Bull. Malays. Math. Sci. Soc. (2022) 45:2959-2995 MALAYSIAN MATHEATICAL
https://doi.org/10.1007/540840-022-01315-y NN

hap:f/wwwspringer com/mathematics/ournal/ 40840

®

Check for
updates

Regular Dynamics for 3D Brinkman-Forchheimer Equations
with Delays

Qiangheng Zhang'

Received: 21 December 2021 / Revised: 28 April 2022 / Accepted: 5 May 2022 /

Published online: 27 May 2022

© The Author(s), under exclusive licence to Malaysian Mathematical Sciences Society and Penerbit Universiti
Sains Malaysia 2022

Abstract

The aim of this paper is to study the regular dynamics for the 3D delay Brinkman—
Forchheimer (BF) equations. We first prove the existence, uniqueness and time-
dependent property of regular tempered pullback attractors as well as the existence
of invariant measures for the 3D BF equations with non-autonomous abstract delay.
We then study the asymptotic autonomy of regular pullback attractors for the 3D BF
equations with autonomous abstract delay. Finally, we discuss the upper semicontinu-
ity of regular pullback attractors as the delay time approaches to zero for the 3D BF
equations with variable delay and distributed delay.

Keywords Delay Brinkman—Forchheimer equation - Pullback attractor - Regularity -
Stability - Invariant measure

Mathematics Subject Classification 35B40 - 35B41 - 37130 - 37L40

1 Introduction

The attractors play an important role in the study of long-term behaviour for evolution
equations, see [4, 6, 17, 30, 31] and the references therein. As we know, the pullback
attractor is a collection of a family of time-dependent compact sets. Hence, a natural
problem is to consider the time-dependent property of pullback attractors. Although
this topic has been studied by several authors in [7-9, 18, 19, 21-23, 38], there is no
paper on this subject in the regular space. On the other hand, the long-term behaviour
of delay PDEs has wide attention [1-3, 11, 16, 24, 34, 40] due to it being able to
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control the system by the history of solutions. In [24, 40], the authors investigated the
time-dependent property of pullback attractors in the initial space for delay PDEs. As
far as we know, this topic in the regular space for the delay BF equation has not been
studied.

The BF equation depicts the fluid flow in a saturated porous medium, see [12, 29].
Recently, the long-term behaviour of BF equations has been studied by several authors
in [13, 14, 32, 33, 36, 39, 42, 43] for the non-delay case and in [15, 20, 25, 37] for
the delay case. In [15], the authors proved the existence of uniform attractors for the
BF equation with autonomous delay. Li et al. [20] studied the existence and non-delay
stability of pullback attractors for the BF equation with autonomous delay. In [37], the
authors investigated the structure and asymptotic stability of pullback attractors for
the BF equation with non-autonomous delay. As far as we know, the existence, time-
dependent property, asymptotic autonomy and non-delay stability of regular pullback
attractors for the BF equation with delays have not been studied.

We first consider the following BF equation with non-autonomous delay:

Wy Au+au+Vp=—Blulu — ylulu+ f(t,ur) + gt x),
V-u=0,1t>r1, x €S2,

u=0, x €0S2,

u(ty +60,x) := ¢, x), 0 €[—o,0],

ey

where 19 € R, 2 C R3 is a bounded domain with smooth boundary 9£2, u =
(u1, uz,u3) is the velocity of the fluid, and p is the pressure of the fluid. v > 0
denotes the Brinkman effective viscosity, « > 0 denotes the Darcy coefficient, and
B > 0and y > 0 denote the Forchheimer coefficients. o > 0 is the delay time of
Eq. (1), g is the given non-autonomous forcing term, and the delay term f will be
specified later. For each t > 19, u,(-) is a delay-shift function defined on [—p, 0] given
by u:(0) = u(t 4+ 0) with 6 € [—p, 0].

Recently, the authors in [7, 21, 23, 38] studied that the backward compactness of
pullback attractors A = {A(r) : t € R} (U, A(s) is pre-compact with r € R) when
the basin of attraction of pullback attractors be composed of all fixed bounded sets
in the initial space. However, we consider two different universes to show that the
backward compactness of pullback attractors in this paper. One universe is made up
of all tempered sets, and the other is composed of all backward tempered sets. It is
worth pointing out that the backward compactness of pullback attractors on tempered
universe is not easily proved. Fortunately, we can prove the attractors on two different
universes are identical. On the other hand, we apply the spectrum decomposition
technique to prove the backward asymptotic compactness of solutions due to the
solution of Eq. (1) has no higher regularity, and then obtain a unique backward compact
regular tempered pullback attractor for Eq. (1).

In [10], the authors show that the invariant measure plays an important role in
understanding turbulence. Hence, the invariant measure of evolution equations has
been studied by several authors in [5, 26-28, 35]. Inspire by [28], we establish the
existence of a unique family of invariant Borel probability measures for Eq. (1), which
are supported by the tempered pullback attractor.
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We then discuss the following BF equation with autonomous delay:

W ) Au+au+Vp = —Plulu — ylulu+ f(ur,x) + gt x),
Veu=0,1t>r1, x €S2,

u=0, x €052,

u(ty + 60, x) := ¢, x), 0 €[—o,0].

@)

In[8,9, 18, 19, 22], the authors studied the forward asymptotic autonomy of pullback
attractors in the initial space for PDEs without delay, that is,

lim distx(A(t), Ax) =0,
t——+00

where X is a Banach space with norm || - || x, distx (-, -) denotes the Hausdorff semi-
distance and Ay, is a global attractor of the autonomous equation corresponding to
(2). As far as we know, the asymptotic autonomy of pullback attractors in the regular
space (the regularity of the initial space is low) has not been considered. In this paper,
we study the backward asymptotically autonomous dynamics for Eq. (2) in the regular
space:

lim_disty, (A1), As) =0,

where Y is a Banach space with norm || - [ly, X <= Y and ¥, = C([—p, 0]; Y).
Finally, we study the following BF equation with variable delay and distributed
delay:

g—’; —vAu+ou+Vp+ Blulu + ylulPu

0
= fiu(t —p°®), x)+ [ fo(u(t +6),0)do + g(z, x),

-0 3
V-u=0,1t>1t, x €S2, ©)

u=0, x €082,
u(ty +60,x) :=¢@0,x), 0 € [—p,0].

Zhao et al. [41] studied the upper semicontinuity of the global attractor in the initial
space as the delay time tends to zero for retarded lattice systems. Wang et al. [34]
proved the upper semicontinuity of pullback random attractors as the memory time
approaches zero in the initial space for stochastic reaction—diffusion equation. In this
paper, we study the upper semicontinuity of tempered pullback attractors as the delay
time tends to zero in the regular space for Eq. (3):

lim disty, v)(Ag (), A®) =0, 1 €R,
0—0

where

disty, y)(A, B) =supinf sup [la(®) —b|y =0.
acAbPEB ge[—0,0]
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In the next section, we establish the existence of an evolution process for the retarded
3D BF equation. Section 3 is devoted to the backward uniform estimates, continuity
with respect to initial time and backward flattening of solutions, and then obtain the
existence, regularity and backward compactness of pullback attractors as well as the
existence of invariant measures. In Sect. 4, we prove the backward regularly asymptotic
autonomy of pullback attractors by the convergence of systems from non-autonomous
to autonomous and the backward compactness of pullback attractors. The delay-free
stability of regular pullback attractors is established by the convergence of solutions
from delay to non-delay, the eventually compactness of pullback attractors and the
recurrence of absorbing sets in the last section.

