = llzall®

+Re/ V(ex)zn - (2 — 2, )dx
R3
a . ~
—Ref —X(EX)ECx, [wawy - (2 — 2, )dx
R3 8
+Re/ %5((896)5()6, lwhw - (z,} — z,, )dx
R3
—Re/3 x (ex) (he (x, [ Dwy — he(x, [whw) - (2,7 — 2, )dx
R

- RG/R3(1 — x(ex))(ge (x, lwaDwy — e (x, [Whw) - (zF — 2, )dx.
(2.13)

By the definition of ¥ and & (x, 1), it follows that

lim Re / FEDE G, lwahw - & — z;)dx
n— 00 ]R3

= lim Re/ F(EeX)E(x, lwhw - (zF —z7)dx = 0.
R3

n—oo

Moreover, we have
(ge(x. [wal) — ge(x, [w)) - (5F — z,)—0 in L*(R?, CY),
which leads to
lim ‘f (1 — x(ex) (ge(x, [wnl) — ge(x, (W) w - (g} — Z,I))dX' =0.
n—0oo R3
Hence, (2.13) can be rewritten as follows
a. ~ _
0n(1) =liza]* +Re /H; [Ven) = SXE0FCr bz - & = 2;)dx
- RefR3 x(ex) (he (x, [wpDwy — he(x, [WDHw) - (2} — z,)dx.  (2.14)

By [34], we know that

a ~ ~
/R Vel P - SRE0ECr oIz

Ta
> / “6a(1 — x(ex))z}Pdx — & f x_(ex)lzF P
R3 8 Jjwn =3¢ ()
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a
+ —/ X+ (8)|z,} [Pdx — af X—(ex)|z,} 1dx + 0,(1)
2 Jg3 R3\ (Jwn |36 (x))

and

— a~ it —
fR3 —V(en)lgy [P+ g X (E0E(x, lwalzy [Pdx

-2 Ta -2
> | —0Oa(l — x(ex))|z, |"dx — — X+(ex)|z, |7dx
R3 8 Jiwnl=3¢(x)

a -2
+ 5/}1@3 x-(ex)lz, |“dx.

Combining the above two inequalities and (2.14), we obtain

min{l -0, } llznll —Ref X (€x) (he (x, [wpDwy —he (x, [wDHw)- (2, =z, )dx <0.
R3
(2.15)

By mean value theorem, there exists a function 6, such that
V x(ex) (K e0lwal " 2w, = K e0)lwlPw) - (¢ - z;)dX‘
R;
=(-D ‘/3 X (ex) (K (ex)10,17 %20 - (2} — z,,)dx‘
R

<(p- 1)/}}@ X K €101 2n] - 12F — 27 |dx
p=2

=(-D (/R X(SX)(K(sx)|9n|P2)ppzdx)p

() (o)

_p_ i 3
<(p-D (/ (x(ex)|K (ex)|P=2) 3= dX> 1614 Aznlp 15k =27 1p

=0,(1). (2.16)

Similarly, we have

3—p 3—-p
‘f x(ex)Q(ex) <|wn|" 2 (me(wa®) T wn = w72 (me(u) w)

~(Z,J{—zn_)dx‘ = 0, (1), (2.17)

@ Springer



3348 Y.Wen et al.

and

3p_y
| [ xEn@niun? (meun)) bt P, - @~ 200
R3

3-»p

- [ xenoenil? (megup) *
R3

b (wPw - (zF — z;)dx| = 0,(1).
(2.18)

Taking (2.16), (2.17) and (2.18) into (2.15), and we can obtain
. 1 P
min{l — 6, g}llznll < o0,(1).

Therefore, {w,} has a convergent subsequence in E, and the proof is completed. O

3 The Solutions of Modified Equation
In this section, we will use an abstract linking theorem [12] to obtain nontrivial critical

points for the modified variational functional. Let’s write the modified equation as
follows

a . ~
—ia - Vw +aBw + V(iex)w — gx(ex)g(x, lwhw = fe(x, |lw|)w. 3.1
For the convenience, we give the following notations.

Br={weE:|wl=<r} S={wekE:|wl=rk
Ee)={we E:w=se+v, s>0andv e E™}.

In order to obtain the linking structure of the modified functional, we first give the
following lemma.

