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Abstract

Ronsse introduced the notion of generic and skew CR-submanifolds of almost Hermi-
tian manifolds in order to unify and generalize the notions of holomorphic, totally real,
CR, slant, semi-slant and pseudo-slant submanifolds. Other authors, such as Tripathi,
extended this notion to contact geometry, under the name of almost semi-invariant
submanifolds. This class includes the one with the same name introduced by Bejancu
(and studied also by Tripathi), but without being equal. The class of submanifolds that
we introduce and study here in contact geometry is called by us generic submanifolds,
in order to avoid the above confusion, and also since it is different from the class stud-
ied by Tripathi, because in our paper, the Reeb vector field is not necessarily tangent
to the submanifold. We obtain necessary and sufficient conditions for the integrability
and parallelism of some eigen-distributions of a canonical structure on generic sub-
manifolds. Some properties of the Reeb vector field to be Killing and its curves to
be geodesics are investigated. Totally geodesic and mixed geodesic results on generic
submanifolds are established. We give necessary and sufficient conditions for a generic
submanifold to be written locally as a product of the leaves of some eigen-distributions.
Some examples on both generic submanifolds and skew CR-submanifolds of almost
contact metric manifolds are constructed.
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1 Introduction

Our attempt here is to fill a gap in the literature by studying in almost contact geometry
a corresponding notion of the generic submanifolds defined in the sense of Ronsse
[18] in the Kahler context (which is different from the one defined in the sense of Chen
in [11], Wells in [27], Yano in [28] and so on). In particular, we study in almost contact
context a special class of generic submanifolds, namely skew CR-submanifolds. We are
motivated to provide some insight into these special classes of submanifolds in almost
contact manifolds (in particular Sasakian), in view of their geometric, topological
and physical importance. String theory and many other applications in theoretical
physics stimulated the development of the study of Sasakian spaces, especially after the
duality conjecture between conformal field theory and supergravity on anti-de-Sitter
space time, see [16]. Moreover, an important role of Sasakian manifolds is played in
time-dependent Mechanics. Contact geometry is also used in optics, phase space of
dynamical system, mechanics, thermodynamics and control theory, [1, 15, 17].

The generic submanifolds in Kédhler manifolds studied by Chen in [11] were also
investigated from topological point of view.

Definition 1 [11] A submanifold M of a Kihler manifold (M , J, g) is called generic,
if the vector space of holomorphic tangent vectors to M at p € M,

Hpy(M) = T,(M) N JT,(M),

(i.e. the maximal complex subspace of TpA7I contained in T), M), has constant dimen-
sion along M (i.e. H(M) defines a differentiable distribution on M).

Later on, Bejancu introduced in [5] the CR-submanifolds, as a generalization of the
invariant and the anti-invariant submanifolds of a Kdhler manifold. CR-submanifolds
can be viewed as a special class of generic submanifolds defined in [11].

The notion of CR-submanifolds was extended from Kihler manifolds to the almost
Hermitian manifolds by the first author in [4].

Another notion of generic submanifolds in Kédhler manifolds was given by Ronsse
in [18] as follows:

Definition 2 [18] Let M be a submanifold of a Kihler manifold (M ,J, g). For any
X € I'(TM), PX is defined as the tangent part of JX. Then M is called a generic
submanifold if there exist an integer k and some functions «;, 1 <i < k, defined on
M with values in (0, 1) such that

— LetO, 1, —oziz(p), 1 <i < k be all the distinct eigenvalues of P? corresponding
to the eigenspaces A9, A}U, A‘[)‘,i , 1 < i < k such that the following orthogonal
decomposition holds
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Generic Submanifolds of AlImost Contact Metric Manifolds 2573

T,M=A @A, &N SACS---© A%, forpeM.

— The dimensions of A(I),, A;, AL A, A%, 1 < i <k, are independent of
peM.
If in addition, each «; is constant on M, then M is called a skew CR-submanifold.

Hence in Kdhler geometry, there are different notions of generic submanifolds: one
presented in Definition 1 by Chen [11] and the other one, given in Definition 2 by
Ronsse [18], which implies the first one. More precisely, if a submanifold is generic
in the sense of Ronsse, then it is generic in the sense of Chen.

Ronsse’s notion was also studied in the context of complex space forms by Tripathi
[23], and later on it was studied by the second author and et al. in the theory of sub-
mersions [19, 20]. Moreover, Ronsse introduced the notion of skew CR-submanifolds,
which generalize CR-submanifolds defined by Bejancu in [5].

Also, Ronsse’s notion was extended from Kihler geometry to framed metric
manifolds (and in particular almost contact geometry) under the name of almost semi-
invariant manifolds by Tripathi et al. in [22, 24, 25] and so on. This class of almost
semi-invariant submanifolds includes the one with the same name introduced by [6],
(and studied also in [21]), but without being equal. The class of submanifolds that
we introduce and study here in contact geometry, is called by us generic submani-
folds, in order to avoid the above confusion, and also since it is different from [2]
and [22], because in our paper, the Reeb vector field is not necessarily tangent to the
submanifold. We also cite here Lotta’s paper [14], in the slant context.

We give now a brief overview of our new study on generic submanifolds which
is done in contact geometry. After we introduce (slightly different from Tripathi’s
papers) generic submanifolds of almost contact metric manifolds in Definition 5 and
in particular skew CR-submanifolds, we obtain necessary and sufficient conditions for
the integrability of some eigen-distributions of a canonical operator, as well as some
characterization of the parallelism of the above distributions. Some results here on the
Reeb vector field are given, namely its property to be Killing and its integral curves to
be geodesics. We establish when generic submanifolds are totally geodesic, or mixed
geodesic. We give necessary and sufficient conditions for a generic submanifold to be
written locally as a product of the leaves of some eigen-distributions. The last section is
devoted to some examples on both generic submanifolds and skew CR-submanifolds
of almost contact metric manifolds.