2 Existence of an Evolution Process for the 3D BF Equation with
Delays

Suppose X is a Banach space with norm | - || x. A family of maps {S(¢,r) : t > r} is
called an evolution process if

S(r,r)y=idyx, S(t,s)=S(t,r)S(r,s), S(,r): X — X is continuous,

for all + > r > s. In this section, we mainly establish the existence of an evolution
process for Eq. (1) and make some assumptions. Denote by

LP(2) = LP(2) x LP(2) x L (£2),
HP(2) = HP(2) x HP(2) x HP(R), p > 0,

and

=uel*2):V-u=0,u-nle =0},
V={ueH (2):V -u=0,uljo =0},

where n is the unit outward normal vector at 9£2. It is easy to see that H and V are
separable Hilbert spaces with the inner products and norms given by

(u,v) = Z/ulvldx lull> = (u,u), u,v e H,

119

and

3
((u,v)):Z/ ui - Vuidx,
i=l 2

lull} = ((u,u), u,veV.
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Notice that V < H = H’ < V' is dense and continuous. Moreover, we use || - ||,
to denote the norm in L7 (£2) and (-, -) represents the duality pairing between V and
V. Let P be the Leray orthogonal projection from I.2(£2) onto H. Applying P to Eq.
(1), we obtain

{ W vAu = P(—au — Blulu — y|ul®u) + P f(t,u)) + Pg(t,x), t > to, @)

u(to+6,x) :=¢@,x), 0 € [—0,0], x € 2,

where A = —PA is defined by (Au,v) = ((u,v)). Let H, := C([—0.0], H)
with [9lg, = suppei_pop IP(@)] and V, = C([—0,01, V) with [[#]ly, =
SUPge[—o,01 17 @)V The delay forcing f : R x H, — H satisfies

(F1) Foreach ¢ € Hy, r — f(r, ¢) is measurable from R into H;
(F2) f(r,0) =0forallr e R;
(F3) There is a positive function L ¢ (-) such that for all ¢, ¢ € H,

Ifr,e)—fr, Il <L)l —Ylln,, (5)
where L 7(-) satisfies, for all # € R,
t N
f L3 (r)dr < 400, ﬂlim sup f UV L (rdr = 0. (6)

—400 s<t
—00 —00

By the standard Galerkin method asin [11, 33], one can see that the well-posedness
of (4).

Lemma 1 Suppose that (F1)—(F3) hold and g € L%OC(R, H). Then for all ty € R and
¢ € Hy, Eq. (4) has a unique weak solution

u € C([ty — o, +00); H) N L}, (19, +00; V) N L}, (1, +-00; L¥(£2)),

such that u(to +0; to, ¢) = ¢(0) forall 0 € [—o, 0]. Furthermore, for any ¢ > 0 and
T >1ty)+e

ueC(ty+e Tl; V)NL*(ty + ¢, T; D(A)),
where D(A) = H}(2) N H*(£2).
We define a mapping S(z, to) : H, — H, by
S, 10)¢ = u (510, ¢), 1 = 1o, ¢ € Ho, @)

where u is the solution of (4). Based on Lemma 1, we obtain S(-, -) is an evolution
process. In addition, we also need the following assumptions:

@ Springer



2964 Q. Zhang

(GI) g € L? (R, H) is backward limitable:

loc

S
lim sup / PN g(r)|Pdr =0, Vi € R, (8)

B—+00 s<t
—00

which implies ¢ € L? (R, H) is backward tempered:

loc
s

sup / P g(r)|1Pdr < 400, Vit € R, B > 0. 9)
s<t
—00

On the other hand, we will frequently use the following inequalities:
(17720 = [y [P0 (= y) = 2277 = y|P, (10)
where x, y € R" and p > 2.

Gagliardo—Nirenberg inequality: assume 2 C R",if 0 < j < [,1 < gq,r <
+oo,pe]R,%<n§land

j 11 1
~Lop(--=)+a-n-
n ron q

S |-

Then,
1D u@®)llp < cllu@lly " ID'u@)|}, Yu e W R NLIRY).  (11)
where j, [ be any integers and ¢ depending only on n, I, j, g, r, .
Let P(H,) denotes the collection of all nonempty subsets in H,. We provide two

different universes of attraction. One is © given by, for all § > 0

D={D={D): 1t €R} CP(Hp): lim e P D@ - f)||§,g =0}. (12

Observe that ® is inclusion-closed. Another is 8 defined by, for all 8 > 0

B={B={B(t):t €R} C P(H,p): im e PTsup | B(s — mﬁ,@ =0} (13)

s<t

Then, B is backward-closed: B € 9B whenever B € B and é(r, w) = U</ B(s, w).
Notice that B C © and *B is also inclusion-closed.

3 Dynamics of the 3D Non-Autonomous BF Equations with Delays

Throughout this paper, we denote by ¢ a positive constant, which may change from
line to line or even in the same line.

@ Springer



Regular Dynamics for 3D Brinkman—Forchheimer Equations... 2965

3.1 Backward Uniform Estimates of Solutions

Lemma 2 Suppose that (F1)—(F3) and (G1) hold. Lett € R, then we have the following
conclusions:

(i) For each D € 3, there exists a 14 := t4(t, D) > 0 such that

2 a
sup g (31 — 7, 93, < 40 (1 + —de) s L0 (14)
o€[t—o—4,1] o

forall t > tg and ¢ € D(t — 1), where

t t

Gd(t)zfe““*')ng(r)uzdr, L(1) := / L3 (r)dr. (15)

—00 —0Q

(ii) For each B € B, there exists a tp := 15(t, B) > 0 such that

2 a
sup sup g (s — T Il < 0@ (1+;Gh(t)>eie O 16)

S<t ge[s—o—4,s]
forall T > 1ty and ¢ € B(s — t) with s < t, where

Gp(t) =supGy(s). (17)

s<t

Proof Taking the inner product of (4) withu(r; s—t, ¢) in H, by the Young inequality,
we have

d 1
Euu(r)n?+2v||Afu<r>||2+a||u<r>||2+2ﬁ||u<r)||%+2y||u(r)||i
2 2 2 2
< Zfe u)? 4+ =g, (18)
o o

which implies

d

- e lu(r)|* <

IS S

ar 2 2 ar 2
e f(roup)ll +e g~ (19)

Integrating (19) on [s — 7,0 + 6] with 6 € [—p,0] and T > s — 0 + o, by (5) we
obtain

2
e lug (s — 7, )

o

_ 2
< 0Tl + e / " (LE () urllFy, + 8@ 1Hdr. (20)

§—T
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Using the Gronwall inequality (see [4, p. 167]) to (20), we obtain

2
e lug (s — 7,9

o o
zev [ Li(dr

2 a
< (eagea(s—t)||¢||%{g+_ea9 / ear||g(r)||2dr)e soT
o

S—T

Hence we obtain, for all T > 20 + 4,

sup  lug (55 — 7, @)
o€ls—o—4,s]

o o
2 00 2
2 e [ Lf(r)dr
< sup e—aa(eagea(s—r)”q«)lﬁig 4 Zee / ear||g(i’)||2dr)em soT
o€ls—o—4,s] o
s—T

20+4 2 2 S N Lo J LG (rydr
< ¥ (ot )(ef‘”||¢||Hg + E / ea(rfS)”g(r)” dr)e PRaT . 1)

S—T

(1) Lets =¢in(21).If ¢ € D(r — 1), by (12), there exists a 74 := 14(t, D) > 20+ 4
such that for all T > 7,

— 2 — 2
el < e ID@ — DI, < 1.

Hence, we obtain (14) holds.
(ii) If ¢ € B(s — t) with s < ¢, by (13), there is a 7, := 15(¢, B) > 20 + 4 such that
forall T > 1,

e " sup ||¢||%,Q <e “Tsup|B(s — T)”%IQ =L

s<t s=t
Taking the supremum of (21) over the past time s < ¢ yields (16) holds.
O

Corollary 1 Under the assumptions in Lemma 2, we have the following auxiliary esti-
mate:

- S—Q—3

(22)

Proof Integrating (18) on [s — o — 3, 5], by (5), we obtain

3

N

S 1
[ 20l AzuM)*> + 2B81ulli + 2y llullfdr
o
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N
< lus—e=3IP+2 [ LiOlurlly,dr
s—o—3

s
+ %ea(g+3) f e“(r_s)||g(r)||2dr.
s—o0—3

By (16), we have

s<t o

s
2 2 2 2
sup flu(s — ¢ = 3)|I” + — sup Ly () llur |, dr
s<t
s—0—3

N

<sup sup ug(lIF, +sup  sup  Nuo ()i, / L7 (rydr
S<t o€[s—3,s5] S<t o€[s—p—3,s] 3
s—0—

< c(1+ L)1 + Gp())etD, (23)