Lemma 3.1 (/34, Lemma 3.1.]) Assume that (V') holds. Then there exists a constant
C > 0 which independent of ¢, such that for any w € E,

~ o~ 7 /
‘/3 V(ex)|wl* - %X(SX)f(x, lw)dx| < max {9, §} lw* + Ce* .
R

Lemma 3.2 Assume that (V), (K) and (Q) hold, then there exist constants ry > 0
and p > 0, such that

inf O (w) > p, forany e € (0, o).

weET, |lwll=ro
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Proof Taking w € E*, by Lemma 3.1, there holds

1 1
. (w) = Ellwll2 t5 /H; V(ex)|w]*dx — P (w) — /111{3 Fe(x, [wl)dx
1

1 a . —~
= —||w||2+—f V(ex)|w|* — —x(SX)E(x,IwI)dx—/ Fe(x, |w|)dx
2 2 R3 4 R3

v

1 1 ,
—min{l—6, - ||w||2—C82T+5—/ Fy(x, lw|)dx.
2 8 R3

By the definition of F.(x, t), we have

3—

1 1
[ Ftunas = [ k@il + 5 0Enil? (nwp) T dx
R3 (A%, P 3

A%)e

+ / G (x, [w]dx
R3\(A%),

3-p

1 3 3 3 %
s—(/ |K(ex)|3pdx> (/ wldx
P (A%, (A%),

1
+/ |w|3dx+—/ élw|>dx
(AD), 2 Jr3\(ad),

-3 3 +4 2
< Ce"llwl” + w]® + Ce™ THw]|*.

N‘
<

Therefore, by the above two estimates, we have

D (w)

v

1 1 ’ '
5 min {1 -0, g} wl* — Ce?™ > — CeP|lw|l” — |w]® — Ce™ T |w]?

v

1 1 ,
Z min {1 —0, g} [wl? — Ce?™ > — CePlw|l” — [|w].

Let ||w|| = ¢ < 1, in the light of p € (5/2, 3), then

1 ,
@, (w) > — min {1 -0, §} &2 Ce2THS _ cp2r-3 _ 3
1 1
> —min {1 -0, _} &2 _ Clg2r—3
4 8
We complete the proof of this lemma. q

Lemma 3.3 Assume that (V), (K) and (Q) hold. Fix ey € E™T, then there exist gg > 0
and Ry > 0, such that for any ¢ € (0, &g), there holds

sup O (w) <0.

wek(ep), |wl=Ro

Moreover, sup,,c g (o) Pe(w) < 2R§.
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Proof Taking w € E(eg), denote w = sep + v withs > 0, v € E~ , we deduce

2

s 1 2 1 2
¢s(w)=3||eo|| —Ellvll +§ - V(ex)|sep + v|“dx

— / C—l)?(sx)g(x, |seg + v|)dx — / F.(x, |seyp + v|)dx. 3.2)
R3 8 R3

Now we will discuss three cases:
Case 1: If s = 0 and v # 0, then by (3.2) and Lemma 3.1, we have

1 2 1 2 a . ~
@etw) = =3 1o+ 5 [ [VeeniPar = {Feofe wp]ax— [ £ s

1 1 7 ,
< ——vl? + = (max {6, = } o) + Ce?>T —f Fe(x, |v])dx
2 2 8 R

1 1 ,
<~ min {1 -0, g} o2 + Ce2™ 3.

It follows that ®,(w) — —o0 as ||w| = ||v|| = oo.
Case 2: If w = sep # 0, then by (3.2) and Lemma 3.1, there holds

2 2

K s a . ~
e (w) = - lleoll® + 5 /ﬂv [V(ex)leoax — TR (ex)E x. Iseo) | ax - /R} Fe (x, |seg|)dx

st s 7 2 2045
lleoll” + max 16, — ¢ [leol|” + Ce —/ Fe(x, |segl)dx
2 2 8 R3

IA

IA

1 15 1
—max{1+6, — ||seo||2—|—C£2r/+5—f/‘ x (ex)K (ex)|seq|Pdx
2 8 P JR3
< Cillegl’s® = CallegllPsP + Ce¥7 43,
Therefore, ®.(w) — —oo as s — oo. Define o1 = %max{l + 0, E}, 02 =

ymin{l — 6, ¢}.
Case 3: If seg # 0 and v # 0, then (3.2) and Lemma 3.1 leads to

1o, 1 1 7 X
Pe(w) = Pe(seo +v) = Sllseol” — Sllvl + 5 max 9,§ llseo + vl

- / Fe(x,|seq + v]))dx + Cet' 5
R3

IA

Dnax {140, 2 Vpseor? = Sminf1 =6, Lo
— max , — — —minyl -6, =
2 g [P0l T3 g

- / Fe(x, |seq + v])dx + Ce27'*5
R3

IA

2 2
otllseoll” — ezl

3—p
— / x (ex) (lK(sxnseo +v|? + lQ(sx) (mg(|seo + v|2)) : ) dx
R3 p 3
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- / (1 — x(ex))Ge(x, |seo + v|)dx + Ce27*5
3