2 Preliminaries

This section is devoted to recall some basic notions mainly from the theory of sub-
manifolds and almost contact geometry.

Deﬁnitio~n 3 Let M be a manifold. 3
(i)IfVisa ligear c~0nnection on M, then any (1,1)-tensor field T is called parallel
with respect to V,if VxT =0, VX € I'(T M), where

(VxT)Y = Vx(TY) — TVxY, VX, Y € ['(TM).
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2574 C. L. Bejan, C. Sayar

(ii) Let V be as above. The distribution A on M is called:

— Parallel with respect to Vif
VxU € A, VU € T'(A), X € T(TM);
— Parallel with respect to a distribution A on M, provided
VuV e A, VU € T(A), VV e T'(A);

— Parallel with respect to a vector field W € [(TM),ifitis parallel with respect to
the distribution span{W}, i.e.

VwY € A, VY € T'(A).

(iii) On a Riemannian manifold (]\71 , &), when no linear connection V is specified,
then (i) and (ii) apply to the the Levi-Civita connection of g.

Remark 1 Any parallel distribution on a manifold is integrable.

2.1 Submanifolds of Riemannian Manifolds

In this section, we give a brief overview for submanifolds of Riemannian manifolds,
[201].

Let M be a submanifold of a Riemannian manifold (M, g) and let V be its the Levi-
Civita connection. To fix notations, the Gauss and Weingarten formulas are written
as

VxY = VxY + B(X,Y), (D
VxU = —AyX + V,%U, VX,Y e [(TM), VU e T(TM)Y), (2)

where the tangential component V and A (resp. the normal component B and V1) are
the induced connection on M and the Weingarten operator (resp. the second funda-
mental form of M and the normal connection). Hence

gBX,Y),U)=g(AyX,Y), VX, Y eI'(TM), U € r(TMmt). 3)

Definition 4 Let M" be a submanifold of a Riemannian manifold (M, g).
(i) The submanifold M is called totally umbilical if

B(X,Y)=g(X,Y)H, ¥VX,Y € T(T M),

where |
H = —traceB,
n

H is the mean curvature tensor field of M in M.
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(it) Any distribution A on M is called totally geodesic if
BU,V)=0,VU,V eT'(A).

In this case, M is called A totally geodesic. Proper umbilical means totally umbilical,
but not totally geodesic.
(ifi) We say that M is (A1, Ay)-mixed geodesic if

BWU,V)=0,VYU €I'(A1), YV e I'(Ay),

where A and A, are two distributions on M.

2.2 Almost Contact Metric Manifolds

Let M be a C*-differentiable manifold. An almost contact structure on M , denoted
by (F, &, n), consists of a (1,1)-tensor field F (called the structure tensor field), a
vector field £ (called Reeb vector field) and a 1-form 7 (the dual of &) such that

FP=—-14+nQ®¢ 4)

and
neE) =1, 3)

where / denotes the identity endomorphism of the fibre bundle TM. In this case,
(M, F,&,n) is called an almost contact manifold. It follows that the manifold is of
odd dimension and one has:

FE=0, noF =0. (6)
If a Riemannian metric g on M satisfies
g(FX,FY) = g(X,¥) = n(X)n(Y), ¥X,Y € I(TM), @)

then g is said to be adapted to the almost contact structure (F, &, n). In this case,
(ﬁ, &, n,g) (resp. (M, F,&,n,g)) is called almost contact metric structure (resp.
almost contact metric manifold). By using (4) - (7), one can obtain the following
relation: y y y N

n(X)=g(X,§), VX e (T M). (8)

Let D = ImF = Kern denote the contact distribution of the manifold M. Hence the
tangent bundle decomposes into the direct orthogonal sum:
TM = D @ span{£}. 9)
From (4) and (7), it follows that F is skew-symmetric with respectto g, which allows
one to define the 2-form €2, called the fundamental 2-form of the almost contact metric
structure on M , by

Q(X,Y)=g(X,FY), VX,Y e [(TM), (10
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2576 C. L. Bejan, C. Sayar

see [8]. Hence, (M, €2) is an almost symplectic manifold whose importance arises from
classical and analytical mechanics. When 2 = dn, then the manifold (M ,F 61, 8)
is called a contact metric manifold. An almost contact metric manifold (M ,F 61, 9)
is called Sasakian if

(VxF)Y = g(X,V)é —n(Y)X, VX,Y e (TM), (11)

see [8]. Any Sasakian manifold is a contact metric manifold.
In the next section, we shall use the following:

Remark 2 On an almost contact metric manifold (M , F, &, n, g),the Reeb vector field
& is Killing, provided 7 is parallel, since

(L:g)(X,Y) = g(VgE, ¥) + g(X, Vyé)
= (Vi)Y + (VymX, VX, Y e (T M). (12)

3 Generic Submanifolds

This section consists of the construction, investigation and existence process of the
notion of generic submanifold.

Let (1\7[ , F, &, n, g) be an almost contact metric manifold and let M be a Riemannian
submanifold of M. For any X € I'(T M), we may write

FX = PX + NX, (13)

where PX € T(TM) and NX € T((T M)L).

Proposition 1 Let M be a submanifold of an almost contact metric manifold
(M, F,&,n,g) and let P be the operator defined by (13). Then

(i) P is skew-symmetric with respect to g on M;
(ii) P? is symmetric with respectto g on M;
(iii) All eigenvalues of P2 are contained in [—1, 0].