Then, we obtain

s<t l l
s Q*3

The proof is complete. O

Lemma 3 Suppose that (F1)—(F3) and (G1) hold. For eacht € R and B € B, we
have, for all T > 1), (Tp is given in Lemma 2) and ¢ € B(s — t) with s < t,

N
1 2 8u 2
sup  sup  ||A2u(s+6;s5s —1,0)||” + sup — | dr
s<t 9e[—0p—2,0] s<t or
s—e
< c(1+ L)1+ Gpt))e . (24)

Proof Multiplying (4) by a%u(r; s — 1, ¢), by (9) and the Young inequality, we have

ou(r)
ar
< cLG()llurllFy, +clg @ (25)

2 4a 1 2 2 3 4
+ 0 [ATue)| + el + Bl + I

Integrating (25)on [¢, s +60] with¢ € [s+60 —1,s+60]and 6 € [—p —2, 0], and then
integrating the resulton [s + 6 — 1, s + 0] w.r.t. { we obtain, for all 6 € [—po — 2, 0],

1
IAZu(s +60;s — 7, @I + lluls + )3 + lluls + )3
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<c / AZu() |2 + @)1 + [u @B + lu) |dr
s—o0—3

+e f (LI ur i, + 1gOHdr. (26)
s—o—3

By (16) and (22), we have, for all 7 > 13,

sup / AZu()| + @) 13 + u@)[Hdr < e + L)1 + Gp(0)e™-®,
s<t
s—o0—3

27)

sup / lu()|Pdr < (e +3)sup  sup lug |7y, < c(1+ Gp@)et . (28)

S<t o€[s—3,s5]
Substituting (23), (27) and (28) into (26) yields

1
sup  sup ||A§u(s+9;s—r,¢)||2+sup sup ||u(s+9)||%
S=<t fe[—0—2,0] S<t e[—p—2,0]

+sup  sup  fu(s +O)F < (1 + L)1+ Gp(1)eED. (29)
s<t 9e[—0—2,0]

On the other hand, integrating (25) on [s — o, s] yields

s
/‘ ou
ar

s—o

2
dr < ¢ (1A3uts = @)1 + llus = )2 + uGs = Q)13 + luts — o)1)

e [ @, + 150 P (30)
s—0

It follows from (16), (23) and (29) that

)
du ||? ‘
sup / Ha—” dr < c(14 L@®)(1 + Gp(1))et®. (31)
< r
S_tS—Q
We infer from (29) and (31) that (24) as desired. O
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3.2 Existence and Backward Compactness of Pullback Attractors in the Initial
Space

We first establish the existence of pullback absorbing sets for the evolution process
S(, ) in (7).

Lemma4 Suppose that (F1)—(F3) and (G1) hold. Then, we have
(1) S(, ) has a pullback ®-absorbing set Kq = {Kq(t) : t € R} € D, defined by

2 o
Ka(t) = {0 € H, : ||19||i,g < 2et?) (1 + —Gd(t)> e Ly, (32)
o
(i) S(-, ) has a pullback B-absorbing set Kp = {Kp(t) : t € R} € B, defined by

2 « -
Kp(t) = {0 € Hy : [911F, < @2 (1 + aGb(o) ea L0} = UL Kas),
(33)
where G4(t), L(t) and G (t) are given in (15) and (17).

Proof By (14) and (16), it is easy to know that Iy and K}, are pullback ®-absorbing
set and pullback B-absorbing set for S(, ), respectively. Moreover, by G,(t) =
sup,., Ga(t), we obtain KCp (1) = |, -, KCa(s).

We now prove that Ky € © and K;, € B. Notice that K, (1) € Kp(t2) if t1 < to.
Then, by t —, Gp(¢) and t — L(¢) are increasing, we obtain

e T sup 1Ky (s = ©)lly, = eIt = DI,
= e_ﬁer“(QH) <1 + EGb(t — 1’)) e%ea%(f—’)
o
< e PrPeletD) (1 + 2@@)) ed®L0 0 as T — 00, (34)
Hence, we have K;, € 8. Since G4(t) < Gp(¢) forall t € R, we have K; € ©. The

proof is complete. O

Next, we prove the pullback asymptotically compactness of the evolution process
S, ) in (7).

Lemma5 Suppose that (F1)—(F3) and (G1) hold. Then, we have S(-, -) is backward
pullback $B-asymptotically compact in H,, more precisely, for eacht € Rand B € B,
the sequence {S(sp, Sn — Tn)$n} is relatively compact in H, whenever s, <t, t, —
400 and ¢, € B(s, — 1,).

Proof Based on the Ascoli—Arzela theorem, we divide the proof into two steps.
Step 1. {S(sp, Sn — Tu)Pn}nen in H, is equi-continuous from [—p, 0] to H.
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Since 7, — 400, we assume T, > T (7p is given in Lemma 2) for all n € N. Let
01,62 € [—o, 0] with 61 < 6,. Due to s, <t for all n € N, by (24), we obtain

(S (sns S — Tw)Pn) (01) — (S(Sn, $n — T)Pn) (@)l
= |lu(sp + 015 5n — T, n) — u(Sy + 625 5y — Tn, Pl

Sn+02 1
T (] ey

Sn+601

<1+ L)1+ Gp(1)eL D10, — 6,7

dr| 16, — 6,2

Then for any ¢ > 0, there exists a § := §(¢, ) such that ||S(s,, s, — T,)Pn(01) —
S(Sns Sn — Tw)Pn(62)|| < & when |0] — 62| < 8. The proof of the Step 1 is complete.

Step 2. For each 0 € [—p, O], {(S(su, S — Th)Pn)(0) }nen has a convergent subse-
quence in H.

By (24), we have {(S(sn, Sn — Tn)®n)(0) }nen is bounded in V. Then by the embed-
ding V — H is compact, we complete the proof of the Step 2.

Now, all conditions of Ascoli—Arzela theorem are satisfied. Hence, we obtain the
sequence {S(sy, Sp — Tn)@n} is relatively compact in H,. The proof is complete. O

Finally, we state the main result of this subsection:

Theorem 1 Suppose that (F1)~(F3) and (G1) hold. Then, we obtain the following
conclusions:

(1) S(,-) in (7) has a unique pullback D-attractor Ag = {A4(t) 1t € R} € D,
defined by

HQ
Ay = St —okat —1) . (35)

T>0t>T

(ii) S(.,-) in (7) has a unique pullback B-attractor A, = {Ap(t) : t € R} € B,
defined by

H,
A = U St —okpt —1) (36)

T>0t>T

Moreover, Ay is backward compact in H,, that is, | <+ Ap(s) is pre-compact.
(iii) Ag = Ap and so Ay is backward compact in H,.

Proof (i) By the same method as in Lemma 5, we obtain S(-, -) is pullback D-
asymptotically compact, which along with (i) of Lemma 4 implies all conditions
of Carvalho et al. [4, Theorem 2.50] are fulfilled. Hence, we have S(-, -) has
unique pullback D-attractor 4,4, defined by (35). Since D is inclusion-closed and
the pullback ®-absorbing set Ky is closed, we get Ay is unique and Ay € D.
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(ii) Similarly to (i), we only need to prove .A; is backward compact in H,. Let
{untnen C U<, Ab(s). Then, for each uy, there is a s, <  such that u, €
Ap(s,). By the invariance of A,, there exists a v, € A (s, — 1,) with 7, — +o0
such that S(s,,, Sy — Ty) vy = uy,. Since Ap € B, by Lemma 5, we obtain {u, },en
has a convergent subsequence and so Ug<;.4;(s) is pre-compact.

(iil) Since Kp(r) = U <, Ka(s), we have ICp(t) D K4(t) for all # € R. Then by
(35) and (36), we have A (1) D Ay (¢) for all t € R and thus A, D Ayg. On the
other hand, notice that 4, € © because of B C D. Since A is a D-pullback
attracting set, by the invariance of .4, we find, for all t € R,

disty, (Ap(t), Ag(t)) = disty,(S(t,t — 1) Ap(t — 1), Aa(t)) — 0, as T — +o0,

which implies A, (t) C Ay(¢) forall t € R and so A, C Ay. Then, we obtain
Ap = Aq and Ay is backward compact in H,,.
O

3.3 Existence of Invariant Measures

In the subsection, we consider the existence of invariant measures {u; : ¢ € R} on
the pullback D-attractor A,. To this end, we also need prove the evolution process
S(-, -) in (7) is fy-continuous in H,, where S(-, -) is known as fp-continuity if for every
¢ € Hy and t € R, the function fp — S(¢, tp)¢ with values in H,, is continuous and
bounded on (—o0, ¢]. We first prove the following auxiliary lemma.