<||w||2<gl||—|| — ol ”w”PZ/ (0K ()12 x)
= ol ol p e T

+ Ce' s, (3.3)

If &.(w) — —oo as ||w|| — oo, we can get the conclusion. Otherwise there exist
M > 0 and a sequence {w,} C E(ep), such that ®.(w,) > —M as ||lw,| — oo.
Hence, by (3.3) we can get

Sneo v [
——— <o lm—=IP-o- l——IP - — X (ex)K (x)
llwn |l llwn |l llwn |l P R3
[wy [P
dx + 0, (1). (3.4)
lwn 1P
Denote ”w 0= ‘TI’Z” + HwnH’ |2 ol =1, by (3.4) and (K) we know that ﬁffou —
wo # 0 since p € (5/2, 3). Otherwise we can get 1 = || =2 ”w 0 || = 0. Therefore, by
(3.3), we have
D (w Spe w, P2 P
; "z) <or 1202 4 - 1T / xEKE)1 gy s oo,
llwn |l llwn |l P R? lwn (17

This is a contradiction, so we have ®,(w) — —oo as ||[w|| — oo. Combining the
above three cases, we can get Sup,,c g (e). jw|=R, Pe(w) < 0. Furthermore, for any
w € Bpg,, there holds

1 1 3a
e (w) < ~wh > = S Jwl* + —f lw|*dx < 2Ro.
2 2 4 Jgs

Now the proof is complete. O

Let X be areflexive Banach space, and X can be decompose to X = X @ X . Take
S C (X7)* be a dense subset and P be the family of semi-norms on X, it consisting
of all semi-norm as follow

ps: X=XT®X - R, pxt+x7):=[sx)|+|xT|, seS.

Thus P induces the product topology on X, it is contained in the product topology
(X~,Ty) x (XT, || - D on X. The associated topology is denote 7. We denote the
weak™ topology on X* by (X*, 7). For more detail about the 7p topology, one can
see [12, Chapter4]. From now on, we take X = E and denote &, . = {w € E : &, >

c}.

Lemma 3.4 Assume that (V), (K) and (Q) hold , then the functional ®, : E — R is
sequence P-upper semicontinuous and @2 2 (Dge, Tp) — (E*, Ty+) is continuous
forevery c € R.
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Proof The argument is similar to [32, Lemma 3.4], so we omit it. O

Combining above lemmas and Lemma 2.1, we have the following theorem.

Theorem 3.5 ([12, Theorem 4.4]) Suppose that assumptions (V),(K),(Q) hold. Then
for every (0, g9), the modified Eq. (3.1) has a nontrivial solution we which satisfy
D (wy) € [p, SUPy e E(ep) D). Moreover, there holds py < ||lwgll < Cg, where
po > 0and Cg, > 0.

4 Profile Decomposition of Solutions and Regularity

By Theorem 3.5, we know that for any ¢ € (0, &), the modified Eq. (3.1) has a
nontrivial solution w,. In order to show these solutions are actually solutions of the
original problem (1.1), we need following several lemmas. Firstly, since pg < |Jw,|| <
CRg,, then we have the following profile decomposition with respect to {w}.

Lemma 4.1 Assume {e,} C RT isa sequence of real numbers, and e, — 0asn — oo.
Then there exist a sequence {0 ,} C R* and sequence {x; ,} C R3, {xjn} C R3,
such that lim,_, o, 0 , = 00 and {wg, } has following properties.

