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Abstract

For a topological space X, let CL(X) be the set of all non-empty closed subset of
X, and denote the set CL(X) with the Vietoris topology by (CL(X), V). In this
paper, we mainly discuss the hyperspace (CL(X), V) when X is an infinite countable
discrete space. As an application, we first prove that the hyperspace with the Vietoris
topology on an infinite countable discrete space contains a closed copy of nth power
of Sorgenfrey line for each n € N. Then we investigate the tightness of the hyperspace
(CL(X), V) and prove that the tightness of (CL(X), V) is equal to the set-tightness of
X. Moreover, we extend some results about the generalized metric properties on the
hyperspace (CL(X), V). Finally, we give a characterization of X suchthat (CL(X), V)
is a y-space.
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1 Introduction

It is well known that the topics of the hyperspace has been the focus of much research,
see [7-11, 15-25, 27]. There are many results on the hyperspace CL(X) of closed
subsets of a topological space equipped with various topologies. In this paper, we
endow CL(X) with the Vietoris topology V, or the so-called finite topology, the base
of which consists of all subsets of the following form:

k
(U1, ... Ur) = {K e CL(X) : K | J. Urand KNU; #0,1 < j <k),
1=

where each U; is open in X and k € N. We denote the hyperspace CL(X) with
Vietoris topology by (CL(X), V). In 1997, Hola and Levi in [16, Corollary 1.8] gave
a characterization of the first countability of (CL(X), V); in 2003, Hol4, Pelant and
Zsilinszky in [15, Theorem 3.1] proved that (C L (X), V) isdevelopableiff (CL(X), V)
is Moore iff (CL(X), V) is metrizable iff (CL(X), V) has a o-discrete network iff
X is compact and metrizable. So it is natural for us to consider the following two
problems:

Problem 1.1 Let C be a proper subclass of the class of first-countable spaces, and let
P be a topological property. If (CL(X), V) € C, does X have the property P?

Problem 1.2 Let C be a class of generalized metrizable spaces. If (CL(X),V) € C, is
X compact and metrizable?

The paper is organized as follows. In Sect. 2, we introduce the necessary notation
and terminology which are used in the paper. In Sect. 3, we mainly discuss the hyper-
space (CL(D(w)), V) and prove that (CL(D(w)), V) contains a closed copy of S"
for each n € N, where S is the Sorgenfrey line. In Sect. 4, we prove that the tightness
of (CL(X),V) is equal to the set-tightness of X; moreover, we give a characteri-
zation of (CL(X), V) which is Fréchet-Urysohn. In Sect. 5, we give some answers
to Problems 1.1 and 1.2, respectively. In particular, we prove that (CL(X), V) is
quasi-developable iff (CL(X), V) is a semi-stratifiable space iff (CL(X), V) is sym-
metrizable iff (CL(X), V) is a D;-space iff X is compact and metrizable; moreover,
we prove that (CL(X), V) is a y-space iff X is a separable metrizable space and S(X)
is compact, where S(X) is the set of all non-isolated points of X.

2 Preliminaries

In this paper, the base space X is always supposed to be regular. Let N and o denote
the sets of all positive integers and all nonnegative integers, respectively. Let S be
the real line endowed with half open interval topology, that is, Sorgenfrey line. For a
space X, S(X) is the set of all non-isolated points of X. For undefined notations and
terminologies, the reader may refer to [6], [12] and [22].
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Let X be a topological space and A C X be a subset of X. The closure of A in X is
denoted by A. A subset P of X is called a sequential neighborhood of x € X, if each
sequence converging to x is eventually in P. A subset U of X is called sequentially
open if U is a sequential neighborhood of each of its points. A subset F of X is called
sequentially closed if X \ F is sequentially open. The space X is called a sequential
space if each sequentially open subset of X is open. The space X is said to be Fréchet-
Urysohn if, for each x € A C X, there exists a sequence {x,} in A such that {x,}
converges to x.

Definition 2.1 Let & be a cover of a space X such that (i) & = |J, .y Zx; (i) for
eachx € X,if U,V € Py, then W C U NV forsome W € P,; (iii) x € | P, for
each x € X; and (iv) for each point x € X and each open neighborhood U of x there
issome P € &, suchthatx € P C U.

e The family & is called a weak base for X if, for every G C X, the set G must be
open in X whenever for each x € G there exists P € &, such that P C G, and X is
weakly first-countable if X has a weak base &2 and &7, is countable for each x € X.

Definition 2.2 Let &7 be a family of subsets of a space X. The family &7 is called a
k-network if for every compact subset K of X and an arbitrary open set U containing
K in X there is a finite subfamily &' € & suchthat K C | J &' C U.

A space X is said to be Lasnev if it is the continuous closed image of some metric
space. The following Lasnev space in Definition 2.3 plays an important role in the
study of the generalized metric theory.

Definition 2.3 Let « be an infinite cardinal. For each a € «, let T, be a sequence
convergingtoxy ¢ To.LetT = @, ., (ToU{xq}) be the topological sum of {7, U{x,} :
o € k}. Then S, = {x}UJ, ¢, T« is the quotient space obtained from 7 by identifying
all the points x, € T to the point x. The space S is called a sequential fan.

The following space is not a LaSnev space.

Definition 2.4 A space X is called an S;-space (Arens’ space) if
X ={oo}U{x, :neN}U{xpm:m,n e o)

and the topology is defined as follows: Each x, ,, is isolated; a basic neighborhood of
Xp 18 {x,} U {x, m : m > k}, where k € w; a basic neighborhood of oo is

{oo} U (U{V” :n > k}) for some k € w,

where V,, is a neighborhood of x, for eachn € w.
Given a topological space X, we define its hyperspace as the following set:

CL(X) ={H : H is non-empty, closed in X}.
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We endow C L (X) with Vietoris topology defined as the topology generated by the
following family

{{(Uy,...,U) : Uy, ..., Uy are open subsets of X, k € N},

where (U, ..., Uy) = {H € CL(X) : H C UleUi and HNU; #0,1 < j < k}.
We denote this hyperspace with Vietoris topology by (CL(X), V).
If U is a subset of X, then

U ={HeCLX):HNU # %)
and
Ut={HeCL(X):HCU)}.