Lemma 6 Suppose that (F1)—-(F3) and (G1) hold. For any initial data qs and ¢~$ in Hy,
we have

IS, 10)d — S, 1)1y, = Nt 10, §) — at: 10, §) 1,

. 5 C';)Lz(r)dr
16 — pli7, e o : (37)

IA

Proof Let it = u — u. Then, u satisfies

Ju _ _
— +VvAu + ou
Jat
= P(—Blali — ylal*@) — P(—Blili — yla|*@) + P f(t, &) — P f(t, iiy).
(38)

Taking the inner product of (38) with & in H yields

d  _ 1_ _

Enu(r)n2 + vl AZa(r) 1> + 2alla ()|

= —((Blala + ylal*a) — (Blali + ylil*i), @) + (f(t, b)) — f(&, i), ).
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By (5) and (10), we obtain

—((Blala + ylal*a) — (Blald + ylil*a), i) < —gnﬁ(r)n% - %nﬁ(r)ni <0
and

(f@ i) = £, ), @) < all@(r))? + L3Ol — i), -

Hence, we have
d ||_(V)||2 < [2([)||A ~ ”2
7" u =c f Uy Uy HQ-

Integrating the above inequality on [#g, #] with 7 > £ yields

t
&1 < lig — i, +c/L§<r>||ﬁr — iy | 3y, dr- (39)

fo
Notice that [|z()|? < ||¢ — &u%,g fort € [t — h, to]. Then, we have

t
I, < ¢ — BlI7, + c/ L3 ()i — iy ||, dr.

fo

Using the Gronwall inequality, we obtain

t
¢ [ L% (r)dr
- 112 < 222 r{ I
el < ¢ — S, e

The proof is complete. O
Next, we prove the fy-continuity of S(-, -) in (7).

Lemma 7 Suppose that (F1)-(F3) and (G1) hold. Then, the evolution process S(-, -)
in (7) is ty-continuous in H,.

Proof Based on the definition of #p-continuous, we divide the proof into two steps.
Step 1. Forall ¢ € Hy andt € R, to —, S(t, )¢ is continuous on (—00, ¢].
Let fy € (—oo, t] and fy > fo. By (37), we obtain, for all ¢ € H,,

IS(t, f0)¢ — S(t. 1)1 Ty, = IS(t, 70)S(t0, 10)¢ — St 70)S(Go, 10)$ I3,

c(/tl L?(r)dr
< IS0, 1) — S(io. t0)pllFy, e ©
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‘
5 c f sz(r)dr
< lugg G5 20, @) — uzy (5 10, )y, e — .

Notice that u : [tg — o, to + 1] — H is uniform continuous. Then for any ¢ > 0, there
exists a positive constant § := §(g) < 1 with |9 — 7| < & such thatforall @ € [—p, 0],

lutto + 03 0, ) — ulio + 65 10, DI < e
which implies

. . 2
”uI()('s tOv ¢) - ufo(" tO? ¢)”HQ < é&.

N . o
Since ¢ —® is finite, we obtain ty — S(¢, 79)¢ is right continuous on (—oo, t].
Similarly, we have t) — S(¢, f9)¢ is left continuous on (—oo, #]. Then, the proof of
Step 1 is complete.
Step 2 Forall ¢ € Hy and t € R, t9 — S(¢, f9)¢ is bounded on (—oo, £].
By the same method as Lemma 2, we have

1SG, 10) 117, = llur 5 10, D)1,

! 2 )
ae”‘gfL (r)dr

2
< eag(e’o‘(”"))ll(]ﬁ"%ig +a/e°‘(r*l)||g(r)||2dr)€ o
0]
2 p 2 pa0 ft L?-(r)a’r
< ea9(||¢||%,0 + & / ea(r—t)||g(r)||2dr)e —00 .

—00

Observe that the last line of the above inequality is a constant independent of 7g. Then,
we obtain

. 2

t t
ze% [ Li(dr

2 a
Sea@ lim efa(tfto)nqs”%_] +—/ea(r7t>||g(r)||2dr e —o0
thy—> —00 Q o
—0o0
! 2 fl 2
2 Seve L% (r)dr
=" M / D gr)Pdr | " > / < +o0.

—00

By Step 1, we know that t € R, 1o — S(t, fo)¢ is continuous on (—o0, t], and hence
the proof of Step 2 is complete. O

Now, we obtain all conditions of f.ukaszewicz and Robinson [28, Theorem 3.1]
are fulfilled by (i) of Theorem 1 and Lemma 7. Hence, we have the following result:
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Theorem 2 Suppose that (F1)—(F3) and (G1) hold. Fix a generalized Banach limit
LIM7_ o andletv : R — H, be a continuous map such that v(-) € ©. Then, there
exists a unique family of Borel probability measures {1, : t € R} in H, such that the
support of the measure i, C Ay(t) and

t

/fp(S(f,’”)U(V))dVZ / p(w)dp (w),
fo Aa(n)

LIM

fp—>—00 f — 1y

for any real-valued continuous functional ¢ on Hy. In addition, 1, is invariant in the
following sense:

_/‘P(w)d,ut(w)Z [ oS, )w)dpy(w), t > i,
Ay () Aq (o)

where a generalized Banach limit LI M1 _, 4 is any linear functional, which defined
on the space of all bounded real-valued functions on [0, +00) that satisfies

(1) LIM7_15oh(T) > 0 for nonnegative functions h;
(2) LIM7_ +0oh(T) = limr_s 40 h(T) if the limit limr_, 4 h(T) exists.

3.4 Backward Flattening of Solutions

Lemma 8 Suppose that (F1)—(F3) and (G1) hold. For eacht € R and B € ‘B, we
have, for all T > 1, and ¢ € B,

N

sup / lAu()|?dr < c(1 4+ L#) (1 + Gp(1))3eL®, (40)
s<t
s—o—1

Proof Multiplying (4) by Au(r; s — 1, ¢), by (5) and the Young inequality, we have

d 1
Enfxfu(r)n2 FvllAul? + 20| AZul® + 28(Julu, Au) + 2y (|u2u, Au)

< cL3Ollur | + cllg (1.

By the Young inequality, we obtain
v
—2B(lulu, Au) — 2y (lul*u, Au) < §||AM||2 +e(llully + ).
Hence, by V — LP(£2)(2 < p < 6), we obtain

d 1 v
A2 + S1Aul® < L) lur P + ellg I + cCllully + ully).
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Integrating the above inequality on [s — o — 1, s] yields

f lAu(r)|*dr < ¢ / A+ L5 e + 181 + Nu()§)dr
s—o—1 s—o—1
+ IAZu(s — o — DI (41)

By (16), we have

s

/ lu@)ydr <@+ 1) sup  [u(@)} <+ L) (1 + Gp(0) e .

rels—o—1,s]
s—o—1
(42)
Inserting (23), (24) and (42) into (41) yields
N

sup f lAu(r)?dr < c(1 + L(0)) (1 + Gp(1)) e,

s<

YﬁtS—Q—]
The proof is complete. O

Note that the Stokes operator A has a family of eigenfunctions {ex};2, C V with the
corresponding eigenvalues: A < Ay < ... < A — 400 as k — +o0. In addition,
{ek},fi] be the orthonormal basis of H. Let P, : H — Hy = span{ey, ea,--- , e},
then Py is an orthogonal projection. For each # € V, which has the following orthog-
onal decomposition:

u=Pu®U - Pu=ur1+ur2, keN.
Lemma 9 Suppose that (F1)—(F3) and (G1) hold. For each t € R, B € B and any

e > 0, there existsa § := 8(t, k, &) > Owith |0) — 62| < § and 61, 62 € [—o, 0] such
that

sup || Pru(s +601; s — 1, ¢) — Pru(s + 62, s — 1, 9)||lv <&, 43)

s<t
forallt > 1 and ¢ € B.

