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Abstract

In this note, we find a class of unitary operators, denoted by ¢/, on a complex separable
infinite-dimensional Hilbert space H such that for any U € U, there exists an operator
R of rank 1 on H such that U + R is hypercyclic and the hypercyclic vectors are
of full measure. Then, these results are applied to the controllability of discrete-time
linear control systems, where the rank one perturbation is used as a one-dimensional
feedback control law.
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1 Introduction

Let T : X — X be a bounded linear operator on an infinite dimensional separable
Banach space X, write T € B(X). T is said to be hypercyclic if there exists a point
x € X such that the corresponding orbit {x, 7T (x), Tz(x), ...} is dense in X. Such a
point x is a hypercyclic point for T'.
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Hypercyclicity is one of central notions in both operator theory and dynamical
systems. Rolewicz [18] gave the first example of hypercyclic operator by showing that
the operator AB on [” (1 < p < 00) (or cg) is hypercyclic for any complex number A
with |A| > 1. Here, B is the backward shift, defined by B(x;)ien = (Xij+1)ieN. Since
then more and more examples of hypercyclic operators on different kinds of spaces
have been found. See monographs [6, 15]. Among others, an important theoretical
result was from Ansari [1] and Bernal-Gonzalez [7] who showed that any separable
infinite-dimensional Banach space X supports a hypercyclic operator. Such an operator
has the form T = I + N, where I is the identity map and N is a nuclear operator on X.
This shows that the identity can be perturbed to be hypercyclic by nuclear operators.
Motivated by this fact and the work of Salas [19] on supercyclicity of weighted shifts,
Shkarin [21] proposed the following question:

Question 1 Can a finite rank perturbation of a unitary operator on a complex sepa-
rable infinite-dimensional Hilbert space be hypercyclic?

Shkarin gave in [21] an affirmative answer on this question and proved the following
proposition:

Proposition 1.1 [21, Theorem 1] There exist a unitary operator V and a bounded
linear operator R of rank at most 2 acting on a Hilbert space H suchthatT =V + R
is hypercyclic.

The idea to construct such operator 7 in [21] is as follows. Let U be the multiplica-
tion operator by z on L2(T), that is, (Uf)(z) = zf(2), and S be arank 1 operator on
L?(T) defined by Sf = (f, g)h for some g, h € L*>(T). Then, the key is to construct
g, h € L*(T) and a closed linear subspace C of L?(T) which is invariant for U + S
such that the restriction T € B(K) of the operator U + S to K is hypercyclic and T
can be decomposed as 7 = V + R, where V € B(K) and R € B(KC) has rank at most
2. As a by-product, this also provides an example of a contraction A and an operator
R of rank 1 on H such that A + R is hypercyclic. A further question remained is:
can a unitary operator be perturbed to be hypercyclic by an operator of rank 1. Thus,
Grivaux [14] proposed the following question:

Question 2 Does there exist a rank 1 perturbation of a unitary operator on a Hilbert
space which is hypercyclic?

Grivaux answered in [14] this question in the affirmative and proved the following
result.

Proposition 1.2 [14, Theorem 1.2] There exist a unitary operator U and a rank 1
operator R on the complex Hilbert space I* such that the operator T = U + R is
hypercyclic on I2.

The approach to construct the operator 7' in [14] with the properties in Propo-
sition 1.2 is much more elementary than that in [21]. In the construction scheme,
the unitary operator U can be chosen to be a diagonal operator D on /2 defined by
De, = Anpen,n > 1, where A, € T and (e,),>1 is the canonical basis on the space
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2. And the rank one operator has the form Rx = (x, b)a for any x € 12, where
a=7y,.;anep,and b =" _, bye, are two elements of 12. The key technical point
is to construct the coefficients A,,, a, and b, (n > 1) by induction suchthat 7 = U+ R
satisfies the hypercyclic criterion Lemma 2.1 in next section.

Though the proofs of Propositions 1.1 and 1.2 are constructive, the operators V
and U in the propositions have not explicitly been given. This is not sufficient in
application. For example, from the viewpoint of control theory, one may concern
the following question: Given an operator U on some Hilbert space can we find a
perturbation operator R of rank one such that U + R is hypercyclic?