We, = Z Wl( - xi,n) + Z Uj,nW](U],n( — xj,n)) + ry,
e jeAs

where A1 and A~ are finite index sets. In addition,
. . ./ . ./
lim |x;, —x/ | =00 fori,i e Ajandi #1i.
n—oo t.n

Moreover,
(i) For any i € Ay, wg, (- + x; »)—=W; #0in H'2R3,C* asn — oo, and for

any j € Aco, ojillwgn (0;,1 c+xj)—W; #0in HI/Z(R3, CY as n — oo, where

H'Y2(R3, C*) is defined by
H'2®, CY == {w e PR, CY) : (-0)*w e LR, CY)
with the inner product (w, v) = (=) Y4, (=A%), and the norm ||w||2

S g2 =
(w, w) for any w, v € H/2(R3, C*).
(ii) There holds

Z/ |W; Pdx + Zf |W,-|3dx5nminf/ lwe, |dx.
R3 R3 n—0oo R3

e Jj€A

(iii) ry — 0in L3(R3, C*) as n — oc.
(iv) W; satisfies the equation

—ia - VW; = x(x))E;(x, |W;)W;,
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where Ej(x,t) is defined below (4.1). x; = lim, o0 €4Xjn, Xj € A% Moreover,
there holds

¢ 3
[W;(x)| < Trp for any x € R°.
(iv) W; satisfies the equation
. a. ~
—ia-VW; +apW; +Vx)W; — ZX(XI')W,' = E(x;, |[W;)W;,

where E(x, t) is given by (4.17), x; = limy— o0 €nXi p, Xi € A®. Moreover, there holds
|W; (x)| < Cexp(—c|x|) foranyx € R,

where C and c are positive constants.

Remark 4.2 For more information about the homogeneous Sobolev space H'2(R3, ¢4
and the relationship between H 1/2(R3, C*) and LP(R3, C*), one can refer to [30].
For details of operator (—A)V4, we refer to [23].

Proof According to [6, Lemma 4.2], it is not difficult to know that (i), (ii) and (iii)
are hold. Hence we only need to prove (iv) and (v). We first introduce the following
piecewise function, which will be used to construct the equation satisfied by W;.
Denote p; = lim; o snajz’n. We define

0, pj = —|—oo;
Ej(x,1):=1{ 20x, . 1 pj=0;

2OO)pT T 1024 £ 32200)p, 7 PAT N p(pj12), 0 < p; < 400

3 pj 3 ,Oj p(pjt7), U< p; < s

“4.1)
where A = \I'(,ojtz) and W (1) = fé ¢(s)ds. By (Q), we know that

sup supt_lEj(x, 1) < 4o0.
xeR3 >0

Let. Ujy = 0;; We, (0;; -+x;j ). Since wg, satisfies Eq. (3.1) withe = &,, thenu; ,
satisfies the equation

. -1 -1 -1
—ia-Vuj, + Uj’na,Buj,,, + aj‘nV (8"(Jj,n . +xj,n)) Ujn
—o 25 (e (0 4xj)) E(o7 ) 4xjnoinlujnl)u;
7, 8X n0; jn jn js OjnlUjnl ) Ujn

—1 —1
= ojn feu (970 5 Oinlitinl ) (42)
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Since 0, — oo as n — 00, hence, for any ¢ € C§°(R3, (C4),

12 12
<o}, (a / |u,~,n|2dx) (/ |¢|2dx)
’ R3 R3

1/2
<a'o]C? (/R I<p|2dx> — 0 asn—oc0. (43)

-1
aj’n/ apuj , - edx
IR3

By the definition of E we know that g(x, 1) € CYR3 x R, [0, 2]), then

-1 -1
Tin fRS [V (8,,((7]-)11)6 + xj,,,)>

a _ ~ —
_§X <8n(0j,,1x +xj,n))§ <O'j’,1x + Xjn, Gj,n'“j,n|)] Ujn - @dx

(3 1/2 1/2

- 2 2

oin (30 [ wta) - ([ o)

. 30\ /2 ap , 1/2

<|— o.,Cr lp|“dx — Qas n — oo. 4.4)
) Jin=Ro \ Jos

Similarly,

IA

a;; /R3 (1 —X (8,, (o;;x +xj,,,))> 8en (0;,11)6 + Xjn Uj,,,|uj,,,|) Ujn .¢dx‘
1
l—x(e (o._lx—i—x-, ))) — U, - @dx
/H;S ( B A TN TR

/3uj,n~(pdx
R

Now we prove x; = lim, 00 &yXjn € A% We assume that lenxjnl — 00 or
EnXjn —> X0 & A% asn — 00, then

< g7l
<o,

1/2
<o (/R% |(p|2dx) — Oasn — 0o.  (4.5)

-1 -1 -1
Oin /2 X (en (aj’nx —l—xj,n)) heg, (aj’nx + X}, aj,n|uj’,,|) Ujn - pdx
R;

o7t [ e ) K o )

+o,(1)

-2
X (Uj,:1|uj,n|)p Ujn - @dx

ot [ (o (o704 510)) @ o (0725 +0.))