Sometimes, we denote U~ by U % in order to prevent the confusion.

Let X be a space. The closed set character (resp. compact set character) of X is
the minimal cardinal T >  such that for each closed (resp. compact) set A of X
the cardinal of the character of A in X is at most t. The closed set character (resp.
compact set character) of X is denoted by clx (X) (resp. cox (X)). If clx(X) = o,
then X is called a Di-space [3] if sup{x(H) : H € CL(X)} < w; if cox(X) = w,
then X is called a Dy-space [26] if sup{x(H) : H is compactin X} < w. Clearly,
each Di-space is a Dg-space.

3 The Topological Properties of Hyperspace on an Infinite Countable
Discrete Space

In this section, we mainly discuss the topological properties of hyperspace on an
infinite countable discrete space. First, we recall a concept.

A proper subset C of the rational number Q is called a cut if C has no largest
element and (—oo, p] N Q C C for each p € C.If C, D are cuts and C is a proper
subset of D, then denoted by C < D.

In this paper, we always denote any countable infinite discrete space by D(w). The
following lemma is a simple modification of [14, Theorem 4.11].

Lemma 3.1 The hyperspace (C L(D(w)), V) contains a closed copy of Sorgenfrey line
S.

Proof Let QQ be the set of rational number with the discrete topology; then D(w) is
homeomorphic to Q. Therefore, we may assume that D(w) is Q. Let

X={C e CL(D(w)) : Cisacut}.

It was proved that the subspace X of (CL(D(w)), V) is homeomorphic to the Sorgen-
frey line by [14, Theorem 4.11]. Now we only prove that X is closed in (CL(D(w)), V).
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Take any C € CL(D(w)) \ X; then C is not a cut. Hence, C has a largest element
or there exist p_€ C such that ((—oo, p] N (@) \ C # (. In order to find an open
neighborhood U of C in CL(D(w)) such that UNX = ), we divide the proof into
the following two cases.

Case 1: C has a largest element p.

Then p € C such that r < p forany r € C. Clearly, (C, {p}) is an open neighbor-
hood of C in (CL(D(w)), V); hence, it easily follows that (C, {p}) N X = @. Now
put U= (C, {p}), as desired.

Case 2: There exist p € C such that ((—oo, p] N Q) \ C # .

Pick any g € ((—oo, p] N Q) \ C; then g < p. Clearly, (C, {p}) is an open
neighborhood of C. We claim that (C, {p}) N X = . Indeed, if not, there exists a cut
D € Xsuchthat p e Dand D C C,thenqg € D since g < p and D is a cut. This is
a contradiction since g ¢ C. Now put U= (C, {p}), as desired.

Therefore, it follows from Cases 1 and 2 that X is closed in (CL(D(w)), V). 0O

Proposition 3.2 Let X be a space and X = @,y Xi, where X; N X; = ) for any
distinct i € N and j € N. Then the box product [ |; . (CL(X;), V) is homeomorphic
to a closed subspace of (CL(X), V).

Proof Let
={HeCL(X):HNX; #0,i € N}.

We claim that X' is a closed subspace of (CL(X), V). Indeed, take any K € CL(X)\
X';then KNX; = Wforsomei € N.Put¥ = ;¢ ;) Xj- Then Y™ isaneighborhood
of K and YT N X’ = ). Now we prove that the box product [, (CL(X;), V) is
homeomorphic to X',

Indeed, define the mapping f : [[;cny(CL(X;), V) — X' by f([[;enCi) =
Uien Ci for any [[;cn Ci € [lien(CL(X;), V). Clearly, f is a bijection. Next it
suffices to prove that f is an open continuous mapping.

(1) The mapping f is continuous.
Take any nonempty open subset V of X. Then there exists a subset A C N such
that VN X, # @ foreachn € Aand V N X, = @ foreachm € N\ A. Then

v Eax=Jlwvnxy™ < T] xtl.
icA JeN\{i}
and then

oh=Tlxinw?

ieN

if A = N. Hence f is continuous.
(2) The mapping f is open.
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Let V; C X; be a nonempty open subset of X; for each i € N. For any subset
B C N, we have

+
ATV < TT vi|=Nv*n{Uxiv U vi| nx.
ieB JjeN\B ieB ieB jeN\B
Therefore, f is a homeomorphism. O

By Proposition 3.2, we have the following theorem.

Theorem 3.3 The hyperspace (CL(D(w)), V) contains a closed copy of the box prod-
uct [ [,,ex Sn, where each'S,, is homeomorphic the Sorgenfrey line S.

Proof We can write D(w) = UieN E; such that each E; is infinite and E; N
E; = ¢ for distinct i and j. From Proposition 3.2, it follows that the box prod-
uct [[;on(CL(E;), V) is homeomorphic to a closed subspace of (CL(D(w)), V).
By Lemma 3.1, each (CL(E;), V) contains a closed copy of Sorgenfrey line, hence
(CL(D(w)), V) contains a closed copy of the box product [ [,y Sn. O

From Theorem 3.3, we easily see the following corollary.

Corollary 3.4 The hyperspace (CL(D(w)), V) contains a closed copy of S" for each
neN.

Remark 3.5 It is well known that Sorgenfrey line S is a non-metrizable space which
is hereditarily Lindelof, hereditarily separable, first-countable, perfect! and non-
developable; moreover, it has the Baire property and a regular G s-diagonal. However,
the square of Sorgenfrey line is not normal. Therefore, (CL(D(w)), V) is not normal.
Further, we have the following proposition.

Proposition 3.6 The Sorgenfrey line S does not belong to any one of the following
classes of spaces.

(1) B-spaces;®

(2) spaces with a point-countable k-network;
(3) spaces with a BCO;3

(4) p-spaces;*

A space X is called perfect if every closed subset of X is a Gg-set.

2 A space (X, 7) is called a B-space if there exists a function g : N x X — 7 such that (i) for any x € X,
we have g(n + 1, x) C g(n, x) for any n € N, (ii) for any x € X and sequence {x,}in X, if x € g(n, x)
for each n € N, then {x;} has an accumulation point in X

3A space X is said to have a base of countable order if there is a sequence {13, } of bases for X such that:
Whenever x € b, € B, and {b,} is decreasing, then {b;, : n € w}isabase at x. We use ‘BCO’ to abbreviate
‘base of countable order’.