Proof Notice that ||A%uk,1 1% < Aelluk.1 |% and suppose that 61 < 6. Hence, by (24),
we have

1 1
Sups<; 1A2ug 1(s + 0158 — 7, ¢) — A2up 1(s + 60255 — 7, @)
1

= )‘Z SUP; < luk,1(s 4+ 601) — ur.1(s + 62) ||
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1 S+
< 2bsupe, |l Ruatis - ol ar
s+61
1

2
< ,?upsq(f H u(r;s — t,qb)||2dr> |91—92|%

< ckZ(l L L)1+ Gp(1)eLD1g; — 657

Then, for any ¢ > 0, there exists a § := §(¢, k, ¢) > 0 with |0] — 6| < § such that

1 1
sup [|AZug (s + 0158 —7,0) — A2up 1(s +02; s — 7,9)|l <e,

s<t

which implies (43) holds. O

Lemma 10 Suppose that (F1)—~(F3) and (G1) hold. For each t € R, B € B and any
e > 0, there exists a K = K (e,t) € N such that

sup sup | AZuga(s +0;s — 1, 9% < e. (44)
s<t e[—p,0]

forallk > K, t > 1 and ¢ € B.

Proof Taking the inner product of (4) with Auy 2(r; s — 7, ¢) in H, we have

1d 1 2 2 1 2
EE”AZMIQZ(”)” + V| Aug 2(P) 17 + al|A2ug 2(r) ||
= —B(ulu, Augp) — y (uu, Aug 2) + (f(r, ur), Aug2) + ((r, ), Aug 2)
%
< SlAucal + elu)g + 1u@II§ + L3l + 121,

Therefore, by || Auy 2[1> = x| AZug 2|1 we get

1
e MNAZ (P < ™ ()3 + @I + L7l i, + 1g@)1).

Letp=4,j=0,9g=3,r=2,l=2in(11), we have
4 g 2
lu@)lly < cllu@)lls 1Au)|I3.
Again,let p =6, j=0,g =4,r=2,1=2,
6 ¥ $
lu)llg < cllu@)lly 1 Aur)|ls.
Hence, we have

A L 2
— " AZug o (r) ||
dr
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10 2 24 6
< ce” (lully 1 Aulls + llull ) 1AullS + L3 Ollur 7, + g1, 45)

Integrating (45) on [{, s + 0] with ¢ € [s +6 — 1, s + 0] and 8 € [—p, 0], and then
integrating this resultingon [s + 60 — 1, s + 0] w.r.t. ¢ yields

1
e)hk(s+9)||Aiuk’2(s +6;s —1, ¢)||2

s+60 1 10 , 2 ]
<o [ MAatua) + ) 1Aul + i fAuS)dr
s+0—1
s+6
ve [ Lol + g
s+60—1

s

1 10 2

= c/e“"“’)(nAfuk,z(r+9>||2+||u(r+9)||; | Au(r +6)| 3
s—1

+llgr +0)1*)dr

N

24 6
+c / M (lu(r +6)1,7 1Au(r +0)|15 + L7 (r + 0) lurtoll 3y, dr,
s—1

which implies

s
1A ug a5 + 055 — 7. )| < c/ekk“—”(nA%uk,z(r+9>||2

s—1

10 2 2

G+ )15 1 Autr +0)1F + I1g(r + 0)1P)dr
N
) Vi 6
be f FCD (a4 O [ Autr+0) 1S + L3+ 0) 0y, dr. (46)

s—1

We now treat each term on the right-hand term of (46). For the first term, by (24), we
have

S

1
sup su TN AZug 2 (r + 0))Pdr
p p ,
s<t 9e[0,0]

s—1
)
1
< sup sup IAZu(r)|? / M= gy
S<t re[s—o—1,s]
s—o—1

< )Li(l + L)1+ Gp()et® = 0 ask — +oo. (47)
k
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For the second and third term, by (29) and (40), we get

N
10 2 24 6
sup sup fe““*kwu+ﬂnwnAwr+GW§Hmv+mmﬂva+em§Mr
s<t e[—0.0]
|/
0 N
10
<sup sup Jlu@)ly sup /&Wﬂmwv+mﬁm
S<t re[s—o—1,s] fe[—o,0] |
|/
N

24
+sup  sup [lu()  sup /e)‘k(”s)||Au(r+9)|lgdr

S<t re[s—o—1,s] 6e[—p,0]
s—1
1
s % s 3
g 3k (r—s) 2
<sup sup Ju()l; e2™ " dr |Au(r)||*dr
S<t re[s—o—1,s]
v—1 s—o—1
3
s % s 5
24 5
+sup  sup  fu@)| /ew“—“dr / | Au(r)||*dr
S<t re[s—o—1,s]
v—1 s—o—1

( 2 >§ cL(t)\ 2
< clgz— ) ((A+LO)A+ Gp(r))e™™)o
3k

+c(i>nﬂ+uma+camﬂmf%O%k%+w (48)
SAk b .

For the delay term, by (6) and (16), we find

N

sup  sup / e)"‘(’fs)Lff(r +0)llurolly, dr
S<t 6e[—0,0] ¢
A

N

<sup sup ugl3 sup /e)"‘(’ﬂ)L%(r+9)dr
s<t oe[s—o—1,s] ¢ 9e[—0,0]
s—1
s+60
C(1+Gb(t))eCL(t) sup  sup / e)""(r—(”'@))L%c(r)dr
s<t 9e[—0.0] .
N

IA

0—1
N
(14 Gp(t))e™ ™ sup / ML (r)dr — 0 ask — +oo.  (49)

s<t
—0o0

IA
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For the forcing term, by (8), we have

N

sup  sup / Mo (r 4 6)|2dr
s<t 0el—001 /.
S—

s+6

sup  sup =T () | 2dr
s<t 96[—@,0]_00

IA

s

< sup / T g(r)Pdr — 0 ask — +oo. (50)
sst_oo
It follows from (46) to (50) that we obtain (44) as desired. O

3.5 Existence and Backward Compactness of Pullback Attractors in the Regular
Space

We review some basic concepts and theorem related to bi-spatial pullback attractors.
Suppose that (X, || - ||x) and (Y, || - ||y) be Banach spaces. An evolution process S(-, -)
on X is said to take its values into Y if

S, r)X CY, forallt > r.
We claim that the combination (X, Y) is limit-identical if X N'Y # ¢ and

xp € XNY, lim |lx, —xollx + lx, — yolly =0= xo=yo € XNY.
n——+00

Let D be a inclusion-closed universe of some sets D = {D(r) #0:teR}CX.

Definition 1 A family of sets A = {A(¢) : t € R} is called a pullback D-(X, Y)-
attractor for S(-, -) if

(1) A(-) is compactin X NY;
(ii) .A(-) is invariant, that is, S(z, s).A(s) = A(¢) forall t > s;
(iii) \A(-) attracts every D e ® under the topology of Y, more precisely, for each
De %, we have

ETOO distxny (S(t,t — T)D(t — 1), A@t)) = 0,

where distxny (-, -) denotes the Hausdorff semi-distance.

Theorem 3 Assume that S(-, -) be an evolution process on X taking its values in Y
and (X, Y) is limit-identical. Then, S(-, -) has a pullback ©-(X, Y)-attractor A(-) if

(i) S(-, ) has a closed pullback ®-absorbing set K := {K(t) : t € R} € D;
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@) S(,-) is pullback @-asymptotically compactin X;
>iii) S(, ) is pullback ©-(X, Y)-asymptotically compact.

Theorem 4 Suppose that (F1)—(F3) and (G1) hold. Then, we have the following con-
clusions:

(1) The backward compact pullback B-attractor Ay, as given in (36) is also a pullback
B-(H,, V,) attractor, which is backward compact in Vo.

(ii) The pullback ®-attractor Aq as given in (35) is also a pullback ©-(H,, V,)-
attractor, which is backward compact in V.

Proof (i) We first show that A, is a pullback B-(H,, V,)-attractor. Since V, — H,,
(Hyp, V) is limit-identical. By Theorem 3 we also need to prove S(-, -) is backward
pullback B-(H,, V,)-asymptotically compact, that is, for each t € R, {S(s,, s, —
Tu)®n}neN has a convergent subsequence in V, whenever s, < ¢, 17, — +00 and
¢n € B(s, — 1y,). To this end, we split the proof into two steps based on Ascoli—Arzela
theorem.