Proof (i) follows from the skew-symmetry of F.
(ii) P? is symmetric since P is skew-symmetric. Another way to show the symmetry
of P? is provided in the sequel. The relation (13) yields
F?’X = P’X + NPX + FNX, VX € I(TM).
From the skew-symmetry of F' with respect to g, it follows
g(PPX,Y) = —g(X. V) + n(X)n(Y) + g(NX. NY), VX.Y € (T M).
By interchanging X and Y, in the above equality we obtain

g(X, P’Y) = g(P*X,Y), VX, Y e I(TM),
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which shows that P? is symmetric.
(iii) From (ii), the eigenvalues of P2 are real numbers at each point p € M. If &
denotes an eigenvalue of P2, then the following two cases arise:

— Casel: o0 =0.
Let A° be the eigen-distribution of P2, corresponding to the eigenvalue o = 0.
From the skew-symmetry of F, it follows that PA? | F(T M).

— Case2: 0 #0.
In this case we may take u € I'(T M) to be an arbitrary fixed eigenvector field of
P2, which is unitary, i.e. ||u]| = 1. From the skew symmetry of F and the relation
(13), we have

g(Fu, Pu) = —g(u, FPu) = —g(u, qu) = —o. (14)

Since in this case o # 0, then from the last equalities, it follows that Fu and Pu
are nonzero. Hence, if 6 denotes the angle between Fu and Pu, then we may write

g(Fu, Pu) . —0
I Full|Pull | FullllPull’

cosf = (15)

If o denotes the angle between £ and u, then

g(&, u)
o= =
11§ Ml

n(u).

Since from (14) one can see that Fu is nonzero it follows that u # +£& and therefore
sina # 0,i.e.a € (0, 7). In (15) we replace || Fu| and || Pu||, respectively, from

|Ful* = g(Fu, Fu) = —g(F*u, u)

= g(u —n§, u)
= |lull®> = n*(u) =1 — cos’> a = sin’ «

and
||Pu||2 = g(Pu, Pu) = g(Fu, Pu) = |Ful|||Pul|| cos@ = || Pu|| sinc cos6.

Hence we obtain
—0
cosf =

sin?

9
o cos b

which shows that o € [—1, 0).

We point out that both angles o and 6 depend on u, which was not denoted explicitly
for the sake of simplicity. From Cases 1 and 2 we complete the proof.

Remark3 — From the above Proposition, P2 has at each point the associated matrix
diagonalizable;
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— Based on the above proof, from now on any eigenvalue of P> will be denoted by

_U25 Ve [Os 1];
— We may write v = sina(u) cos 0 (u), a(u) € [0, 7], 0(u) € [0, %] and
P2X = —v2X = sin® a(u) cos?> O(u) X, for any X € A’, where (1) denotes the

angle between & and u and 6(u) the angle between Fu and Pu, for any unitary
eigenvector u of P2

— The existence of the Reeb vector field in the above proof shows that our work (in
almost contact geometry) is different from [18], [20] in Kdhler geometry and [3],
[12], [19] in almost product geometry’

— Different from the almost product Riemannian case, in the almost contact frame-
work, the (1,1)-tensor P is skew-symmetric.

— Intheparticular case, when £ is tangent to M, the statement of the above proposition
can be retrieved from Lemma 3.1. [25], which is given without proof.

From (13), (14), (6) and (7), we obtain

Corollary 1 If M is a submanifold of an almost contact metric manifold
(M, F,&,n,g), then the following conditions are equivalent:

(i) M is a leaf of the contact distribution of M;

(it) The operator P coincides with the restriction of F to M;

(iii) The operator N is identically zero;

(iv) The only eigenvalue of P* is -1;

(v) The above angle (1) = 0, for any unitary eigenvector u of P?;
(vi) & is orthogonal to M at any point p € M.

Despite the last statement of the Remark 3, the above corollary cannot be deduced
from the study made in [25].

Let —v? be an eigenvalue of P2 whose corresponding eigen-distribution will be
denoted by A". Since PZis diagonalizable we may take —vlz( P)yenns —v,%( p) to be
all distinct eigenvalues of P2 atany p € M, which yields the decomposition of M
into the direct orthogonal sum, i.e.

TyM=A)& @AY (16)

Corresponding to the notions of generic and skew CR-submanifolds introduced by
Ronsse in almost Hermitian context (see [18]), Uddin et al. gave in [26] the definition
of generic and skew CR-submanifolds in almost contact framework under the con-
dition when the Reeb vector field £ of the almost contact manifold is tangent to the
submanifold.

We give here a slightly more general definition (including the case when £ is not
necessarily tangent to the submanifold), as follows:

Definition 5 A submanifold M of an almost contact metric manifold (M L F, E0n,8)

is called generic if there exist some functions A1, ..., Ax : M — (0, 1), for a positive
integer k, such that at each p € M:
(a) —)\%(p), e, —kﬁ(p) are distinct eigenvalues of P2
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(b) the dimension of each AO, A},, A),;], e, A}\," is independent of p € M, where
A; denotes the eigenspace corresponding to the eigenvalue —A(p)* of P2, for A €
{0, 1, A1, ..., Ax);

(c) the tangent space decomposes into the direct orthogonal sum

_ AO 1 A A A
ITyM=A, A, ®A) A7 DDA

When Ay, ..., At are constant, we call M a skew CR-submanifold.