4 A regular space X is called a p-space if there is a sequence {%,} of families of open sets in X such
that (1) each %, covers X; (2) for each x € X, (e st(x, %) C X. If we also have (3) for each x € X,
Mnen SUx, %) = (pen St(x, %), then X is called a strict p-space.

@ Springer



A Note on Hyperspaces by Closed Sets with Vietoris Topology 1961

(5) symmetrizable’®
(6) quasi-developable spaces;®
(7) Di-spaces.

Therefore, (CL(D(w)), V) does not belong to any one of the classes of spaces
(D).

Proof (1) If the Sorgenfrey line S is a 8-space, then it is a Moore space’ hence, S is
metrizable since a paratopological group which is a S-space is developable. This
is a contradiction.

(2) If the Sorgenfrey line S has a point-countable k-network, then it has a point-
countable base [13, Corollary 3.6] since S is a first-countable space. Since a
separable space with a point-countable base has a countable base by [12, The-
orem 7.2], it follows that S has a countable base, thus it is metrizable, this is a
contradiction.

(3) If the Sorgenfrey line S has a BCO, then it follows that it is developable since each
submetacompact space with a BCO is developable [12, Theorem 6.6], hence it is
metrizable. This is a contradiction.

(4) If the Sorgenfrey line S is a p-space, then it is a Lindelof p-space with a G-
diagonalg, hence S is metrizable by [12, Corollaries 3.4 and 3.20]. This is a
contradiction.

(5) If the Sorgenfrey line S is symmetrizable, then it is a semi-stratifiable’ space by
[12, Theorem 9.6] and [12, Theorem 9.8], hence a B-space [12, Page 475], this is
a contradiction to (1).

(6) Ifthe Sorgenfrey line S is quasi-developable, then itis developable by [12, Theorem
8.6] since S is perfect, this is a contradiction.

(7) If the Sorgenfrey line S is a Dj-space, then S is metrizable [5, Theorem 7(4)] since
S has a Gs-diagonal, this is a contradiction.

O

Theorem 3.7 The hyperspace (CL(D(w)), V) is non-Archimedean quasi-metrizable;
thus it is quasi-metrizable.

Proof Let D(w) = {r, : n € N} endowed with a discrete topology t. Now we define
a g-function from N x CL(D(w)) — V as follows (1) and (2):

5 Afunctiond : X x X — R is called symmetric on a set X if foreachx, y € X, wehave (1)d(x,y) =0
if and only if x = y and (2) d(x, y) = d(y, x). A space (X, 1) is called symmetrizable if there exists a
symmetric d on X such that the topology t given on X is generated by the symmetric d, that is, a subset
U e t if and only if for every x € U, there is ¢ > 0 such that B(x, ¢) C U.

6 A space (X, ) is called quasi-developable if there exists a sequence {%},} of families consisting of open
sets in X such that for each x € U € 7 there exists n € N such that x € st(x, %) C U.

TA space (X, 7) is called developable if there exists a sequence {%,} of families of open covers of X such
that, for each x € X, {st(x, %)} is an open neighborhood base of x in X. A regular developable space is
called a Moore space;

8 A space X is said to have a G g-diagonal if there is a sequence {%},} of open covers of X, such that, for
eachx € X, {x} = (), en st(x, Z).

9 A space (X, 1) is called a semi-stratifiable if, there exists a function F : N x 7 — € satisfying the
following conditions: (DU € t = U = J,ey F(n,U); Q) V C U = F(n,V) C F(n,U), where
“={(F:FCX,X\Fert}
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(1) If A € CL(D(w)) is a finite subset of D(w), then there exist k4 € N and a finite
subset {n(1, A),...,n(ka, A)} of N with n(1, A) < ... < n(ka, A) such that
A = {ru1,4), - » 'n(ks.A)}; then put

Gm, A) = ({raa,a))s - aga, ) )

for each m € N.
(2) If A € CL(D(w)) is an infinite subset of D(w), then there exists a strictly increas-
ing sequence {n(i, A)};en of N such that A = {r,; 4) : i € N}; then put

Gm, A) = ({ra@,a))s - - ragm, 4}, A)

for eachm € N.
Now it easily check the following two conditions hold.

(i) For each A € CL(D(w)) the family {G(m, A)};,en is a base at A in
(CL(D(w)), V).

(i) For each A € CL(D(w)), if B € G(m, A), then G(m, B) C G(m, A). There-
fore, it follows from [12, Theorem 10.2] that (C L(D(w)), V) is non-Archimedean
quasi-metrizable.

O

Let C, = {00} U {x, : n, m € N} be a countable infinite set. Endow C,, with a
topology v as follows:

(1) Each single point set {x;,,} is open in C,,;
(2) Foreachk € N, put Uy = {x;yn, : m € N,n > k + 1} U {00}; the family {Uy} is a
base at the point oco.

From Theorem 5.17, it follows that (CL(C,), V) is a y-spacelo. However, the fol-
lowing question is still unknown for us.

Question 3.8 Is the hyperspace (CL(Cy), V) quasi-metrizable?

4 The Characterizations of Tightness in Hyperspaces

In this section, we mainly give a characterization of tightness in hyperspace; in par-
ticular, we give a characterization of hyperspace which is Fréchet—Urysohn. First, we
recall and introduce some concepts.

The tightness of a space X is the minimal cardinal T > w such that if any x is a
cluster point of any subset A of X, then there is a subset B of A such that |B| < t and
x 1is a cluster point of B. The tightness of X is denoted by #(X).

Definition 4.1 Let X be a space, F C CL(X) and A € CL(X).

10 A space (X, 1) is a y-space if there exists a function g : @ x X — v such that (i) {g(n, x) : n € w}isa
baseatx; (ii) foreachn € wandx € X, thereexistsm € wsuchthaty € g(m, x) implies g(m, y) C g(n, x).
By [12, Theorem 10.6(iii)], each y-space is a Dy-space.
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(1) The set A is called a cluster set of F in X if for any finite open subsets {V; : i < k}
with V; N A # @ (i < k) and any open neighborhood U of A, thereisa F € F
suchthat F C U and F N'V; # @ for any i < k.