In this note, we find a class of unitary operators, denoted by ¢/, on a complex
separable infinite-dimensional Hilbert space H such that for any U € U, there exists
an operator R of rank one on H so that U + R is hypercyclic. The main result in this
paper is as follows.

Main Theorem Let U be a bounded linear operator on an infinite-dimensional com-
plex separable Hilbert space H. Assume U satisfies the following conditions:

(1) U has distinct eigenvalues ); € T, (i > 1) and the set {A;|i > 1} contains at
most finite number of isolated points;

(2) The eigenvectors {e;}i=1 of U form an orthogonal basis of H, where e; is the
eigenvector corresponding to the eigenvalue A;.

Then, there exist p,q € H and an operator R(-) = (p, -)q such that the operator
T = U + R is weak-mixing with respect to a nondegenerate Gaussian measure.

The demonstration strategy is similar to the one employed in [14], in which the
coefficients of a unitary operator U on [> as well as the two vectors p and ¢ in
12 which define R(-) = (p, -)q are alternatively constructed by induction such that
T = U + R has a perfectly spanning set of eigenvectors associated to unimodular
eigenvalues. In our situation, since the unitary operator U is specified in advance, we
have to choose two vectors p and ¢ in /% such that T = U + R has the same properties
as in [14]. This is more challenging and so the construction of p and ¢ is a rather
sophisticated procedure.

We also note that Baranov et al. [2] gave another proof of Proposition 1.2 using
function theory method. In [3], they further show that any countable union of perfect
Carleson sets on the unit circle can be the spectrum of a hypercyclic operator which is a
rank one perturbation of some unitary operator U, and got some information about the
spectral measure of U. But they did not propose a characterization of unitary operators
which have a hypercyclic rank one perturbation.

The proof of the main theorem is presented in Sect. 2. As an application, in Sect. 3
we discuss feedback controllability for a class of linear discrete-time control systems
on Hilbert spaces by hypercyclicity.
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2 Rank One Perturbation of Non-hypercyclic Operators
2.1 Criteria for Hypercyclicity

The earliest forms of criteria for hypercyclicity were established independently by
Kitai [17] and by Gethner and Shapiro [12], which are called Kitai’s criterion and
Gethner and Shapiro’s criterion, respectively. Since then, various necessary or suffi-
cient conditions for hypercyclicity have been stated in terms of different characteristics
of the operators. See, for example [6, 15]. Here, the criterion we will use to prove our
main theorem is characterized in terms of eigenvectors associated to eigenvalues of
modulus 1 of the operator.

Let X be a complex separable infinite-dimensional Banach space. Recall that a
bounded linear operator T € B(X) is called having a perfectly spanning set of eigen-
vectors associated to unimodular eigenvalues if there exists a continuous probability
measure ¢ on the unit circle T such that for any o-measurable subset B C T with
o (B) = 1, the set span{ker(T — A) : A € B}is dense in X [4].

The following lemma gives a sufficient condition for an operator having a perfectly
spanning set of eigenvectors.

Lemma 2.1 [13] Let X be a complex separable infinite-dimensional Banach space
and T be a bounded linear operator on X. Suppose that there exists a sequence (u;);>1
of vectors of X with the following conditions:

(1) for each i > 1, u; is an eigenvector of T associated to an eigenvalue p; with
wi € T and the /,L;»S all distinct;
(i) spanf{u; : i > 1} is dense in X;
(iii) for anyi > 1 and any € > 0, there exists an n # i such that ||\u, — u;|| < e.

Then, T has a perfectly spanning set of eigenvectors associated to unimodular eigen-
values. Therefore, T is hypercyclic.

In case of Hilbert spaces, Lemma 2.1 also implies that 7" is weak-mixing with respect
to an invariant measure m on X. Recall the definition of weak-mixing:

(i) m is an invariant measure for 7, i.e. m(T~'A) = m(A) for any measurable

subset A C X;
(ii)
1 N-—1
lim — " [m(T"*AN B) — m(A)m(B)| = 0.
N—o0 k=0

for any two measurable subsets A, B C X.