Remark4 — Inthe above definition, A? (resp. A 1) is the maximal anti-invariant (resp.
the maximal invariant) distribution with respect to F.
— We note that Definition 5 is a generalization of some classes of submanifolds,
described as follows:
Let dy, d1, dy,, ..., dy, denote, respectively, the dimensions of the distributions
AO AT AR AR AR,

Ifdy =dy, =--- =dy =0, then M is an anti-invariant submanifold, (see
[13]);

ifdy = dy = 0and k = 1, then M is a proper slant submanifold which was
first studied by A. Lotta, (see [14]);

Ifd,, =--- =d), =0, then M is a semi-invariant submanifold, (see [7]);

If dy =0, k = 1 and A, is constant, then M is a semi-slant submanifold, (see
(9D

Ifdi =0,k = 1 and A is constant, then M is a pseudo-slant submanifold,
(see [10D);

Ifdy =dy =0,k =2 and Ay, Ay are constants , then M is a bi-slant subman-
ifold, (see [9]);

— We emphasize two concepts: on one side the notion of CR-submanifolds in the
Kihler context (see [5]), and on the other side its extension to the notion of the
semi-invariant submanifolds in almost contact geometry (see [7]). In both these
instances, the tangent space of the submanifold splits into two orthogonal distribu-
tions, one of which is invariant and the other one is anti-invariant with respect to the
structure (1,1)-tensor field (namely the almost complex structure J in the first case
and the almost contact structure F in the second case). Hence both these concepts
are extended by the notion of skew CR-submanifold introduced in Definition 5.

— Different from [26], where Uddin et al. studied generic and skew CR-submanifolds
in the warped product framework, in the present paper we follow a different
direction of study and all results obtained here have no similarities with the ones
provided in [26].

— The notion of “generic submanifold", introduced by the above definition corre-
sponds to “almost semi-invariant submanifold” introduced in [25] in a different
context. We prefer to call it “generic" since here we work under different condi-
tions and also to avoid the confusion with the almost semi-invariant submanifolds
studied in [7].
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2580 C. L. Bejan, C. Sayar

— The notion of skew CR-submanifold, introduced by the above definition corre-
sponds to “almost semi-invariant™ submanifold", introduced in [25] in a different
context.

Proposition 2 Let M be a generic submanifold of an almost contact metric manifold
(M, F,& n,g). Then

(a) Any distribution A}){ is P-invariant, fori € {1, ...,n};

(b) For any nonzero eigenvalue, the corresponding eigen-distribution is even dimen-
sional.

Proof Let fix an arbitrary i € {1,...,n} and let —vl.2 be an eigenvalue of P2 whose
associated eigen-distribution is A;f.For any j € {1,...,n},j # i, the skew-symmetry
of P yields:

v g(PU,V) = —v?g(U, PV) = g(P?U, PV) = —g(PU, P*V)
=13g(PU. V), YU € T(AY), VV € T(A}).

Since the two eigenvalues are distinct, it follows
g(PU.V)=0,VYU e T(AY), YV e T(A}),

which shows (a).
Then (b) follows from skew-symmetry of P and the P-invariance of distributions.

By using (13), (7) and the skew-symmetry of P, it follows:

Lemma 1 If M is a submanifold of an almost contact metric manifold (M, F, & n,g),
then under the above notations we have

INX|I> = 1X]> — (n(X))* + g(X, P>X), VX € [(T'M). (17)

We prefer to prove in detail the following statement, which is given in [25] slightly
different.

Proposition 3 If M is a generic submanifold of an almost contact metric manifold
(M, F.,&,n,g), then A = Ker P and A' = KerN N D.

Proof The first equality follows from the skew-symmetry of P.
If X € T, M is a tangent vector to M ata p € M, then we have to prove following
equivalence :

()X eA' & (i)XeKerN and (iii) X € D.

If we assume (i), which means
P’X = —X, (18)
then (17) becomes
INXII* = —(m(X))?,
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which shows that both N X and n(X) vanish, i.e. (if) and (iii).
Conversely, if we assume (ii) and (iii), then (17) becomes

1X1? + g(X, P2X) = 0. (19)

Since P2 is symmetric, then there exists an orthonormal basis {e; }; in T), M, of eigen-
vectors of P2, corresponding to distinct eigenvalues {—vl.z( p)}i. If we write

X = inei,
i

then (19) becomes
> XF1—vi(p)) =0.
i

From Definition 5 (b), one has v; € [0, 1], Vi, which yields that P2 has only one
eigenvalue —v?> = —1. Hence we obtain (i) which complete the proof.

Remark 5 The existence of contact distribution D makes the above result different
from the Kihler case studied by Ronsse [18].

From Proposition 3, we obtain:

Lemma2 Let M be a generic submanifold of an almost contact metric manifold
(M, F,&,n,g). Ifthe Reeb vector field € is tangent to M, then A°NKer N = span{£}.

Remark 6 When £ is tangent to M, then the above Lemma yields span{é} € A,
which gives the following orthogonal decomposition

A” = AD @ span(&}, (20)

where A denotes the orthogonal complement of span{¢} in A°. Hence, A is con-
tained in the contact distribution, which means A? C D, or equivalently

n(A0) =0. @1
Proposition 4 Let M be a generic submanifold of an almost contact metric manifold
(M, F.,&,n,g) with € tangent to M and A° parallel with respect to &. Then any
integral curve of € is a geodesic on M if and only if AY is parallel with respect to &,
(where the parallelism is considered with respect to the Levi-Civita connection V on

M).

Proof When £ is tangent to M, we assume that A” is parallel with respect to &, i.e.
VeX € A% VX e T(AY). In particular:

Vi, VeW e [(A"), YW e T(AD). (22)
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2582 C. L. Bejan, C. Sayar

The Remark 6, Definition 3 and (22) yield, for any W € F(&f)), the following equiv-
alence:

AD s parallel with respectto § & V:W € AO & g(VeW,8) =0
< g(W,VeE) =0 < Vi€ € spanfé}.