(2) The set-tightness of X is the minimal cardinal T > w such that if A is a cluster set
of any F C CL(X), then there is a subfamily 7' C F such that |F'| < t and A
is a cluster set of F'. The set-tightness of X is denoted by s7(X).

(3) The sequence {A; : j € N} of CL(X) is called strongly converging to A in X if
for any finite open subsets {V; : i < k} with ANV; # @ (j < k) and any open
neighborhood U of A, there exists N € Nsuchthat A; C Uand A; NV; # 0
(i <k)whenever j > N.

(4) The space X has set-FU property if whenever A is a cluster set of 7 C CL(X),
there is a countable subfamily {A; : j € N} of F such that {A; : j € N} strongly
converges to A in X.

From the definition of the set-FU property, it follows that if elements of F and A
are all singleton, then X is Fréchet—Urysohn. Therefore, it easily see that there exists a
countable set-tightness space X such that X is not set-FU property, such as Arens space
S>. Now we can use the concepts of set-FU property and set-tightness to characterize
the Fréchet—Urysohn and tightness of (CL(X), V), respectively. First, the following
proposition gives a characterization of X such that t((CL(X), V)) < t.

Proposition 4.2 Let X be a space. Then t (CL(X),V)) < t ifand only if st(X) < t.

Proof Sufficiency. Assume z((CL(X), V)) < 7.Let Abeaclustersetof F C CL(X).
For any finite open subsets {V; : i < k} with ANV; # @ (i < k) and any open
neighborhood U of A, the set (V1 N U, ..., Vy N U, U) is a neighborhood of A in
(CL(X), V). Since t((CL(X),V)) < 7, there exists a subfamily 7' C F such that
|Fl<tand A € F'in (CL(X),V).Since A € (V; N U, ...V, N U, U), there exists
F e F suchthat F € (ViNU,..,V,NU,U);then F C U, F N'V; # @ for any
i < k. Therefore, A be a cluster set of . Thus st(X) < 7.

Necessity. Assume s7(X) < t, and suppose that A belongs to the closure of F
in (CL(X),V), where 7 C CL(X). We claim that A is a cluster set of F. Indeed,
for any finite open subsets {V; : i < k} and any open neighborhood U of A, the set
(VinU, ..,V NU,U) is a neighborhood of A in (CL(X), V). Then there exists
F € Fsuchthat F € (ViNU,.., V,NU,U), which implies that F N V; # ¢ for
i <kand F C U.Hence, A isacluster set of . Since st(X) < 7, there is a subfamily
F1 C F such that |F1| < t and A is a cluster set of 77 in X. Finally it suffices to
prove the following claim.

Claim: A € F| in (CL(X), V). Let (Wi, ..., W,,) be a neighborhood of A in
(CL(X),V),and let W = U{W; : i < m}. Then AN W; # # for any i < m and
A C W. Since A is a cluster set of F1, there exists F' € F| such that F N W; # ( for
anyi <mand F C W.Hence, F € (Wi, ..., W,,). Therefore, A € Fj in (CL(X), V).

O

Corollary 4.3 Let X be a space. Then (CL(X), V) is of countable tightness if and only
if X is of countable set-tightness.

Proposition 4.4 Let X be a (regular) space. Then we have the following statements:
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(1) cox(X) = st(X);
(2) If X is a normal space, then clx (X) < st(X).

Proof We only prove (2), and the proof of (1) is similar. Let s¢(X) = 7, let A be an
arbitrary closed subset of X, andlet B4 = {U, : @ € I} be an open neighborhood base
at A in X. Since X is normal, it follows that B4 = {U_a : a € I} be a neighborhood
base at A in X, hence it easily check that A is a cluster set of 54. Because st(X) < t,
there exists a subfamily B, = (U, : « € I} of B4 suchthat |I| < r and A is a cluster
set of B/, . Therefore, for any open neighborhood U of A in X, there exists o € 1 such
that A C U, C U. Hence B/, is a neighborhood of A in X. Hence c/x (X) < st(X).
O

Corollary 4.5 If X is a (regular) space with countable set-tightness, then X is a Dy-
space; in particular, X is a D1-space if X is normal.

By Proposition 4.2 and Corollary 4.5, we have the following corollary.

Corollary 4.6 If X is a space and (CL(X), V) has countable tightness, then X is a
Dy-space; in particular, X is a first-countable space.

By [1, Proposition 3], it is natural to pose the following question.

Question 4.7 Let X be a space. If (CL(X),V) has countable tightness, does then
(CL(X), V) contain a copy of S,,?

Question 4.8 Under what conditions of a space X, we have t(X) = st(X).
The following proposition gives a partial answer to Question 4.8.

Proposition 4.9 Let X be a normal space. Then X has countable set-tightness if and
only if X has the following properties:

(1) X is perfectly normal;
(2) the set X \ S(X) is countable;
(3) S(X) is countably compact, hereditarily separable and x (S(X), X) < Ro.

Proof Suppose that X has the properties (1)-(3), then it follows from [16, Corollary
1.8] that (CL(X), V) is first-countable, hence X has countable set-tightness. Now it
suffices to prove the necessity. Let X have countable set-tightness. By Proposition 4.2,
(CL(X), V) has countable tightness. Since X is normal, it follows from [14, Proposi-
tion 2.6] that (C L(X), V) is first-countable. Then the necessity holds by [16, Corollary
1.8]. O

Remark 4.10 By Proposition 4.9, there exists a metrizable space X such that X is not
countable set-tightness. Indeed, let X be an arbitrary non-compact metrizable space
such that any point of X is not isolated. By Proposition 4.9, X is not countable set-
tightness.

The gap between Di-spaces and Dy-spaces is large, see [5, Theorem 4]. The fol-
lowing proposition gives some relations between Dg-spaces and other generalized
metric spaces.
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Proposition 4.11 Let X be a developable space or a space with a point-countable
base. Then X is a Dy-space.

Proof Fix an arbitrary compact subset K C X.