X (Uj,n|uj,n|)p_2 <ms ((Uj»nwf’"')z))%

+

4
<

Ujy - pdx
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-1 -1
i [ 7 o (o)
- -2
x K <8n (oj”ix +xj7,,)> (aj,n|uj,n|)p Ujpy - edx
-1 -1
Tin A; X (8,, (aj,nx +x.,-,,,))
x Q0 (sn (a;rllx +xj,,,)) (oj,,,|uj,n|) ujy - pdx
-3 — — _
< aﬁn A.@ X (8,, (oj;x +xj,,,)> K (en (oj’;x +xj7,,)> lij nl? 1, lp|dx
+ [ o (ot xin)) @ (on (o7 i) s e+ onc)
R

-3 _
< [ e [Kespal, gt lpl+ Gy il

+0,(1) > 0asn — oo. 4.6)

+

+o0,(1)

Thus, combining (4.2), (4.3), (4.4), (4.5) and (4.6), we can get
f —io - Vuj, - @dx — 0 forany ¢ € Cgo(]R3, Cch.
R3

By (i), there holds u j ,— W, consequently,
—ia - Wj = 0

It follows that W; = 0, which contradicts (i). Therefore, x; = lim, . €,X; n € A%,
By the definition of A, (x, t) and E;(x, t), we claim that

a;rllhgn(x, ojnt) = Ej(x,t) forany x € R3, 1 €0, o0) as n — Q. 4.7

If pj :=lim,_ snof’n € (0, 00), then for any x € R3andr € [0, 00), there holds

a;:lhsn (X, nl)
_ - p — 3p
= 07 1 { K (e (100772 + £ 0(en) (@700 2 me, (07,00)) 7" |

+a;,i3%’Q(snxxaj,nt)f’(msn(aj,nr)sz"—lbgn((o,,nz)2>. (4.8)

Observed that

) (0ja1)? 1 [En07at
e, ((0).01)) = / be, (s)ds = — / o(s)ds
0 &En Jo

n
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Hence, we have

3—p

2

o {K(enx)wj,nz)f’—2 + 20 ©0ju0)" 7 (me, (@70

3-p
2

p=3.p-2 p =3 en0 ot
=0jn !t K (enx) + EQ(Snx)(En) 2 A @(s)ds

3—p 3-p

— gQ(O)Pj : <‘I'(,0jl‘2)) ° asn — oo. 4.9)

and

3-p_

3 —
o222 e (e o))

b, ((07.0°)

3
2 2 !
3 - eno; 1 2
= TPQ(SnX)(Uj,n)p_lfp(Sn)Tp (/ ' <.0(S)d5> <P(8n‘7j2’nf2)
0
3— r=l p_
= TpQ(O),oj2 1P (‘I’(,Ojtz)) T o(pjt?) asn — oo (4.10)

Taking (4.9) and (4.10) into (4.8), we obtain that for any x € R3,t € [0, 00),

im0 he, (6, 01) = Ej(x,1) for0 < p; < +oo.

Similarly, we can derive that

. —1
lim o;
n—oo /M

he,(x, 0 ,1) =0 with p; = +00.
and
nliil;o“;ihsn (x,0).4t) = Q(0)t with p; = 0.

Then the claim is true. From (i), we know that

1
I/tj,n =0

e, (ajjj 4xja) = Wix) ae.x e R¥asn — oo. (4.11)

Combining the (4.7) and (4.11), there holds
nllngoajiihgn(x, OjnlujuDujn=Ejx,|W;DW; ae x € R asn — oo.

Then from Lebesgue dominated convergence theorem, it follows that
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-1 —1 —1
Gj,n ./H‘V X(En(aj,nx +xj,n)h8n (O‘j’nx + Xjn, O‘j,nWj,nl)’f{j,n - pdx

- / XXHE;j(x, Wi )W; - odx asn — o0. 4.12)
R3

By (4.2), (4.3), (4.4), (4.5) and (4.12), we have
—ia - VW; = x(x;)Ej(x, [W;)W;.