Step 1. {S(sn, Sn — Tn)@n}nen in V, is equi-continuous from [—g, 0] to V.

Notice that there exists a N € N such that t, > 1}, (7 is given in Lemma 2) for all
n € Ndue to 7, — +00. By (43) and (44), we have for all kg > K

(S Csns 5 — Tn)Pn) (O1) — (S(sns Sn — Tw) ) (O2) v
lusn + 015 50 — Tns Pn) — ulsn + 025 S — Tn, Gu)llv
< N Proue(sn + 015 sn — Tns Pn) — Prou(sn + 6025 0 — T, Gu)llv
+ (I = Pro)u(sn + 015 5n — T ) llv + 1 — Prg)u(sn + 025 Sn — Tns $n)llv
< 3e.

A

Hence, we have {S, (sn, $n — Tu)®n}nen is equi-continuous.

Step 2. For each fixed 6 € [—p, 0], the sequence (S(s,, Sy, — Tn)Pn)(0) = u(s, +
0; sy — Tn, ¢n) is pre-compact in V.

By (24), we obtain that { P,u(s, + 0; Sy — Tn, $n)}nen is bounded in V and thus
pre-compact in the ko-dimensional subspace Vj,. Then, there is an index subsequence
n* of n such that { Py, u(s,+ +0; sy — Ty, Pp*) }n=en is a Cauchy sequence in V. On
the other hand, let n*, m* large enough, we have

llu(sps + 05 spx — Tpx, Ppx) — usp + 05 Smx — T, ) v
< N Proe(snx + 05 spx — Tnx, Pux) — Prout(Smx + 05 S — T, ) lv
+ I — Prou(spx + 05 sux — Tpx, P llv
+ (I = Prg)u(Sm* + 05 S — Tix, G lv < 3e.

Hence, {u (s, + 6; sp* — Th*, ¢n*) Inxen 1S @ Cauchy sequence in V' and then the proof
of Step 2 is complete.

Then, we obtain that S(-, -) is backward pullback B-(H,, V,)-asymptotically com-
pact, which implies S(-, -) is pullback B-(H,, V,)-asymptotically compact. Hence,
we have A} is a pullback B-(H,, V,)-attractor.
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Next, we show that Ay, is backward compact in V,. Indeed, it is easy to verify that
the result by the same method as in (ii) of Theorem 1.

(i) Similarly to (i), we have Ay as given in (35) is also a pullback ©-(Hy, V,)-
attractor. Since Ay = A, we get Ay is backward compact in V. O

4 Asymptotically Autonomous Dynamics for the 3D BF Equation with
Autonomous Delays

In this section, we consider the following non-autonomous equation:

5 —vAu+oau+Vp=—Plulu —yulu+ fu,x) + gt x),

V-u=0,t>1t, x €82, (51)
u=0, x €02,
u(to +0,x) = ug (0, x), 6 € [—o0,0].

Similarly to (4), Eq. (51) can be rewritten as

5 +vAu = P(—au — Blulu — ylulu) + P f (ur, x) + Pg(t,x),

(52)
u(to +6,x) =u (0, x), 0 €[—0,0], x € £2.

Since we consider the delay term is autonomous, the assumption conditions (F1)—(F3)
will be changed, more precisely,

(F1) Foreach ¢ € Cy, x — f (¢, x) is measurable from §2 into H;
(F2) f(0,x) =0forall x € £;
(F3) There is a positive constant L ¢ such that for all ¢, ¢ € H,,

If (@) = f@. I = Lglle =¥ ln, (53)

(F4) There exist two positive constants ¢y and m ¢ such that for all u, v € C([tp —
o, t], H) with 1o <1,

f 13
/ N f ) — fOp P < / "Il = Idr.

1o fo—o

Hence, we can define an evolution process S (t,10) : H, — H, associated with
(52), by

S(t.10)¢ = us (i 10.9), 1 =10, ¢ € Hy.
Notice that we add a condition (F4), which will be used to establish the existence of
pullback absorbing sets. Similarly to Lemma 2, we can obtain the evolution process

S has a pullback D-absorbing set K4 and a pullback B-absorbing set K. Moreover,
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other results of Sect. 3 are hold for Eq. (52) due to L s is a positive constant. Then,
S(-,-) has a pullback ©-(H,, V,)-attractor Ag = {fld(t) :t € R} € ®, which is
backward compact in V.

In order to study the upper semi-convergence of the pullback attractor A, from
non-autonomous to autonomous, we give a further assumption for g:

(G2) There exists a function g, € H such that

0]
lim /Hﬂﬂ—gwﬁh=0. (54)
p—>—00
—0o0

In addition, we need to introduce the following autonomous equation:

B VAV + v+ Vp = —Blolv — y v + £ v x) + goo(r),
V-v=0,1t>0, x € £2, (55)
v=20, x €052,

v(0+6,x) =v9(0,x), 8 € [—0p,0].

Meanwhile, using the Leray orthogonal projection P to (55), we obtain

Bt vAv = P(—av — Blv|v — y|v]*v) + P f (v, x) + Pgoo(),

(56)
v(0+0,x) =v900,x), 6 € [—0,0].

By the standard Galerkin method, we obtain the well-posedness of (56). Then, we
obtain a semigroup 7'(t) : H, — H, generated by (56), given by

T =v(.¢), t >0, ¢ € Hy.

It follows from the same method as in Sect. 3 that 7' (¢) has a (H,, V,)-global attractor
Aso.

4.1 Convergence of Solutions from Non-Autonomous to Autonomous
Lemma 11 Suppose (F1)~(F3), (G1)~(G2) hold. If uy,, vo € H, satisfy

. 2
Jlim g, = volly, = 0. (57)

then we have, for all ¥ > 0,

. < ~ ~ 2
Jim 150 + 7. o), = T@wolly,

; . . 2
= Hm g 0, ) = v (5 vl = 0. (58)
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Proof For each 1y € R, we define a function w™ by
w(r) = u(to +r; to, ugy) — v(r; vo), r = —o.
If follows from (52) and (56) that
Jw' ~
w t(r) + VAW () + a Pw(r)
= P(=Blulto + rlulto + r) — y|u(to + r)[ulto + r))
— P(=Blv@)v(r) = y o) [*v(r)
+ P fQuigr x) — P f(up.x) + Pglto +7,x) — Pgoo(x).
Multiplying the above equality by w™(r) yields
1d 1 2 L 2 1 2
WM I" + v A2wO () |7 + o [w ()|
2dr
= ((—Blulto + Nulto +r) — yluto + r)Pulty + r)), wo(r))
— (=Bl |v(r) — y v o), w(r))
+ (figgr, ) — fr, ), w0r) + (80 + 7, ) — goo(), W (r)).  (59)
By (10), we have
(—Blulto + r)lult + r) — ylulto + r)|*ut + r)), w(r))
— (=Bl |v(r) — yIv) Por)), w(r))
< —gnwm(r)n% - %nw") I} <0. (60)
By (53) and the Young inequality, we have
o L
((f e ) = f @ w() < S O + 2 w1, 61)
o
1o o o 2 1 2
(glto+r,) — goo(), w(r)) < Ellw I+ leg(to +7r) — g™ (62)

Inserting (60)—(62) into (59) yields
d fo 2 10112 2
d—rllw M7 = cllw? I, +cliglto +7) — gl

Integrating the above inequality on [0, 7] with 7 € [0, R] and R > 0 yields

r R
lw® ) I* < llugy = vollF, +c/ ||w£°||%,gdr+c/ lgtto + 1) — goolldr.
0 0
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It is easy to see that ||w™ 2 < leerg — vo||%1g when 7 € [—p, 0]. Then, we have

7 to+R
lwill, < lug = vollzy, + / lwi® 13, dr + / lg(r) = gool®dr.  (63)
0 —00

Applying the Gronwall inequality to (63), by (54) and (57), we get

to+R
102 2 2 R
w13, < (s, — voll, + / 18(r) = goollPdr)e® — 0,
—00
as tp — —oo. The proof is complete. O