As & is unitary, one has obviously
8(Veg, §) =0. (23)

From (22) and (23), it follows that AD s parallel with respect to & if and only if
Ve& = 0, which complete the proof.

Theorem 1 Let M be a generic submanifold of an almost contact metric manifold
(M , F, &, n, g) whose fundamental 2-form Q is closed.

(i) Then the distribution K er P is integrable. "

(ii) When & is tangent to M, then the distribution A" is integrable if and only if n
restricted to AV is closed.

(iii) When & is tangent to M, then it is Killing on M (resp. on any leaf of Ker P),
provideflvn is parallel on M (resp. on any leaf of Ker P). Moreover, Leg = 0 on any
leaf of A provided n restricted to A is parallel.

Proof (i)LetY,Z e T'(A% and U e T(A! @ AM @ A*2 @ --- @ A™). Since U is
orthogonal to AL, it follows that there exists X € '(TM), such that PX = U. By
using PY = PZ = 0, we have

¢([Y,Z1,U) = g([Y, Z1, PX) = Xg(Z, PY) — Zg(X, PY) — Yg(X, PZ)
—g([X, Z], PY) — g(IY, X1, PZ) + g([Y, Z], PX)
= XQY,Z) - ZQ(X,Y) - YQX, Z)
—Q(X, Z1,Y) - Q(Y, X1, Z) — Q(Z, Y1, X)
=dQ(X,Y,2Z)
=0,

which shows that [V, Z] € T'(A?).

(ii)Let U, V € T'(A%). From (i), it follows [U, V] € T'(A%). By using (21), we

have
g(U, V1], &) =n(U,V]) =dnU,V).
Hence, [U, V] € I'(A?) if and only if dy(U, V) = 0.

(iii) When & is tangent to M, then from (1), (12) and (i), it follows that & is Killing
on M (resp. on any leaf of Ker P), provided n is parallel on M (resp. on any leaf of
Ker P). If moreover, n restricted to AO is parallel, then 7 restricted to A is closed,
and from (i), iftvfollows that A0 is integrable. Hence from (12), we obtain Lzg = 0
on any leaf of A, which complete the proof.
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Remark 7 The clue of the proof (i) above consists of the fact that the following two
cases arise:

— Either & is tangent to M, in which case & € F(AO) from Lemma 2
— Or £ is not tangent to M, in whichcase &£ ¢ T(A' @ AM @ A @ - @ AM).

Corollary 2 If M is a generic submanifold of a contact metric manifold M, then A is
integrable.

Now we recall the following

Theorem2 [14]If M is a contact metric manifold, whose Reeb vector field & is normal
to a submanifold M, then M is anti-invariant.

Based on Theorem 2, a particular case of Corollary 2 is commented on by the following:
Remark 8 1f in Corollary 2, & is normal to M, then AV =TM.

Theorem 3 Let M be an almost contact metric manifold. Let M be a generic subman-
ifold, whose Levi-Civita connection is denoted by V, such that P? is parallel.

(i) Then, M is a skew CR-submanifold.

(ii) Corresponding to each eigenvalue —v? of P> the eigen-distribution A", is
parallel. _ _

(iii) The distribution A is parallel if and only if n is covariantly constant on A,
i.e. Vxn =0o0n A% VX e T(TM).

Remark 9 The parallelism of the objects mentioned in Theorem 3 refers to the Levi-
Civita connection V on M and not on M.

Proof (i) Fix —v? to be an eigenvalue of P2. Forany p € M,v € A; and X e ['(TM),
there exists a nonzero vector field V € I'(A") which is the parallel translate of v along
the integral curves of X, i.e. VxV = 0. Therefore, from the parallelism of P2, we
obtain

X(—v)V = Vx(—v2V) + 12V V
= Vx(P2V) +12VxV
= P?VxV +v>VxV =0,

which shows that v? is constant.
(ii) From (i), Definitions 3 and 5, we obtain

P?VxU = Vx P?U = Vx(—?U) = —*VxU, VU € T'(A"), X e (T M),
which shows that
VxU e T'(AY), YU e T(AY), X e I(TM),
i.e. the distribution A" is parallel.
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(@ii)Let X € ['(TM) and W € F(&f)). Hence n(W) = 0 and from (i), we have
VxW € I'(AY). Since

g, VxW) =n(VxW) = —=(VxnW,

we obtain Vy W € F(&f)) if and only if (Vxn)W = 0, which complete the proof.

Remark 10 The fact that P is parallel implies P? is parallel but the converse is not
valid.

Corollary 3 If M be a generic submanifold of an almost contact metric manifold M
such that P? is parallel, then M can be written locally as

M = My x My x M), x---x My,

where My, M1, My, ..., My, are, respectively, the leaves of the eigen-distributions
AY AL AN AN of P2

Let (M, F, &, 71, g) be an almost contact manifold and let M be a Riemannian sub-
manifold of M. Forany U € T (TM)1), we may write

FU =1tU + fU, 24)

where tU € I'(TM) and fU € T((T M)™).

Remark 11 When £ is tangent to M, then the above corollary and the statements (i)
and (ii) from Theorem 3 can be retrieved from Theorem 6.1 [25].

Notation: If M is a generic submanifold of an almost contact metric manifold
(M, F,&,n,g), then we may write the Reeb vector field £ decomposed as:

§ =é&r +én, (25)
where &7 and £y are the tangent and the normal part of £ to M, respectively.