Thus, from [3, Theorem 1.1], we can obtain

c
|W;(x)| < g for any x € R>.

|x]

We finish the proof of (iv).
To prove (v). Since wg,, satisfies Eq. (3.1) with e = ¢, i.e.,

a

8%(8,1x>5<x, [We, NWe, = fe, (X, |We, Nwe, -

—io - Vwg, +afwg, + V(epx)we, —

From (i), we know that wy, (- + x; ,)—W; # 0in H'/2(R3, C*) as n — oo. Denote
Ujp = We, (- + X n), then

a . ~
—io - Vui,n +a,8ui,n+V(5n(x+xi,n))ui,n_gX(Sn(x"f‘xi,n))g(x_i'xi,m |I4i,n|)ui,n
= fsn ((x +xi,n)v |“i,n|)ui,no (4.13)

If x; :=lim, 00 EnXin € A% then for any ¢ € Cy° (R3, C*%), we have
/ —ia - Vu; - edx — / —ia - VW, - @dx,
R3 R3
/ aBu; - pdx — / aBW; - edx,
R3 R3
/ Vi(en(x + Xi n))tti n - pdx — f V(xi)Wi - gdx,
R3 R3
a . ~
[, ST et 5B + ittt -
R\

a

a. ~
— / —X(x))2-W; - pdx = —/ X (xi)W; - pdx. (4.14)
R3 8 4 R3

In additional, there holds

fon (2 4 Xi0), i nl) i n - odx
R3

= /3 X (8n(x + xi,n)hs,, ((x + xi.n), |ui,n|) Ujn pdx
R
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+ /ﬂ;g (1= x(en(x +Xin)) e, ((x + Xi ), |ttt - pdx. (4.15)
Since

hsy, ((x + xi,n)s |ui,n D

3—p
= K(en(x + 310 luinl" 2 4 £ 0Cen e + 31 lui ol (me, (i)

3-p

3—p 2P
+ =52 0enx + i) luial? (me, (uial)) T o, (il
— K@)|WilP72+ Q@) |W;|> ae.x e R® asn — oo,

and

8o, (x4 Xi.n), |uin]) = min {hg, ((x + Xi ), [inl), ¢ (X + X))}
—> min {K(x,-)|W1~|p_2 00| Wil?, 0} ae.x € R? asn — oo,

Consequently, by (4.15), there holds
/R3 Sen (6 + xi0), Ui n]) i n - @dx
- /R X ) (KGDIWIP ™ 4 Q)| Wil?) W - pdx
+ / (1= 0y min [ K )l Wil? ™ + Qo) [ Wil2. 0] Wi - v as n — oo,
R.
By (K) and (Q), it follows that
/l; fsn ((x + Xin), |”i,n|) Ui p - @dx
= [ e (KGstWilr =+ 0GolWiR) Wi pdrasn — oo, (416
We define
E@x, 1) = x(@K@It|"2 + x(x) Q)] (4.17)
Combining (4.13), (4.14), (4.15), (4.16) and (4.17), there holds
/W (i Vi p +aBuin+ V(en(x + x; )t n) - 9dx
a . ~
- /R (G (en e x00) ECr e i) + Foy (G641 Ntz al) 0) - 0y
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a . ~
= | [ VWi +apWi + VWi = ZRE0OW: = ECu, IWiDW | - g
R

Then, we have
. a. ~
—ia - VW; +aBW; + V(xj)W; — ZX(xi)Wi = E(x;, |[WiDW;. (4.18)

Now we will show that x; :=lim,_, o &pX; » € A% We assume that x; ¢ A%, by the
definition of f;, and &, then W; satisfies the equation

a
—ia - VW +aBW; + V(xj))W; — Z)((xi)Wi =0.
Take the scalar product with (Wl.+ - Wi_) and integrate in R3, we have

0= |W;||> +Re /N V)W - (W — W) dx

1
a ~ —
—ReZ/ Xx)Wi - (W — W) dx
]R3

3a a
> allWill3 — - IWil3 = S IWilI.

Therefore, we obtain W; = 0, which contradicts (i). Consequently, x; € A% Since
W; satisfies (4.18), then according to [31, Lemma 4.6], there holds

|W;(x)| < Cexp(—c|x|) foranyx € R>.

The proof is now completed. O

Lemma 4.3 Assume that (P), (Q) and (K) hold, 5/2 < p < 3, then the index set
Aoo = 0.