4.2 Upper Semi-Convergence of Regular Attractors from Non-Autonomous to
Autonomous

Theorem 5 Suppose (F1)—(F4) and (G1)—(G3) hold. Then, we have

im_disty, (Aa(1). Aw) = 0. (64)

Proof If (64) is false, then there are § > 0 and ¢, — —o0 such that
disty,(Aq(t). As) > 48,
which implies for each n € N, there exists a a, € Aqy(t,) such that
disty,(an, Aso) = 36. (65)
We assume that ¢, < O for all n € N due to ¢, — —oo. Then, we have {a,},en C
Usso fid(s) := B. Since Ay is backward compact in Vp, Usfo fld(s) is compact
and so B is bounded in V. It follows from A is a (H,, V,)-global attractor and
Vo = H, that there is a r := r(B) > 0 such that
disty,(T(r)B, Ax) < 3. (66)
Moreover, there is a ao, € B such that
lan — axllv, — 0, asn — +o0. (67)

By the invariance of fld, we findab, € fld (t, — r) C B such that

S(ty, ty — )by = ay,. (68)
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By the backward compactness of Ay in H,, there exists a bog € B such that
by = boollH, — 0, asn — +o0.
which together with (58) implies
ISty — 7 + 7.ty — by — T(boolly, — 0, asn — +oo,

which along with (67) and (68) implies ao, = T (r)bx. Then by (66) and (67), there
exists N := N(§) € Nsuch that foralln > N,

disty, (an, Aso) < llan — ascllv, +disty,(T(r) B, As) < 25,

which contradicts (65). The proof is complete. O

5 Upper Semicontinuity of Regular Pullback Attractors as the Delay
time Tends to Zero

In this section, we assume that o € (0, go] for some o9 > 0. Let f (¢, u;) = f1(u(t —
0
pe(1)), x) + f fr(u(t + 6),0)do in (1), and then applying the Leray orthogonal
-0
projection P to this result, we obtain

W 4 vAu+ Plau + Blulu + ylulu)
~ 0 p
= P(fiut = p°(®),x) + [ fa(u(t +6),0)d0) + Pg(t, x) (©9)

-0
u(to+0,x) =uy, 0, x) == ¢2(x), 6 € [—0,0], t > tg, x € £2,

where p9(-) is a positive function such that p¢(-) € C'(R) and

d
0 :=supp?(t) < +00, pyx:= sup sup—p°@) < 1. (70)
teR 0€(0,00] teR

The
t variable delay f1 : R x £2 — R satisfies

f10,) =0, |fi(s1,x) — fi(s2,X)| < Lpls1 —s2l, s1,2 € R, x e 2. (71)

. .. . 2 ,—a
where L ¢, is a positive constant satisfies L%cl < 5 21— D).

The distributed delay f> : [—0, 0] x R — R satisfies

200,) =0, [f20,s1) = f2(0,52)] = Lp(O@)Is1 — 52|, 51,52 €R, 6 €[—0,0],
(72)
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2 < aZe—e
L2(—0.0) 240 °
By the same method as in Sect. 3, we can obtain an evolution process S, (-, -)
induced by (69) for each ¢ € (0, go], which has a pullback D-(H,, V,)-attractor
A8 = {A51) 1t e R} e D.
In this section, we consider the robustness of Afl as ¢ — 0. For this purpose, let
o = 01in (69), we have

where L, (1) € L*(—p,0)isa positive function satisfies || L 7, () ||

B 4y AuO = P(—au® — Blud1u — y[u®Pu0) + P(fi (1), x) + g(t, X)),
u(ty, x) = ¢>0(x).
(73)

Similarly, we get an evolution process So(-, -) corresponding to (73), which has a
pullback Do-(H,, V,)-attractor AY = {Ag(t) .t € R} € ©g, where

Do ={Do = {Do(t) : t € R} C P(H) : rLirfooe_ﬁfHDo(t —>=0, B >0}

5.1 Convergence of Evolution Processes from Delay to Non-Delay

Lemma 12 Suppose ¢° € H, and #° € H such that

dy (@, ¢%) = sup [¢%(©0) — ¢’ - Oaso — 0. (74)
fel—0,0]

Then, the solution u® of Eq. (69) converges to the solution u® of Eq. (73) in the following
sense:

lim sup [[(Sy(t, 10)¢2)(©) — So(t, 1) |*
0=0pe[—p,0]

= lim sup [u®(r +6: 19, ¢°) — u’(; 19, 9> = 0, (75)
0=09e[—p,0]

forallt >ty and tg € R.
Proof Let

@) =ul(r+0;10, %) —u’(r; 10, "), V1o € R, r > 1.

Subtracting (73) from (69), and then multiplying this result by ﬁg(r +6) in H, we
have

LA @8 ()12 + v ARG ()2 + allal(r)12
+(BUul(r + O)ul (r +0) — [u° ) u(r)), iy (r))
+ (vl (r + ) 12ul(r +0) — [u () |u’(r)), iig (r))
= (fWl(r+6—p°(r+6)),)— fulr),), iy (r))
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0
+ <f fr(ul(r +6 +6),6)do, ﬁg(r)> +(gr +0,) —g(r,), g (r).
—Q

By (10), we have
B + 0)[ul(r +6) — [u’ () |u’(r)), @l (r))
+ (ul o +0)1Pulr +6) — WO ) r)), @8 (r))

> gnu@(r +0) =10 + L +0) — ()11 = 0.
Hence, by (71), (72) and the Young inequality, we have

d .
d—rnu@(r)n2 < Ly ul(r +6 — p°(r +6)) —u’(r)|)?

0
+c||Lf2<~>||iz(,Q,o)/||u@(r+0+é>||2dé+c||g<r+e>—g(r)||2. (76)

—Q

For each T > p, integrating (76) on [ty — 0, t] with ¢ € [to — 0, o + T] yields

t
||ﬂ§(r>||2s||ﬁ9(ro—9)||2+c/ lu(r +6 — p°(r + 6)) — u’(r)|I*dr

to—6

t 0
+ el O3y / / |4 (r + 6 + 6)||*dfdr
to—6 —0

t
+c f lig(r +6) — g(r)|*dr. (77)

to—6

We now estimate each term on the right-hand side of (77). For the first term, we have

g (to — O)1* < 201¢°(0) — ¢°|I* +2[1¢° — u’(to — 012
< 2d3(¢°, ¢°) +2[1¢° — u (10 — ).
For the second term, let s = A(r) = r + 06 — p°(r + 0) for any r € R and fixed

0 € [—o,0].Since h'(r) > 1 —p, > 0, it has an inverse function such that r = h=L(s)
for any s € R. Then, we obtain

t
f||u@<r+9—p@(r+0>)—u°(r>||2dr

toy—0
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h= (o) t
+/ lul(r +6 — p°(r +0)) — u’ ()| *dr
=0 h=1(1)
h 1 (t0)
- / @G +6 — p°(r +0)) — 1) |Pdr
to—6

t—pQ(t+6)
N / ||u@(r+9>—u°(h*‘<r+e))||2d

1= pe(h=(r +6) +6)

to—0

Note that

=) =)

r=:11(0) + Iz, 0).