Lemma3 Let M be a generic submanifold of a Sasakian manifold (M, F, &, 7, g).
Then
(i) we have:

P[X,Y]=VxPY —VyPX — AyyX 4+ AnxY

-nMX +n(X)Y, VX, Y e (T M), (26)
N[X,Y]= B(X, PY) — B(Y, PX) + V¥ NY
~VyNX, VX, Y e (TM). (27)

(ii) P is parallel with respect to V if and only if

ANyZ — AnzY +0(2)Y +n(Y)Z =0, VY, Z e T(TM); (28)
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(iii) in particular, when & is normal to M, we have that P is parallel with respect to
V if and only if
ANyZ = AN2Y, VY, Z € F(TM). (29)

Proof From (11), we have
(VxF)Y = g(X,Y)E —n(Y)X, VX, Y € D(TM).
By using (1), (2), (13) and (24), it follows that

0=VxFY —FVxY —g(X,Y)é —n(¥)X
= VxPY + B(X, PY) — AxyX + V¥ NY — PVxY (30)
—NVyxY —tB(X,Y)— fB(X,Y) — g(X,Y)§ —n(Y)X.

If we decompose (30) into the tangent and the normal part to M, then by using (25),
we obtain

PVyxY = VxPY — AyyX —tB(X,Y) — g(X, Y)ér — n(Y)X, 31)
NVxY = B(X, PY) + V¥ NY — fB(X,Y) — g(X, Y)&y, (32)

which yield (26) and (27), i.e. (i) is verified.
From Definition 3, (25) and (31), we obtain

(VxP)Y = Ayy X +1B(X,Y) + g(X, V)ér + n(Y)X,

where X,Y € I'(TM). For any Z € I'(T M), by using (8), (13), (3), the symmetry of
A and the skew symmetry of F', we obtain

8((VxP)Y,Z) = g(AnyX +1B(X,Y) + g(X, Y)ér +n(Y)X, Z)
= g(Any X, Z) + g(tB(X.Y), Z) + g(X, Y)n(Z) + g(X, Z)n(¥)
= 8(ANYZ — AnzY +0(2)Y +n(Y)Z, X), (33)

which gives (ii).

When & is normal to M, then n(Z) = 0, VZ € I'(TM) and P = 0. Hence (33)
yields (iii).
Theorem 4 Let M be a generic submanifold of a Sasakian manifold (M, F, &, 1, g),

and let V be the Levi-Civita connection on M.
(i) A! is integrable if and only if the following conditions hold:

g(Vxér,Y) = g(Vyér, X), VX, Y e T(AD), 34
B(X, PY) = B(Y, PX), VX,Y e T(A]). (35)
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(ii) A° @ A is integrable if and only if the following conditions hold:

VxPY —VyPX € A', VX, Y e T(AD), (36)
VxPY + AyxY € A, vX e T(A"), vY e I(Al). (37)

(iii) When A is integrable and M is (A', A® @ A*)-mixed geodesic for » €

(A1, ..., Ak}, then the distribution A° @ A is integrable if and only if A" is par-
allel with respect to A°.

Proof (i) Since X, Y € I'(Al), based on Proposition 3, we have n(X) = n(Y) =0,
and hence:

gE [X,Y]) = g(&, VxY — VyX) = g(&, VxY) — g(&, Vy X)
= Xn(¥) — g(VxE,Y) — Yn(X) + g(Vy&, X)
= g(Vy&, X) — g(VxE.Y)
=g(Vyér — Ag Y, X) — g(Vxér — Ay X, Y)
= g(Vyér, X) — g(B(Y, X),&n) — g(Vxér, Y) + g(B(X,Y), £x)
= —g(Y, Vxér) + g(X, Vyér), VX, Y e T(A"),

from the symmetry of B. From (27), we obtain
N[X,Y]=B(X,PY)—B(Y,PX), VX,Y € F(Al).
The statement follows from Proposition 3 and Frobenius theorem.

(ii) Since A is integrable, then [X, Y] € I'(A?) forany X, Y € I'(A%). Based on
Proposition 3, forany X, Y € I'(A!), wehave NX = NY = Oand n(X)=n)=0.
Hence in (26), it follows that

P[X,Y]=VxPY — VyPX, VX,Y € I'(A").
Thus [X, Y] € A° ® Al if and only if
VxPY —VyPX € A', VX, Y e I'(A)).
If X e (A% and Y € T'(A), from (26), we have
P[X,Y]=VxPY + AyxY +n(X)Y,
which shows that [X, Y] € A? @ Al if and only if
VxPY + AnxY € Al, vX e T(A?), vy e T(AD).
(iii) Under the condition Alis integrable, then from Proposition 3, it follows that

(36) is satisfied. From (ii), we obtain Al Al integrable if and only if (37) holds,
which is equal to
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g(VxPY + AyxY,Z) =0,VX e T(A?), VY e I'(Al), VZ e T(AY @ A%,

where A € {A,...,Ar}. Since M is (A], A @ A)”)-mixed geodesic for A €
{A1, ..., A}, we have

g(VxPY,Z)=—g(AnxY, Z)
=g(B(Y,Z),NX)
—0,

which shows that Vx PY € A', VX e I'(A?), VY e I'(Al), which complete the
proof.

Remark 12 The case when £ is tangent to M can be retrieved from Proposition 8 and
10 in [24], but we treated the arbitrary case when & is not necessarily tangent to M
(i.e. £ is tranversal to M) in a unitary way in the above Theorem.

Corollary 4 There are no proper umbilical generic submanifolds in almost contact
metric manifold (M, F, &, n, g) with the distribution A" integrable, when £ is tangent
or normal to M.

Remark 13 When £ is tangent to M, the condition A! integrable is not necessary as
one can see Theorem 15, [24].