Proof The proof of this lemma is similar to the one of [6, Lemma 4.21] with the help
of Lemma 4.1 in this paper, therefore, we omit its proof. O

Now we give the L estimate for the solutions which solves modified Eq. (3.1).
Lemma 4.4 Assume that (P), (Q) and (K) hold, 5/2 < p < 3, let {w¢} be a family

of critical points of (3.1) which obtained in Theorem 3.5. Then there exist M > 0 and
g0 > 0, such that for any 0 < ¢ < &,

sup |we(x)| < M.
xeR3

Before prove the Lemma 4.4, we need the following two lemmas.
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Lemma4.5 [25 Lemma4.2] For any p € (1, 00), there exists a constant C > 0 such
that

IVl Lo @3y < Cllior - Vi psy forany ¥ € CO(R?, CY).

Lemma 4.6 Let ¢ be a cut-off function such that ¢ (x) = 1 for x € Br2(0), {(x) =0
for x ¢ Br(0) and |V¢(x)| < R/4, wg, is solution of (3.1), then there holds

ICwe, lwir@3y < Cp.rIWe, lLr(BRO) + Cpllé“lwsnlzllLv(BR(O))-

Proof Since {w,, } solves Eq. (3.1), i.e.,

. a - it
—ia - Vs, +apwe, +V(EnX)we, — oX(Enx)E (X, [we, Dwe, = fe, (¢, [we, e,
By multiplying w,, with ¢ and substituting the product into above formula, there holds

alg(é‘wsn) + V(Enx)(é'wsn) - %)A(‘(Enx)g(xa |§w8n|)(§ws,,) - fen (x, |§wen|)(§wen)

3
=i V(w,,) = flia- Vwe,) +i Y () - we,. (4.19)
k=1

It is clear that

/Iaﬂ(éwsn)l”dxia”[ s, Pdx.
R3 Br(0)

By the definition of ¥ and £, we know that

p
dx

| [Veenneun) = SamEe e, b,

P
dx

a . ~
<[ e, Pacs [ (87 EmE. D,
B (0) Br(0) '8
a\>P
gap/ |w8n|de+<—> / |we, [Pdx
B (0) 47 JBgo

1
= 1+—>a1’/ |we, |Pdx.
( 4r Br®)

Combining this and (4.19), there holds

lia - V(Cwe, )l Lr w3y < Cllwe, ILrBr©) + 1 fe, (x5 [Ewe, DICwe, [ Lo g3y~ (4.20)

By the definition of f;,, we have
||fs,, (x, |§w8n|)|§w5n|”€p(R3) = /]1%3 fa,, (x, |§wan|)|§w8n|pdx
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S/ fen (X, 1Ewe, ) |we, [Pdx < C/ [(K (enx) + Q(enX) S we, DS we, [P dx
Br(0) Br(0)

< C1/ |K (enx)we, |Pdx +C2/
Bg(0)

Br(

. 1Q(84%)¢ |we, 1P dx
)

< C3/ lwe, 17 + 1¢ [we, 1 7dx. @21)
Br(0)

Using Lemma 4.5, there holds

IS we, llwi.p w3y = 1§ We, lLr w3y + IVEwe, ) Lr w3
< llwe, lLr(BR©)) + Cplla - V(Ewe, )l Lr®3)- (4.22)

Combining (4.20), (4.21) and (4.22), there holds
ICwe, lwi.r@3y < Cp.rIWe, lLr(BRO) + Cp||§|w8,l|2”L1’(BR(O))-

The proof of Lemma 4.6 is now complete. O

Proof of Lemma 4.4 We assume that there exist a sequence of {&,} such that g, — 0
as n — oo and a sequence of critical points {w,} C E of (3.1) such that

sup |wg, (x)] = 00 asn — oo.
xeR3

By Lemma 4.3 and (i) of Lemma 4.1, we have

We, = Z Wi (- _xi,n) +ry.
ieN

Moreover, by (iii) of Lemma 4.1, there holds
rn — 0 in L3(R3, R) asn — oo.

Since {wg, } solves Eq. (3.1), i.e.,

. a ~
—io - Vwg, +aBwg, + V(epx)we, — = X (€xX)E(x, [We, NWe, = fe, (X, (W, DWe,, .