Ii(o) <2 / u@(r +6 — p°(r +6)) — ¢°|1Pdr +2 / 1u®(r) — ¢°|1%dr

to—0 to—6
1 (o)
< / 1) — @01Pdr +2 / 1) — @°|Pdr
- *
to—pQ(to) to—0
h=(t9)
< cdy (@, ¢") + ¢ / Iu®(r) — ¢°%dr,
to—6
and
t
1 0,7 —1 2
b, o) = 1 lu€(r +6) —u(h™"(r +0))|7dr
>kl‘o—@
2 t
< / ul(r + 0) — u® ()| 2dr
1 - P
to—0
2 t
+ 1u® = (r + 6)) — u®(r)||*dr
1- P P

th—

t t
gc/ ||ﬁ§(r)||2dr+c/ 1’ (r + 0)) — u®@r) | %dr.
to—6 to—0
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Hence, we obtain

t
[ Ul (r + 6 — p°(r +0)) — u®(r)|%dr

t0—6
(1) t

sc@ e [ o) -9 Parve [ agnPar
t0—0 t0—0

t
+c f 1’ + 0)) — u® ()| %dr.

to—0

For the third term, we obtain

t 0 0 t
//||u@(r+9+é)||2dédr5f / ul(r + 0)||>dOdr

t0—6 —e 0 1y—0+0
to—0 t
<o / ||u9(r+9)||2dr+Q/ ul(r + 6))%dr
to—0—o0 to—6

1 t
< 0’ll¢°11%, +20 / lag (M) I2dr + 20 / 1)1 dr

to—6 to—6
t to+T
<20°d(9°. ¢°) + 20°11¢°I° + 20 / liig (r)[1*dr + 20 f lu® ) |Pdr.
to—0 1o
Hence, we obtain
t
lag DI < (1 +ollL 5 OlIF2 o) / g (r) P dr
to—6
+e(1+ 0 IL O _p0)de @ 8%) + cQ®IIL £, Ol 2y 01671
to+20 to+T
+c / ||u°<r>—¢°||2dr+c/ =" +0)) — u () ||Pdr
to 0]
to+T

+ello? —u(to — O + coll L, OlI72 ) / 1’| dr

fo
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to+T
+c / lg(r +6) — g(r)|%dr, (78)

0]
where we use 1~ (o) < 1o + 20. Applying the Gronwall inequality to (78) yields

lig (¢ + 011 < @)1+ @ IL Ol 205 @ ¢ + 0% 16°11%)

to+20 to+T
+ I3(0) f 1u®(r) — ¢°)1%dr + / 1= + 6)) — u® ()| dr
to 0]

to+T
+ 111" = u’to = O + eI L ,OI7> ) / 1 () IPdr)

fo
to+T

+I3(0) fllg(r+9)—g(r)||2dr , (79)

fo

(140llL g, ()I? T+ .
where I3(0) = cet( QLR ON 2y )¢ Q). ‘We now treat the limit of each term on the

right-hand side of (79) as ¢ — 0. For the first term and third term, by (74), we have
B)((1+0)d; (% ¢°) + 0*14°1*) — 0, aso — 0. (80)
For the second term and forth term, it follows from the continuity of uO(-) at 1 that

1o+20
(o) /||M0(r)—¢0||2dr+||¢0—u0(to—9)||2 —0, asg—0. (81)

4]

For the fifth term, by u [, 10+ T + o] is uniform continuity, we obtain

to+7T
I3(0) / 1u® ™' +6)) —u (") |Pdr — 0, aso — 0, (82)
o
where we use 1! r+06)=r+ ,og(h’1 (r +6) 4 0). For the sixth term, by the same
to+T
method as in Lemma 2, we obtain f lu°(r)||2dr is finite and so
fo
to+T
B@ILAOIR [ IO >0, wse—>0. 83

fo
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For the last term, we infer from g € L? (R, H) and 0 € [—p, 0] that

loc

to+T
lim I3(c) / lg(r +6) — g(r)||*dr = 0. (84)

fo

Substituting (80)—(84) into (79), we find
||it§(t)||2 — 0, asp— 0, foralld € [—p,0]and ¢ € [t) — 0,10+ T]. (85)
We now consider the case of ¢ € [1, 1o — 0].
lag (117 = u @ +0) — u’ D> < 2d3(¢°, ¢°) + 2[u’t) — ¢°|1%.
By the continuity of u°(-) at #o again, we have
@ @))*> — 0, aso — 0. (86)
It follows from (85) and (86) that

lim sup [ul(t + 6; to, $°) — u’(t: 19, §V)|> = 0, Vr € [t9, 1o + T].
0=00¢[—p,0]

The proof is complete. O

5.2 Upper Semi-Convergence of Regular Pullback Attractors from Delay to
Non-Delay

We first prove the eventually compactness of pullback attractors.

Lemma 13 Let v, € AS" (t) with 0, — O andt € R, then there are v € V and an
index subsequence of {n*} of {n} such that

do (Op=,0) = sup  [[9,+(0) — ¥|ly — Oas n* — oo. 87)
0e[—o0,*,0]

Proof By the invariance of .AS" (), there exists a 9, € .AZ" (t — 1) with 1, — +00
such that

O = Sp, (t, 1 — 7). (88)

Since .AS” € 9, by the same method as in Step I of Theorem 4, there exists § > 0
with |6 — 62| < § such that for any ¢ > 0,

(S, (£, 1 — Tus)Pe ) (01) — (Sg,e (£, t — Tw) D) (@) |lv < e.
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Since g+ — 0asn™ — 400, there exists a N| € Nsuch that 9, < § forall n* > Nj.
Then, we have

(S, (11 = 1) D) (6) = (Sgu (1, 1 — 1)) O)lv < &, (89)

for all n* > Ny and 6 € [—;*, 0]. On the 0the~r hand, by the same method as in Step
2 of Theorem 4, we obtain that {(S,, (t,  — 7,)$,)(0)},en is pre-compact in V. Then,
there exist a € V and an index subsequence of {n*} of {n} such that

1(Sgy (1,1 = T) D) (0) = Dl — 0, as n* — +oo. (90)
It follows from (88) to (90) that there exists a N > Nj such that

95 (0) — DIy = (S« (£, 1 — Tu) D) (@) — DIy
< 11(Sp, - (t,t = Ty) D) (0) — (S, (£, t — Ty) D) (0) |y
+ 1(Sg,e (£, t — Tw) D) (0) — By < 26,

for all n* > N, and 6 € [—p,,*, 0], which proves (87) as desired. O

Next, we show the recurrence of absorbing sets. Similar to Lemma 4, for each
0 € (0, gol, we obtain that the evolution process S, (-, -) associated with (69) has a
pullback D-absorbing set gy = {IC4(¢) : t € R} € D, defined by

K@) = {9 € Hy : 913, < ce® @1+ Ga(n)).
Define a new non-autonomous set K? = {K°(¢) : r € R} by

KO = (9 € H: |[9]? < e @ (1 + Ga(0)).
Similar to (34), we get K? € ©. Observe that

tim sup [IKCG (1) 17, < K@) 1)

0—0
Now, we state the main result of this section.

Theorem 6 Suppose that (71), (72) and (G1) hold. Then, we have, for eacht € R,

dist(y,,v) (Ag(f), Ag(’))

= sup inf sup |la(@) —Dblly - 0aso — 0. (92)
ac A1) be A%(t) 6e[—0,0]

Proof Suppose that (92) is not true, then there exist § > 0 and p,, — 0 such that

dist(y,, v (A (1), AJ(1)) > 48, Vn € N,
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which implies for eachn € N, there isa a,, € A[Ql” (t) such that
distey,, vy(an, AY(1)) > 48, ¥n € N. (93)

By (87) in Lemma 13, there exist a subsequence (still denoted by a,) and an element
ap € V such that

lim  sup |la,(8) —aolly =0. %94)
n=>+00 ge[—g,,0]

We claimag € A2 (1). Indeed, by the invariance of A", there exists a a,’i € Ag" (t—1)
such that

an = Sp, (t,t — w)ak, Vn,k €N, (95)

where 1 — 400 as k — +o00. Similar to (94), there exist a subsequence (denote by
itself) of @ and an element a’é € V such that d,,, (ak, aé) — O0asn — oo, that is,

lim  sup Jlak©) —aflv =0, Vk e N, (96)
n—+00 0€[—0s,0]

which combine with (75) implies

lim  sup  [[(S,, (1. £ — 7)a¥)(©) — So(t. t — w)ak|| = 0.
n_)+009€[_gn’0]

Hence, by (94) and (95), we obtain
ap = So(t,t — w)ay, Yk € N. 97)
By the invariance of Ag" again, when fo small enough, we obtain for all r € R
AG (1) = S,(t, 10).AY (t9) C K" (1).

Then, we have aX € A%"(t — 1) C K3'(t — ). It follows from (91) and (96) that
a](; e K%t — 1) € Dy. Since A?l is a pullback ®y-attracting set, we obtain

disty (ao, AJ(1)) < disty(So(t. t — T)ag. AY(1))
< disty(So(t,t — w)K°(t — ), AY(1)) — 0, ask — o0,

which implies ap € AY(#). By (94), we have

dist(v,, v)(an, AY1) < sup Jla,(0) —aollv + disty(ag, Ao(1)) — 0,
0€l—on,0]

as n — +o00, which contradicts with (93). The proof is complete. O
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