Lemma 2.2 [5, Theorem 3.22] Let 'H be a complex separable infinite-dimensional
Hilbert space and T a bounded linear operator on 'H. If T has a perfectly spanning
set of eigenvectors associated to unimodular eigenvalues. There exists a nondegenerate
Gaussian invariant measure m on 'H such that T is weak-mixing.
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Remark 2.3 A Gaussian measure is a Borel measure, and the nondegenerate Gaussian
measure m has full support, i.e. any open set on H has positive measure. When 7T is
weak-mixing with respect to m, the set of all hypercyclic points has full measure.

2.2 Rank One Perturbation of Non-hypercyclic Operators

Now we consider rank one perturbation of operators on Hilbert spaces. Let H be a
complex separable infinite-dimensional Hilbert space, and U a bounded linear operator
on H. We always assume that the operator U has eigenvalues (1;);>1 and eigenvectors
(ei)i>1 with the following properties:

(A1) A;(i = 1) are distinct points on T and the set {X;|i > 1} contains at most finite
number of isolated points;
(A2) Ue; = Xje; and (e¢;);>1 is an orthonormal basis of H.

Denote by U the set of all bounded linear operators on H which satisfies the assump-
tions (Ap) and (A»).

Remark 2.4 The following two facts are obvious for U € U:

(a) U is a unitary operator;

(b) Denoteby K the closure of {4;]i > 1}. Forany non-isolated point A ; in {A;[i > 1}
and any ¢ > 0, thereexistsapu € O(Aj, &) N(K\{A;|i > 1}) suchthat O(u, §)N
{Xili = 1} # @ for any § > 0. Here, O (u, §) denotes the § neighbourhood of w
inT.

The rank one operator R has the form,
R:H— H, Rkx)={(p,x)q,

for some g, p € H.
For a given U € U with eigenvalues (1;);>1 and eigenvectors (e;);>1, we expand
q and p by the orthonormal basis (e;);>1 as

a=>) 4qjej, P=)_pjej @1

j=1 izl

In order to make the operator T = U + R to be hypercyclic, it suffices to construct
vectors g and p such that T satisfies all the conditions in Lemma 2.1. To do this end,
we need the following proposition about the eigenvalues and eigenvectors of 7.

Proposition 2.5 [14, Lemma 2.3] Let o € T\{A|j > 1}. Then, p is an eigenvalue of
T =U + R ifand only if

2

j=1

4j
=2

qa;jpj _
w2

< oo and

j=1
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In this case, the corresponding eigenvector is given by

u=z 4) j*

e
Pl

Theorem 2.6 Let U be a bounded linear operator on an infinite-dimensional separable
complex Hilbert space H. Assume that

(A1) A (i = 1) are distinct eigenvalues of U with L; € T, and {A;|i > 1} contains
at most finite number of isolated points;
(A2) Ue;j = rje; (i = 1), and {e;|i > 1} is an orthonormal basis of 'H.

Then, there exists p,q € H and R(-) = (p, -)q such that T = U + R satisfies the
following conditions:

(i) wj (j = 1) are distinct points on T;
(i) Tuj = pjuj, andspanfu; : j > 1} = H;
(iii) for each u,, and any ¢ > 0, there exists a u, (n > m) s.t. |u, — uy| < €.

Therefore, T is weak-mixing with respect to a nondegenerate Gaussian measure by
Lemmas 2.1 and 2.2.

Remark 2.7 By Proposition 2.5, we need to solve equations to get p and g. At first,
we select values of w; and g;(j > 1), then get p by solving a system of linear
equations. The inverse of the coefficient matrix of these equations has good properties
if each eigenvalue (; is in the closure of {A;[j > 1}. In order to make the set of
eigenvectors self-dense, these eigenvalues {y;|j > 1} also need to be self-dense.
During the construction process, odd items have much freedom and even items are
difficult to select to satisfy many constraints. For odd items, we let ¢, < |, — Ayl
such that each eigenvector u,, can be approximated by some u, (n # m). But for even

items, we let g, > |, — Ay| in order to make p, — O.

To prove Theorem 2.6, we need some preliminaries. Assume that all the isolated
pointsin {A;|i > 1} are Ay, A2, ..., Ay,.