(1) Assume that X is a space with a point-countable base. Let B be a point-countable
base of X. Then K is metrizable by [12, Theorem 7.6]. Let D be a countable dense
subset of K, and put B’ = {B € B: BN K # (}}; then |B'| < w. Let

B’ = (UF : F C B is afinite cover of K}.

We prove that B” is a countable base of K. Indeed, if K C U with U open, then,
for any x € K, pick By € B such that x € By C U. Since {B, : x € K} is an
open cover of K, there exists n € N such that {By, : i < n} is a finite open cover
of K, then K C |J;., By, C U and | J,_,, By, € B".

(2) Let X be a developable space, and let Y be the quotient space by identifying K
to a point z with the canonical map f. It is easy to see that f is a perfect map.
Since developable spaces are preserved by perfect maps, then Y is developable.
Let {U,, : n € N} be a countable local base at z, and put V,, = f_l(Un) for each
n € N. Then {V,, : n € N} is a countable base of K. Hence X is a Dy-space.

O

From Theorems 5.1 and 5.17, there exists a space X such that (CL(X), V) isa Dy-
space, but (CL(X), V) is not a Dj-space. Indeed, let X be the space of topological
sum of a compact metrizable space C and a countable infinite discrete space D, that
is, X = C @ D. Then it follows that (CL(X), V) is a Dy-space and not a D;-space.

The following proposition gives a characterization of X such that (CL(X), V) is
Fréchet—Urysohn, which could be proved by a similar proof of Proposition 4.2.

Proposition 4.12 Let X be a space. Then (CL(X), V) is Fréchet—Urysohn if and only
if X has set-FU property.

Itis well known that a strongly Fréchet—Urysohn space is Fréchet—Urysohn, but not
vice versa. It is natural to pose the following two questions. Clearly, if Question 4.14
is positive, then Question 4.13 is also positive.

Question4.13 Let X be a space. If (CL(X),V) is Fréchet—Urysohn, is then
(CL(X), V) strongly Fréchet-Urysohn?

Question 4.14 Let X be a space. If (CL(X), V) contains a (closed) copy of S, does
then (CL(X), V) contain a (closed) copy of S2?

5 Some Generalized Metric Properties on Hyperspaces

In this section, we mainly give the characterizations of some generalized metric
properties on hyperspaces, such as semi-stratifiable spaces, quasi-developable spaces,
D1 -spaces, symmetrizable spaces, and y-spaces.

First, we prove the first main theorem in this section as follows, which gives a
partial answer to Problem 1.2.
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Theorem 5.1 Let X be a space. Then the following statements are equivalent.

(1) (CL(X),V) is a semi-stratifiable space;
(2) (CL(X),V) is quasi-developable;

(3) (CL(X),V) isa Dy-space;

(4) (CL(X),V) is symmetrizable;

(5) X is a compact metrizable space.

In order to give the proof, we give some technique lemmas and theorems.

Lemma5.2 Let P be a topological property that is closed hereditary, and let there
existn € N such that S* does not have the property P. If (CL(X), V) has the property
P, then X is countably compact.

Proof Suppose X is not countably compact, then there exists a closed, countable
infinite discrete subset D(w) C X. Then (CL(D(w)), V) is a closed subspace of
(CL(X),V). By Corollary 3.4, (CL(X), V) contains a closed copy of S" for each
n € N, then S"” has the property P, this is a contradiction. Hence X is countably
compact. O

Since all properties in Proposition 3.6 are closed hereditary, it follows from
Lemma 5.2 that we have the following theorem.

Theorem 5.3 [f (CL(X), V) belongs to any one of spaces in Proposition 3.6, then X
is countably compact.

Since each strict p-space is a -space [12, page475], it follows from Theorem 5.3
that we have the following corollary.

Corollary 5.4 A space X is compact if and only if (CL(X), V) is a strict p-space.

Proof If (CL(X), V) is a strict p-space, then it follows from Theorem 5.3 that X is
countably compact. Since X is a strict p-space, X is submetacompact, hence X is
compact. If X is compact, then it follows from [4, Corollary 13] that (CL(X), V) is
compact, thus it is a strict p-space by [12, Theorem 3.19]. O

Remark 5.5 1t is well known that (CL(X), V) is locally compact if and only if X is
compact if and only if (CL(X), V) is compact, see [4, Corollary 13]. Both locally
compact spaces and strict p-spaces are p-spaces, it is natural to ask the following
question.

Question 5.6 [f (CL(X), V) is a p-space, is then X compact?

Lemma 5.7 Let P be a property that is closed hereditary, and let there exists some
n € NsuchthatS" does not have the property P. Then a space X is compact metrizable
if and only if (CL(X), V) is perfect and has property P.

Proof 1t suffices to prove the sufficiency. By Lemma 5.2, X is countably compact.
Next we prove that X has a Gs-diagonal. Since X is a closed subset of (CL(X), V)
(indeed, X is the set {{x} : x € X}), there exists a sequence {U, : n € N} of open
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subsets of (CL(X), V) such that X = ("), cyy Un. Put F2(X) = {B C X : |B| <2};
then {F>(X) N U, : n € N} is a countable family of open subsets of F,(X). Define
for: X x X = F(X) by folx,y) = {x, y}; then it is well known that f> is an open
and closed continuous mapping from X 2 to F>(X). Note that fz_l X)={(x,x):x €
X} = A is the diagonal of X, and that {f{l(Fz(X) N U,) : n € N} is a countable
family of open neighborhoods of A and ﬂneN f{l(Un N F>(X)) = A, hence X has
a G-diagonal; therefore, X is compact metrizable by [12, Theorem 2.14]. O

Now we can prove our first theorem.

Proof of Theorem 5.1 Clearly, it suffices to prove that (1), (2), (3), (4) = (5). By
Lemma 5.7, we have (1) = (5) and (3) = (5).

(2) = (5). Assume that (CL(X), V) is quasi-developable. Then, by Theorem 5.3,
X is countably compact. Since each countably compact space is a M-space, it follow
from [12, Theorem 8.5] and [12, Corollary 8.3(ii)] that X is metrizable.