8
(4.23)

By (v) of Lemma 4.1, we know that |W;| € L®(R3, R) for any i € Aj. Using this
and (4.20), we can deduce there exist N, > 0 and ¢ > 0, such that

sup / |w8n|3dx <y foranyn > N,. (4.24)
yeR3 Bo(y)
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Define n € C8°(R3, [0, 1]) such that n(x) = 1 for x € By/2(y), n(x) = 0 for
x ¢ By(y)and |Vn(x)| < 4/oforx € R3. By multiplying wg, with 77 and substituting
the product into (4.23), there holds

aﬂ(r/wsn) + V('Snx)(nws,l) - %)’Z(Enx)g(x’ |77w8n|)(77w8,l) - fs,, (x, |77w£,,|)(77w£,,)
3

=ia-Vwg, =n(a-Vwg,) +i Z(akn)ak S W, .
k=1
By Lemma 4.6, we have

Inwe, lwi.r@3) < Cpollwe, I Lr(B, () + Cp||7]|w£n|2”LP(Bg(y))-

Then Holder inequality and (4.24) implies
2 < . < ,1/3
Inlwe, |“llLrB,()) = llwe, ||L3(Bg(y)) ||77|we,,|||Lp*(BQ(y)) =Y ||’7|ws,,|||L1)*(BQ(y))’

where p* = 33_—pp. Hence, when y > 0 small enough,

1
”w5n||Ll’*(BQ/2(y)) =< ”nlu)@n'”Ll’*(Bg(y)) =< S_”nwsn ”WI-P(]R3)
p

IA

1
5, [Coallwe, oz, + oy P Inwe, I gy ]
where §), is Sobolev constant, which deduce that
llwe, 113 < S w < C'llwe, I3 < (4.25)
Lt (B = g, e P Bel) = B e LBy ) = :
Since p € (g 3), it follows that p* = 2 € (15, +00). Therefore, by (4.25), there
holds

e, 13155, 07 < C'7- (4.26)

Denote 77(x) = n(2x), then using Lemma 4.6 again, we can get
1Twe, lwir @) < Cllwe, |Lr By + CpllTIwe, IPIlLe B, (4.27)

If we take 3 < p’ < 15/2, then by (4.26), (4.27) and Holder inequality, there holds

~ 2
||77wsn ||W1,p/(R3) < C||w€n ||L15(Bg/z(y)) + Cp/”wsn ”L‘5(Bg/2(y))

= Coy-
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By Sobolev embedding theorem, wlr' (R?) < CY(R3) is continuous. Therefore, we
have ||wg, || Lo (R < Co,y»1-e., [lwe, lL>(B,u(y)) < Co,y- By the arbitrariness of y,
there holds

||U)gn ||L°°(]R3,(C4) < CQ,)/.
This contradicts sup, g3 |we, (x)] — oo asn — oo. Consequently, there exists a
constant M > 0 such that sup, g3 |we, (x)| < M. The proof is completed. O
5 Proof of Theorem 1.1
Proof of Theorem 1.1 By Lemma 4.4, we know that there exists a &g > 0, such that for

any 0 < & < &g, |lws(x)| < M. Recalling the definition of the b (t) and m (), it is
clear that

w2
m8(|ws|2>=f be(s)ds = |we|*, be(Jwel?) = p(elwe|?) =1,
0

then we deduce that

3—p

2

e Jwel) = K (ex)|we P72 + £ QCex) w72 (Jwe )

+ 2L 0enlwel? (o) F
= K(ex)[we "~ + Q(ex)|wel.
Using this and the definition of f;, we obtain
fe(x, Twel) = x () (K (ex)|we |72 + Qex)|we) + (1 — x(£x))ge (x, [wel).
By Lemma 4.3 and Lemma 4.1 (i), we know that for any sequence of solutions {wg, }
will not concentrate at a single point, then we can treat the situation as the subcritical

equations like [32]. By the similar argument as [32, Lemma 4.6, Proposition 5.2], we
can get

. 2t
el < C1 exp (—Cz (M) i ) 5.1)

where C1, C» are positive constants. Then, by choose « large enough, we have

. _ K
ge(x, |we]) = min {K(Sx)lwgl” 2+ Q(ex)|wel, W}

= K (ex)|we|”™% + Q(ex)|wel.
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Therefore, f:(x, |we|) = K (ex)|we|P~2 4+ Q(ex)|we|. Then (3.1) can be rewritten as
follows

a . ~
—ia-Vwe +aBwe + V(ex)we — gx(ax)é(x, [we|)we

= K (ex)|we " w; + Q(ex)[we |we.
By the definition of ¥, E and (5.1), it is not difficult to know that
X (Ex)E (x, |wel) =0,
Then
—ia - Vwe +aBwe + V(ex)w, = K(sx)|w8|p72ws + O(ex)|we|we.

This means that we can obtain the desire result and the proof of Theorem 1.1 is
completed. O
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