1. Rearrange the sequence (1) j-n, by a bijective map
o:N— {j eN|j > ngl,

such that we can choose a series of points (1) ;=1 on T corresponding to the
rearranged sequence (Ay(j))j>1 as follows, by the fact (b) in Remark 2.4. For
1 <n <npleton) =no+n,takeapu, € K\({A;[j = 1} U {u;lj < n})
which is close to A,y4,. If ngp = 0, let 6(1) = 1 and 0(2) = 2, take a
n1 € K\{A;|j > 1} which is close to A1, then a up € K\({A;[j > 1} U {u1})
which is close to A»;

Inductively, for n = 2k — 1 > max{ng + 1, 3}, take a A (2x—1) in a small neigh-
bourhood of some i, in < 2k—1), and take puox—1 € K\({A;]j = 1}U{plj <
2k — 1}) in a small neighbourhood of Ay (2x—1). For n = 2k > max{ng + 1, 3},
define o (2k) by the least number in {no+ 1, n0+2, ..., 2k}\o ({1, 2, ..., 2k —
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Let

1}) (This assures that the map o : N — {j € N|j > ng} is bijective), and take
auy € K\({A;1j = 1} U {u;|j < 2k}) in a small neighbourhood of A4 (2¢).
These two sequences A (,) and p,, can be further modified so that the following
conditions are satisfied.

Take ., sufficiently close to Ay (), such that

1 .
[n — Aol < ’7|,U«j — Ao, Vj<n.

. Let
1, 1 <n <ny,
qn = { n " (n — ko), n > npand nis odd,
n(Un — o), 1 > npand nis even.

And let u, sufficiently close to A, ;) such that |g,| < n=3\gu_1l, n > no.
For each odd number n > n(, we can choose A () sufficiently close to p,,(some
m < n) such that

qj _ 4q; o
S rem = roty Hm = ho(p| 200
and u, sufficiently close to A, ;) such that
4 d4j _ 1
Hn —Aro(j)  Hm — ro()) n’

1<j<n

. For each odd number n > ng, as described in item 1, A4, is sufficiently close

to ;m(some m < n). Denote this correspondence between n and m by a map
t:{neNjnisoddand n > ng} — N.

Furthermore, this map can be constructed so that the set 7~ (m) is infinite for
eachm € N.Forinstance, map {2k—1|ng < k < ng+11}onto {m|l <m < 10},
map {2k — llng + 11 < k < ng + 111} onto {m|l < m < 100}, .... This
guarantees that each u,, can be approximated arbitrarily close by some point in
{nln > m}.

[ Ans n < no;
" Ao (n—ng)» T > No.
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Without loss of generality, we assume that the eigenvector of An is e,. To solve the
vector p in Eq. (2.1), for a given n € N we consider the linear equations below.

=(n)
Wl ()
—(n
p 1
oAl =] ] 2.2)
—(.n) 1
n
where
1 ~ - 1 ~
H1—A1 M1y
C, = : s
1 — e e 1 =
Mn—A1 Mn—An
and

A, = diag(q1,q2, - -+, qn)-

Here, for a complex number A, A denotes the conjugacy of A. Since C,, 1s a Cauchy
matrix and u;, A j(1 < j < ng) are distinct numbers, it is invertible by [20]. The
following Lemma gives a condition for Eq. (2.2) having a unique solution.

Proposition 2.8 LetM®™ = A;lCn_l, n > 1. Ifthe sequence (|,un—):n|)n21 decreases
to O sufficiently fast, then for any n > ny it holds that:

@
() (1) 1
((MD),oy = M D < =,
n
where (-),—1 represents the left upper n — 1 x n — 1 submatrix, and | - | is the

maximum absolute value of the elements in a matrix.
(ii) when n is even, |M[(/'.’)| < n%, ifi or j equals n.
(iii) when n is odd, |M")| < 2 for 1 <i <n,and |M")| <2nfor1 < j <n.

Hence, for any n > ny,
IM™]oe < 2n + co,
where ¢y = |A;O] C;OI |oo-

Proof For n > ng + 1, rewrite C, as the block form

o= (37).
y ¢
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where ¢ = 1/(in — An).
Since Cy,, is invertible, it follows by induction C, is invertible and

A7y -1 __A7'B
ol (1+ 2385) A 5t
n - _ yAfl 1 )
c—yA~lB c—yA~IB

provided that the sequence (|u, — )AL,, [)n>1 decreases to O sufficiently fast.
SinceAA_l, B, y are bounded as u, approaches A,, we can modify u, sufficiently
close to A, such that C,; ! satisfies

— (G Dt = Gt oo < 1251
— The absolute value of each element in the n-th column and n-th row of C;; ! is less
than 2|y — Anl.