(4)= (5).Let (CL(X), V) be symmetrizable; then (CL(X), V) has countable tight-
ness, hence from Theorem 5.3 and Corollary 4.6, it follows that X is first-countable and
countably compact. Since a first-countable, symmetrizable space is semi-stratifiable, it
concludes that X has a Gs-diagonal. Hence X is compact metrizable by [12, Theorem
2.14]. The proof is completed. O

It was proved that if (CL(X), V) is a o-space (i.e., a regular space with a o'-discrete
network”), then X is compact metrizable by [14, Theorem 4.14]. So it is natural to
ask the following question.

Question 5.8 If (CL(X), V) has a o-locally countable network, is then X compact
metrizable?

We give a partial answer to Question 5.8. First, we give a lemma.

Lemma 5.9 If X is a (regular) space having a o -locally countable network, then each
singleton is a Gs-set.

Proof Let P = Un en Pn be a o-locally countable network of X, where each P, is
locally countable. Since X is regular, we may assume that each element of P is closed.
Fix any x € X.Forn € N, let U, be an open neighborhood of x such that U, intersects
at most countably many elements of P,, and let P, = {P € P, : P N U, # #}. For
each n € N, enumerate {P € P,,x ¢ PYas{P,;:i € N},andlet V,; = X \ Py,
foreachi € N; then V,, ; isopenand x € V,; foreachi € N. Now it suffices to prove
the following claim.

Claim: {x} = ((,,eny Un) N (N,ieny Vai)-

Suppose not, then there exists y # x such that y € (("),,eny Un) N (M, ien Vii)-
Let V be an open neighborhood of y with x ¢ V.Pick P € P withy € P C V. Then
P = P jforsomek,jeN,andy ¢ Vi j = X \ Py ;. This is a contradiction. O

Theorem 5.10 (MA(w;) + T O P) A (regular) space X is compact metrizable if and
only if (CL(X), V) has a o-locally countable network.

N family & in a space X is called a network for X if, for each x € U with U open in X, there exists
P e Zsuchthatx € P C U.
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Proof 1t suffices to prove the sufficiency. From Theorem 5.3, it follows that X is
countably compact. By Lemma 5.9, each singleton of (CL(X), V) is a Gs-set, then X
is hereditarily separable by [15, Proposition 4.3]. Under MA(w1)+TOP, X is Lindelof.
Since a Lindel6f space with a o-locally countable network has a countable network, X
is a countably compact space with a countable network, hence it is compact metrizable
by [12, Corollary 4.7(ii)]. O

If X is a k-space,'> we have the following result.

Theorem 5.11 Let X be a (regular) k-space. Then X is compact metrizable if and only
if (CL(X), V) has a point-countable k-network.

Proof By Theorem 5.3, X is countably compact. Since X is k-space with a point-
countable k-network, it follows that X is compact metrizable space [13, Theorem
4.1]. O

We do not know whether we can delete the condition ‘regular k-space’ in Theo-
rem 5.11, hence we have the following question.

Question 5.12 Suppose (CL(X), V) has a point-countable k-network, is X metriz-
able?

The following theorem gives a characterization of X such that (CL(X), V) has a
BCO under the assumption of MA(w1) + TO P.

Theorem 5.13 (MA(w;) + T O P) A (regular) space X is compact metrizable if and
only if (CL(X), V) has a BCO.

Proof By Theorem 5.3, X is countably compact. Moreover, it is obvious that each
singleton of (CL(X), V) is a Gs-set, then X is hereditarily separable by [15, Propo-
sition 4.3], hence it is Lindel6f under MA(w;)+TOP. A Lindel6f space having a BCO
is metrizable by [12, Theorem 6.6], therefore, X is compact and metrizable. O

Next we prove the second main theorems in this section, see Theorem 5.15. First,
we give some concepts.

A family B of open subsets of a space X is called an external w-base of a subset A
if whenever A N U # ¢ with U open in X, there is B € 3 such that AN B # ¥ and
AN B C U. We denote

erw(A) = inf{|B| : B is an external ir-base of A}.
If B is an external w-base of A, then it easily see that {B N A : B € B} is a w-base of
A.
It was proved that

Xx(CL(X),V)=hd(X) -sup{x(H,X): He CL(X)}

[14, Theorem 2.2(5)]. We describe this result in terms of external i -base.

12 5 space X is called a k-space if, for each A C X, A is closed in X provided K N A is closed for each
compact subset K of X.
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Proposition 5.14 For a space X, we have
X(CL(X),V) =sup{x(H,X): He CL(X)} -sup{erw(H): H € CL(X)}.

Proof Suppose x (CL(X),V) < k.Fix any H € CL(X), and let {ﬁa o < k}bea
local base at H in (CL(X), V). We write Uy, = (Ui(), ..., Ug, (o)) forany o < «,
where each ky € N. Let W, = J j<ke Uj(a) for each «; then, it is easy to check that
{Wy : @ < k}isalocal base at H in X. Therefore, sup{x (H, X) : H € CL(X)} < k.
Next we prove that the family B = {U;(a) : @ < «, j < ky} is an external -base
of H. Indeed, let V be an open subset of X with V N H # (J; then (V, X) is a
neighborhood of H, hence there exists « < « such that ﬁa C (V, X), then it follows
from [22, Lemma 2.3.1] that V contains U («) for some j < k. Therefore, BB is an
external w-base of H, that is, sup{ferw(H) : H € CL(X)} <«.

Suppose sup{x(H, X) : H € CL(X)} <k andsup{ferw(H) : H € CL(X)} < «.
Fix any H € CL(X), let W be an external w-base of H in X with |WW| < «, and let
U ={U, : @ <k} bealocal base at H in X. We claim that

(WiNU, ... W, U, U): {Wy, .., W,} e W=°, U e U}

is a local base at H in (CL(X), V).

Indeed, let (V1, ..., V},) be an open neighborhood of H in (CL(X),V); then H C
Uj<, Vjand HNV; # ¢ foreach j < p.Pick U" € Usuchthat U’ C J;., V), and
W; € Wsuchthat W; C V; foreach j < p.Then H € (W,NU’, ..., W,NU',U’) C
Vi, ., V). O

By Proposition 5.14, it is easily seen that the second main theorem holds, which
gives a partial answer to Problem 1.1.