Proposition 5 Let M be a generic submanifold of a Sasakian manifold (M, F, &, 1, g)
and let V denote the Levi-Civita connection on M. Then P restricted to A" is parallel
with respectto V, i.e. (VxP)Y =0, X,Y € rAb.

Proof The statement is obtained from Proposition 3 and the relation (28), which are
written for Y, Z € T'(AD).

We recall the covariant derivative of the canonical structure N as in the following:
(DxN)Y = V¥ NY — NVxY, (38)
where X, Y € I'(T M). In this case, N is called parallel if
(DxN)Y =0, X,Y e I'(TM). 39)

Lemma4 Let M be a generic submanifold of a Sasakian manifold (M, F, &, n,8).
Then: (i) N is parallel if and only if

AryY + Ay PY =nU)Y, VY e I'(TM), YU € T(TM"Y). (40)
(ii) in particular, when & is tangent to M, we have N is parallel if and only if

AsuY + AyPY =0, VY € I(TM), VU € T(TM™"). 1)
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Proof (i) Let & be arbitrary. By using (32) and (38), we have
(DxN)Y = fB(X,Y) — B(X, PY) + g(X,Y)én. (42)

Multiplication of the last equation with any normal vector U € I'(T M), by using
(3), the symmetry of A and the skew symmetry of F, yields

g((DxN)Y,U) =g(fB(X,Y)— B(X, PY) +g(X,Y)§,U)
=—g(B(X,Y), fU) —g(Au X, PY) + g(X, Y)n(U)
=g(=AryY — Ay PY +nU)Y, X),

which gives (40).
(ii) When £ is tangent to M, then n(U) = 0, YU € I'(T M=) and hence (40) yields
(41), which complete the proof.

Proposition 6 Let M be a generic submanifold of a Sasakian manifold (M, F.,&n, g2)
with parallel canonical structure N and let V denote the Levi-Civita connection on
M.

1) When & is tangent to M, then:

(i)

ApyY =0, VY e [(AY), YU e T(TM™Y). (43)

(ii) M is (A*, Aﬂ)-mixed geodesicVA # B, A, Be {0, 1, 1,..., A}

Moreover, for any Z € T'(A") one of the followings holds:

- B(Z,Z)=0,
— B(Z, Z) is an eigenvalue of f* with eigenvalue —)\>.
2) When & is normal to M, then:
(iii)
ApeY =Y, VY e I'(TM). (44)
(iv)
AryY =nU)Y, VY e T(TM), VU € r(TM%bY). (45)
Proof 1) If we write (41), for any Y € ['(A%) and for any U € (T M%), then we

obtain (43).
Now, by using (42) under the condition £ is tangent to M, we obtain

FPB(X,Y)=—)>B(X,Y), VX,Y e [(TM), (46)

which proves (ii), for any X € '(A*) and for any Y € r(afy, a # B, A, B €
{0, 1, A1, ..., Akl

Moreover, from (46), we obtain forany Z € I'(A*), either B(Z, Z) = Oor B(Z, Z)
is an eigenvector of f2 with eigenvalue —22.

2) When & is normal to M, then from Theorem 2, we have A = TM. If (40) is
considered for U = £ and Y € (A%, then (44) is obtained.

Writing (40) for Y € I'(A?), it gives (iv), which complete the proof.
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Remark 14 The first statement of (ii) can be proved by using Proposition 8 and The-
orem 18 from [24].

4 Examples
Example 1 Let M be the 7-dimensional unit sphere,
ST={x=(x0,...,x7) eR¥xF+---+xF =1},
whose normal vector field is denoted by
N= X000 + X101 + x202 + x303 + X404 + X505 4+ X606 + X707,

and whose parallelization is given by the following tangent vector fields

Xo = —x100 + X001 — x392 + x203 — x504 + X405 + X706 — X607,

X1 = —x200 + x301 + x002 — X103 — X604 — X705 + X406 + X507,
Xy = —x390 — X281 + X192 + X083 — X704 + X695 — X596 + X497,
X3 = —x480 + X591 + X602 + X703 + X4 — X195 — X296 — X307,
X4 = —x590 — X491 + X792 — X603 + X104 + x0d5 + X396 — X297,
Xs5 = —x630 — X791 — X492 + X533 + X294 — X395 + X036 + X107,

X = —x700 + x601 — X502 — X403 + X304 + X205 — X196 + X007,

where 9; = 837 foranyi € {0, ..., 7}. An almost contact metric structure (F, &, n, g)
can be defined on M by

£ = Xo,
Fii = —XH,], Vi € {17 35 5}’
F}?i = f(l',l, Vi e {2, 4, 6},

with the standard Euclidean metric g on S7, and the 1-form 5 of £ with respect to g,
i.e.

n(Xo) =1landn(X;) =0, i €({l,...,6}.

If we take

M=8={x=(0...,x3) R+ - +x3=1)
={x=(x0....,x) eR¥ |2+ - +xI=landxy=---=x7=0}C §’,
0 3
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then N (resp. Zo, Z1, Z) denotes a unit normal vector field (resp. a global frame) on
S3, where

N = x000 + x191 + x207 + x393,
Zy = x1090 — x001 + x302 — x93,
Zy = x20p — x301 — x00d2 + x103,
Zy = x309 + x201 — X102 — X003.

Hence,
™™ =A% A,

where
AV = span{Zp}, Al = span{Z1, Z,}.

The only eigenvalues of PZ are 0 and -1.