On the other hand, since the sequence (|g,|),>1 is decreasing, we can further choose
Wun sufficiently close to A, such that

11 1 1 1
|(An Cn )n—l - An—]Cn—]|OO S n_3
Since

n_l(un — in), n > ng and n is odd,
qn = 3 N .
n’(un — An), n > ng and n is even.

If n is even, then the absolute values of elements in the n-th row and n-th column
of A, 'C, ! are not greater than ’%

If n is odd, then the absolute values of elements in the n-th row of A, !C, ! are
not greater than 2n. Since |q;| > n3|gn| for j <n (by item 3), the absolute values of

elements in the n-th column of A, ! C, ! (except M,(l',?) are not greater than n%
Finally, note that the elements in A;OI C”’O1 is bounded, by induction on n, it leads
to
14,1 C Moo < 20+ co,  Vn = no,

where cg = [ A, C oo o

Proposition 2.9 If the sequence ((n)n>1 satisfies the conditions described in Propo-
sition 2.8, then

@, ps", .00,

converges to some point p € [ asn — 0.
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(n) =(n) ))T

Proof We can estimate p(”) =(p; sDy +---1Dn by the following equation,

P =4

and view the vector 5 as an element in /? with infinite zeros on the tail. For n >
max{ng, co}, we consider the following two cases.
Case 1 n is even. According to Proposition 2.8,

15 = 5" Voo

Case 2 n is odd(n > 3). By item 4, there exists m < n such that u, is sufficiently
close to w,,, and

q; q;

- 1
Mn_)\j Mm_)"j o’

2

1<j<n

then

~(n) (1)

oy ) (- y Ao

l<j<n Mn —Aj 1<j<n Km —Aj

74 7

Mn — An M — An

ﬁ;")q/ B ﬁ;n)q‘/

<> - -
1<j<n Pn = 2j Hm = A
q; q;
< 1Pl Y L

Mn_)\j Mm_kj

1<j<n

1
<n-Q2n+ co)—5 (by Proposition 2.8)
n

IA

— (for n > max{ng, co}),

and

-(n)qn (n)qn

,Uvn_)\'n Mm_)\n

=|p (ﬂ)|‘ an
Mn_)\' Wm — A

> |p(n)|_n (by item 2 and item 3).

Then, |p(n)| < n%.
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According to Proposition 2.8,

_ —(n— 6
e
n

Combining these two cases, for any n > 2, we have

— -1
1P = p" V3= 30 1P P

1<j<n

<n|p™ — p@ D),

< 6’
nl—=
=< 2
6
3’

< —
n

(O8]

and for any m > 0, it holds that

1P = p®@I3 < Y 1P = p I

I<j=m
= Y o
152 D)
36
<—.
T on
Hence, p®™ is a Cauchy sequence in /> and converges to some p. O

For each n > 1, denote the eigenvector of u, by
qi
Uy =y —ej. 2.3)

Proposition 2.10 [f the sequence (u,)n>1 satisfies the conditions in Proposition 2.8,
then u, defined by (2.3) is the eigenvector of T = U+ R corresponding to 1, (¥n > 1).
Furthermore, {u,|n > 1} is a basis in 'H.

Proof We divide the proof of Proposition 2.10 into three steps.

Step 1. We have constructed (i,),>1 and ¢ in the items 1-5 above, and

1
P =4t

By Proposition 2.9, p™ converges to some point p € [2.

@ Springer



2486 X.Liu, Z. Chen

Step 2. For any j > n, by items 2 and 3, we have |g;| < j3|/Lj —ijl and

g =il < 7 i = A5,
Thus, the series
ST
j=1 Hn = A

converges to u, in H for each n. It is easy to verify that (p, u,) = 1,Vn > 1.
By Proposition 2.5, u,, is the eigenvector corresponding to &, Vn > 1.

Step 3. For n > ng and any x € spanf{ey, ez, ..., e,} where || x| = 1, we rewrite x
as

x= ) xjej= Y yjij,

I<j=n I<j=n
where
up = Z LAej,
15j<n e =2
and
(i1, @2, .., ily) = (€1, €2, ..., ex) AyCL.
So
1 X1
7= e
Yn Xn
Then by Proposition 2.8,

10132l = €7 ™| < @ntco.