Theorem 5.15 Let X be a space. Then (CL(X), V) is first-countable if and only if X
is a D1-space and each closed subset of X has a countable external w-base.

It is well known that each first-countable space is weakly first-countable. The
next theorem shows that weak first-countability is equivalent to first-countability in
(CL(X), V).

Theorem 5.16 Let X be a (regular) space. Then (CL(X), V) is first-countable if and
only if (CL(X), V) is weakly first-countable.

Proof Clearly, it suffices to prove the sufficiency. Assume that (CL(X), V) is weakly
first-countable, so it has countable tightness. Then X is first-countable by Corollary 4.6.
Moreover, we claim that d(A) < w for each A € CL(X). Indeed, take any A €
CL(X),andlet F = {C : C C A, |C| < w}. Then A belongs to the closure of F in
(CL(X), V). In fact, for any open neighborhood (U1, ..., U,) of Ain (CL(X), V),
we have U; N A # @ for any i < n; hence pick an arbitrary x; € U; N A for any
i < n.Then {x1,...,x,} € (U,...,U,) N F # . Therefore, A belongs to the
closure of F in (CL(X), V). Since (CL(X), V) has a countable tightness, there exists
a countable subset F1 = {C,, : n € N} of F such that A belongs to the closure of F
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in (CL(X),V).Put D = | F. Then the closure of D in X is just A. In fact, let U be
an arbitrary open subset of X such that U N A # @; then U™ is an open neighborhood
of Ain (CL(X),V), hence U™ contains some element F € Fj, then F N U # (.
Therefore, D N U # #. Thus d(A) < w.

Take any A € CL(X);then, by Proposition 5.14, it suffices to prove thater w(A) =
wand x(A, X) = w.

(1) emw(A) = w. Let D be a countable dense subset of A; for each d € D, let By
be a countable base at d in X. Then it is easy to check that  J{B; : d € D} is an
external 7r-base of A, hence erw(A) = w.

(2) x(A, X) = w.Let {U4; : i € N} be a countable weak base at A, and let U; = | JU;
foreachi € N. obviously, A C U, foreachi € N. We prove that {int(U;) : i € N}
is a countable base at A in X.

First, we prove that each U; is a sequential neighborhood of A in X. Indeed, let
X, > x € Aasn — oo,and let A, = AU {x,} foreachn € N; then A, — A as
n — ooin (CL(X), V). Since U4; is a weak neighborhood of A in (CL(X), V), there
exists k € N such that A, € U; whenever n > k, it implies A, C U; forn > k, hence
{xp :n> N} CU,.

Second, for any A C U with U open in X, the set (U) is an open neighborhood of
Ain (CL(X), V), hence there exists I4; suchthat A e U; C (U),then A C U; C U.

Finally, we prove A C int(U;) foreachi € N. Suppose not, pickany x € A\int(U;).
Since X is first-countable, there is a sequence {x,, : n € N} C X\ U; such thatx,, — x
as n — oo, which is a contradiction because U; is a sequential neighborhood of A.

Therefore, {int(U;) : i € N} is a countable base at A, i.e., x (A4, X) = w. O

Finally we prove the third main theorem in this section (see Theorem 5.17), which
also gives a partial answer to Problem 1.1. Recall that the set of non-isolated points
of a space X is denoted by S(X).

Theorem 5.17 Let X be a space. Then (CL(X), V) is a y-space if and only if X is a
separable metrizable space and S(X) is compact.

Proof Necessity. Clearly, (CL(X), V) is first-countable, then it follows from Theo-
rem 5.15 that X is a Dj-space; moreover, X is a y-space since the property of y-space
is hereditary. Therefore, X is metrizable by [5, Theorem 7(8)], and S(X) is also count-
ably compact by [5, Theorem 1], thus S(X) is compact. Since X has a countable
external w-base by Theorem 5.15, it follows that X is separable.

Sufficiency. Assume that X is a separable metrizable space and S(X) is compact,
and assume that d is the metricon X. Let X = I(X)US(X), where I (X) is the set of all
isolated points of X . Clearly, 7 (X) is countable, and we write I (X) = {ry, ra, ...... }. Let
C' be acountable base of X, andletC = {C € C' : CNS(X) # ¥}; thenC is an external
base!3 of S(X), and we write C = {C1, Ca, ..., Cy, ...}. For any subset A C I(X),
if A is finite then there exist k4 € N and a finite subset {n(1, A),...,n(ka, A)}
of N with n(1,A) < ... < n(ka, A) such that A = {ry(1,4), ..., Fka,4) )5 if Ais

13 A family B of open subsets of a space X is called an external base [2, Page 467] of a set Y C X if for
every point y € Y and every neighborhood U of y in X there exists V € Bsuchthaty e V C U.
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infinite, then there exists a strictly increasing sequence {n(i, A)};en of N such that
A ={rui A i € N}L

Foreach A € CL(X) and n € N, we define a function G : N x CL(X) — 7 as
follows, where t is the topology of (CL(X), V).

Case 1: A C I(X). If A is finite, then put

G, A) = ({rua,n} oo {rna, )} = {A}

for each n € N. If A is infinite, then put

Gm, A) = ({ra@,a))s - ragn, 2}, A)

for each m € N. We verify that the family {G(n, A) : n € N} satisfies the conditions
(i) and (ii) of the definition of y-space.

(i) Let U = (U1, .., Uy) be an arbitrary open neighborhood of A. Pick r,,(j; 4) € U;
fori < m, and let k = max{j; : i < m};then

A e ({ra,nt o rmeat, A) =Gk, A) CU.

Hence {G(n, A) : n € N} is alocal base at A.

(ii) Foranym € N,let B € G(m+1, A); then {r,,(1,4)s .-, Tum,A)» Tn(m+1,4)} C B C
A. If B is finite, it is obvious that G(kg + 1, B) = {B} C G(m + 1, A); if B is
infinite, then r,,; By = 7y, o) for any i < m + 1, hence

Gm+1,B) = ({raq,B)}s - rnems1,8) ), B) C {rna, )by ooy Tnm+1,4)), A),

thatis, G(m + 1, B) C G(m + 1, A) C G(m, A).