The submanifold constructed in [9] with a different purpose can be adapted here to
obtain a new example, as follows:

Example2 Let M = R'' = {(xy,..., x5, y1,v,y5. 2| xi, yi,z € R, i = 1,...,5}
be endowed with the Sasakian structure (F, &, n, g), where

5
1 P ) o) 1
g=n®n+ Z;«dxi) + @y, €=20- n=>dz and
F(0x;) = —dy;, F(dy;) =0x;, F(dz) =0,

with de; = 3% for any i € {l1,...,5}. Let M be the 7-dimensional submanifold
defined by

x(u,v,w,r,s,t,z) =2w,0,v,0, w, 0, r,sins, —coss, t, z),
where s # 0. One can see that

E| =20x1, Ep,=20y2, E3=2cossdys+ 2sinsdyy,
Eqs =20x3, Es=20x5, Eg=20ys, E7=20z

restricted to M form a global orthonormal frame of 7M.
N = adxy + boxs + cdy) +d(—sinsdysz + cossdys), (a,b,c,d € R)
denotes a normal vector field on M. Since

P(Ey)=0, P(E,) =0, P(E3) = cossEy,
P(E4) =—cossE3, P(Es)=—Eq, P(Es) = Es,
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we have _
TM = A @ span{s} @ A' @ A*,

where the eigenvalues of P2are0,-1, . = coss and
&6 = span{E1, E3}, Al = span{E5, Es}, A = span{E3, E4}.

Therefore, M is a generic submanifold of the Sasakian manifold M.

The lowest dimensional skew CR-submanifold is 5, as one can see in the following
example:

Example3 Let M = S' x --- x S' be the 7-dimensional torus with the product
Riemannian metric g and let B = (X1, ..., X7) be a global frame of orthonormal
vector fields on 77, each of them tangent, respectively, to each cycle. Let M be the
5-dimensional torus, embedded as 7> x {0} in M, having X1, ..., X5 tangent to M.
We take £ = X and 75 its dual 1-form. With respect to B, we define

cocoo
cCo o
>3 ©O
-« S oo

where we denote by the same letters as the (1,1)-tensor fields in (13) and (24), respec-
tively, the matrices:

000 0 1 0 A
P:OJO’Z—IO’jT:—)»O’
0 0 =«
_ (0 B (0 u (0 A
=5 0)=(a 5) =% o)
with the real numbers A # Q, 1,#0,u= (Az — 1)/B. Hence, (F,&,n, g) is an
almost contact structure on M. Since with respect to X1, ..., X5,
0 0 0
PP=|0 —I 0 ,
0 0 =A%

where [ is the unit 2-dimensional matrix, it follows
™ =A@ A @ AY,

with A? = span{&}, A" = span{X», X3} and A* = span{Xy, Xs}, all these vector
fields being a restricted to M. Therefore, M is a skew CR-submanifold of M.
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We provide now an easy example to show that the Reeb vector field & of an almost
contact Riemannian manifold could be neither tangent nor normal to a generic sub-
manifold.

Example 4 Let U be a 1-dimensional Riemannian manifold. Let
M =U x U x U = {(po, p1, p2)| po, p1, p» € U}
be the Riemannian product endowed with the Riemannian metric g.
Let {Xo, X1, X»} be an orthonormal basis with respect to g, such that X; is tangent
respectively to {(p1,0,0)[p1 € U} {(0, p2,0)[p> € U} and {(0,0, p3)|p3 € U},

i e{0,1,2}.
We take £ = X and with respect to this basis, we define

00 O
F=10 0 1

0 -1 0
Let M be a submanifold of M defined by

M = {(po, p1. p2)| po = p1 and pyg, p1, p2 € U} = {(po, po, p2)|po, p2 € U}.

Then Xo + X1 and X, (restricted to M) is a basis of tangent vector fields on M. Hence

1
§=Xo= §|:(X0+X1)+(X0—X1)i| =&r +én,

where
1
ér = §(X0 + X1,
1
= —(Xo— Xy).
én 2( 0 1)
We have
P(Xo+ X1) = F(Xo + X1) = —Xo; 47
1 1
F(X2)=X1=§(X0+X1)—§(X0—X1)
and hence

1
P(Xz) = 5 (Xo + X). (48)

From (47) and (48), we have
5 1 1
PA(X2) = 2P(Xo + X1) = =5 X
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and |
P*(Xo+ X)) = P(—X,) = =5 Xo+ X0,
from which we obtain

3
A2 =span{Xo+ X1, X2} =TM.

Based on the idea used in Example 4, we may construct a more sophisticated example,
of a generic submanifold M in an almost contact Riemannian manifold M, such that
the Reeb vector field £ is neither tangent nor normal to M.

Example 5 Let M be the manifold endowed with the almost contact Riemannian struc-
ture (F, &, n, g) constructed in Example 3 and let M be a submanifold of M defined
by:

M=A{(p1,...,ps5.0,0) € M|p; = prand py, ..., ps € S'}.

If{X1, ..., X7}isthe global frame of orthonormal vector fields on M given in Example
3, then {X| + X1, X3, X4, X5}, restricted to M, is a basis of tangent vector fields on
M and we have

1
E=X= 5[()(1 + X2) + (X4 —Xz)] =&r +én,
where
1
ér = E(Xl + X2),

1
v = E(Xl - X2).

We calculate

P(X1+X2) = F(X1+X2) = —X3
1 1
F(X3) =X, = E(Xl + X2) — E(Xl - X3),
from which: ]
P(X3) = E(Xl + X5).
We also have

P(X4) = —AXs5and P(Xs) = A X4,
Nel
ATZ = span{X| + X7, X3} and A = span{X4, X5},
and the rest can easily be deduced, in the same way as in the last two examples.
Finally, we remark that the first three examples have A? odd-dimensional, while

the last two examples have A zero-dimensional (hence even-dimensional).
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