So

n n n
x =) yjug| = | Do vii; = viuj
j=1 j=1 Jj=1
< N1y y2s syl max fluj —ujll
1<j<n

< (2n® + ncp) max |u; —i;].
I<j=n
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By item 2 and 3, |qi| < k3 |pu — Ael and | — Akl < k77 \pj — Ael, (G < k)
it follows

lu; —ujll =

D

k>nMj_Ak
fzq—k,\
k>n ll'j_)\k
1
5Zk—4-
k>n

So llx = Y-y yjujll < 2n* +nco) Yy, ¢ — Oasn — oo
Then, the set of eigenvectors {u;|j > 1} of T is a basis in 'H. O

Proof of Theorem 2.6 We construct the sequence (i4,,),>1 Which satisfies the conditions
described in Proposition 2.8. By Proposition 2.10, (u,),>1 are all eigenvalues of T,
and the corresponding set of eigenvectors {u ;|j > 1} is a basis in H.

We just need to check that the set {u;|j > 1} contains no isolate point. According
to item 4, for each ,,, there exists u,(n is odd, sufficiently large) such that

q; qj

Hm — Aj Hn — Aj

1
< —.
nd

1<j<n

By item 2 and item 3, |g,| < 7™y — Anl and | — An| < 777 | — Anl, (m < n)
then

and

1
< —.
18

Similarly, since |q;| < j3|uj — &;| < j~*ln — Aj1, (j > n > m) the following
inequalities hold:

i 1 1
> % 52745;’
j>n Hn J j>n
and
T
j>n Mm_)tj n
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We have

S| W,

ety — upll <

Note that n can be chosen to be sufficiently large, so u,, is not an isolate point.
Finally, T satisfies all the conditions in Lemma 2.1. By Lemma 2.2, T is weak-
mixing with respect to a nondegenerate Gaussian measure. O

3 Applications to Controllability for Linear Control Systems

Controllability is one fundamental concept in mathematical control theory. Con-
trollability for distributed parameter systems, which belong in the category of
infinite-dimensional control systems, was first studied by Fattorini in the 1960s in
[10, 11]. Then, the theory of controllability for infinite-dimensional linear control sys-
tems was systematically established in [8, 9]. In this section, we consider the following
discrete time linear control system on a complex separable Hilbert space H,

Xi+1 = Axg + Buy, k=0,1,2,... 3.1

where A is a bounded linear operator on H, x; € H is the state of the system, U/ is a
Hilbert space, called input or control space, and B is a bounded linear operator from
U into H.

For the linear system (3.1) and its continuous-time version, there exist many dif-
ferent concepts on controllability, such as global controllability, null controllability,
approximate controllability and near-controllability. Roughly speaking, controllabil-
ity characterizes the ability of a system that the system can be steered from an arbitrary
initial state to an arbitrary terminal state under the action of admissible controls. There
are different kinds of criteria for different sense of controllability.

It is well known that the system (3.1) is not controllable in any existed sense of
controllability when B = 0. So a natural question is what can we say about controlla-
bility of the system (3.1) with B = 0. In the following, we will consider the discrete
time system (without controls)

Xkr1 =Txg, k=0,1,2,..., (3.2)

where T is a bounded linear operator on a complex separable infinite-dimensional
Hilbert space H.

Definition 3.1 Let i be a Borel measure on H with full support. The system (3.2) is
called approximately-nearly controllable (ANC) for the measure u if there exists a

u—full measure set I" C H such that for any pair of points (x, y) € I" x H and any
& > 0, there exists k € N such that the solution (x,),>0 of (3.2) with xo = x satisfies

lxx =yl <e,
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where || - || is the norm on H.
This concept of ANC is a modification of Definition 1 in [16].

Remark 3.2 The ANC for some measure is weaker than the approximate controllability
which says that any state can be steered to any neighbourhood of any another state
in finite time by some controls. An ANC system is approximately controllable in
almost sense without controls, which is very closely related to the hypercyclicity.
More precisely, ANC for any measure implies hypercyclicity, and the converse is not
true.