Case2: A\I(X) #0.Then A = A|UA,,where A = ANI(X), Ay = ANS(X).
Clearly, A; is compact. For each n € N, let By/,(A2) = {x € X,d(A2,x) < 1/n},
and put D = {D € C : DN Ay # #}. Then we write D = {Dy, Da, ..., Dy, ...}
such that D; = Cy, fori € N and {g; : i € N} is increasing. For each n € N, let
Vi = Bim(A2) UAL. If Ay is finite, then Ay = {rp1,4,), - Tk, .Ap)}, then put

G(m, A) = (Dy NV Vi, oo, D O Vi, {rn,an s o {rnka, a0} Vi)
if Ay is infinite, then Ay = {r,, 4,) : i € N}, then for each m € N put
G(ma A) = <D1 N V}’Vla ey Dm N ‘/n‘l’ {r}’l(l,Al)}5 LR} {r}’l(Wl,Al)}’ Vm>'
Now it suffices to prove G (n, A) satisfies (i) and (ii) in the definition of y-space as
A1 is infinite; for the case that A is finite, we may use a similar way to prove it.
(i) Let U = (Uy, .., Uy,) be an arbitrary open neighborhood of A. Since Ay C

(J{U;i i < m}, there is n’ € N such that Ay C By (A2) C [J{U; : i < m}. For
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eachi < m, if U; N Ay # @, then we can find Dj, € D such that D;; N Ay # ¢} and
Dj, C U;.Letn” = max{j; : i <mj}, andlet m’" = max{n’, n"}. Then

Ac G, A)
= (D1 NV, oo, Dy O Vi Arn, apbs oo T, an b Vi) CT (U1 oo, Up)

by [22, Lemma 2.3.1]. Hence {G(m, A) : m € N} is a countable local base at A.
(ii")Forany m € N, lets = ¢,,,thens > m. We claim that, forany B € G (s, A), we
have G(s, B) C G(m, A). Indeed, it is obvious that BN (D; N V) # foreachi < s
and r,,(;, By = Fn(i,a) foreachi <sand B C V; C V,,.Let€ ={C e C: CNB # 0};
then we write £ = {E; : i € N} such that E; = C;, fori € N and {/;} is increasing.
Note that BN D; # #and BN E; # #foranyi < m,j < s, we can see that
{D1, ..., Dy} C{Ej, ..., E5}. Therefore, it follows from [22, Lemma 2.3.1] that

G(s,B) =(E1N Vg, ..., Es N Vs {rna,my by oo Tns, )} Vi)
C (D10 Vi, oo, Do N Vi Arn, )} s {Tnim, ) Vi)
=G(@m, A).

Therefore, (CL(X), V) is a y-space. O
Corollary 5.18 The following statements are equivalent for a space X.

(1) (CL(X),V) isa y-space;

(2) (CL(X),V) is a weakly first-countable and submetrizable space;
(3) (CL(X),V) is weakly first-countable and has a Gs-diagonal;
(4) X is a separable metrizable space and S(X) is compact.

Proof (1) <= (4) by Theorem 5.17. (2) = (3) is trivial.

(3) = (4). By Theorems 5.15 and 5.16, X is a separable Di-space with a G-
diagonal, then S(X) is countably compact by [5, Theorem 1], hence S(X) is compact
metrizable. Thus X is metrizable by [5, Theorem 7(8)].

(4) = (2). By [15, Proposition 8(2)], (CL(X), V) is submetrizable. Moreover, X
is also first-countable by [14, Theorem 2.3]. O

By Theorem 5.16 and Corollary 5.18, we have the following corollary.

Corollary 5.19 Let X be a (regular) space. Then (CL(X), V) is a y-space if and only
if (CL(X), V) is weakly first-countable and has a G s-diagonal.

The following theorem shows that the classes of Dg-spaces and y -spaces are equiv-
alent in (CL(X), V) under the assumption of MA + —CH.

Theorem 5.20 (M A + —CH) Let X be a space. Then (CL(X),V) is a Do-space if
and only if (CL(X), V) is a y-space.

Proof By [12, Theorem 10.6 (iii)], every y-space is a Dg-space, so the necessity is
done.
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Sufficiency. Assume (CL(X), V) is a Dy-space, then, by Theorem 5.17, it suffices
to prove that X is a separable metrizable space and S(X) is compact.

By Theorem 5.15, X is a D;-space and every closed subset of X has countable
external -base, hence S(X) is countably compact by [5, Theorem 1] and X is hered-
itarily separable. Under M A + —~CH, X is strongly paracompact by [5, Theorem 5
(2)], which implies that S(X) is compact. Moreover, S(X) is a closed subset of X, then
(CL(S(X)), V)isaclosed subspace of (CL(X), V). Since S(X) is compact, it follows
that (CL(S(X)), V) is a compact Dy-space. Then (CL(S(X)), V) is a Di-space since
every closed subset of (CL(S(X)), V) is compact. By Theorem 5.1, S(X) is compact
metrizable, hence X is metrizable by [5, Theorem 7 (2)]. Therefore, (CL(X), V) is a
y-space by Theorem 5.17. O

Since each quasi-metrizable space is a y-space, we have the following conjecture.

Conjecture 1 Let X be a space. Then (CL(X), V) is quasi-metrizable if and only if
X = C & D, where C is a compact metrizable space and D is a countable discrete
space.

Remark 5.21 If Question 3.8 is affirmative, then it is obvious that this Conjecture 1
does not hold. If Question 3.8 is negative, then this Conjecture 1 holds. Indeed, assume
that (CL(X), V) is quasi-metrizable, then it follows from Theorem 5.17 that X is a
separable metrizable space and S(X) is compact. Since (CL(C,), V) is not quasi-
metrizable, it follows that X is locally compact, which implies that S(X) is open in
X. Therefore, X is the topological sum of a compact metrizable space and a count-
able discrete space. Moreover, from Proposition 3.2 and Theorem 3.7, it follows that
(CL(X), V) is quasi-metrizable if X is the topological sum of a compact metrizable
space and a countable discrete space.

From Theorem 3.7, we also have the following conjecture.

Conjecture 2 Let X be a space. Then (CL(X), V) is quasi-metrizable if and only if
(CL(X), V) is non-Archimedean quasi-metrizable.
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