In this section, for the system (3.1), we are going to find out some conditions under
which there exists a feedback uy = Fx; such that the close loop system

Xk+1 = (A+BF)xy, k=0,1,2,... (3.3)

is ANC for some measure, where F is a bounded linear operator from H into /.
A negative result about control systems on finite-dimensional Hilbert spaces is
given below.

Proposition 3.3 [f the system (3.1) is finite dimensional, that is, the state space H is a
finite-dimensional linear space, then for any feedback F, the close loop system (3.3)
can never be ANC for any measure.

Proof In this case, the close loop operator T = A + BF is a linear operator on the
finite-dimensional space. So T can never be hypercyclic by Proposition 2.57 in [15].
Thus, T is not ANC for any measure. O

Next theorem shows that for a class of operators A in (3.1), we can derive a linear
feedback operator of rank one, such that the associated close loop system is ANC.

Theorem 3.4 Given a discrete-time linear control system
Xp+1 = Axgp +ux, k=0,1,2,...,

where A is a bounded linear operator on a complex separable infinite-dimensional
Hilbert space 'H, and xi, uy € H. Assume that the operator A satisfies

(A1) Ai(i = 1) are distinct points on T and the set {A;|i > 1} contains at most finite
number of isolated points;
(A2) Aej = Aje;j and (e})j>1 is an orthonormal basis of H.

Then, there exists a one-dimensional feedback map F : H —> 'H defined as uy =
F(xr) = (xx, p)q where p, q € H, such that the system

Xir1 = (A + F)x

is ANC for some Borel measure m with full support on H.
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Proof According to Theorem 2.6, we can construct a map F on H, F(x) = (x, p)q,
such that T £ A + F has a perfectly spanning set of eigenvectors associated to uni-
modular eigenvalues. Then, there exists a nondegenerate invariant Gaussian measure
m on H. Denote by I" the set of all hypercyclic points of 7. By Remark 2.3, I" has
full measure and satisfies the condition in the definition of ANC. O

Finally, we give two examples which satisfy the conditions of Theorem 3.4.

Example 1 (With multiple eigenvalue 1) Denote by (p;) j>1 the sequence of all prime
numbers 2,3, 5,....Lets, = 27:1 pj, (n = 1) and 5o = 0. We define a bijective
map 7 : Ny —> N, as follows,

T|[sn,1+l,sn](k) =k+1, ifs,—1+1=<k<sp

7-'|[s,1_1+1,sn](sn) =81+ L.

Actually, 7 is a cyclic permutation on each subinterval [s,—1 + 1, s,].
We can define a unitary operator,

Al — 2
(X1, x2,...) —> (Xz(1)s X¢(2)» -+ -)-

For each n, it is easy to check that et2mk/ pn (1 <k < pp) is an eigenvalue of A and
the corresponding eigenvector is

©,...,0, 1, e2mk/pn  oi2a(pa=Dk/pn 0,...).

nonzero coordinates between s,,_; + 1 and s,

Denote the eigenspace of the eigenvalue 1 by W, and > = W @ W+. Then, the set of
eigenvalues {¢!>"%/Pn|1 < k < p,,n > 1} is dense in T, and the corresponding set of
eigenvectors is an orthogonal basis of W.

Consider the following control system

Xk+1 = Axp +u, k=0,1,2,....

where x¢, up € W, k=0,1,2,.... According to Theorem 3.4, there exists a one-
dimensional feedback F such that the system

Xkr1 = (A4 F)xg, k=0,1,2,....

is ANC for some measure on W,

Example 2 Given an irrational number o, let ¢ : T — T, ¢(e'?) = !0+ vg ¢
[0, 27r). We define a unitary operator

Ty : LX(T) — L*(T),
f— fog.
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For each k € Z, the power fux_lction fr (eie) = ¢k is an ei_genvector of Ty, and the
corresponding eigenvalue is /¥, The set of eigenvalues {¢!f*|k € Z} is dense in T,
and the corresponding set of eigenvectors { fi|k € Z} is an orthogonal basis of L?(T).

Consider the control system

X1 = Tpxp + ug,

where xx, u;y € L*(T), k = 0,1,2,.... According to Theorem 3.4, there exists a
one-dimensional feedback F such that the system

X1 = Ty + F)xg, k=0,1,2,....

is ANC for some measure on L2(T).
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